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Abstract

We introduce a new free entropy invariant, which yields improvements of most of the applications of free
entropy to finite von Neumann algebras, including those with Cartan subalgebras, simple masas, property 7',
property 1", nonprime factors, and thin factors.
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1. Introduction

The theory of free probability and free entropy was introduced by Voiculescu in the 1980s.
In papers [18,19], Voiculescu introduced the concept of free entropy dimension and used it to
provide the first example of separable type II; factor that does not have Cartan subalgebras, which
solved a long-standing problem. Later, using the theory of free entropy, Ge in [5] showed that
the free group factors are not prime, i.e., are not a tensor product of two infinite-dimensional von
Neumann algebras. This also answered an old open question. In [8], Ge and the second author
computed free entropy dimension for a large class of finite von Neumann algebras including
some II; factors with property 7.

Here we introduce a new invariant, the upper free orbit-dimension of a finite von Neumann
algebra, which is closely related to Voiculescu’s free entropy dimension. Suppose that M is a
finitely generated von Neumann algebra with a faithful normal tracial state T and M can be faith-
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fully embedded into the ultrapower of the hyperfinite II; factor. Roughly speaking, if x1, ..., x,
generates M, Voiculescu’s free entropy dimension 8 (x1, ..., x;,) is obtained by considering the
covering numbers of certain sets by w-balls, and letting @ approach 0. The upper free orbit-
dimension R2(xy, ..., x,) is obtained by considering the covering numbers of the same sets by
w-neighborhoods of unitary orbits (see the definitions in Section 2), and taking the supremum
over w, 0 < w < 1. It is easily shown that

So(X1, .oy xn) S 14+ Ro(xq, ..., xn)

always holds.

The upper free orbit-dimension has many useful properties, mostly in the case when
Ro(x1,...,x,) =0. The key property is that if K> (x1, ..., x,) = 0 for some generating set for M,
then R>(y1, ..., yp) = 0 for every generating set yy, ..., y, of M. This fact allows us to show
that the class of finite von Neumann algebras M with £, (M) = 0 is closed under certain opera-
tions that enlarge the algebra:

(1) If B (N7) = K2(N2) =0 and N1 N N5 is diffuse, then 82 (N7 UN3)) =0.

(2) If M = {N,u}" where NV is a von Neumann subalgebra of M with £ (N) =0 and u
is a unitary element in M satisfying, for a sequence {v,} of Haar unitary elements in N,
dist) |, (uvu*, N') — 0, then K, (M) =0.

3 If {./\/}}?il is an ascending sequence of von Neumann subalgebras of M such that

£o(NV;) =0foralli >1and M =J; Ni59T, then &2(M) = 0.

Using these closure operations as building blocks, and the fact that £, (M) = 0 whenever M
is hyperfinite, we can show that £,(M) = 0 for a large class of von Neumann algebras. As a
corollary we recapture most of the old results. In particular, we extend results in [5,7-10,19,20].

Using free orbit dimension, we also obtain some general results on the decompositions of
type II; factors (see Theorem 6). As a corollary, we extend the results in [3,4,6,12,14-16].

The organization of the paper is as follows. In Section 2, we give the definitions of free orbit
dimension and upper free orbit dimension. Key properties of upper free orbit dimension are
discussed in Section 3. The values of upper free orbit dimension for finite von Neumann algebras
are computed in Section 4. Some results on the decompositions of type II; factors are obtained
in Section 5.

In the paper, we only consider the finite von Neumann algebras M that can be faithfully
embedded into the ultrapower of the hyperfinite II; factor.

After the completion of this work, we were informed that K. Jung [13] introduced a notion
of a “strongly 1-bounded” set of generators of a finite von Neumann algebra and proved some
results similar to ours. It seems that these two concepts are closely related to each other.

2. Definitions

Let My (C) be the k x k full matrix algebra with entries in C, and 7 be the normalized trace
on My (C), ie., 1 = %Tr, where Tr is the usual trace on My (C). Let U/ (k) denote the group
of all unitary matrices in My (C). Let M (C)" denote the direct sum of n copies of My (C).
Let || - ||2 denote the trace norm induced by 7 on My (C)", i.e.,

[AL e AD |5 = (AT AL + -+ + (47 A4)

forall (Ay,...,A,) in M (C)".
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For every w > 0, we define the w-ball Ball(By,..., B,; w) centered at (By,..., By) in
M (C)" to be the subset of My (C)" consisting of all (A,...,A,) in My(C)" such that
(AL, ..., An) — (B1, ..., Bo)ll2 < o.

For every w > 0, we define the w-orbit-ball U/ (Bj, ..., B,; w) centered at (By,..., By) in
M (C)" to be the subset of My (C)" consisting of all (A1, ..., A,) in My (C)" such that there
exists some unitary matrix W in U (k) satisfying

[CAr o A = (WBIW?, ... WB, W), < .

For every R > 0, we define (M (C)")g to be the subset of My (C)" consisting of all these
(A1, ..., Ap) in Mi(C)" such that max; <<, |A;[| < R.

Let M be a von Neumann algebra with a faithful normal tracial state t, and xy, ..., x, be
elements in M. We now define our new invariants. For any positive R and €, and any m, k in N,
let I'gr(xy,...,xn; m,k, €) be the subset of My (C)" consisting of all (Ay, ..., A,) in My (C)"
such that (A, ..., A,) is contained in (M (C)")g, and

|z (A]! Al"qq) —7(x! -~~xl.';")| <€,
forall 1 <iy,...,ig <n,allny,...,ngin {1, %}, and all g with 1 < g <m.

For w > 0, we define the w-orbit covering number v(I'r(xy,...,x,;m, k, €),w) to be the
minimal number of w-orbit-balls that cover I'g(xy, ..., x,; m, k, €) with the centers of these w-
orbit-balls in (M (C)")R.

Now we define, successively,

log(V(I'R(x1,...,X5;m, k, €), w))

Rx1,...,xy; 0, R) = inf limsu ,
" meN, >0 kﬁoop —kzloga)
KX, .oy Xp; 0) = sup R(X1, ..., Xn; @, R),
R>0

R1(x1, ..., xy) =limsup R(xq, ..., x,; 0),
w—0

Ro(x1, ..., x0) = sup K(xy, ..., X o),
O<w<l

where £1(x1,...,x,) is called the free orbit-dimension of xi,...,x, and Ka(x1,...,x,) 18

called the upper free orbit-dimension of x1, ... x,.
In the spirit as in Voiculescu’s definition of free entropy dimension, we shall also define

free orbit-dimension and upper free orbit-dimension of x1, ..., x, in the presence of y1, ..., yp
for all x1,...,%4,¥1,...,yp in the von Neumann algebra M as follows. Let I'r(xy, ..., x, :
Y1, ..., Yp;m, k, €) be the image of the projection of I'r(x1,...,Xu, y1,...,Yp; M, k, €) onto

the first n components, i.e.,
(A1, ..., Ap) €TR(X1, ..., X 1 Y1, .., Ypi Lk, €)
if there are elements By, ..., B, in M(C) such that
(A1, ..., Ap, B1,...,Bp) € TR(X1, ..., Xp, Y1, .., Yps M, k, €).

Then we define, successively,
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A1, o X i Y1 Yps @, R),
. . log(W(ITR(X1, «- s Xn 2 Y15 -0, Yps Lk, €), @)
= inf limsup )
meN,e>0 a0 —kzloga)
AXL, ooy Xn 2 Y1, Yps @) = SUP R(XL, .o, X S V1, -2, Yps @, R),
R>0
KX, oo, X 2 Y1 -2, Yp) =limsup KX, .o, X D V1, -0, Yps @),
w—0
K1, oo X iYL - Yp) = SUp R(XL, .., Xp D V1, .- e, Yps @).
O<w<l

Definition 1. Suppose M is a finitely generated von Neumann algebra with a faithful normal
tracial state 7. Then the free orbit-dimension K1 (M) of M is defined by

R1(M) =sup{Ri(x1,...,x,) | x1,...,x, generate M as a von Neumann algebra},
and the upper free orbit-dimension K,(M) of M is defined by
RH(M) = sup{ﬁz(xl, e Xn) | X1, ..., Xy generate M as a von Neumann algebra}.

Here, we quote a useful proposition from [9, Theorem 2.1], which is an extension of
[18, Lemma 4.3].

Proposition 1. Suppose R is a hyperfinite von Neumann algebra with a faithful normal tracial
state t. Suppose that x1,...,x, is a family of generators of R. Then, for every § > 0, R >
max g < l1xjll, there are a positive integer mg and a positive number €y such that the following
hold: fork > 1,if Ay, ..., An, By, ..., By in My(C) satisfying,

@ O< Al IIBjll <R forall1 < j<n;

(b)
|.Ck(A;711 A?:) _-[(xinll xl’z)p)| < €0,
(B BY) = t(x]) - x")| < e,
forall1 <iy,...,ip<n, {nj}f=1 C{x, 1} and 1 < p <my,

then there exists a unitary matrix U in U (k) such that

" 1/2
(Z IU*A;U — Bj||%> <.

j=1

Proof. Suppose on the contrary that the following holds: there is some 8y > O such that for every

m > 1, there are some k,, > 1 and some Ay, ..., Apm, Bim, - - - By in My, (C) satisfying:
(@) max {[Ajml, |1Bjml} <R;
1<jsn
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; 1

(b) (A5 AL ) — T ) < —
, 1

(BB ) () <

forall 1 < 11,...,ip<n,{el,.. ,€p) C{x, l}andl p <m;and

(¢) forall U inU(km), Y-i_y 1UA; mU* = Bj 3 > 8-

Let w be a free filter in S(N) \ N. Denote by My, (C) the ultrapower of { My, (C)}>°_, along
the filter w. So My, (C)® is a type II; factor.

Let p, or o, be the mapping from R into My, (C)* induced by sending each x;, for 1 < j <n,
t0 [(Aj m)m], or [(Bj,m)m], respectively. It is not hard to see that p and o are two trace-preserving
embeddings of R into My, (C)®. For 8y > 0, there exist a finite dimensional subalgebra .4y of R
and (%1, ..., %,) in Ag such that (3", ¢ <, llxj — &; 13)!/2 < 80/8. Since My, (C)® is a type IT;
factor and p and o are two trace-preserving embedding of 4 into M, (C)®, there is some
unitary element u in My, (C)® such that p(y) = uo (y)u* for all y € Ag. Let [(Uyn)m] be a rep-
resentative of # in My, (C)®. We can further assume that each U, is a unitary element in U (k,,)
for all m > 1. It follows that (lim,;,— , Zl<]<n NUnAjmUy—Bjm ||%)1/2 < 80/2, which contra-
dicts with the assumption that (Zlg,;gn IUA; nU* — Bjn ||2)1/2 > & for all unitary matrix U
in U (k). Therefore, the statement of the proposition is true. O

3. Key properties of KR,

In this section, we are going to study the properties of upper free orbit dimension. By using an
equivalent packing number formulation of free entropy dimension due to Jung [11] or the fractal
free entropy dimension defined by Dostdl and Hadwin [2], we have the following lemma.

Lemma 1. Let x1, ..., x, be self-adjoint elements in a von Neumann algebra M with a faithful
normal tracial state t. Let §o(x1, ..., X,) be Voiculescu’s modified free entropy dimension. Then

So(x1, ..., xp) SR, .o x) 1< Ro(xg, ..oy xy) + 1

Proof. The first inequality follows from [2, Theorem 14] or [11], and the second inequality is
obvious. O

Lemma 2. Let x1,..., Xy, Y1, ..., yp be elements in a von Neumann algebra M with a faithful
normal tracial state t. If y1, ..., yp are in the von Neumann subalgebra generated by x1, ..., xy
in M, then, for every 0 < w < 1,

RO, o X @) = R(XL, oo X DY, - ee, Y @),

Proof. It is a straightforward adaptation of the proof of [19, Proposition 1.6]. Given R >
max<j<n |1Xj ]l + maxi<j<p lyjll, m € N and € > 0, we can find m; € N and €; > 0 such
that, forall k e N,
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Tr(x1, ..., xpsmi, k,€1) CTR(X1, ooy Xn 2 Y1, 005 Yp M, K, €)
CTr(x1,...,xy;m, k,€).

Hence

v(FR(xl,...,xn :yl,...,yl,;m,k,e),a))

V(FR(x1, .. xasmy, k€1), @) <
SV(Fr(x1, ... xpsm. k., €), 0),
for all 0 < w < 1. The rest follows from the definitions. O

The following key theorem shows that, in some cases, the upper free orbit-dimension &, is a
von Neumann algebra invariant, i.e., it is independent of the choice of generators.

Theorem 1. Suppose M is a von Neumann algebra with a faithful normal tracial state t and is
generated by a family of elements {x1, ..., x,} as a von Neumann algebra. If

-QZ(xla---axn)ZO»

then

RKr(M)=0.
Proof. Suppose that yq,...,y, are elements in M that generate M as a von Neumann alge-
bra. For every 0 < w < 1, there exists a family of noncommutative polynomials ¥; (x1, ..., X,),

1 <i < p, such that

p 5 © 2
Z“yi_wl‘(xls'“sxn)”2<<Z) .
i=1

For such a family of polynomials v, ..., ¥,, and every R >0 there always exists a con-
stant D > 1, depending only on R, V1, ..., ¥,, such that

p 1/2
2

(Z||w,~(A1,...,An)—w,»<Bl,...,Bn)||2> <D|(A1,..., A)) = (Bi,..., By ,,

i=1
for all (Ay,...,A,),(B1,...,By) in Mp(©O)", all k € N, satisfying [|A;]l, [|B;|| < R,
for1 <j<n.

For R > 1, m sufficiently large, € sufficiently small and k sufficiently large, every (H, ..., H),
Al A)In TRV, .-, Yps X1, - -, X L K, €) satisfies

p 1/2

w

(ZHHZ- —wi<A1,...,An)||§> <7
i=1

It is obvious that such an (Ay, ..., A,) is also in I'r(xq, ..., x,; m, k, €). On the other hand, by
the definition of the orbit covering number, we know there exists a set {{/ (B, ..., B,i‘; %)} reAy
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of %-orbit—balls that cover I'g(x1, ..., x,; m, k, €) with the cardinality of Ay satisfying | Ax| =
v(IR(X1, ..., xn;m, k, €), %). Thus for such (Ay, ..., Ay) in I'r(xy, ..., Xx,; m, k, €), there ex-
ists some A € Ax and W € U (k) such that

[Arsees ) = (WBEW L WBL W), < .

It follows that
p ) p ) ) 2
> | Hi = Wi (Bl ... BY)W* |5 = | Hi — vi(WBIW*, ..., WBW¥)|; < (E) :

i=1 i=1

for some A € Ay and W e U (k), i.e.,

(Hl,...,H,,)EL{(wl(B%,...,Bé‘),...,l//p(Bf‘,...,Bﬁ‘);%).

Hence, by the definition of the free orbit-dimension, we get
. ) . . log (| Ax])
O0< RO, s Yp X, X0, ) < inf limsup ———

meN,e>0 —k?2 logw

. . log(W(IR(X1, ..., X0 m, k,€), 5))
= inf limsup g
meN,e>0 (_s o0 —k*logw

:O’

since Rz(xy,...,x,) = 0. Therefore R(y1,...,yp : X1,...,%; @) = 0. Now it follows from
Lemma 2 that

KO, Ypy @) =8O, -, Yp 1 X1, ooy Xy @) =0;
whence £2(y1,...,yp) =0and Ko(M)=0. O

Theorem 2. If M is a hyperfinite von Neumann algebra with a faithful normal tracial state <,
then R(M) =0.

Proof. When M is an abelian von Neumann algebra, the result follows from [18, Lemma 4.3].
Generally, it is a direct consequence of Proposition 1, that, foreach0 < w < 1,

v(FR(xl, e X, M, 8,k),w) =1
whenever m is sufficiently large and ¢ is sufficiently small. O
The proof of next theorem, being a slight modification of that of Theorem 1, will be omitted.

Theorem 3. Suppose that M is a finitely generated von Neumann algebra with a faithful normal

tracial state t. Suppose that {./\/i}?il is an ascending sequence of von Neumann subalgebras

of M such that f2(N;) =0 for all i > 1 and M =|J; N;3°T. Then f>(M) =0.
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Definition 2. A unitary matrix U in My (C) is a Haar unitary matrix if 7, (U™) = 0 for all
1 <m <kand (UK =1.

The proof of following lemma can be found in [8] (see also [20]). For the sake of complete-
ness, we also sketch its proof here.

Lemma 3. Let Vi, V, be two Haar unitary matrices in My (C). For every § > 0, let
RV, Vy:8) ={U eU(k) | |UV = VaU |2 < 8}

Then, for every 0 < § < r, there exists a set {Ball(Uy; 476)})LeA of 4%-balls in U(k) that cover
Q(V1, Va: 8) with the cardinality of A satisfying | A| < (g—g)“’kz.

Sketch of Proof. Let D be a diagonal unitary matrix, diag(i, ..., Ax), where A; is the jth
root of unity 1. Since Vi, V> are Haar unitary matrices, there exist Wi, W, in U(k) such
that Vi = W DW/ and V, = WoDWJ. Let Q@) ={U eUk) | ||lUD — DU|» < 8}. Clearly
22V, Vr;6) = {W2*UW1 |U € .(NZ(S)}; whence .(NZ(S) and £2(V1, V»; 6) have the same covering
numbers.

Let {est}f’l= | be the canonical system of matrix units of My (C). Let

Si=span{ey | |As — M| <r},  Si=M(C)©S;.

For every U = Zf,z:lxstest in £2(8), with xy € C, let Ty = Y e es Xstest € Syoand Tp =
Zestgsz Xgres € Sy But

k
2 2
P> |UD=DU|5= Y [ —r)xa| = Y [0 = A)xs]
s,t=1 es €Sy
> Y P =2 Tal3.

)

Hence || T3]2 < é Note that ||} ]2 < ||U]l2 = 1 and dimpg S; < 4rk?. By standard arguments on
covering numbers, we know that $2(8) can be covered by a set {Ball(A%; Zr—‘s)}xe A of 2r—5-balls
in My (C) with |A] < (;—3)4’]‘2. Because 2(8) C U(k), after replacing A* by a unitary U* in
Ball(A*, 2), we obtain that the set {Ball(U; 4)};c 4 of 4 -balls in 2(k) that cover £2(8) with
the cardinality of A satisfying |A| < (g—g)“rkz. The same result holds for £2(Vy, V»;68). O

Definition 3. Suppose that M is a diffuse von Neumann algebra with a faithful normal tracial
state T. Then a unitary element u in M is called a Haar unitary if (u™) = 0 when m # 0.

Theorem 4. Suppose M is a diffuse von Neumann algebra with a faithful normal tracial state .
Suppose N is a diffuse von Neumann subalgebra of M and u is a unitary element in M such
that fo(N) = 0 and {N, u} generates M as a von Neumann algebra. If there exist Haar uni-
tary elements vy, vy, ... and wi,ws, ... in N such that lvpu —uwpllz — 0 as p — oo, then
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Rr(M) = 0. In particular;, if there are Haar unitary elements v, w in N, such that vu = uw,
then Kr(M) =0.

Proof. Suppose that {x1, ..., x,} is a family of generators of A/. We know that {x1, ..., x,, u} is
a family of generators of M.

For every 0 < w < 1, 0 < r < 1, there exist an integer p > 0 and two Haar unitary elements
vp, wp in A such that

ro
lvpu —uwpll2 < E
Note that {x1, ..., Xs, Vp, Wp} is also a family of generators of N.
For R > 1, me N, € >0 and k € N, by the definition of the orbit covering number,
there exists a set {/(B}, ..., B*, V} W*; 81))nea, of gz-orbit-balls in My (C)"*2 that cover
T'r(x1, ..., xp, vp, wp;m, k, €), where the cardinality of A satisfies |Ag| = v(Ir(x1, ..., X,

Vp, Wpsm, k, €), %). When m is sufficient large, € is sufficient small, by Proposition 1 we can
assume that all V*, W* are Haar unitary matrices in M (C).

For m sufficiently large and € sufficiently small, when (Ay,..., A,, V, W, U) is contained
in I'r(x1, ..., Xp, Vp, Wp, u; m, k, €) then, by Proposition 1, there exists a unitary element U; in
U (k) so that

UL~ Ul <22 and VU~ UiW]2 < =
— <— an — < —.
1 2< &1 1 Wl <
It is easy to see that (Ay,...,A,, V,W) is also in I'r(x1,...,Xs, Vp, wp;m, k, €). Since
TR(X1, ..., Xn, Vp, wpim, k, €) is covered by the set {U(Bf,..., By, V*, W* E8)},c 4, of 22-
orbit-balls, there exist some A € Ay and X € U (k) such that

[(A1, ..\ A, VW) = (XBEX®, .. XBAX*, XV X*, XW X¥)|, < %.
Hence,

[VAX*U1X = X UX WP, = | XVAX U - nx Wit < 22

Note that V*, W* were chosen to be Haar unitary matrices in My (C). From Lemma 3, it follows
that there exists a set {Ball(U;, »; §)}oex, of F-balls in U(k) that cover VA, W T¢) with
| 2] < (30—4)4”‘2, i.e., there exists some Uy » in {Uj s }ses, such that

XU = Uy, = 01 = XU, o X7, < 2.

Thus for such an (Ay, ..., A,, V, W, U) in I'r(x1, ..., Xy, Vp, wp, u;m, k, €), there exist some
(B},...,B}, V* W") and U, , such that

[(AL o 40 U) = (XBIX* L XBL XS XU X) |, < 5
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for some X € U(k), i.e.,
(A1, ..., An,U)€eU(B], ..., B}, Upq; o).

Hence, by the definition of the free orbit-dimension, we have shown
log(|Ak|| 2
0<R(X1, ..., Xp, Ui Vp, Wy 0, R) < inf limsupM

meN,e>0 j_ oo —kZlogw

log(| Ax]) log<%>4rk2>
—k2logw  —k%logw

< inf limsup<

meN,e>0 ;oo

log24 —1
<044y 0824 logo
—logw
since Ry (x1, ..., Xn, Vp, wp) < R2(N) = 0. Thus, by Lemma 2,
log24 — logw
O0< ARGy, vvny X, 0) = R(XY, vy X, U Vp, Wps @) K 4F - ————— .
—logw
Because r is an arbitrarily small positive number, we have R(xy, ..., x,, u; ) = 0; whence,

Ro(x1, ..., xn,u) =0. By Theorem 1, RBo(M)=0. O

Theorem 5. Suppose M is a von Neumann algebra with a faithful normal tracial state t. Sup-
pose M is generated by von Neumann subalgebras N1 and N> of M. If fo(N1) = Ra(N2) =0
and N1 N N3 is a diffuse von Neumann subalgebra of M, then f2(M) = 0.

Proof. Suppose that {xi,...,x,} is a family of generators of Aj and {yi,...,y,} a family
of generators of A>. Since N1 N A, is a diffuse von Neumann subalgebra, we can find a Haar
unitary u in A7 NN,

For every R > 1 +maxigi<n 1< i<plllxill, 1y}, 0 <w < ﬁ, O<r<landmeN,e>0,
k € N, there exists a set {Z/I(Bk, e, B,ﬁ, U,; zrzl_wR)}?»eAk of %—orbit-balls in Mg (C)"t! covering
TR(X1, .. X, usm, k, €) with [Ag| = v(TR(X1, .., X, usm, K, €), 57%).

Also there exists a set {L/(D?, ..., Dg, Us; 54%)}oex, of s5%-orbit-balls in M (C)PH! that
cover I'r(¥1,...,yp,u;m, k,e) with | X | = v r(y1, ..., Yp, u;m, k, €), %). When m is suf-
ficiently large and € is sufficiently small, by Proposition 1 we can assume all U,, U, to be Haar
unitary matrices in My (C).

For each (A1,...,A;,Cy,...,Cp,U) in T'R(x1,..., %0, ¥1,..., Yp, u;m, k,€), we know
that (Ay,..., Ay, U) is contained in I'r(x1,...,%,,u;m,k,€) and (Cy,...,Cp,U) is con-

tained in I'r(y1,...,Yp,u;m,k,€). Note I'r(xy,...,%,,u;m,k,€) is covered by the set
{UB}, ..., B}, Up; 35)}ren, of i%-orbit-balls and I'r(y1, ..., yp, u;m, k,€) is covered by
the set {U(D7,..., Dg, Us; 54%)}oex, of s5g-orbit-balls. Hence, there exist some A € Ay,

o € X and Wi, W5 in U (k) such that

(AL ..., An, U) = (Wi B} WY, ... Wi By W, WiULWY) ||, < %
[(Cves Cp ) = (WaDF W Wa DG W3 WaUs W) |, < S

)
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Hence,

= | Wit Wi = Wallo W3, < 5

|WW\U,. — Uy Wy Wy R

I

From our assumption that U, , U, are Haar unitary matrices in My (C), by Lemma 3 we know
that there exists a set {Ball(Uysy; 35)}yez, of 3%;balls in U(k) that cover 2(U;., Us; 15%)
with the cardinality of Z; never exceeding (BTR)M‘
|W3W1 = Ussyll2 < 5% This in turn implies

. Then there exists some y € Z; such that

(A1, ... Ap. C1, ... Cp U) = (WaUsoy B Uy Wi ..., WaUsy By U, W,

WoDY W5, ..., WaDG W3, WalU, Wy) |, < ne

for some A € Ag,0 € X,y € Iy and W, e U (k), i.e.,
(Al . Ay, C1. .. Cp U) €U(Usoy BiUSy .. Unay BhUR, . DY . ... DS Uy 2n0).

Hence, by the definition of the free orbit-dimension we get

RK(X1, ooy X, Y15 2000 Yp, U 200, R)

< . log(| Akl X || Zk 1)
< inf limsup — 5
meN,e>0 (o0 —k*log(2nw)

log(| Ax]) log(| X) log(|Zk|)
—k2log(2nw) —k%*log(nw) —k%log(2nw)

< inf limsup<

meN,e>0 (o0

log (18R 4rk?
<04 inf limsup —2——
meN,e>0 r_ 0 —k?2 10g(2na))
log(18R) — logw
= —log(2nw)
since R2(N1) = K2(N2) = 0. Since r is an arbitrarily small positive number, we get that
AKXty .0y Xn, Y15+ 005 Ypo U 20w, R) = 0; whence Ra(xq, ..., %4, Y1, ..., Yp,u) = 0. By Theo-
rem 1, R(M)=0. O

4. Applications

In this section, we discuss a few applications of the results from the last section. (We only
consider finite von Neumann algebra M that can be faithfully embedded into the ultrapower of
the hyperfinite II; factor.) Let L(F,,) denote the free group factor on n generators. By Voicules-
cu’s fundamental result in [18], we know 8¢ (L (F;)) > n, where &y is Voiculescu’s modified free
entropy dimension. By combining Theorems 1-5, we obtain the results in [5,7,8,19,20]. Here are
a few sample applications improving earlier results.

The following lemma can be proved using [1, Theorem 5.3].



86 D. Hadwin, J. Shen / Journal of Functional Analysis 249 (2007) 75-91

Lemma 4. If M is a 11} factor with property I with the tracial state t, then there are a hyperfi-
nite 11 factor R and a sequence {u,} of Haar unitary elements of R such that

lunx — xunlla - 0
for every x € M.
Corollary 1. If M is a Iy factor with property I', then K3(M) =0.
Proof. Choose a hyperfinite II; factor R and a sequence of Haar unitary elements uy, uy, ...
in R such that lim,,_, « [|xu, — u,x||2 = 4 for every x in M. Since R is hyperfinite, K2 (R) = 0.
If {v, v2, ...} is a sequence of Haar unitaries that generate M, it inductively follows from The-

orem 4 that, foreachn > 1

0.

ﬁz((RU {vi, ..., vn})//)
Whence, by Theorem 3, Ro(M) =0. O

A maximal abelian self-adjoint subalgebra (or, masa) A in a II; factor M is called a Cartan
subalgebra if the normalizer algebra of A,

NM(A) = {u ceU(M): u* Au = A}”
equals M. We define Nj11(A) = Ni(Ni(A)) for k > 1, and N(A) = (U1<k<oo Ni(A).

The following is a direct consequence of Theorems 4 and 3.

Corollary 2. Suppose M is a finitely generated type 11} factor, and A is a diffuse von Neumann
subalgebra with f3(A) = 0. If M = Ny (A) for some k,1 < k < 0o, then f(M) =0, and
So(M) < 1.

Some applications of free entropy to finite von Neumann algebras (nonprime factors, some II;
factors with property 7T') are consequences of a result of L. Ge and J. Shen [8], which states that
if M is a II; von Neumann algebra generated by a sequence of Haar unitary elements {u;}7°,
in M such that each ui+1uiu;"+l is in the von Neumann subalgebra generated by {uy, ..., u;}
in M, then §p(M) < 1. This result is also a consequence of Theorem 4. Here is another result.

Corollary 3. Suppose M is a finitely generated type 11y factor that is generated by a family
{uij: 1<, j < oo} of Haar unitary elements in M such that:

(1) foreachi, j, u,-+1,juiju;‘+l j is in the von Neumann subalgebra generated by {u1;, ..., u;j};
and
(2) foreach j =1, {uyj,uzj, ...} NV {ur jy1,u2,j41, ...} 0.

Then R (M) =0, §o(M) < 1. Thus M is not x-isomorphic to any L(F (n)) forn > 2.

Remark 1. Suppose that G is a group generated by elements a, b, ¢ such that ab®> = b3a and

ac? = c*a. The group von Neumann algebra associated with G is a type II; factor, and the

preceding corollary implies that R2(L(G)) =0 and §o(L(G)) < 1.
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The next two corollaries follows directly from Corollary 3.

Corollary 4. Suppose M is a nonprime 11 factor, i.e. M >~ N1 @ N, for some 11} subfactors
N1, Na. Then f(M) =0, §o(M) < 1. Thus M is not *-isomorphic to any L(F (n)) forn > 2.

Corollary 5. If M = L(SL(Z,2m + 1)) is the group von Neumann algebra associated with
SL(Z,2m + 1) (the special linear group with integer entries) for m > 1, then K;(M) =0,
So(M) < 1. Thus M is not *-isomorphic to any L(F (n)) for n > 2.

5. Decompositions of type II; factors

In [6] L. Ge and S. Popa defined a type II; factor to be weakly n-thin, if it contains hy-
perfinite subalgebras Ro, Ri and n vectors &, ...,&, in L>(M, ) such that L>(M, 1) =
spanll2(Ro{€1, ..., £,)R1). They showed that L(F,,) is not weakly n-thin for m > 2 + 2n.
In [16], Stefan extended the preceding result in [6] and showed that free group factors are not
decomposable over nonprime subfactors and abelian subalgebras. Motivated by these facts, we
have the following theorem.

Theorem 6. Suppose that M is a finitely generated type 11| factor with a tracial state t. Suppose
there exist von Neumann subalgebras Ny, N1 of M with 82 (Ny) = R2(N1) =0 and n vectors
£1,...,&, in L*(M, 1) such that

L*(M, 1) =span' PN &, ..., EN.

Then R1(M) <1+ 2n and §o(M) <2+ 2n. Thus M is not *-isomorphic to L(Fy,) for m >
2+ 2n.

Proof. Suppose xi, ..., x, is a family of self-adjoint elements in M that generate M as a von
Neumann algebra. Note there exist von Neumann subalgebras Ny, N1 of M with f(Np) =
fN7) =0 and n vectors &,...,&, in L?(M, ) such that spanl'l2AG{&, ... &N =
L2(./\/l, 7). We can choose self-adjoint elements yi, y2,..., Y2u—1, Y2, in M to approximate
Reé&;,Imé&, ..., Reé&,, Im&,, respectively. Hence, for any positive w < 1, there are a positive
integer N, elements {a; j 1} 1<i<p,1<j<N,1<i<2n N No, {bi j 1} 1<i<p.1<j<N,1<i<2n in N7, and
self-adjoint elements yy, ..., y2, in M such that
w\2
<(8)'

Without loss of generality, we can assume that {a; j;}1<i<p, 1<<N,1<I<n geEnerates Np and
{bi,j.1}1<i<p 1< <N, 1<I<n generates N1 as von Neumann algebras. Otherwise we should add
generators of Ny, NV into the families.

Let a be maxig;<p{llxill2} + 2. From now on the sequence z1, ..., zs, ..., z; is denoted by
(25)s=1.....t O (z5); if there is no confusion arising from the range of index, where z; is an element
in M or a matrix in M (C).

2

P
i=1

N 2n
Xi — Zzai,j,l)’lbi,j,l
j=11l=1

2
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For R > a, define mapping ¥ : (M (C)V)?* x Mi(C)*" x (M(C)N)?" - My (C) as fol-
lows,

N 2n

V(D) ji (EDi (Fjj)) =Y DjuELjy.

j=11=1

Let (Mg (C))g be the collection of all A in My (C) such that ||A| < R. Then there always exists
a constant D > 1, not depending on k, such that

H (w((Agf;,l)jl’ (Y1, (Bl(,l])',l)jl)’ s w((A;I,)j,l)jl’ Yo, (B,(};l)jl))

- (‘p((Af;,l)jz’ X, (Bf,z;',l)jz)’ s ‘p((Afnz,)j,l)jz’ Y, (B;(nz,)j,l)jz)) ”2

< D” ((Ag,lj),l)ijl’ (Bi(}/),l)ijl) - ((Agf;,l)ijl’ (Bi(,2j),l)ijl) Hz’ 5.1
for all
{Az(,l;,l’ Y, Bi(,lj),l’ Al(zj)l Bi(,zj),l}i,j,l C (Mi(©), VkeN.

For m sufficiently large, € sufficiently small and k sufficiently large, if

(X1, ..y Xpo (A jDijis YD1, (BijDiji) € Tr(x1 - xp. (ai j.0iji, G0, (i )i ko m, €)),

then
lx, .o Xp) = (W (AL i YD1 (Brjn)ji)s - ¥ ((Ap ) ji. YD1 By i) i) |
P N 2n 2\ 172 ©
= (Z Xi _ZZAi,j,lYlBi,j,l ) < 3 (5.2)
i=1 j=11=1 2
and

((AijDijt) € Tr((aijDijis kom,€), and  ((Bij.)iji) € Tr((bij.0)ijis k. m, €).

On the other hand, from the definition of the orbit covering number, it follows there ex-
ists a set {Z/I((Al.*jl),-ﬂ; Tep ) aeAys or {U((B;’jl)ijl; %D.)}ge;k? of 1gp-orbit-balls that cover
I'r((ai,j,Dijis k,m, €), or I'r((b;,j.1)iji; k, m, €), respectively, with

w w
[Ak| = V<FR((ai,j,1)ij1; k,m,€), @> [ Zk| = V<FR((bi,j,l)ijl§ k,m,€), F)

Therefore for such sequence ((A; j1)iji. (Bi,j,1)iji), there exist some A € Ay, 0 € Xy and Wy, W3
in U (k) such that

w
[ (A sise, Bijdie) = (WiAZ W), (W2B7 W) ) | < 55 (5.3)
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Thus, from (5.1), (5.2) and (5.3), it follows that

|(X1, .. X)) — (w((WlAiL,j,le()jl’

Ip((WlA;’j’,WI*)ﬂ, Yo, (WzB;,j,zWZ*)jz)) I,

YDis (WaBY ;W5 )5

N 2n 2\ 172 o
A
=( Z xi—ZZWIAWW;‘Y,WZB;;JWZ* ) <7 (5.4)
1<i<p j=11=1 2
Hence
N 2n 2\ 1/2 o
A
(Z Wl*XiW1—ZZ(Ai’j’lWI*Y;WZij’,)Wz*Wl > <7 (5.5)
1<ip j=11=1 2

By aresult of Szarek [17], there exists a ﬁ—net {Uy }y ¢, inU(k) that cover U (k) with respect
to the uniform norm such that the cardinality of Z; does not exceed (%)kz, where C is a
universal constant. Thus || Wy W, — U, || < %, for some y € Z. Because of (4.5), we know

N 2n

2D AL WITWaB,
j=11l=1

< IXill2 + o <a. (5.6)
2

From (5.5) and (5.6), we have

(5.7)

SIS

2\ 1/2
) <
2

(>

1<i<p

N 2n
WX Wy — (ZZAﬁj,,Wf‘YszBZN) Uy
j=11=1

Define a linear mapping ¥y, : Mp(C)2 — My (C)P as follows:
1 N 2n
Wiy (St ..., Som) = ( 3 SO (A} 8B ) Uy + ((Aﬁj’lS[ngvl)Uy)*> :
i=1,...,p

j=1i=1 i=1,...,

Let $ysy be the range of W)y, in M (C)P. It is easy to see that §, is a real-linear subspace
of M (C)? whose real dimension does not exceed 2nk?. Therefore the bounded subset

{(H\.....H)) €Froy | |(H1..... Hp) |, <ap} (5.8)

of My (C)? can be covered by a set {(Hlmy’p, e, H;"y'p)}pegk of w-balls with the cardinality
of S satisfying |Sg| < (&%)2’”‘2. But we know from (5.6) that
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and from (5.7) we have

(WX Wi, . WEX W) = Wy (WY Wa, L WY, Wa) |,

< w.

(WX Wi, .., WX, W)

N 2n
1
(522 11W1 YiW2 B jl)UV + (( ljlwl YW1 B; /I)UV)*>

Thus, from (5.8), (5.9) and (5.10), there exists some p € S such that

o

[(WEX AW, WX, Wh) — (H77 o TP |, < 20
By the definition of the free orbit-dimension, we know that
R(x1, ..o xp s (@ij)iji, G0 BijDijis 4w, R)
. . log (| Ak || Zk || Z 1Sk |)
< inf  limsup
meN,e>0 oo —k2log(4w)
log | A log | log(442C yk* (3ap y2nk?
< inf limsup og| Al og | 2| g(=)" (=5°)
meN,e>0 j_ 00 \—kZlog(dw) —k?log(4w) —k2log(4w)
0404 log(4 - (3ap)*" - apC) — (2n+1)loga)’
—log(4w)

since R2(Npy) = K2 (N7) = 0. Thus, by Lemma 2
0 < R(x1, ..., xpidw) = R(x1, ..., xp : @@ijn)iji, OO, bij)ijis 4w)

10g(4 (Bap)* -apC) — (2n + Dlogw
—log(4w) ’

By the definition of the free orbit-dimension, we obtain

log(4 - 3ap)®* -apC) — 2n + 1) logw <142m.

Ri(x1, ..., xp) <limsup —log(4w)

w—0

Hence, 81(M) <14+2n and §o(M) <2+2n. O

)
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Remark 2. The mapping a > a* extends from M to a unitary map on L?*(M, 7), so for
£ € L>(M, 1), it makes sense to talk about Re& = (£ + £*)/2 and Imé& = (§ — £%)/2i.
In particular, it makes sense to talk about self-adjoint elements of Lz(/\/l, 7). If we have
spanl 2 Ao {&, ..., £ JNT = L2(M, 1) with &, ..., &, self-adjoint elements in L*(M, 1), the
proof of Theorem 6 yields £ (M) < 1+ n and §o(M) <2 +n.

Combining Theorem 6 and the preceding remark with Theorem 3, we have the following
corollaries (see also [3,4,6,12,15,16]).

Corollary 6. L(F},) has no simple maximal abelian self-adjoint subalgebra for n > 4.
Corollary 7. L(F,) is not a thin factor for n > 4.

Remark 3. Another corollary of Theorem 6 is as follows. Suppose M is a II; factor with a
tracial state 7. Suppose that A/ is a subfactor of M with finite index, i.e., [M : N]=r < co. If
Rr(WN) =0, then £ (M) <2[r]+ 3 and 8§o(M) < 2[r] + 4 where [r] is the integer part of 7.
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