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1. Introduction

For the purpose of an efficient implementation of field arithmetic in the finite field Fym, it is
desirable to take an irreducible equally spaced polynomial (ESP) of degree m over F, of the form

Xk =Dd o a2d yd g
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where kd =m, or an irreducible polynomial over F, of degree m and low weight such as a trinomial,
pentanomial and so on [9]. Unfortunately, irreducible equally spaced polynomials are very rare and
an irreducible trinomial also does not always exist for a given degree m over F,. On the other hand,
the conjecture whether there exists an irreducible pentanomial of degree m over F, for each m > 4
remains open, but there exists no known value of m € [4, 10000] for which an irreducible pentanomial
does not exist. In [8], Types I and Il pentanomials over F, were defined as follows:

Type I: x™+x™1 +x" +x+1, where 2<n< |m/2] —1,

Type Il : X" +x™2 4+ x"1 4 x"+1, where 1<n<|m/2] —1.

These authors presented parallel multipliers for elements of Fom defined by these types of pentanomi-
als. In [7], another multiplier for elements of Fom defined by a Type Il pentanomial was proposed with
better time and gate complexity compared to the ones in [8]. Though Types I and II irreducible pen-
tanomials are abundant, they do not exist for each given degree.

The Stickelberger-Swan theorem [10] is an important tool for determining reducibility of a polyno-
mial over a finite field. Using this theorem, Swan proved in 1962 that trinomials x& + x™ + 1 € F»[x]
with 8k > m have an even number of irreducible factors and hence cannot be irreducible. Many
researchers used this theorem for determining the parity of the number of irreducible factors of sev-
eral kinds of polynomials over F, [1-5]. For applying the Stickelberger-Swan theorem, it is essential
to compute the discriminant of a polynomial with integer coefficients modulo 8. In this paper we
compute the discriminant of the monic lift for Type II pentanomials of even degrees over F, to the
integers and characterize the parity of the number of irreducible factors for these pentanomials. Our
main results are Theorems 3-6 that show conditions for Type Il pentanomials implying an even num-
ber of irreducible factors over F,. Using our results one can find some families of Type I pentanomials
that are reducible over F;.

2. Preliminaries

Let K be a field, and let f(x) = a]_['i“:_o1 (x — x;) € K[x] where xg, X1, ...,Xnm—1 are the roots of f(x)
in an extension of K. Then the discriminant D(f) of f is defined as follows:

D(f)y=a"2[ [ — x> (1)

i<j

The following theorem, called the Stickelberger-Swan theorem, is very important for determining
reducibility of a polynomial over F,.

Theorem 1. (See [9].) Suppose that the polynomial f(x) € F2[x] of degree m has no repeated roots and let r
be the number of irreducible factors of f(x) over F,. Let F(x) € Z[x] be any monic lift of f(x) to the integers.
Then r =m (mod 2) if and only if D(F) =1 (mod 8).

This theorem asserts that by computing the discriminant of F(x) € Z[x] modulo 8, one can deter-
mine the parity of the number of irreducible factors of the polynomial f(x) over F,. For instance, if
m is even and D(F) =1 (mod 8), then f(x) has an even number of irreducible factors over F, and
therefore it is reducible over F,.

First we would like to state some well-known results for the discriminant and the resultant. Let
f(x) be given as above and let g(x) = b]‘[’};(l) (x — yj) € K[x], where yo, y1,..., yn—1 are the roots of
g(x) in an extension of K. The resultant R(f, g) of f(x) and g(x) is

n—1 m—1
R(f,)=D™b"[[fyp=a"[] s (2)

j=0 i=0
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The resultant has the following properties.

Lemma 1. (See [49].)(1)Ifg= fq+T1, R(f,g) = R(f,1);
(2)If cis constant, R(f,c) =c™ =R(c, f);
(3) R(x, 2) = g(0), R(f, —x) = f(0);
(4) R(f1f2,8) =R(f1,8R(f2,2). R(f.g182) =R(f, g1)R(f, g2).

There is an important relation between the discriminant and the resultant given by

D(f)=(=1)"M=DLR(f, f1). (3)
Now we focus on a monic polynomial

m—1
FRO=X"+a X"+ tam=[[x—x) (4)
i=0

over K. It is well known that the coefficients a; of f(x) are the elementary symmetric polynomials
of x;:

k
@ =(=1) o XXX,

0<iy <ip<--<ig<m

for 1 <k <m. Since each a; € K, it follows that S(xg, x1,...,Xm—1) € K for every symmetric polyno-
mial S € K[xg, X1, ...,Xm—1]. For all integers p,q and k, 0 <k <m, let
p p
Stkp) = Z Xip o X
Ogil ,,,,, iksm—l
ij#)
p p
S[k,P] = Z xi1 a 'Xl'k’

0<i1<i2<<--<ik<m—l

m—1
_ P4
Spq= E X; X
i, j=0

i#]

We denote S(1 p) = Sy1,p) simply as S, and put S(g,p) = Sjo,p) = 1. Then one gets the following lemma
easily.

Lemma 2. (1) S() = 5(1’0) = 5[],0] =m,
(2)Spg=Sp-Sq— Sp+qs
(3) S(kyp) =k!- S[k’p].
Proof. These are direct consequences from the definition. O

Newton’s formula is very useful for the computation of the discriminant of a polynomial.

Theorem 2. (See [6, Theorem 1.75].) Let f(x), Sp and Xg, X1, ..., Xm—1 be given by (4). Then for every p > 1,

n
Sp+Sp-1a1+Sp—202+---+ Sp_nt1Gn-1 + aspfnan =0 (5)

where n = min(p, m).
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3. The parity of the number of irreducible factors for even n

In this section we consider the parity of the number of irreducible factors of the following pen-
tanomial

FR)=X"+x"2 X X+ 1 eRlx] (6)

where both m and n are assumed to be even and n < m — 2. The case of n odd is more complex and
will be considered in the next section. Let F(x) € Z[x] be the monic lift of f(x) to the integers which
has all its coefficients equal to O or 1. The derivative of F(x) is

F'x)=mx™ ' + (n+2)x" + (n+ Dx" 4+ nx"!

=x"mx™ " + (n+2)x* + (n+ Dx +n).

Let G(x) = mx™ " + (n + 2)x*> + (n + 1)x +n. Then by Lemma 1 and Eq. (3), we have

D(F) = (=1)™MM=D/2. R(F, F') = (=1)™M=D/2 . R(F, X" 1) - R(F, G)

= (=1)Mm=D/2. F@)"1. R(F,G) = (-1)™™V/2. R(F, G).
By (2), we can write R(F, G) as

m—1
RCF.G) = [ (w4 v+ wag + 1)
i=0

where u=m,v=n+2, w=n+1,r=n and Xg, X1, ..., Xn—1 are the roots of F(x). Using ]_[',-":_01 xi=1
and the fact that u, v and r are even, we expand the above expression to get

m—1
R(F,G) = w™ +uw™™1 ) " Xl 2wm=2 ) " ynn=iynnt
i=0 i<j
m—1 m—1
+ywm ! Z xi + viwm 2 inxj + w1y Z X!
i—0 i<j i=0

+ wm 22 Zxﬂxj_l +uvwm2 Zx?"_”_]xj
i<j i#]j

_ “n-1,-1 _ 1
+uw™ erx’,." n X +vw™ 2rX:x,-xj + S(X0, X1, ... Xm—1)
i#]j i#j

where S(xg, X1, ...,Xm—1) iS an integer congruent to 0 modulo 8. Therefore
R(F,G)=w™+uw™ 1Sp_n_1 + uzwm’zs[z,m,n,l] +vwm s,

+ V2Wm725[2,]] + W’”*]rS,l + Wm72r25[2yf1] + uVWm725m7n71’1

+uw™2rSy n 1.1 +vw™2rS; 1 (mod 8). (7)

We distinguish two cases.
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Case 1. m < 2n + 2 (equivalently 2(m —n — 1) <m).
Lemma 3. If m < 2n + 2 then

-1, m=2n+2
R(F,G)={1-3n—n?, m=n+4 (mod 8). (8)
1+m-m?+Im®’(n—m), n+4<m<2n+2

Proof. All coefficients of the polynomial F(x) are 0 except am—n—2 = am—-n—1 = dm—n = am = 1 and by
Newton’s formula it thus satisfies Sy =--- = Sp_p—3 = 0. Applying Newton’s formula and Lemma 2 to
F(x) and its reciprocal X™F(x~1), we can compute each term in (7) as follows:

$1=0, S 1=—-p-1=0,

-2, m—n=4,

52:—(51a1+2a2)=—202={0 m—ns>4

-2, n=2,

S_2=—(S-1am-1 +2am—2) = —2am—2 = { 0 n=2

1, m—n=4,

1 2

1.2 1, n=2,

51,-1=S51-5-1—So=-m,
Sm-n-2= _[Sm7n73 ‘a1t +S1-App-3+Mm-—n-— 2)amfn72:| =—(m—-n-2),
Sm—n-1= _[Sm—n—z ‘ap+---+S1-app2+M—n-— 1)am—n—l] =—(m-n-1),

S _ ) Sa=—(S2a2 +4a4) =S, —4=-2, m—n=4,
M=) —(m —n), m—n> 4,

S2mm—n-1) = _(Sm—n + Sm-n-1+ Sm-n-20+2(m—n— 1)02(m—n—1))
_{me,n+(mfnfl)+(mfn72)72(mfn71), m=2n+ 2,

—Smn+M—-n—-1)+@m-—n-2), m<2n+2
1 (mod 8), m=6, n=2,

_Jn+1 (mod 8), m=2n-+2, n> 2,
—1 (mod 8), m=n-+4, n>2,
3m—n—1) (mod 8), n+4<m<2n+2,
1 o

Sp2,m—n—1] = E(Sm—n—l - 52(m7n71))

0 (mod 8), m=6, n=2,

_ ) inm+1) (mod 8), m=2n+2, n>2,

= 1)1 (mod 8), m=n+4, n>2,

%(m—n—l)(m—n—4) (mod 8), n+4<m<2n+2,

2, m=n-+4,

Sm-n-11=Sm-n-1-51 —Sm-n= {m_n m>n+4

Sm-n-1,-1=Sm-n-1+S-1—Sm—p—2=m —n—2.

By substitution of the above values to (7) we have (8). O
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Theorem 3. If m < 2n + 2, the pentanomial (6) has an even number of irreducible factors over F; if and only
if one of the following conditions holds:

1)y m=2n+2,

(2)y m=n+4,n=0,2 (mod 8),

B)Yn+4<m<2n+2and (@) m=0 (mod 8), or (b) m=2 (mod 8), n=2,6 (mod 8), or (c) m=
6 (mod 8), n =0, 4 (mod 8).

Proof. The assertion of the theorem follows by applying Theorem 1 to

D(F) = (=1)"" V2. R(F.G)

1, m=2n+2
= | (—1)m+HO+3/2 (1 _ 3 _pn2), m=n+4 (mod 8). O
(—)mm=DZ 1 4m—m?+ Im?n—Im®), n+d<m<2n+2

Corollary 1. Let m < 2n + 2 and suppose that the pentanomial (6) is irreducible over F;.

(1) Ifn=0 (mod 8), thenm = 2,4 (mod 8),
(2) Ifn=2 (mod 8), then m =4, 6 (mod 8),
(3) Ifn=4 (mod 8), then either m = 2,4 (mod 8) orm =n + 4,
(4) Ifn=06 (mod 8), then either m = 4,6 (mod 8) orm =n + 4.

Case 2. m > 2n + 2 (equivalently 2(m —n — 1) > m).
Lemma 4. [f m > 2n + 2, then

4, n=

2
0. n>2 (mod 8). (9)

1
R(F,G)zl+m—m2+§m2(n_m>+{

Proof. In this case by Newton’s formula we get

S2(mfn71) = —(smfn + Smfnfl + Sm7n72 + Smfznfz)
= _(Sm—n + Sm—n—1+ Sm—n—2)
because Sp_on_2 =0, for m—2n—2 <m—n— 2. Since m > 2n+ 2 and n is even, a; =a; =0 and
therefore
1.0
S1=0, S$3=0, Spi= 5(sl —52)=0,

-2, n=2,

S_1=—0m-1=0, S_2=—20m_= {0 n=2

1, n=2,

1 2
S1.-1=-1m, Si2.-11= 5(5_] B 5_2) - {0, n>2,
Sm—n—2=—(Mm—n-2), Sm—n—1=—(Mm—-n-1), Sm—n =—(m —n),

Som—n-ny=(M—-n—-2)+M-n—-1)+mMm-n)=3(m-n-1),

1,, 1
E(Sm_n_1 = Sam—n—1)) = Sm—n—1(m—n—4),

Sm-n-11=Sm-n-1-S1—Sm—n=m—n,

S[2,m—n—l] =

Sm-n-1,-1=Sm-n-1'S-1— Sm—p—2=m—n—2.
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From these values we obtain

RF,O)=m+ D" —mm+1D™" "m-n—1)

1 m—2,2 _
+—mz(n+1)m—2(m—n—1)(m—n—4)+{(”+1) n“, n=2,
2 ) n>2

+mm-—n)n+2)n+ D" 2 +mm—n—2)n+ D" 2n—mmn +2)

— 1 4, n=2
m—2 2 2 s B
(n+1) n=14+m-—m —|——2m (n—m)—i—{o, n>2. O

Theorem 4. [f m > 2n + 2, the pentanomial (6) has an even number of irreducible factors over F; if and only
if one of the following conditions holds:

(1) n=2,m=4,6 (mod 8),

(2) n>2and (a)m=0 (mod 8), or (b)) m=2 (mod 8), n=2,6 (mod 8), or (c) m=6 (mod 8), n =
0, 4 (mod 8).

Proof. We can obtain easily that if n =2, then

D(F) = (=1)"™"D/2. R(F. G)

1
= (—pmm=b/z. (1 +m—m® 4 om*Q2—m)+ 4)

1
= (—1)mm-D/2. (5 +m— 5m3) (mod 8)

and if n > 2, then

1
D(F) = (-1)mm=D/2. <1+m—m2+5m2(n—m)> (mod 8).
We obtain the result by applying Theorem 1 to the above congruence. O

Corollary 2. Let m > 2n + 2 and suppose that the pentanomial (6) is irreducible over F,. Then we get

(1) Ifn=0,4 (mod 8), then m = 2, 4 (mod 8).

(2) Ifn=2,thenm=0, 2 (mod 8).

(3) Ifn=2 (mod 8) and n # 2, then m = 4, 6 (mod 8).
(4) Ifn =6 (mod 8), then m =4, 6 (mod 8).

4. The parity of the number of irreducible factors for odd n

In this section we deal with the same polynomials f(x), F(x) and G(x) as in the previous section,
but here we assume that n is odd.

Similar considerations as in the previous section yield

m—1 m—1
R(F,G)=v"™ 4™ 4+ uy™! Z x?"_”_z +ur™! Z P
i=0 i=0
m—1 m—1
+ vm—lw Z Xi_l + Wrm—l Z Xi + uzvm—Z ZXT—n—ZXT—n—Z
i=0 i=0 i<j
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uzrmfz szin—nxrjp—n ym= 2 ZZX 1 _1+W = szixj

i<j i<j i<j
v wam”Z +uwrm22x Xiy
1702 i1#£i
m—1
DD I
k=1 Ji<-<ljk
m—2
k,m—k—1 Z m—n_2 2
+Zuv r Xj Xj X
k=1 i';éjl,”.,_.ik
J1<<Jk

kmk2 Z m—n,m—n,2 2
+Zu v Xip Xy XX

i1 <i, j1<--<lJk

1,027 )1, Jk
m—2
bl 3?2
+ 3 viwr XX, G,
k=1 )1, Jk
Ji<e<ji

m-3
k.,,2,.m—k—2 v, v2 2
+2 vl Do KuXuXj X

k=1

i1<iz, j1<- <]I<
i1,02# 1,

m-3

+ Z uvkwrm-k-2 Z x’;"”xizx?] -~-x?k + S(X0,X1s - Xm—1)

k=1 iz, j1 < <Jk
1,121, Jk
where S(xo,X1,...,Xm—1) is an integer congruent to 0 modulo 8. Now denote respectively by

T,V,W,X,Y,Z the last 6 sums of the above equation (besides the term S(xg, x1,...

we rewrite it modulo 8 as

m—1
R(F, G)—v 4pm +uvm12xm"2 mlzxmn
i=0
mlWZX +WrleX+u2Vm szngng
i<j
uzrm—z thiﬂ—nxT—n ym= -2 ZZX—I _1—|—W = ZZXin
i<j i<j i<j
v WX:xm"2 +uwrm22x Xiy
i1z i1#£i
+T+V+WH+X+Y+Z.

Using the notations of Section 2 we get

REF,G)=v"+rm4+uv™ . Sy n o +ur™ ! Spn + v lw - S_4

,Xm—1)), and

+ Wl’m_1 -S1+ uzvm_z . S[z’m,nfz] + uzrm_z . S[Z,mfn] + Vm_zW2 . 5[2’,1]
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+ W2 S Fuvm 2w Sy o g Fuwr™ 2 S g
+T+V+W+X+Y+Z (mod8).

It is necessary to compute the values of T, V, W, X, Y and Z modulo 8 to characterize R(F, G).
Let

i’
)1, Jk
J1<-<Jk
_ m—n,m—n_,2 2 _
W= D0 XTG ex, 1<k<m =3,
iy <ip,ji<--<ljk
i1,02# 1,0 Jk
X X2 xt, 1<k<m-—2
k= xlle' xjk’ SKsm s
i?ﬁj],“.,!k
J1<-<Jk
Y = pXi X2 x2, 1<k<m=3
k= Xiy Xip X, - X, sksm )
iy <ip,ji<--<ljk
iy,i27 )1, Jk
7, — m-n,, .2 2
k= Xp, XipX§ X 1<k<m-3.
Az, j1<<lJk
i1,02# )1, Jk

For a fixed integer i, 1 <i <m, and for each positive integer p, let

i p p
Ukp=Ui,= 2, %
)1, Jk
Di#e
and put Up p =1 for every p. Then we obtain the following lemmas.

Lemma 5. The following identity is valid

k
i K Jjp
Up = Z(_l)] k— ! Xi - Sk—jp)-
Jj=0

Proof. From the definition of Uy ,, we have

_ p PP P D
Up = Z Xjp o X ki Z Xy X
Ii#ie i?éjl'v-“s'jk—l
Ji#je

=Stp) —kx{ - Uk—1p

= Stp) = KX} (Stk—1,p) — (k = DX Ug—2,p)
2

= Sap —kxf - Sge—1,p) T kk = DX Ugp =+
2

=Stp) = kX - S—1.p) +k(k = DXP - Sk2.p) + -

F (DR k=12 X P (S —1-4D)

k k! )
j : Jp
=2 Vg A Sweipe O
i=0 '
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Lemma 6. The following identity is valid

k

; k!
1
Stkp - Sp=Sarip + Y _(~DIF k=1 Sore Seip:
=1 '

Proof.

m—1 m—1
P p P 2p
Stk Sp = ( >4, ""‘Jk) ( ZX"> =D k" - Uko1p+ Set )
i=0

Ji#ie i=0

m—1 " k—1 ; (k —1)! i
:S(k+1,P)+kai ’ Z(*l) m-xi “Sk—j-1,p)

i=0 =0 J
k m-—1 ) k! .
j=1i=
k ; k!
=Saestp + ) (=D &1 Surop-Seeipe D
j=1

4.1. Computation of T

By applying Newton’s formula and these lemmas we compute T, V, W, X, Y, and Z modulo 8.

For simplicity we suppose in this section that m is not divisible by 4. The case that m is a multiple
of 4 is similar and simpler.

First we compute the non-zero values of S, by Newton’s formula similarly as in the previous
section. The following table shows the non-zero values of S, for p € [1,4m — 3n]. These are needed
for the computation below.

p Sp p Sp

m-—n-—2 —(m-—-n-2) 3m—2n—1 —2Bm—-2n-1)
m—n-—1 —(m-n-1) 3m—2n —(3m —2n)
m-—n —(m—n) 3m—n-—2 —Bm—-—n-2)
m —m 3m—n—1 —-Bm—-n—-1)
2(m—n-—2) m-—n-—2 3m—n —(3m —n)
2m—2n—3 2m—2n—3 3m —m
2m—2n—2 3m—n—-1) 4m—n—2) m—n—2
2m—2n—1 2m—2n—1 4m —4n—7 4m —4n —7
2m —2n m-—n 4m —4n — 6 5(2m —2n —3)
2m—n—2 2m—n—2 4m—4n—>5 4(4m — 4n —5)
2m—n—1 2m—n—1 4m —4n —4 19m—-n—-1)
2m—n 2m—n 4m —4n —3 4(4m — 4n — 3)
2m m 4m —4n —2 52m—-2n—-1)
3(m—n-—2) —(m-n-2) 4m —4n —1 4m —4n —1
3m—3n—-5 —(Bm—3n-5) 4m — 4n m-—n
3m—3n—-4 —2(3m —3n—4) 4m—3n—6 4m—3n—6
3m—3n-3 —7m—n—-1) 4m—3n—5 3(4m —3n—-5)
3m—3n—2 —2(3m —3n-2) 4m—3n—4 6(4m — 3n — 4)
3m—3n—-1 —Bm—-3n-1) 4m —3n—3 7(4m —3n —3)
3m—3n —(m —n) 4m —3n—2 6(4m —3n—2)
3m—2n—4 —(Bm —2n-—4) 4m—3n—1 34m—3n—1)
3m—2n-3 —2(3m —2n—13) 4m — 3n 4m — 3n
3m—2n—2 —-338m—2n-2)

From these values we compute S ) for 1 <k <m by applying Lemma 6.
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If 1 <k <™2=1 we see that S¢ 2 =0,

m-n—1_4 m-—-n—3 m-n—1 m—n—1
Smpt 5= (D" (== ) S = () 2 —— ),

2 2
m-n—3 %_1)’ U m |
S(%z)z(—]) 2 ~m's(%_m—;—‘l’2)'5m_n_]=(_])2 2 5 .
2 2 :

Sm-n—22 = (D" "3 . (m—n—-3)!- Sygmn-2) = (D" "3 . (m—n-2)!,

m-n-3 (M —n—2)!
Sm-n-12=(=1)"2 - W . S(m—g—l 2 Sm—n—1
!

+ (D™ m—n—-2)! Sym_p—1) = (=D (m—n -1\,

m—n— —n— !
n-3 m-n-—1)!

S(m—n,2) = (_]) (m_g_H )!

. S(meﬂH’z) *Sm-n-1

+ (=DM m—n = D! Sy = (=)™ (m —n)!,

men_3 (@)!

Siampt g = ("D (D! "S(3.2) Smon—1
1 %7] (2m72n73)! S S 1 2m—2n—3 2m—-—n-—3 '
s A G |
m—n— 2m—n—1
Someno1 = (-1 F 2. (7)
2
n_y (m—1) _
Sty = (=D == Sy Smet (GO m =D Son = (<) emt =m.
Y

Now we are ready to compute T modulo 8. Throughout this section we often use the fact that the
square of every odd integer is congruent to 1 modulo 8.

n+1 n=1  nl
Lemma7T=(-1)2 -4-n+2) 2 -nz —1(modS8).
Proof.
m-1 1 a1
m—n— m+n+ m m
Tzzvk.rm*k.slkllzv 2 .1 2 .5[m,§,1.2]+\/7.r7.s[%’2]
k=1

m-—n—2 .n+2 m—n—1 _n+1
+v " Sinn2 2+ V M St

2m—n—1 n+l1
2

+VTT e S VT 2 T '5[—”"‘2”-1,21
=n+2)" 7 T DT 2 [+ (-DE 4+ 2)7]

+(=1)-2n(n+2)+nn+2)—1+nn+2)

n+l

E(—l)%-4-(n+2)%-n7—1 (mod 8). O
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4.2. Computation of V

Lemma 8. For every k, 1 <k < m — 2 we have

m—1 k

_ ; 1 2i
Vie= Y Y (D o) Sac .
4 ‘ (k — !
i=0 j=0
Proof. By Lemmas 2 and 5,
m—1
m—n,2 2 _ m—n 2 2
= Y b=y N k)
11,00 Jk i=0 i1, Ji
J1<-<Jk J1<-<Jk
m—1 1 m—1 k 1
_ m—n _ m—n j 2j .
- X; : k_‘ ' Uk*Z - in Z(_l) ’ k — ! Xt S(kflqz)' a
i=0 i=0 j=0

Using Lemma 8 and the values of S 2 we have non-zero values of V. as follows.

k Vi k Vi
R ~D"37 .@m-2n-3) m—n—3 —~(m-n-2)
m—n—1 m—n+1
> (-1 2 m—n—2 m-—-n—2
1 ~DE".@em-n-2) m—n—1 —(m-n-2)
@ (-D% -n e -)™77 2n—n—2)

Lemma9.V = —m(2n + 1) (mod 8).

Proof.

m—2
V=u Z Vkrmfkfl Vi
k=1

m-n—3 m+4n+1 —n—.

=mn+2)"7 " () 2m—2n—3)

m—n—1 m+i m—n+1

Tmn+2)" T

+mn+2)27 a7 (=12 . 2m-n-2)
+mm+2)2 -n27 (=12 .n
—mn+2)"" 3" m—n-2)
+mn+2)" "2 (m—n—2)

—mm+2)"" 0" (m—n—-2)

2m-—n—3 n+1 2m-—n—3
+mn+2) 2 nz -(—1) 2 -2-(m—n-—2)

=-m@2n+1) (mod 8). O
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4.3. Computation of W

We first determine Wy for each k, 1 <k <m — 2. To do this we introduce another new notation.
For fixed different integers i1, ip, 1 <i1,ip <m, let

= 2 X2
Qk - Z le XJk

1,021, Jk
Ji#ie
and put Qo = 1. We obtain the following lemma by a consideration similar as Lemma 5.

Lemma 10. For every k, we have

k

Q=) (-1 W 'Xizlj “Uk-j2-

j=0
Proof.
_ 2 x2 —kx? 2 X2
Q= Z Xjv Xy kx'l Z Xi1 Xk
Fj1,- Jk 1,021,000 Jk—1
JiFie Ii#ie

=Upa — kxi, Qo1 = Uk 2 — kx? [Ui—1.2 — (k — DX Q2]
= Uiz —kxf Ug—12 + k(k = D22 Qpz =

=Ukz —k? Ure1 2 +k(k = D2 Upap + -+ (D Tkt = 1)+ 2.7 [Ug 2 — 22 ]
k
Sk 2i
=Z(—1)J-—.-X-]'kaj2- O
— | 1 ’
= k—pt "

Using Lemma 5 with already computed non-zero values of S ), we get the values of Uy, for
every k € [0,m — 1]. The result is as follows.

0< k<=t Uiz = (=1 k! - & 2k

] & e Upz = (=D -kt - (x2k+2x2k m=n=1)y

B <k<m—n—2 Uz = (=¥ k! (x,.22k+2x,.22" =l gykom)

n<k<m—n—2 Um-n-22=—(m—n—2)l- (C" " 4 2xn-n=3 4 gpn=2n~4 _q)
n<k<m—n—2 Umonot2=m—n—"1)1- M0 4 opton=l 4 gpn=21-2 2 4 1)

Uz = (=1 -k!- (x2k+2x2k*(’“*"”>+2x2k*"')
+ (= .l)k+1 K- (XZk Z(m n—. 2)+x2k 2(m n— 1)+X2k 2(m— n))

iy
Uz = (=1 k1 2k 4 208" ]>+2x2k my 4 (< R
(i22k 2(m—n 2)+xi22k 2(m—n— 1)+Xi22k 2(m—n) 2X2k (2m—n— 1))

Now we find the expression for Wy. By Lemma 2, Lemma 10 and the above equations, we obtain the
following for every k=1,...,m—3.

Since Uy, depends on the index k, the expression for Wy also depends on k. For example, if
% <k <m—n-—2, then Wy is the sum of the first 6 terms in the right-hand side of the last equation.
We denote the non-zero values of Wy, for all k=1, ...,m — 3, in the following table.
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k Wy

il DF la+nem—n-1)

n 7m(n+1)

=t (— 1)E4(m7n73)(3m 31175)
D DT [Fm—n+1)?-

m-p-1 D" }1<m—n—1)2

22 —Im-2)Bm-2n-4)

1 }—,(m2+2mn—2n2—2m—4n+2)

L 4m(m 2n—2)

] -1 1(ezm —6mn+n?—6m+2n+1)
md2n Fm(m—2n—2)

m—-n—4 Fm—n—3)(m—-n-2)

m—n—3 —%(mz—Zmn+n2—5m+5n+6)
m-—n-—2 2(mfn72)(mfnf3)

mn=> (=1)"* 2 — 2mn +n? — 5m + 5n + 6)

Now we derive a formula for the computation of W modulo 8.

Lemma 11.

W—lm (n+1)+( 1)n+] 1m (n+2) = n" (m+n+3) (mod 8).

Proof. This follows from the computation of

_uZkam —k—

modulo 8 based on the above table. O
4.4. Computationof X,Y,Z

The computations of X,Y,Z are very similar to the ones of V, W, so we omit their concrete
process but point out only the differences and results.
For every k, 1 <k <m — 2, we have

m—1 k

y
X = Z&D b’ (k oK Sk
i=0 =l

k Xk k Xk

ot =" —n-2) m—-n—1 =il

m—;—l (= 1 —n) —2”"2"’3 (- 1)2 1(n+2)
m—-n—2 -1 g L (=)™

From this it follows

Lemma 12. X =0 (mod 8).
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For every k, 1 <k <m — 2, we have

k
1 k+1 1 X
Y= 5(_1)<+ (k+1) - Sop2 + 5(—1)< j_ZO(Ssz - Sok—2j+1)

m-—-n-—1
+ (=1, (k i + 1) - Sok—(m-n)+3
k— m—g—l
+ (=1 Z (S2j4+1  Sok—2j—(m-n)+2)

j=0

m
+ (—=1kHT (k -5 + 1) - Sok—m+2

m
k=3

+ (=1 Z (S2j+1 - Sok—2j—m+1)
=0

1
+ 5<71)"(k —m+n+3) - Sok_26m-n)+6

k—(m—n-2)

1 _
+§(—1)k ! Z (S2j+1 * S2k—2j—2(m—n—-2)+1)
=0

1
+ 5 (D k=m+n+2) - Sk 2mn+a

k—(m-n—1)

1 _
+§(—1)k ! Z (S2j+1 * S2k—2j—2(m—n-1)+1)
j=0

1
+ 5(—1)"(k —m+n+1)- Sy _2im—n)+2

1 k—(m—n)
+ 5(—1)k_1 Z (S2j+1 - Sok—2j—2(m—m+1)
=0
2m—n—1
+ (1) (k B + 1) - Sok—@m-n—1)+2
k— 2m—2n—]
+(=1F Z (S2j4+1 * S2k—2j—@m—-n—1)+1)-
=0

k Yk k Yi
m—g—3 (_1)m—2n+1 %(m—n—l)z m—n—2 1
L ] (-3 im? ET ™7 Ln+1)?

From this it follows

Lemma13.Y = (-1)"7 Im(m+1)2(n+2)"7 n"z" (mod 8).
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Finally we get

and therefore
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_ 1
Ze= DX g O
i1#£i
= (=DM k+ 1) Smni2k1
k

+ (=D (Smontaj - Sak-2j41)
j=0

n

m—-—n-—1
+(—D ~2(k -t 1) “Sas2

m-—n—1
k—==

+D20 > (Smonta)j - Sak2j-(mon-141)

=0
m
+ (=1 -2<k ) + 1) * Sok—n+1

m
k=3

+ (—1)’( -2 Z (Sm—n+2j - S2k—2j-m+1)
=0

+(=D*k—m+n+3) - Sy_minss
k—(m—n-2)

+EDT Y (Smon2j - Sak-2j-20m-n-241)

j=0

+(=D¥k—m+n+2) - Sokmins3
k—(m—-n—1)

+ DT Y (Smonv2j - Sak-2j-20m-n-1)41)

Jj=0

+ DXk —m+n+1) - Sok-mint

k—(m—n)

+ DT D (Smons2j - Sak-2j-20m-m41)

j=0
2m—n—1
+ (—Dk -2<k - 1) - So-me2
I€72m72n7]

+(=1k.2 Z (Sm—n+2j * S2k—2j—@2m—n—1)+1)

j=0

Zk
=l =17 Imm+1)
Wi s 1'% Lm—n—3)m-n-2)
et (17 1[m —n)2 —2m —n) + 3]
g (17 Tam—mym-n—1)
@ = —Im@m—3n-3)
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k Zg
ol (-7 Imm-n-1
—n—3 m—n—2
-—n—2 m-—n-—2
2m-_n_5 (= 1)" (mnfn +2m —4n — 4)
=3 (-1)"7 2n(m —n —2)
From this it follows
Lemma 14. Z = 0 (mod 8).
Finally we get for the resultant R(F, G).
Lemma 15. Let m be even, not divisible by 4 and n odd. Then
1 n n n
R(F.G)=1—m—2mn+sm’(n+1)+ —D)"Tm*n"T n+2)"  (mod 8). (10)

Proof.

R(F,G)= v+ 1M +uv™ - Sp_pp + ur™ N S+ v w S+ wr™ sy
+ u2vm—2 . S[Z,mfn—Z] + qum—Z . S[Z,mfn] + vm—ZWZ . 5[2‘71] + Wzrm_z ) 5[2’1]

+uv™ 2w Sy 1A uwr™ 2 Sy i +SHV AW HX+Y+Z (mod 8).
Since we assumed thatn>6 and m > 6(n —2), S_1 =51 = S[2,—1] = S[2,11 = 0. And by Lemma 2
Smfan,fl =Sm-n-2-5-1—Sm-n-3=0,
Sm—n,] =Sm-n-S1— Sm—n—H =0.

Thus we get

1
R(F,G)=2+mM+2) Smn-a+mn-Smn+ 5m* (S5 = S2m-n-2)

1
+5m 2(S2_p = S2m-m) +S+V+W+X+Y+2Z (mod 8).

The assertion follows by substituting the corresponding values to the above equation. 0O

Theorem 5. If m is even, not divisible by 4, and n is odd, then the pentanomial (10) has an even number of
irreducible factors over F, if and only if one of the following conditions holds:

(1) m=2 (mod 8) and n =3, 7 (mod 8),
(2) m=6 (mod 8) andn =1, 5 (mod 8).

Proof. The discriminant of F is as follows
D(F) = (=1)"™=D2.R(F, G)

1 n n n
= _<1 —m —2mn+ Emz(n+1)+ (—1)%‘m2n#(n+2)%'> (mod 8).
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Thus we compute all possible cases, namely

m=2 (mod 8),

n=1 (mod8 = D(F)=5 (mod 8),
n=3 (mod8 = D(F)=1 (mod 8),
n=5 (mod8 = D(F)=5 (mod 8),
n=7 (mod8 = D(F)=1 (mod 8),

m=6 (mod 8),
n=1 (mod8 = D(F)=1 (mod 8),
n=3 (mod8 = D(F)=5 (mod 8),
n=5 (mod8 = D(F)=1 (mod 8),
n=7 (mod8) = D(F)=5 (mod 8).

This gives the result of the theorem. O

Finally we consider the case when m is a multiple of 4. In this case we can see directly W =
Z =0 (mod 8). In the same manner we compute the discriminant of F but we omit the details and
describe only the results:

n+
2

S=3+4n+(—1)"T42n+1)"3 (mod 8),

V=m (mod 8),

X=0 (mod 8),

Y=6n+1) (mod 8),
R(F,G)=2—mn+2)(m—n—-2)—mn(m—n)+S+V+Y

n+l

=342n+m+(-1)"F42n+ 1) (mod 8). (11)
Since m is a multiple of 4, D(F) = (—1)™™=D/2.R(F, G) = R(F, G), so we have the following theorem.

Theorem 6. If m is divisible by 4, and n is odd, then the pentanomial (10) has an even number of irreducible
factors over F, if and only if one of the following conditions holds:

(1) m=0(mod 8) andn=1,5 (mod 8),
(2) m=4 (mod 8) and n =3, 7 (mod 8).

5. Conclusion

We have determined the parity of the number of irreducible factors for Type Il pentanomials of
even degrees using the Stickelberger-Swan theorem. Our consideration is similar with the one in [1]
but the computation is more complex. Some results for Type Il pentanomials of odd degrees and
Type I pentanomials will be published elsewhere.



W. Koepf, R. Kim / Finite Fields and Their Applications 15 (2009) 585-603 603

Acknowledgments
We would like to thank the anonymous reviewers for their helpful and encouraging remarks.

References

[1] O. Ahmadi, A. Menezes, Irreducible polynomials of maximum weight, Util. Math. 72 (2007) 111-123.

[2] O. Ahmadi, A. Menezes, On the number of trace-one elements in polynomial bases for Fyn, Des. Codes Cryptogr. 37 (2005)
493-507.

[3] O. Ahmadi, G. Vega, On the parity of the number of irreducible factors of self-reciprocal polynomials over finite fields,
Finite Fields Appl. 14 (2008) 124-131.

[4] A. Bluher, A Swan-like theorem, Finite Fields Appl. 12 (2006) 128-138.

[5] A. Hales, D. Newhart, Swan’s theorem for binary tetranomials, Finite Fields Appl. 12 (2006) 301-311.

[6] R. Lidl, H. Niederreiter, Introduction to Finite Fields and Their Applications, Cambridge University Press, 1997.

[7] K.V. Mangipudi, R.S. Katti, Montgomery multiplier for a class of special irreducible pentanomials, preprint, http://www.ece.
ndsu.nodak.edu/~katti/pdf/jp04.pdf, 2004.

[8] F. Rodriguez-Henriquez, C.K. Kog, Parallel multipliers based on special irreducible pentanomials, IEEE Trans. Comput. 52
(2003) 1535-1542.

[9] B. Sunar, E. Savas, C.K. Kog, Constructing composite field representations for efficient conversion, IEEE Trans. Comput. 52
(2003) 1391-1398.

[10] R.G. Swan, Factorization of polynomials over finite fields, Pacific . Math. 12 (1962) 1099-1106.


http://www.ece.ndsu.nodak.edu/~katti/pdf/jp04.pdf
http://www.ece.ndsu.nodak.edu/~katti/pdf/jp04.pdf

	The parity of the number of irreducible factors for some pentanomials
	Introduction
	Preliminaries
	The parity of the number of irreducible factors for even n
	The parity of the number of irreducible factors for odd n
	Computation of T
	Computation of V
	Computation of W
	Computation of X, Y, Z

	Conclusion
	Acknowledgments
	References


