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0. MAIN RESULTS

As a typical example of the existence and non-existence of positive eigen-
values embedded in the continuous spectrum, we consider von Neumann—
Wigner potentials. This is a test of the effectivity of our result obtained in [2].

We consider an eigenvalue problem

Hy:=(—4+q(x)) y(x)=p(x) in R”, (0.1)
where ¢(x) satisfies

(Q.1) ¢(x) is a real-valued continuous function on R” and
(Q2) q(x)= —(ksin2r/r)+O(r='=%) as r=|x| » + 0 (g,>0)

with some real constant k. The potential ¢(x) is not necessarily spherically
symmetric.

Let H be the unique selfadjoint realization of the above operator in the
Hilbert space L*(R"). It is well known that the essential spectrum of H
coincides with the real half line [0, + c0). Our problem is as follows:

What is the condition on k€R and A>0, under which there
exists ¢(x) satisfying (Q.1) and (Q.2) such that 1 is an eigen-
value of H?

In their famous paper [ 16], von Neumann and Wigner gave an example
of ¢(x) defined in R? satisfying (Q.1) and (Q.2) with k=8 such that A=1
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is an eigenvalue of H. Their example (corrected by B. Simon [14]) is

—32sin r[ g(r)? cos r —3g(r)?sin®r + g(r) cos r +sin>r]
[1+g(r)?]? ’

q(x) =
g(r)=2r—sin 2r.
Then H has the cigenvalue A =1 with eigenfunction

_ sin r
L1+ g(r)?]
Moses and Tuan [13] gave another example of ¢(x) defined in R?

satisfying (Q.1) and (Q.2) with k=4 such that 1 =1 is an eigenvalue of H.
Their example is

Y(x) e L2(R?).

_ —32sinr[(r+1/2) cos r —sinr]
- [1+g(n]? '

Then H has the eigenvalue 4 =1 with eigenfunction

q(x)

sin r

- 2 3
“iisgn] LR

Y(x)
We can show

ProposITION 0.1.  For any ne N and any |k| > 2, there exists a potential
q(x) satisfying (Q.1) and (Q.2) such that . =1 is an eigenvalue of H.

ProrosiTiON 0.2.  Let |k| <2. Then for any ne€ N and any q(x) satisfying
(Q.1) and (Q.2), A=1 is not an eigenvalue of H.

Then what happens for 1>0, #1? In the half line case a complete
answer (Proposition 0.3 below) is known [4]; see also [9, 8, pp. 93-95]. In
case n>2 we have Theorem 0.4 below, which is our main theorem.

ProrosITION 0.3. Let A>0 and k be real constant. Let g(x) be a
real-valued continuous function on [0, o0) satisfying

(Q2) g(x)= —(ksin2x/x)+O(x~'7%) as x > + 0 (g4>0).

Then the equation
dz
<dx2+61(x)> Y(x)=p(x) in 0<x<o (0.2)

has a non-trivial solution \y € L*([0, + c0)) if and only if |k| >2 and A= 1.
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Note that Proposition 0.1 concerns some g but Proposition 0.3 does with
any q.

THEOREM 0.4. Let neN be arbitrary. Let

A+ /7 (A=1)
'k'<{ + S0+ (1>i>0). (0.3)

Then for any q(x) satisfying (Q.1) and (Q.2), />0 is not an eigenvalue
of H.

Remark 0.5 A. Devinatz, R. Moeckel and P. Rejto [6] show (see also
A. Devinatz and P. Rejto [7]) that any finite closed interval in (0, 1) u
(1, o) contains at most only a finite number of eigenvalues for any k. Also
Ben Artzi and A. Devinatz [ 5] show that in case ¢ is spherically symmetric
there can exist at most one eigenvalue in (0, c0) at 1.

Proposition 0.2 is nothing but a corollary of Theorem 0.4.

Our main purpose of this paper is to show Theorem 0.4 applying our
result obtained in [2]. This is an improvement of the result of the second
author [ 15, Example 5.8 ], who showed that if

k| < /72 + ),

for any ¢(x) satisfying (Q.1) and (Q.2), 4 is not an eigenvalue of H.
Remark 0.6. Assume that in (0.1), g(x) satisfies (Q.1) and
(Q2)" ¢q(x)= —(kasin2ar/r)+ O(r~'1=%) as r=|x| » + 0 (¢>0)

instead of (Q.2) with some constant a > 0. Then putting x’ = ax and omit-
ting the ' we have (0.1) with A replaced by A/a®> and with ¢(x) satisfying
(Q.2). Thus we may replace (Q.2) and A with (Q.2)” and 1/a?, respectively,
in Propositions 0.1-0.3 and Theorem 0.4.

1. PROOF OF PROPOSITIONS 0.1 AND 0.3

Proposition 0.1 can be easily shown from Proposition 0.3 as follows.

Proof of Proposition 0.1. Let |k|>2 and let ¥(x) be a spherically
symmetric function and put

u(r) :=r"= D2y (x).
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Then Eq. (0.1) with A=1 and g(x)= —(k sin 2r/r) reduces to

—u"(r)+ { —k sin 2r—|—4_1(n— 1)(n—3) r‘z} u(r)=u(r),

r

which has a non-trivial solution e L*[1, +c0)) by Proposition 0.3 so
that ¥ e L ({xeR"[|x|>1}). Let R;>1 be a constant such that (x) #

on |x| =R,. Let J(x) be a smooth function such that y(x) #0 for |x| < R1
and (x)=y(x) for |x| > R,. Put

) i { +(AP))/(x)  for [x| <R,
=19 (30 for |x|>R.

Then §(x) and (x) satisfy all the requirements of Proposition 0.1.

Remark 1.1 We can prove Proposition 0.1 directly without the help of
the if part of Proposition 0.3. Noting the argument given in the proof of
Proposition 0.1, it suffices to construct a non-trivial function u(r) € L*([ 1, o))
and a real valued continuous function ¢(r) in [ 1, oo) satisfying (Q.2)" and

N+ {qr)+4" (n=1)n—=3)r=2} u( re[l, o). (1.1

This can be achieved as follows.
Let « be a positive constant. In case k > 2, we put

g(r) :=2r—sin2r=4 j sin? ¢ dt,

0
w(r) := (1 + g(r)®) ¥4,

u(r) :=w(r) sin r.
Then by (1.1) we have

gry+4 Y (n—1)(n—-3)r2

" ! ”

u w cosr w
=14+ —=2——
u wsinr w

_ —4ksinr
(1+ g(r)®)?

x[(g@ "+ g Yeosr—(1+k/4) g ?sin®r+ (a—1) g*2sin®r].
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In case k < —2 we put
g(r):=2r+sin2r=4 Lr cos? t dt,
() = (1 -+ g(r))),
u(r) :=w(r) cosr.
By a similar calculation, we have
gx)+4 Y (n—1)(n—-3)r2
—4fk cos r
(1+g(r)")?
x[(g2 '+ g Vsinr—(k/4—1) g2 2cos*r—(a—1) g*"2cos’>r].

In both cases, we have ¢(r)= —kr~!sin 2r 4+ O(r ! ~™™M* 1) a5 r > 4+ o0
since a > 0, and we have u(r)e L*([1, ®)) since a >0 and |k| > 2.

Note that in case n =3, the modification near the origin is not necessary.
In this case, putting k=8 and a=2, we have the von Neumann and
Wigner example, and putting £k =4 and « = 1, we have the Moses and Tuan
example.

In order to prove Proposition 0.3, it is sufficient to show the following
two propositions.

ProrosiTION 1.2. Let A#1. Then Eq.(0.2) has no non-trivial solution in
L2([0, o0)).

ProrosiTiON 1.3.  Let A=1. Then Eq.(0.2) has no non-trivial solution in
L*([0, c0)) if and only if |k| <2.

The next lemma is a special case of [4, Theorem 2.1], from which
Proposition 1.2 follows easily, since ¢(x) satisfies the conditions (i)—(iii) of
gif 2#1. (If A=1, the function g,(x) does not exist.)

LEMMA 1.4. Let 2>0. Assume that

(1)  g(x) is a real valued continuous function in [ 1, c0);
(1) the integrals

jw g(1) di, gy(x)=: fw glt)cos2 JArdr, gix) :=f°o (1) sin2 /7 ¢ di

X

exist;

(i) | len snrdr<ee =1,
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Then for any non-trivial solution y(x) of the equation
—Y'(x)+gX)Y(x)=W(x) in x=1, (1.2)
there exist constants A, B with A >0 such that
Y(x)=Acos(y/Ax+B) +o(l), (x)=—4./%sin(/2x+B)+o(l)

as x — o0.

We owe the next lemma to Atkinson [ 4, Theorem 4.9, Remark in Sect. 1.3 ]
to prove Proposition 1.3.
Lemma 1.5. Assume that

(1) hy(x)>0 is a real-valued C' function in [1, c0);
(i) [ hy(t)dt=co, [P hy(1)*dt < oo and |7 |h(1)] di < oo;

(iii)  hy(x) is a real-valued continuous function of class L([1, o0)).
Then the equation
—y"(x) = {hy(x) cos 2x + hy(x)} Y(x) =(x) in x=1 (13)

has two solutions \r,, \, such that

¥ (x) = exp H flx hy(t) dt} {cos <x+z> +0(1)}

Wo(x) = exp [ —%fhl(z) dz} {cos <x—Z> + 0(1)}

as x — o0.

Let hy(x) = |k|/(x + (7/4) sgn k) in (1.3), where sgn k means the sign of
k. Then the above lemma shows that Eq. (1.3) has no non-trivial solution
in L*[1, o0)) if and only if |k|<2. On the other hand changing the
variable from x4 (7/4)sgnk to new x in (1.2) with A=1, we have
Eq. (1.3). Hence we have Proposition 1.3.

2. PROOF OF THEOREM 04

The following is a simplified version of [2, Theorems 1.1 and 1.3]; see
also Remark 1.3(3) and Remark 1.4(2) there.
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PrOPOSITION 2.1. Let q,(x)e CHR") and q,(x)e C°(R") be real-valued
bounded functions. We consider the equation

(=4+¢:(x) +¢>(x)) Yy(x)=0  inR" (2.1)

Assume that there exist some bounded smooth real-valued functions o(r) and
n(r) and some positive constants 6 and t satisfying

a(r)=0; (2.2)
n(r)<2; (2.3)
lim sup [70,¢,(x) +n(r) ¢1(x) +a(r) ™" [rgs(x) — Q'(r)|?1 <0, (24)

r— o0

where 0,=0/(0r), O(r) :=4~Yn(r) —a(r));

rq,(x) — Q'(r) is bounded,; (2.5)
lim exp U’T_t”(t)dz):o; (2.6)

r— oo 1
exp <—j:°'(’);’7(’)dr>¢y(1, o). (2.7)

Then Eq.(2.1) has no non-trivial L*(R") solution.

Let a4, 779, U, v be real constants satisfying

{00+”0<25 770>09 O-O>Os (28)

2 lul <ag, Mo+ 2 |v] <2,
and let 7 be a constant satisfying 0 <t <#,. We put
o(r) : =g+ 2u cos 2r, n(r) :=nqy+ 2v cos 2r.
Then
Q'(r)=(u—v) sin 2r, a(r)+n(r)=09+ne+2(u+v) cos 2r

and it is easy to see that the assumptions in Proposition 2.1 except (2.4)
and (2.5) are satisfied since

r B 1 . r r 1 .
Lt 1c0521d1={2ls1n2l}1+f1212s1n2tdt

is a bounded function of re[1, + o).
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According to the idea of [ 15, Example 5.8 ], we put

sin 2r

q,:=—(k+s)

sin 2r

2,

gr:=5 O(r—!—#) as r— o

r

with some real constant s. Then Eq. (0.1) reduces to Eq. (2.1).
We can easily see that (2.5) holds.

Let us check the assumption (2.4). We may assume 0 <¢g, <1 in (Q.2)
without loss of generality.

0,4, +n(r) g, +o(r) " |rg, — Q'|?

=r{—2(k+s) +(k+s)

cos 2r sin 2;}

in 2
— (o4 2v cos 2r) {(k—i—s) s r+4
r

+a(r)~" |ssin 2r + O(r =%) — (u—v) sin 2r|?
= —2(k+s)cos 2r— Ao+ 2v cos 2r)
+a(r)~' (s—u+v)?sin? 2r + O(r ~*)
= —a(r) ' [(2u cos 2r + g¢){ 2(k + s+ v1) cos 2r + 17y A}
—(s—u+0v)?(1—cos?2r)] + O(r %)
=—a(r) 7' [{(s—u+0v)*+4u(k +s+vd)} cos®2r
+2{(k+s+vl) o +unyd} cos 2r + aoner— (s —u+v)*] + O(r —%).

We put

S(X):={(s—u+v)*+4ulk +s+vl)} X*
+2{(k+s+4vA) oo +uned} X+aoned—(s—u+v)>

Then (2.4) is satisfied if and only if

f(X)>0 forany Xe[—1,1]. (2.9)
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We claim

PrOPOSITION 2.2. Let real numbers k and 7. >0 be given. The following
three assertions are equivalent.

(1) There exist real constants s, u, v, g, and 1, such that

sin 2r
¢ =—(k+s) -

A,

sin 2r

g»=S +O(r='=%) as r— o,

o(r)=0y+ 2u cos 2r and n(r)=ny+ 2vcos 2r

satisfy the assumptions of Proposition 2.1.

(2) There exist real constants s,u,v,a,, and n, saysfying (2.8)
and (2.9).

(3) 4 and k satisfy (0.3).

The preceding argument guarantees the equivalence of the assertions (1)
and (2). We will show the equivalence of the assertions (2) and (3) in the
followings. Then as a corollary, we have Theorem 0.4.

We put f(X) in the form

f(X)=AX*+2BX +C,
where

A:=(s—u+0v)*+4du(k +s+vl),
B:=(k+s+vl)oy+unyl,
C:=0oneh—(s—u+v)%
Lemma 2.3.  The inequality (2.9) holds if and only if one of the following
holds:

(@) F(1)>0,f(—1)>0and A<C
(b) C>0and B>< AC.

Note that in case (b), the condition f(+1) >0 holds automatically, and
that (a) and (b) are not mutually exclusive.
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Proof. We have the following:

(1) Let 4<0. Then f(X) is concave and we can see that (2.9) holds
if and only if f(1)>0 and f(—1)>0.

(i1)) Let 0<A<B (0<A< —B ). Then the axis of the parabola
y=f(X) lies in the left(right) side of the line X= —1(X=1). (2.9) holds if
and only if f(—1)>0 (f(1)>0), and then f(1)>0 (f(—1)>0) also holds
(respectively).

(iii) Let |B| < A. Then the axis of the parabola liesin —1 <X < —1,
and (2.9) holds if and only if B> < AC, and then C= £(0)> 0.

Assume that (2.9) holds. If A< |B|, then by (i) and (ii), f(£1)=
A+ C+2B>0, which with 4<|B| implies 4<C. Thus (a) holds. If
A > |B|, then by (iii), (b) holds.

Conversely, assume (a). If 4 <|B|, then by (i) and (ii), (2.9) holds. If
A > |B|, then by 4 < C we have C>0 and B?< AC, so by (iii), (2.9) holds.
It is obvious that (b) implies (2.9).

We will show the following two lemmas, which yield the equivalence of

the assertions (2) and (3) in Proposition 2.2.

LemmA 2.4. There exist real constants s, u, v, g, and 3, satisfying (2.8)
and (a) in Lemma 2.3 if and only if 1 and k satisfy (0.3).

LeEMMA 2.5. There exist real constants s, u, v, a,, and n, satisfying (2.8)
and (b) in Lemma 2.3 if and only if A and k satisfy (0.3).

In the proof of the above two lemmas, we will use implicitly

LEMMA 2.6. Let fi(x) and fy(x) be real valued continuous functions
defined in an open interval I and satisfy

fi1(x) < fr(x) forany xel (2.10)

Let u be a real constant. Then there exists x € I such that fi(x) <p < f5(x)
if and only if

inf{ fi(x) | xe I} <u<sup{ fo(x)|xel}. (2.11)

Proof. The only if part is obvious. In order to prove the if part, assume
(2.11). Then the sets G; = {x e[| fi(x)<u} and G,={xel|u< f5(x)} are
non-empty and open by the continuity of f1(x) and f,(x). Since G; U G, =1
by (2.10), we have G; n G, # & by the connectivity of I.



358 ARAI AND UCHIYAMA

Proof of Lemma 2.4. We put
S:=s+v and K:=k+vi—v.
Then the arbitrariness of s reflects to the arbitrariness of S and we have

f(X)=AX?+2BX +C,
A=(S—u)*+4u(K +S),
B=(K+S)agy+unyi,
C=oonor—(S—u)

Since
J(£1) =(o0 £ 2u){neA £2(K+ S)}
and o, + 2u>0 by (2.8), the condition f( +1) >0 is equivalent to
—1noA/2 —K<S<nyA/2—K. (2.12)
The condition C> A4 is equivalent to
S? < aonoh/2 —2uK — u. (2.13)

The real number S satisfying (2.12) and (2.13) exists if and only if one
of the followings holds:

K+1ny//2<0 and (K4+n0A2)% <0onoA/2 —2uK — u?, (2.14)
|K| <104/2 and  gon9A/2 —2uK —u*>0, (2.15)
K—nyA/2=0 and (K—104/2)* <0aonoh/2 — 2uK —u*. (2.16)

In case (2.14), we have K+ #7,4/2 <0 and
Y1 (u300,10) <K +10A2 <Wy (1300, 10),
where we put
ViU 00, 00) i= —ut/noMoo/2 +u).
We can see

inf{lﬁlf(u; G010 |2 |ul <<70} =y, _(0¢/2;0¢,1m0) = _00/2_\/ ToHo /s
SUP{W1+(”; G0, Mo) |2 |ul <‘70} =Y, (0;00,10)>0
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so that there exists u satisfying 2 |u| <o, and (2.14) if and only if

—(00+1n0A)/2 —/ToNoA < K< —1oA/2.

The second condition of (2.15) holds with u=0 so that there exists u
satisfying 2 |u| <o, and (2.15) if and only if | K| <#y4/2.
In case (2.16), we have K—#y4/2>0 and

Yo (U300, 10) <K —10A2 <V, (u; 00, 10),
where we put

Vo i(u; 00, 10) i= —ut/1NoM0o/2 —u).

We can see
inf{y,_(u; 39,10) |2 lul <ao} <Y>_(0;00,70) <0,
SuP{W2+(U; 00, 10) |2 [ul <o} =V, (—04/2; 64, 10) =00/2 +/Tolol

so that there exists u satisfying 2 |u| <o, and (2.16) if and only if

NoA2 < K< (0¢+1noA)/2 +/ToNoA

Therefore the real number u satisfying 2 |u| < o, and one of (2.14)-(2.16)
exists if and only if

—Y3(09; 10) <K <Y3(a0; 110), (2.17)

where we put

V3(a0;110) == (a0 +104)/2 +\/m.

Since 5 is a monotone increasing function of ¢, there exists a real
number g, satisfying 0 <o,<2—17#, and (2.17) if and only if (2.17) holds
with g, =2 —1#,. Remembering the definition K=k + vA —v, we have

=32 =10:10) — (A= 1)v <k <¥3(2 =193 170) = (A= 1)0.

There exists a real number v satisfying |v]<1—7#,/2 and the above
inequality if and only if

|kl <¥3(2—n9510) + |2 —1[ (1 —1,/2)
{i—k (2—7n0) 104 for 1>1,

2—no—A+noA+/(2—1¢) Hol for 1>1>0.
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When 7, runs over 0 <#, <2, the last side of the above formula takes its
maximum _value )v—i—\/:l or /A —Ji+1+1 at no=1 or at go=1—
(1—=2)/J/2*=A+1,if A=1 or 1> />0, respectively. Thus, there exists a
real number 7, satisfying 0 <#, <2 and the above inequality if and only if
k satisfies (0.3), and we complete the proof of Lemma 2.4.

Proof of Lemma 2.5. We put §:=S—u=s5—u-+v. Then the arbitrari-
ness of s reflects to the arbitrariness of S. The condition C > 0 is written as

82 <o (2.18)
The condition B*>< AC is written as
02K+ 8 +u)> —2u(ooned—28%) K+ 8+ u) + 5% — 6010 AS? + (uno4)? <0,
that is,
F_(u; 8, 09,10 <K<F _(u; S, 09, 7,), (2.19)

where we put

Fo(u; 8, 04, 10) := 05 {(0o(1104 — T) — 25> u+f
D(u; S, ag, 10) := 505 —4u?)(aore s — 5?).

In order for K satisfying (2.19) to exist, it must be D >0, which is equiv-
alent to S§#0 by (2.8) and (2.18).

We put

ao(fo4 — o) —25°
2 \/(7701—00)2 + 482
_ 400 oA —ao) =257

T2 fa8%(aongh—52) + {og(net— ) — 25712

-+

Then |u, | <0o/2 by (2.18) and §#0. Now vary u on |u| <a,/2 by (2.8),
and F(u; S, 04, 7,) takes at u=u, its supremum/infimum value

G (8500, 10) 1= £3/ (104 —00)* +45° =3,
respectively. So we have

G—(ga 0o, 770) <K< G+(§a (D ’70)
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Since Gi(S’; 0o, o) 1S a non-increasing function of S, its supremum/
infimum is given at S= F./g,7,4 #0 by (2.18), respectively, and

G (F/0onol; 00, 10) = £ { (a0 +104)/2+ /ool

leads (2.17). The argument following (2.17) in the proof of Lemma 2.4
proves the present lemma, again.

3. RESULTS ANALOGOUS TO PREVIOUS CRITERIA

Let
q(x)=Vy(x)+ Va(x) + V5(r), (3.1)

where V,(x)e CYR"), V,(x)e CO(R"), and V,(r)e C°(R) are real-valued
functions. We put

r

o(r) =f V(1) dt.

We assume
V,(x) is a bounded function, (3.2)
lim sup V,(x)=0, (3.3)
x| - oo
L:=limsuprd, V,(x) < oo, (3.4)
K :=lim sup |rV,(x)| < o0, (3.5)
M :=1lim sup Q(r) —ligglf o(r)<1. (3.6)

Note that we have L >0 by (3.3) and (3.4).

Many authors gave a number 4 >0 as a function of K, L, and M such
that if 4 > 4, then A is not an eigenvalue of the operator H defined by (0.1)
and (3.1); see [ 3, Remark 1.27]. So we remark that the smaller 4, the better
results for non-existence of eigenvalue of H we have.

Kato [11] considered the case V;(x)= V5(r)=0 and gave

Ag=K>.
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Agmon [ 1] considered the case V;(r)=0 and K=0. Applying his result
we have

L

A~ 2 .

Eastham and Kalf [ 8, p. 187] considered the case V;(r)=0 and gave
2

1 K+ /K>*+2L
Apx=5 {K>+ L+ /K*(K*+2L)} ={+2+}

Khosrovshahi et al. [ 12] gave under the condition M <4~!

K+ /K*+2L(1 —2M)} 2 2K2+ I(1 —4M)}

Agrp=max {{ 2(1—2M) T o(1—4M)>

Kalf and Kumar [10] gave under the condition M <2~!

o K+ /K*+2L(1 —2M)]?
K 2(1—2M) '
The authors [3] have given

11
AU M2

[K>+ L+ /KX(K>+2L) + L*M?].

We can show that Ag;p= Agp = A 4y
Let g(x) be the one satisfying (Q.1) and (Q.2). We put

in 2
Vi(x)= —(k+s+t)smr i

s sin 2r

V(x)

O(r='=),

tsin 2r
Vi(r)=

r

with some real constants s and ¢ satisfying |¢| <1. Then (3.1)—(3.6) are
satisfied by L=2 |k +s+¢|, K=|s| and M = |¢|.

Remembering that we aim at getting a small 4, we denote by A4, =
A, (s, t; k) one of the above A’s coresponding to the above decomposition
of ¢(x) and by A%(k) the inf, , 4,(s, #; k), where s and 7 run over a set
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specified below and * stands for one of K, 4, EK, KLP, KK and AU. Even
in the case that s and/or ¢ are fixed (e.g., Ag), we use the notations
A, (s, t; k) in order to unify the notations and in order to recognize the
points (s, 7) where the infimums are attained. We remark again that if’
2> AS(k), then J. is not an eigenvalue of H with any q(x) satisfying (Q.1)
and (Q.2).

We will show

AK(k = Ag(—k, 0, k)= k|2, (3.7)
k)=4,0,0; k)= |k|, (3.8)
A k, 0; k) = k> for 13|kl
AO EK = ’ )
ex(k) = {AEKOOk = |k| for |k|>1, (39)
A p(0 k)=0 for |k| <3,
A%, (k) =< A gy ol k 0 k)—k2 for l<k|<I1, (3.10)
Agrp(0,0; k)—lkl for |kl =1,
k)=0 for |k| <3,
k 0 kKy=k*  for i<k <1, (3.11)
AKK() 0; k)= |k| for |k| =1,
[ A0, —ks k)= for |k| <1,
lim AAU(—k—z,t;k)=k2—1=O
t—> —1/k+0
for k=41,
AOAU(k)zi Ao —k+1/k, =1/k; k) =k>—1 (3.12)
1+./5
for 1<|k|<+2\/,
1+./5
\AAU(O,O;k)=|k| for |k| = +f.

2

Remark 3.1. Noting that the minimum of the right hand side of (0.3)
is 1+ \/5/2, we can compare the first lines of (3.10)—(3.12) as follows: any
A>0 is not an eigenvalue of H with any ¢(x) satisfying (Q.1) and (Q.2) if
|k| < 1/4 according to KLP, if |k| <1/2 according to KK, if |k| <1 accord-
ing to AU, and if |k| <1+ \/5/2 according to our Theorem 0.4.

The results are illustrated in the following Fig. 1.

Let us show (3.7)—(3.12).

In Kato’s case s= —k, t=0 and K= |k| so that we have (3.7).
In Agmon’s case s=¢t=0 and L =2 |k| so that we have (3.8).
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L

FIGURE 1

In the sequel, we may assume k>0 without loss of generality since
A (—=s, —t; —k)=A,(s, t; k) for »=EK, KLP, KK, and AU.

In the calculation of A, Ag;p, and A g, we will use the following
lemma, whose proof can be seen by means of elementary consideration of
the calculus.

Lemma 3.1. (1) Let

gi(x, y)=3{Ix|+/x*+4 |x+y|}, y=0.

Then we have

‘t

inf g,(x, y)= gl(_ - > (3.13)
xeRgl 4 =f fOV y?l '

(2) Let

g&(x, y)=x"+Ix+yl, y=0.
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Then we have

&=y, y)=y? Jor 1)2=y>0,

g—1/2, y)=y—1/4 for y=1)2. (3.14)

inf g(x. y) = {
xeR

Let us treat Eastham and Kalf’s 4, where — oo <s< oo and ¢ =0. Since
Apg=Agg(s, 05 k)= gy(s, k)za

we have (3.9) by virtue of (3.13).
Let us consider the case of Khosrovshahi, Levine, and Payne, where
—oo<s< oo and 7| <1/4. We put

a()=(1=2)~Y  bt)=(1—4])~",
Then a(t) >0, b(¢t)>0 and
Agep(s, k) =max{ g, (a(t)s, a(t)(k + 1)) g2(b(1)s, b(t)(k +1))}.
Since A g, p(s, t; k) =0 and
Agrp(0, —k; k) =0 for |k| <1,
Agrp(—k, 0; k) =k? for any k,
Agrp(0,0; k) = |k| for any k,

we have
A%, »=0 for |k|<3i
and
A%Lpg{kz for J<|k|<1, (3.15)
k| for |k|>=1.

We will show that the reverse inequality holds in (3.15). Then we have
(3.10). First, we assume 1/4 <k <1/2. In this case we use

Agrp(s, 1, k) = g5 (b(1) s, b(1)(k +1)).

Under our assumptions |¢| <1/4 and k> 1/4, we have b(t)(k +¢)>0 and
by (3.14) we have

inf Agrp(s, t; k)=
seR

(b(t)(k +1))? it b(e)(k+1)<1/2,
{(b(t)(k+t))—1/4>1/4 it b(t)(k+1)=1)2,
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so that we have

.. k+t \?
A%, p=min {1nf{<1_4|t|>
=min < ki >2 1
B 1—41) |,_o 4

1

k2* :kz
“{’4}
since k < 1/2.

Next, let k> 1/2. In this case we use

2k —1 1-2k) 1
<[< s 1
2 6 4

Agrp(s, 1, k) =gy (a(t)s, a(t)(k + 1))

y (3.13), we have

inf g,(a(t)s, a(t)(k+1))>=

seR

at)?> (k+1)? if 1za(t)(k+1),
{a(z)(k+z) if a(t)k+1)=1,

that is,

k+1t \? .
f k+t<1-2|t,
(12n0 ik d

k+t
1—2¢

inf A gy p(s, 1;k) =
seR

if k+t=1-21¢.

If 1/2<k <1, we have

1
A%, » > min {mf (1_2 |[|> k+t<1-=21¢, |1 <4},

{
i { e > 121, 1 <5
d

o min i { (37 et << 55 <))
:mi{< Si) | )=
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If k=1, then k+¢t>1-—2|¢f| and we have

A%, >inf
KL m{ 2MM| } 37

Thus we have (3.15) with < replaced by =.
In the Kalf-Kumar case, — o0 <s< o0, |f|] <1/2 and

t=0

Agx=gi(a(t)s, a(t)(k + 1))

An argument similar to that given for Ag;p for k>1 leads (3.11).

Now let us consider A 4, where — oo <s< oo and |#| < 1. The first and
the second formulae of (3.12) are obvious. In the sequel we assume k > 1.
Noting

11
AAUZE.T:EF[K2+L+K/K%KQ+2Ly+LHWﬁ

VR LT VR LT

where
L=2lk+s+t, K=lsl, M=],
we put
f%&%%&=ﬁ«q+¢%h (3.16)
A=x>+20|x+y|, B=x>4+2p|x+y|.
Then we have
Au(s, t, k)= 1 {g3(s k+1t, (1), B(1)}2 —w<s<oo, |f<l,
(3.17)
where
o)=1+/1-1%  p)=1-/1-7 (3.18)

LEmMMmA 3.3. Let

>0, 2>a>1>p>0, and a+f=2. (3.19)
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We put y=af. When y > 1, we define x, as

o=35 U~ B =) (320

Then we have
Wxo+y)=x5(y—1)  and —y<xo<0 for y>1, (3.21)
%g; (Xo» 1o, =0 if y>1, (3.22)

inf{g3('xa y9 (xaﬂ)| —o0 <X < OO}

g3(x()s yaa»ﬁ) lf y>1
Proof. A little calculation shows (3.21). In x < — y, we have
0gs l{x—a }
ox 2l /4 f
In x> —y, we have

A—B=2(a—p)(x+y),

A—aB=—(o— 2

pA—a (x—p) x7, (3.24)

AB=x*+4(x+ y) X2+ 4y(x + »)?
= {x(x+20)}2+4(x+ ) {p(x+y) —x*(y—1)},

and

0gs l{x—f-oc x+ﬂ}

ox 2L/4 /B
f[xf+f J+a/B+ /4]
2ff f[x(A B)+fA—oaB+ (x—f) /AB]
v

 [x(x +29) +/{x(x +20)} 2+ 4(x + p){p(x + y) —xH(y— 1)} 1.
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Note that «>f, 4> B and x+ 2y >0 by y>0 and x+ y > 0. It is obvious
that (3.22) holds by (3.21), and

>0 in x>0,

>0 in

<0 in

0
= —y<x<0(x+y) = xp—1) >0,
x

—y<x<0,p(x+y)—x*(y—1)<0.

In case 0 < y <1, we have y(x + y) —x*(y—1)=0 for —y<x<0. In case
y>1, note (3.21). In each case we have (3.23).

Define a = () and B = B(t) by (3.18), y(¢) as y(t) =a(t)B(t) = ¢* and y(¢)

as y(t)=k—+t. Then y>0 since k>1 and |¢|] <1. When y > 1, we define
xo(1) by (3.20) and put

_ ga(xo(1), y(2), al1), B(1))
g4(t) = .

J1-7
Then (3.17) and (3.23) show
(k+0*
inf A (s, t;k)=<"1_72 it k+1<1, s
seR
g4(1)? if k41>1. (3.25)

Let us calculate inf{(k +7)*/(1 —*) |k + <1, 7] <1}. Since

d (k+1)* 2(k+0)(1+kt)
dt 1—1>  (1—=3)% 7

the infimum is attained at r= —1/k if —1 < —1/k<1—k, that is, if 1 <k
<(1+./5)2, and at t=1—k if —1<1—k< —1/k, that is, if (1 +./5)/2

<k<2. Ifk=2,k+t<1and |t <1 do not hold simultaniously. Thus we
have

k+1)?
inf{(litl k+t<1,|t|<1}

k+1)? 1 5
(1+tl et ot k<5
S PR

_ (3.26)
k + 1) 1 145
( +l = for +\/<k<2.
=2 |, k2—h 2

Next, let us calculate inf{ g,(¢)* |k +¢>1, [t <1}. We assume y=k +1>1
and |¢] < 1. We will show

g4(1)>0 in O<t<l1 (3.27)
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and
>0 for l<k< +2ﬁ,
1+./5
() d =0  for k= +2f, (3.28)
145
<0 for k> +2\/
in 0>¢>max{—1,1—k}. Then we have
inf{ g (2)*|t>1—k, |t|] <1}
: 1+./5
I 1) = for 1<k<—2Y2,
- Jm gl =Ty for 1< 2
= 1+/5
2,012 =k for k>+2\[.

Note that k2 —1<1/(k(2—k)) for 1 <k <2 since 1/(k(2—k))—(k?=1)=
(k* —k—1)*/(k(2—k)) and that k<1/(k(2—k)) for (1+ ﬂ)/Z <k<2
since 1/(k(2—k))—k=(k—1)(k* —k—1)/(k(2—k)). The above formula
with (3.25) and (3.26) yields (3.12).

Now let us show (3.27) and (3.28). Now,

: d
(1-1%) giln) = \/t%ﬁL T2 2 gs(xolt), 3(1). (1), B(0))

dgs 0gsdxo  Ogsdy Ogsdx 0Ogsdp
dt  Ox dt Oy dt oo dt Op dt’

Using (3.22) and

e le B] b

dy \/Z f dt

08 _1 xoty N
oo 2 Ja’ i _/1_¢
ogs 1 X+ ap ¢

2 /B’ it 1-¢
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we have

) JAB &1 {ﬁ (A4 By + 00+ 1)1 /A~ /B

NNV N

from which (3.27) is obvious. In order to show (3.28), in the sequel we
assume k>1 and 0>¢>max{—1, 1 —k}. Then we have y=k+1>1 and
y=af =1>>0. By (3.20) and (3.21) we have —y < x,< 0. By (3.24), (3.21),
X0 <0, and x4+ 2y >x,+ y>0 we have

VAB=/x}(xo+2y)* = —xo(xo +2¥).

Using (3.24) we have
(1-1%) /AB(/A~/B) g,

1
=3 \/l’_itf/AB(A—B)+z(x0+y)(A+B—2./AB)

ST /+M_w}

=2(xg+ [ t(xo+ ¥) —xo(1 + 1y —1?)]
=Xo(Xo+ V[t + /P2 +d(y—1)=2(1+1y—1*)]
=xo(Xo+ M/ (2 — 1> = (1 =) — 12y — 1) =2(1 = 1?)]
_ Xo(Xo+ ¥)(1 —*){(2y —1—21)>—5}

S22y =12 =(1=2) + 12y — 1) +2(1 — 1)
B 4xo(xo+ y)(1 —2)(k*—k —1)

Sy =12 =1 =) +12y—1)+2(1 =7

where in the third equality we have used

2
2l(xo+y)=;X§(y—1)=xo{t+\/12+4y(y—1)},

which follows from (3.20), (3.21), y=1¢2 and ¢ <0, and in the last equality
we have used y =k + ¢. The sign of the numerator of the above formula is
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oposite to the sign of k> —k — 1. The denominator of the above formula is
positive since

V=1 —(1=2) + 12y —1)
=2y =D +dp(y— (1= +12y —1)>0

by y>1 and —1<t<0. Thus we have (3.28).

12.

13.
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