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Abstract

The authors consider the boundary value problem

{ Y = p2y+rgf() =0, 0<r<2x,
y(0) =y(@2m), ¥'(0) =y (2n).

Under different combinations of superlinearity and sublinearity of the function f, various existence, mul-
tiplicity, and nonexistence results for positive solutions are derived in terms of different values of A. The
uniqueness of solutions and the dependence of solutions on the parameter A are also studied. The results are
illustrated with an example.
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1. Introduction

Krasnosel’skii’s theorem in a cone has often been used to study the existence and multiplicity
of positive solutions of periodic boundary value problems over the last several years. As recent
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examples, we mention the papers of Atici and Guseinov [3], Jiang et al. [5], Li [7], O’Regan and
Wang [10], Torres [11], and Zhang and Wang [13]. Here, we consider the problem of existence,
multiplicity, and nonexistence of positive solutions for the periodic boundary value problem

{y” — P2y + 18D f () =0, 0<1<2m, (L)
YO =y@m),  y(0)=y @),

where p > 0 is a constant and X is a positive parameter. We will also examine the uniqueness of
the solutions and their dependence on the parameter A. Our basic assumptions here are:

(A1) f:[0,00) — [0, c0) is continuous and f(u) > 0 for u > 0;
(A2) g:[0,27]— [0, c0) is continuous and fOZ” gt)dt > 0;
(A3) f:[0,00) — (0, 00) is nondecreasing, and there exists 6 € (0, 1) such that

fku) =«? f(u) fork e (0,1)andu € [0, o).
In the next section, we state our results for the problem (1.1). In Section 3 we present some
preliminary lemmas and then prove the main results in Section 4. The final section of the paper
contains an example to illustrate our results.

2. Main results

We begin by introducing the notations

f) £
u

fo = lim

and foo = lim .
u—0

U—>o0 Yy

‘We will also need the function

) =Oggéu{f(t)}

and we let fi" = lim, o f*(u)/u and f3 =lim,_ o f*(u)/u. Our existence result is the fol-
lowing.

Theorem 2.1. Assume that (A1)—(A2) hold.

@ If fo =0 or foo =0, then there exists Ag > 0 such that (1.1) has a positive solution for
A > Ao

®) If fo =00 or foo = 00, then there exists Ly > 0 such that (1.1) has a positive solution for
0< X <o

©) If fo = foo =0, then there exists Ly > 0 such that (1.1) has at least two positive solutions
for & > ).

(D) If fo = foo = 00, then there exists Ly > 0 such that (1.1) has at least two positive solutions
for 0 < A < Ao.

() If fo <00 and feo < 00, then there exists Ay > 0 such that (1.1) has no positive solutions
for 0 < A < Ag.

®) If fo > 0 and foo > 0, then there exists Ay > O such that (1.1) has no positive solutions for
A > Ag.
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Our next result concerns the uniqueness and dependence of solutions of (1.1) on the parame-
ter A. Let ||u|| = max;c[0,27] |u(¢)| for any continuous function u(¢) on [0, 27].

Theorem 2.2. Assume that (A1)—(A3) hold. Then, for any A € (0, 00), (1.1) has a unique positive
solution u) (t). Furthermore, such a solution u, (t) satisfies the following properties:

(1) uy(¢) is nondecreasing in \;
(i) limy_, o+ [lupll =0 and lim; o0 [luy || = 003
(iii) uy (¢) is continuous in A, that is, if A — Ly, then |lu) —uy, |l — O.

As a consequence of Theorem 2.2, we have the following result.

Corollary 2.1. Assume that (A1)—(A3) hold. Then, for each M € (0, 00), there exists A* € (0, 00)
such that (1.1) has a positive solution u*(t) with |[u*|| = M.

Remark 2.1. We note that:

(1) Results similar to Theorem 2.2 have been established by Li and Liu [8,9] for other types of
boundary value problems. Some ideas of the proof of Theorem 2.2 are from [8,9].

(2) The problem of finding solutions of boundary value problems with given maximum has been
studied by Agarwal, O’Regan, and Stanék. For more details on this study, we refer the reader
to [1] for a higher order problem with Lidstone boundary conditions, and [2] for a second
order problem with a nonlinear term in the equation and Dirichlet boundary conditions.

3. Preliminary lemmas

Our first lemma gives some relationships between the functions f and f*.

Lemma 3.1. (See [12].) Assume (H1) holds. Then fi = fo and f3 = foo.

The following fixed-point theorem of cone expansion/compression type is crucial in the proofs
of our results.

Lemma 3.2. (See [4,6].) Let X be a Banach space and let K C X be a conein X. Assume §21, §2»
are bounded open subsets of X with 0 € §21 C §21 C §27 and let

F:KN(2,\2) =K
be a completely continuous operator such that either
@) |Full < |lull foranyu € K N 082y and || Fu| = |ul| for any u € K N 982y,
or
@Gi) [[Full = lull foranyu € K N 0821 and ||Ful| < ||u]l for anyu € K N 9£25.

Then F has a fixed point in K N (25 \ £21).
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‘We consider the function

ep(t—x) +ep(27r—t+x)

2,0((32/’”71) S gtgzn,
G(t,s)= eP6=1) | opQr=s+1)
2,0(62/)”71) ) \I<S<2n

Define

eP¥ 4 P2 —x)

Y= ey

for x € [0, 27].
"l:hen, it is easy to check that G is decreasing on [0, 7], increasing on [, 2m], and G(¢,s) =
G(|t —s]). Thus,

el A A 1 + eP27
———=6G)<Gt,9)<CG0)=—5——
p(e*rT™ —1) 2p(e?™ —1)

fors,t €0, 2r].
Let X be the Banach space C[0, 2] endowed with the norm

lull= max |u(t)].
0<r <2
Define the cone K in X by

K:{ueX: u()>0on[0,27]and min u(t)>a||u||],
0<1 <2

where o = 2¢P7 /(1 + €2°7), and for r > 0, let
2, ={uek: |ull <r}.
Define the map 7j : K — X by

21

Thu(t) = A/G(t, s)g(s)f(u(s)) ds, 0<1t<2m.
0

Then the following lemma can be easily verified.

Lemma 3.3. Assume (A1)—~(A2) hold. Then u € K is a positive fixed point of T, if and only if u
is a positive solution of (1.1).

In the next lemma, we show that 7} is completely continuous and maps K into itself.

Lemma 3.4. Assume (A1)—(A2) hold. Then T)(K) C K and Ty, : K — K is completely continu-
ous.
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Proof. Let u € K; then T)u(t) > 0 on [0, 2] and

2 2
(nin  Tyu(r) > G (m)i / () f (u())ds = o G(O) / () f(u(s)) ds > o | Toul,
<127

0 0

ie., TH(K) C K. A standard argument can be used to show that 7, : K — K is completely
continuous. 0O

In the next two lemmas, we obtain lower and upper estimates on the operator T} . Define

2

F:é(n)a/g(s)ds.

0

Lemma 3.5. Assume (A1) holds and let n > 0 be given. If u € K and f(u(t)) > u(t)n for
t €[0,2m], then

I Thull = ATl

Proof. From the definitions of 75u and K, it follows that

2 2
| Tyu >Aé(n)/g<s>f(u(s)) ds >Aé<n)n/g<s>u(s)ds
0 0

27
> .G (o ||ul| fg@)ds =Aln]|ul.
0

This completes the proof. O

Lemma 3.6. Assume (A1) holds and let r > 0 be given. If there exists € > 0 such that f*(r) < er,
then

2
IThull < A£||u||é(0)fg(s)ds foru € d82,.
0

Proof. From the definition of 7}, we have that

2 27 2
I Taull < AG(0) / g(s) f (u(s)) ds <AG(0) / g($) f*(r)ds < re|ullG(0) f g(s)ds
0 0 0

for u € 982,. This completes the proof. O

The following two lemmas are weak forms of Lemmas 3.5 and 3.6.
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Lemma 3.7. Assume (A1)—-(A2) hold. If u € 082,, r > 0, then

2
| Tl > 1, G () / g(s)ds,
0

where i, = min,, << {f (1)} > 0.

Proof. Since f(u(r)) > m, fort € [0, 2], it follows that

2 2
I Tull > 2G () / 2() f (u(s)) ds = rii, G () / g(s)ds.
0 0

This completes the proof. O

Lemma 3.8. Assume (A1)—(A2) hold. If u € 382,, r > 0, then
2
I Tull < AM, G (0) / g(s)ds,
0

where M, =1+ maxogr<r{f ()} > 0.

Proof. Since f(u(t)) < Mr fort € [0, 2], we have

27 27
I Taul < 2G(0) / g(s) f(u(s)) ds < AM, G(0) f g(s)ds
0 0

for u € 082, This completes the proof. O

Our final lemma in this section gives upper and lower estimates for the operator 7 .

Lemma 3.9. Assume (A1)—(A3) hold. Then, for any nonnegative u € X, there exists D, > C > 0

such that
CL;, < Thu(t) < DyL,,

where

2

L, = Afg(s) ds.

0

3.1)

3.2)
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Proof. Recall that f(0) > 0 and f is nondecreasing. Then, for any nonnegative u € X and
t €[0,2m], we have

27
Tou(r) = Af(0)G () / g(s)ds = f(0)G(m)Ly :=CLj.
0

Clearly, C > 0 and is independent of u (7). Again, from the monotonicity of f, we have that

2

Thu(r) < MA;(O)f(llbtll)/é'(S)ClS =G(0)f (lull)Ly := Dy Ly.
0

It is obvious that D, > C. This completes the proof. O
4. Proofs of the main results
Proof of Theorem 2.1. Part (a). Choose a number ; > 0. By Lemma 3.7, we have
I Toull > lull foru € 382, and A > Ag,
where
r

Az — P > 0.
e, G() [ g(s)ds

If fo =0, then from Lemma 3.1, f; =0, and so we can choose r; € (0, r1) so that f*(rp) < erp,
where ¢ > 0 satisfies

2
Aeé(O)/g(s)ds <1. 4.1)
0

Then, Lemma 3.6 implies that
2
| Tl <xs||uné(0>/g<s>ds <llull forued,.
0

If foo =0, then from Lemma 3.1, f% = 0. Hence, there exists r3 € (2r1, 00) such that f*(r3) <
er3, where ¢ > 0 satisfies (4.1). Thus,

2
I Thull < kellullé(O)/g(S)ds <llull foru € 382,,.
0

Then, from Lemma 3.2, 7; has a fixed point in S_Zr, \ £2,, or Q r \ §2;, according to whether
fo=0or fs =0, respectively. Consequently, (1.1) has a positive solution for A > .
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Part (b). Choose a number 1 > 0. By Lemma 3.8, there exists 1o > 0 such that
| Toull < |lull foru e ds2, and 0 <A < Ao.

If fo = oo, then there exists rp € (0, r1) such that f(u) > nu for 0 < u < ro, where n > 0 is
chosen so that

A > 1. “4.2)
Clearly,
Fu@®) =nu(t) foruedf.,, tel0,2r].
Then, from Lemma 3.5,
I Taull = AL nlull > llull  foru € 382,,.

If foo = 00, then there exists H > 0 such that f@) = nuforu> ﬁ, where n > 0 satisfies (4.2).
Let r3 =max{2ry, H/o}. If u € 952,,, then

min u(t) > o|lul > H.

0<r<L2n
As a result,
f(u(t)) >nu(t) forrel0,2n].
From Lemma 3.5, it follows that
I Tull Z Ay ||lull > |lull  foru € 982,.
Then, Lemma 3.2 implies that 7 has a fixed point in §r1 \ £2,, or §r3 \ §£2,, according to whether
fo=o00or fs = 00, respectively. Consequently, (1.1) has a positive solution for 0 < A < Ag.
Part (c). Choose two numbers 0 < r3 < r4. By Lemma 3.7, there exists Ao > 0 such that

I Toull > lull forA> Ao, u €082, i=3,4.

Since fo =0 and fo =0, from the proof of Theorem 2.1(a), it follows that we can choose
r1 € (0,r3/2) and rp € (2r4, 00) such that

Tl < ull forueds,, i=1,2.

From Lemma 3.2, Ty has two fixed points u; and u, such thatu; € 2,5\ 2, and us € 2,,\ 2,,.
These are the desired distinct positive solutions of (1.1) for A > A satisfying

r < lurll <r3 <rg < luzll <. 4.3)
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Part (d). Choose two numbers 0 < r3 < r4. By Lemma 3.8, there exists Ao > 0 such that
IToull < lull forueas2,, O<i<ig, i=3,4.

Since fp = 0o and fx = 00, from the proof of Theorem 2.1(b), we see that we can choose
r1 € (0,r3/2) and rp € (2r4, 00) such that

| Toull > lul foruedf,, i=1,2.

From Lemma 3.2, T}, has two fixed points #1 and u; such that u; € £2,; \ §r1 and up € 2, \ §r4,
which are the desired distinct positive solutions of (1.1) for 0 < A < Aq satisfying (4.3).

Part (e). Since fp < oo and f < 00, there exist positive numbers €1, €2, 11, and r» such that
r1 <rp,and

fu) <eu foruel0,r],

fu) <eu foru e [r, o).

Let the positive number ¢3 be defined by

= | i
&3 =maxjé&q, &, max .

ri<usn u

Then,
fu) <esu forue[0,00).

Assume v(?) is a positive solution of (1.1). We will show that this leads to a contradiction for
O0<XiA<Ay= 1/(83@(0) fozn g(s)ds). Since T)v(t) = v(t) for ¢ € [0, 1], by Lemma 3.6, we
have that

2
vl =Tl S/\é(o)sallvllfg(S)ds <l
0

which is a contradiction.
Part (f). Since fy > 0 and fo > 0, there exist positive numbers 711, 12, 71, and r» such that
r1 < rp,and

fu)

>mu foruel0,r],
fu)=mnmu foru e [r, 00).

Let the positive number ¢3 be defined by

_ { . {f(u)}}
n3 =miny ni, 12, MmMin .

r<usn u
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Then,
fu) =n3u foru e [0, o0).

Assume v(?) is a positive solution of (1.1). We will show that this leads to a contradiction for
A >Ag=1/(I"n3). Since T)v(t) = v(¢) for t € [0, 1], by Lemma 3.5, we have that

vl = [ITavll = A n3llvll > (vl
which is a contradiction. This completes the proof. O

Proof of Theorem 2.2. We first show that, for any fixed A € (0, 00), (1.1) has a solution. From
(A3), we see that T),_is nondecreasing and satisfies

2

T, (/cu(t)) =X / G(t, s)g(s)f(/cu(s)) ds
0
2

> k%2 / G(t, s)g(s)f(u(s)) ds = KQTAM(Z) “4.4)
0

for u € X with u(r) > 0 for t € [0, 27]. Let L, be defined by (3.2) and define u(t) = L, for
t € [0,27]. Then, u(t) € X and i(¢) > 0 on [0, 27]. Thus, by Lemma 3.9,

CL, < Tu(t) < D, L.
Let C and D be defined by
C =sup{x: xL, < T.i(1)} and D =inf{x: Tpi(t) <xLy}.
Clearly, C>Cand DK Dy, . Choose C and D such that
0<C < min{l, (C_’)ﬁ} and max{l, (D)ﬁ} <D <.
Define two sequences {uy (1)} | and {v()};2, by
ur()=CLy,  wpp1(t) = Tau(t), t€[0,27], k=1,2,...
and
vi(t) = DL;, V41 (@) =T (@), te[0,2n], k=1,2,....
Then, from the monotonicity of 7 and (4.4), we obtain that

CLy=u1(t) <up(t) <+ <up(t) <+ <vp(@) <--- <vp(r) <vi(1) = DLy, (4.5)
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Letd =C/D. Thend € (0, 1). We now claim that
up(t) = d? ve(r) fort €0, 27]. (4.6)

In fact, it is obvious that u () = dv(¢) on [0, 27]. Assume (4.6) holds for k = n, i.e., u,(t) >
d?" vy, (¢) for ¢t € [0, 2 ]. Then, from the monotonicity of 7, and (4.4), we see that

U1 (1) = Tattn (1) = T (" v, (1)) = (@) Trvn () = %" v,11 (1)

for ¢ € [0, 21r]. Hence, by induction, (4.6) holds. From (4.5) and (4.6), it follows that
0 < k1 (1) = uie(t) < ve(t) — e (1) < (1= d” Yor () = (1 = d* ) DLy
for ¢ € [0, 2], where / is a nonnegative integer. Thus,
ks — ugll < llox — uell < (1 — d*) DL;.
Therefore, there exists a positive function & € X such that

lim ux(r) = lim v (t) =ii(t) fort €0, 27].
k—o00 k—o00

Clearly, u(t) is a positive solution of (1.1).

Next, we show the uniqueness of solutions of (1.1). Assume, to the contrary, that there exist
two positive solutions u1(¢) and uy(¢) of (1.1); then Tyhu1(¢) = u1(t) and T)u,(t) = us(t) for
t € [0, 2]. We note that there exists a > 0 such that u{(¢) > auy(t) for t € [0,27]. Let g =
sup{a: u1(t) 2 aua(t)}. Then 0 < ap < 0o and u;(¢) = agua(¢t) for ¢t € [0, 2r]. We now show
that o9 > 1. In fact, if op < 1, then, from (A3), f(cxou2(t)) > oo f(u2(t)) on [0, 27]. This,
together with the monotonicity of f, implies that

ur(t)=Tu(t) > T, (aouz(t)) > agThuy(t) = apuar(t) fort [0, 2r].

Thus, we can find T > 0 such that u1(¢) > (g + t)u2(¢) on [0, 2], which contradicts the defi-
nition of «g. Hence, u1(¢) > u(¢) for t € [0, 27]. Similarly, we can show that u;(¢) > u;(¢) for
t € [0, 2 ]. Therefore, (1.1) has a unique solution.

Using exactly the same argument as in the second part of the proof of [9, Theorem 6], we can
show that (i), (ii), and (iii) hold. The details are omitted here. This completes the proof of the
theorem. 0O

Proof of Corollary 2.1. The conclusion readily follows from Theorem 2.2. O

Remark 4.1. In Theorem 2.2, we have that f is nondecreasing and f(0) > 0, so fo = 0co. In
addition, we see that condition (A3) implies

flew) _ kf@) _ o1 )

Ku Ku u
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and so

6—1
Joo =k Soo-

Thus,

(1 _Keil)foo =0,

and hence fn = 0 since 1 — «?~! < 0. It would then be easy to construct a proof using

Lemma 3.2 to show that a positive solution to our problem exists for every 0 < A < oco.
5. Example
As an example of our results in this paper, we have the following example.

Example 5.1. Consider the boundary value problem (1.1), where p > 0 is a constant, A is a
positive parameter, g () is any nonnegative continuous function on [0, 2], g(#) # 0 on [0, 2],
and

n

fa)y=> u+1

i=1

with n an integer and o; € (0,1), i = 1,...,n. We claim that, for any A € (0, 0c0), the prob-
lem (1.1) has a unique solution u (¢) satisfying the properties (i), (ii), and (iii) stated in Theo-
rem 2.2, i.e., u; (t) satisfies

(1) u, (t) is nondecreasing in A;
(ii) lim;_, o+ [luall =0, and lim; - oo ||u5 || = 00; and
(iii) wu, (¢) is continuous in A.

In fact, for the above functions g and f, (Al) and (A2) are trivially satisfied. Note that for
u € [0, 00), f > 0 and is nondecreasing. Moreover, for 6 € (sup; «;, 1), it is easy to see that

fku) > Kef(u) forx € (0,1) and u € [0, 00),
i.e., (A3) holds. The conclusion then follows from Theorem 2.2.
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