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1. Introduction and preliminaries

Consider the semilinear stochastic differential equation

{dX(t) = (AX(t) + (A T F(X (D)) dt +dW,, >0, M

X(0) =x
in a separable Hilbert space H. Here A is a self adjoint operator with negative type @ and compact resolvent A~! on H, F is
a nonlinear function. The process (W¢);>o is a standard cylindrical Wiener process on H defined on a filtered probability
space (£2, F, (Ft)¢>o0,P). Under appropriate assumptions the solution to (1) is given by the formula
t t
X(t) :e“‘x—f—/e([’S)A(—A)%F(X(s))dS+/e(t’$)A dws, t>0.
0 0

For ¢ € By(H) (space of all bounded measurable functions on H), we define the transition semigroup (P¢);>o by

Prp(x) =E(¢(X(t,x)), x€H, t>0.

We are concerned with regularity properties of the function P;¢. One of our main aims is to show that, under appropri-
ate assumptions the function P¢ is globally Lipschitz on H which means that the semigroup (P¢)¢>o is strong Feller. In
the framework of infinite dimensional stochastic equations, the strong Feller property of transition semigroups related to
stochastic evolution equations have been addressed by many authors. They consider mostly equations of type (1) without

the term (—A)% in front of the nonlinear drift F and they discuss equations of the form
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{dX(t) = (AX(®) 4+ G(X(®1)))dt +dW,, t>0, @)

X(0) =x.

If G is bounded on H, it has been proved in [2,4] that (P;);>0 is strong Feller by solving a mild form of the Kolmogorov
equation corresponding to (2). In [11] the results of [4] are extended to cover in particular, the case of a nonlinear local
Lipschitz function G and later in [9] this result was extended also for general drift G with weak regularity properties.
In [12] by generalizing an earlier formula, due to Elworthy [7] to the infinite dimensional setting, the strong Feller property
of (P¢)¢>0 was proved for equations with multiplicative noise and global Lipschitz nonlinear drifts. Recently in [10], a similar
equation to (1) was treated on space of 2 -periodic square integrable real functions. The following equation was considered

{ dX(t) = ((D} —1a)X(©) + D¢ F(X(1))) dt +dW;, >0, 3)

X(0) =x,

where F is a C'-function on L%[0, 2r] with bounded derivative. It has been proved that the transition semigroup associated
to (3) is strong Feller and irreducible and there exists a unique invariant measure for (3). In the present paper we generalize
the result in [10] in a more abstract setting, by supposing the nonlinear function F to be only global Lipschitz we prove
the strong Feller property of (P¢)¢>0 in Theorem 2.3. Our method is based on an approximation argument as in [12]. Using
similar techniques as in [10] we prove the irreducibility of the semigroup (P¢)>0. Moreover, if we suppose the nonlinear
function F to be dissipative, we can prove the existence and uniqueness of an invariant measure w of (1). We shall remark

that in our case only F need to be dissipative not (—A)2 F for the existence of w. In the rest of this introductory section let
us fix some notations and our main assumptions. For y € [0, 1] let

Vy = (D((=A)), (-)y), where (x,y), =((—A)x, (—A) y) for x,y € V,,.

Note that, since A has a compact resolvent, the imbedding V,, < H is compact. In the following | - |lys denotes the Hilbert-
Schmidt operator norm on the space H. We shall formulate our assumptions:

(Ho) A is selfadjoint and ||e!4|| < e~®' for certain w > 0.
(Hy) There exist « € ]0, %[ such that for all t > 0

t

/ 572 | ds < co.
0

(Hy) F maps H into D((—A)?) and

[F) — F(y)| <Lix—yl. xyeH.

Definition 1.1. A mild solution of Eq. (1) is an JF;-adapted process which satisfies the following integral equation

t t
X(t):e“*x+/(—A)%e“—S)AF(X(s))ds+/e(f—5>f‘dw5, t>0.
0 0

For T>0 and 1 > p > 2 we denote by Hp,r the Banach space of all adapted processes in LP(£2,C([0, T], H)) N

o

L*°([0, T], H) endowed with the norm

1Yl =E sup ([Y®)).

Theorem 1.2. Under hypotheses (H1) and (Hy), for any x € H, Eq. (1) has a unique mild solution X(-,x) € Hp 1.

Proof. We define the mapping K on Hp 1 by
t t
IC(t,X):e“*x+/e“—SM(—A)%F(X(s))ds+/e<f—5>*‘ dWs, tel0,T].
0 0

First we remark that for X € Hp r we have (-, X) € Hp 7. Indeed,

t p
Kt x)|" <307 (He“‘ |7 1x1P + (f |e<fS>A(—A)5F(X(s))|ds> +
0

)

t
/ =94 gy,
0
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Hypothesis (H1) implies that the stochastic convolution Wy (t) := fote(f‘s)" dW; is well defined in H and by [4, Proposi-
tion 7.9] there exists a constant ¢, (T) > 0 such that

t p
E( sup /e([’s)A dW; <cp(T)
tet0.TI\J

Since F is global Lipschitz we have

T

p
2
_ 2
[5 e g as

0

< OQ.

t t

t p (p—1)
(/ |e“—5>*‘(—A)%F(X(s))|ds> <d) (/(t—s)‘ﬁ cls> / |F(x(s)|"

0 0 0

<Ep(T) - (1 + sup |X(t)|”),
0<t<T
where we put ¢, (T) :=2Pch cp(%)p‘w% and we used
3

”(_A)%e““”gc%t’% and |[F()|<c-(1+1x]), xeH.

Hence
t

p
E( sup (/Ie“5>"(—A)5F(X(s))|d5) ><Ep(r)-(1+E( sup |X(r)|”)).
tel0.T\ ) 0<t<T

Therefore, we have for some constants cq, ¢, c3,
IE( sup |K(t, X)]p) <cr+calx|P +63E< sup |X(t)|p).
te[0,T] te[0,T]
Thus K(-, X) € Hp,1.
In the same way, we obtain for X1, X2 € Hp 1
IE( sup |K(t, X1) — K(t, x2)|p) <c3JE( sup | X1 (0) —xz(t)|")4
te[0,T] te[0,T]

We remark that if T is small enough, then c3 < 1 and consequently, by the Banach fixed point theorem, Eq. (1) has a unique
solution in Hp . The case of general T > 0 can be treated by considering the equation in intervals [0, T], [T, 2T],... for
small T. O

2. Strong Feller property

In this section we discuss the strong Feller property of the semigroup (P¢)¢>0. We start with the case when F is regular
and assume that F € Cﬁ(H, H). In the following we prove that the mild solution X(t, x) is differentiable with respect to x
and for any h € H it holds

DX(t,x)-h= nh(t, X),

where n”(t, x) is the mild solution of the equation

%nh(r, X) = An"(t, X) + (—A) 2 DF(X(t, %) - 0" (¢, %),

(4)
nh(O,x) =heH.
This means that n“(t, X) is the solution of the integral equation
t
n"(t,x) = eh + f (—A)2eIADF(X(5)) -1 5. x)ds, €>0. (5)
0
Theorem 2.1. The mild solution X (t, x) of Eq. (1) is differentiable with respect to x P-a.s., and for any h € H, we have
DX(t,x)-h= nh(t, x), P-as. (6)

and

h (2
In"(t. x| <e"T|h|, t=o0. (7)
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Proof. Similarly as in the proof of Theorem 1.2, we can see that Eq. (4) has a unique mild solution 5" (t, x) in Hp,7- Let us
prove (7). For A € p(A), we set R(x, A) := A(A — A)~! and consider the approximation sequence n’;(t, X) == AR, A)nh(t, %),
A € p(A). By multiplying both sides of (4) by AR(X, A), we obtain

!m(t 0| = (A, 0, ¢, 0) + (A 2 DF(X(t, 0) 1" (¢, 0, (—=A) 2 (t, )

2dt
DF|2
= (a0 n e )+ 22 e o o o P
DF|?
— ” 4||oo|nh(t’x)|2
Therefore,
t
IDF
2dt|n,\(t 0| < |AR(A A + e I ” /|77h(t,x)|2ds.
0

Letting A — +o00 we get

t
1, 2 1 5 ||DF||?,Q/ h 2
_ < — B —— .
S €07 < SIhP + [n"(t, x| ds
0

Then (7) follows now by Gronwall’s lemma.
We now prove that n(t, x) fulfills (6). The argument we follow here is similar to the proof of Theorem 5.4.1 in [5]. Fix
T >0, x,h € H such that |h| < 1. Setting

Ap(t, x) = X(t, X+ h) — X(t, %) — n'(¢, x),

we have

t
Ap(t, x) = /(—A)%e“—‘”‘(f(X(s, x+h) —F(X(s,%))ds

0
t
- /(—A)%e(t‘s)ADf(X(s,X)) (s, x) ds.

Consequently,

t 1
Ah(t,x):/(—A)%e“_s)A/D (p(&.9))dE - (X(s.x+h) — X(s,%))ds
0
t
- f(—A)%e(t’s)ADf(X(s,x)) (s, x)ds

1
/( A)zelt= S)A/D (0(&,5))dE - An(s, x)ds
0

1

/( A)zelt= SV‘/ (DF(p(&,9)) — DF(X(s, %)) d& - (s, x)ds,

0
where p(&,s) =£X(s,x+ h) + (1 — &)X(s, x). Since Fe Cg(H, H) and X(t, x) is continuous with respect to x uniformly in
[0, T], we have

IDF(p(€,5)) — DF(X(s,0)| < 87 (h),

for some function 7 — 0 as h — 0.
. 1 1
Hence using ||(—A)2ef| < cit~2 we deduce
2
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t

1
[(—A)%e“—”ﬂ /(D?(p(g, s)) — DF(X(s, %)) d& - " (s, x) ds
0

0

t
2
<ci /(t —5)2 ds 81 (h)|n"(s, 0| < 2c1v/Tér(h) sup e T |hy.
2 2 te[0,T]
0
It follows that
! 2
|an(e. %] < ||D?||oof<t — )72 An(s. 0| ds +2c; VTér e’ 7 |h|

0
t

2
<L f(t = )72 | An(s, 0| ds + 2, /Tér (e’ ]
0
Using a singular Gronwall inequality (see Amann [1, Section II.3.3]) we have

|An(t,x)| < Cr - 87 (h)|h| for some Ct > 0.
Hence

| An(t, %)
lh|

which implies (6). O

< Cr-ér(h)

Consider now the approximation problem

dX(t) = (AX(t) + AnF (X()))dt +dW,, >0,

8
X(0) =x, ®

where A = (—A)%nR(n,A) = —n(—A)*%AR(n,A). So A, are bounded operators converging pointwise to (—A)% (see
[8, Section 4.10]) and commuting with A. Notice that A, o F : H— H is a nonlinear Lipschitz continuous function, hence the
corresponding problem (8) has a unique mild solution X, (t, x) in H r which is the fixed point of the following mapping

t t
Ka(Y)(0) :=ex+ / eI dw (s) + / eIMAF (Y (s))ds,
0 0
on the space Hp r. Moreover

lim X;(-,x) =X(-,x) in Hp . (9)
n—o0o

Indeed, if we write
t t
KX) (@) = e”‘x—}—/e(t’sde(s) + (—A)%e([’S)AF(X(s))ds,
0 0
then is straightforward that K, — K strongly in Hp r. Similar computation as in the proof of Theorem 1.2 shows that the
Lipschitz constants of K and K, can be chose identic and equal to some « € (0, 1) uniformly with respect tone N, if T >0
is small enough. Indeed, one has only to notice that |A,e® 94| = ||(—A)2nR(n, A)e9A|| < ||(=A)Ze®9A| for s € [0, ¢),
and the repeat the arguments as in the proof of Theorem 1.2. By Theorem 7.1.1 in [6] we obtain that K and X, have unique
fixed points X(t,x) and X;(t,x), n > 1 respectively. Further, Theorem 7.1.5 in [6] shows that X; — X in Hp 1.
We denote by nﬁ (t, x) the mild solution of problem

En"(t X) = Anl(t,X) + AnDF (X (t, %) - n(t, %)
ac'™m" nth 0 AnEHAE ) I, (10)
n"©0,x)=heH.
It is well known that the solution X, (t, x) of problem (8) is differentiable with respect to x P-a.s. (see [4, Section 9.1.1]),
and that

DXu(t,x)-h=nl(t,x), heH, t>0.
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Moreover using the contractivity of the semigroup (etA)t>0, it is straightforward that estimate (7) still holds for ng (t,x) (cf.,
Theorem 2.1). Furthermore we have

lim 9,0 =n"C,%x in Hpr. (11)
n—oo
We now consider the approximating semigroup

Plo(x) =E(p(Xa(t,x))), @€By(H), t>0, xeH,

for n € N, where Xj(t, x) is the solution of (8). By Lebesgue’s theorem we have
nlingo Plo(x) = Prp(x), @€ Cp(H), x€ H.
Hence by Theorem 2.1, we have that for all ¢ € Cg (H), P}¢ and P are differentiable with respect to x and it holds
(DPrp(x), h) =E(Dp(X(t, %), n"(t,x)), heH,
(DPPo(x), h) = E(De(Xn(t, %), ni(t, %), heH.
Moreover, by Egs. (9) and (11), it follows that for all ¢ € C;(H), heH,
Nim (DP{o(x), h) = (DPip(x). h) in C([0, T], R).
We now are in the position to prove the following lemma.

Lemma 2.2.IfF € Cg(H, H), the transition semigroup (P¢)>0 is strong Feller.

Proof. It is well known from [3] (see also [12]) that the semigroup (P}):>¢ satisfies the following Bismut-Elworthy formula

t

(DPf@(x),h) = %E((p(xn(t, X)) /(ng(t, x),dWs)) for all ¢ € C2(H). (12)
0

Hence if ¢ € Cg(H), t > 0, we can use (12) and Hélder inequality and recall (7) to obtain

t
IDP?so(x>,h|2<t—2||<p||io/|n2(s,x)}2ds

0
t
—2q 112 Zsipi2
<telels [ ezl ds
0

_ 2,12
<@l 5 (e 1)k forallneN.
Now, letting n — oo and from the arbitrariness of h we get
V2,2, 1
PP <t (e 2" = 1) gl (13)

We now claim that for any ¢ € By(H), t > 0, and x, y € H, it holds

N—=

2 2
|Pro(x) — Prp(y)| <t7! %(e%f = 1)2[@lloclx — yl. (14)

To see this, we define M1 :={p € C,(H): ||@llcc <1} and My :={p € C?(H): ll¢lleo < 1}. Since each function in C,(H) can
be approximated pointwise by a sequence of functions in le(H), we have

sup |Pe(x) — Prop(y)| = sup |Prp(x) — Pep(y)| forall x,y € H.
peM; peM

As a consequence of the Hahn decomposition theorem we have

sup |Pep(x) — Pro(y)| = Var(Pe(x, ) — Pe(y, ),
peM;

where P;(x,U) = P¢1y (x) for U € B(H). Therefore by (13) we have for all x,y e H
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2
Var(Pe(x,-) — Pe(y, ) <t! ?(e%f - 1)% Ix—yl

and consequently for all ¢ € By(H)
[Pep(x) — Prp(y)| = U<p(u)(Pr(x, du) — P(y,du))
H

< 1@llo Var(Pe(x, ) — Pe(y, )

V22 )
< (e = 1) lglloolx = I

Hence (14) is proved. O
Our main theorem in this section is the following.
Theorem 2.3. The transition semigroup (P¢)¢>o corresponding to (1) is strong Feller.

Proof. We are going to approximate F by a sequence of Cg (H) function. For this purpose we consider a sequence of
nonnegative twice differentiable functions (0;)nen such that

supp(on) C {& €R™ |¢]an < 1/n} and / pu€)dE =1,
Rn

Let (ep)neny be an orthonormal basis in H, and for n € N denote by P, the orthogonal projection from H onto
span{eq, ..., ey} which we identify with R", hence P, : H — R" and the Euclidean inner product on R" is just (-,-) (i.e.
the one induced by (H, {-,-)) on span{eq, ..., es}). Similar to [12] we define F,: H— H by

Fn(x)=/pn(s —PnX)F<Z€iei) dé.
i=1

RN

The sequence (Fp)nen converges pointwise to F. Moreover for every n € N, F, is a twice Fréchet differentiable function
with bounded and continuous derivatives. Furthermore, for all x, y and n € N,

/m(&)(F(ZEiei + an) - F(Zaei + Pny)) d&
Rn i=1 i=1

< L|Pp(x— y)!/pn@)dé <Lix—yl.
Rﬂ

|Frn(x) — Fa(y)| =

We now consider the solution X,(t, x) of the equation

{ dXn(t) = (AXn() + (fA)% Fo(Xn(®)))dt +dW;, t>0, (15)

Xn(0) = x.
Clearly,

lim X;(-,x) =X(-,x) in Hp .

n—oo :
Let (P})¢>0 be the corresponding transition semigroup and take ¢ € Ctz,(H). By (14) we have for the semigroup (P{);>0

12
L

2 1
|PRo(x) — Plo(y)| < (€7t =1)2|@lloolx— yl.

By letting n — oo and applying Lebesgue’s theorem we get

V2,2 1
|Pro(x) — Pep(y)| <t lT(e@‘—1)2||go||oo|x—y|,

which proves the theorem. O
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3. Irreducibility

In this section we discuss the irreducibility of the semigroup (P¢);>o. To this end, we need to check first that the
deterministic control problem corresponding to (1) is approximatively controllable. We shall prove that given xq,x; € H,
T >0 and & > 0 then there exists a control u(s) € L2([0, T], H) such that the solution of

t t
Y(t) =etlx +/(—A)%e“‘”"F(Y(S)) d5+/e“‘s)’*u(s)ds (16)
0 0

comes within & of x, at time T. Let us define the following operator

t
Ji(0.TEH) > Go(I0.TLH). Ju= [ e ueds,
0

where

Co([0.T]: H) :={f e C([0,T], H): f(0)=0}.

The operator | has a dense range. Indeed, take

@ €Co([0,T], D(A)) :={f € C([0, T], D(A)): f(0)=0}

and set

u(t) =¢'(t) — Ap(t).
We can see that Ju = ¢, hence by the denseness of Co([0, T], D(A)) we conclude the denseness of Im J. Let us now consider
the path y(t) joining x; and x; defined by
T—t
T

t
t) = —X7.
y(©) 1+TX2

Set
t
fO) =y —ex — / (—A)2eDAF (y(s))ds, te[0,TI,
0

We have f € Co([0, T1; H), hence for any § > 0 there exists u € L2([0, T], H) such that

[Ju— f|<§ for some § > 0.

Now, given ¢ > 0, if Y (-, x1,u) is the solution of (16), we have

t
[Y(@©) —y©®)] </!<—A>%e<f*”f‘(F(Y(s))—F(y(s)))|ds+uu<t)—f<t>|
0

¢
<cl/sz ! [Y(s) = y(9)|ds+ | Ju®) - f©)].
Jt—S
0
Hence by singular Gronwall inequality (see Amann [1, Section 11.3.3]) we obtain

|Y(t) =y ()| <8-Cr for some constant Cr > 0.

It follows that

|Y(T)—x;| <68-Cr.

It is now enough to choose § < Cf—T We have thus proven the following.

Lemma 3.1. Given x1,x; € H, T > 0 and & > 0 then there exists a control u € L%([0, T], H) such that the solution of
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t t
Y(t) =ex; + /(—A)%e(t*S)AF(Y(s)) ds+ [ e 4u(s)ds (17)
0 0

comes within € of x, at time T.
After this preparation we are now able the prove the following theorem.
Theorem 3.2. The transition semigroup (P¢)¢>0 corresponding to (1) is irreducible.

Proof. Let B(xg,r) € H be an open ball. We show P;1p,,ry = P({|X(t,x) — xo| <r}) > 0 for all t > 0, where X(t,x) is the
solution of (1). We choose a control u € L2([0, T], H) such that |Y (T, x, u) — xo| < %, where Y (T, x, u) is the solution of (17).
Then we have
P({|X(T,x) —xo| <r}) = P({|X(T.x) = Y(T.%)| <r/2}). (18)
On the other hand,
t

|Y (&, %, u) = X(£,%)] g/\(—A)%e(t’s)A(F(Y(s)) — F(X(9))|ds + |[Wa(®) = Ju(®)|
0

t
1
<c1/2L0/ m}Y(s)—X(s)|ds+t€s[%%]}WA(r)—ju(t)|.

Hence by singular Gronwall inequality we obtain
|X(t, %) =Yt x,u)| <Cr- sup |Wa(t) — Ju()|.
te[0,T]

Moreover, since W4 (-) is a nondegenerate continuous Gaussian random variable, we have that

IP{ sup |Wa() — Ju()| < L} > 0.
t€[0,T] 2Ct

This implies that
P({|X(T.x) = Y(T,x)| <r/2}) > 0.

Therefore estimate (18) implies the irreducibility of the semigroup (P¢)¢>0. O
4. Invariant measure

In this section we discuss the existence and uniqueness of the invariant measure p of the semigroup (P¢);>o. For
this purpose we will use Krylov-Bogoliubov's theorem. Since (P¢);>o is strong Feller, in order to obtain the existence of

an invariant measure it is sufficient to check tightness of the set of probability measures {ur := %for Uxxdt, T > 1}
Here (x(.x denotes the distribution of X(t,x), t > 0. Indeed, using [5, Theorem 3.1.1] any limit point © of some weakly
convergent subsequence of (ur)r>1 will be an invariant measure for (1).

We now set

Y(t) := X(t) — Wa(t).
We shall assume further assumption
(H3) (Fx) = F(y).x—y)<0, x,yeH.

Since the semigroup generated by A is analytic, (Y (t))¢>0 is differentiable on V 1 for t > 0 with derivative

Y/(t) = AY(6) + (—A) T F(Y(t) + Wa(D), t>0.

Using the dissipativity of F in (H3) we have the following estimate for the process (Y (t))>o.
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Lemma 4.1. Assume that assumptions (Ho), (H1) and (Hs) hold. Then there exists C > 0 and o > 0 such that
t
1 _1 2 2
IE(E [(=A)~3(vo)| +oz/ Y] I ds) <C(t+1) fort>0.
0

Proof. Let t > 0. We have

DAY O) 2 = (AY O + A E(Y©) + Wa®). (- (Y )
2 dt

=(~(=A) YO + F(Y(®) + Wa(D), Y (1))
=—| Y(t)u"jll +(F(Y(®) +Wa®) — F(Wa®), Y(®)+ (F(Wa®). Y (©)
<—[YO[ +(F(Wam). Y©)
1
<=yol} +oyo)’ + e+ [waw]).

Since ||y|2 > | y|*, we obtain
1

1d 1 o 1
3l A O <=(1- 2Ol + e+ [Wao).

Therefore
—||( A~ (Yo)|? +( ——)/|Y(s)|1ds<—||( A)~1 ||+8/||WA(5)H ds + 8t, (19)
where § := —c Now hypotheses (Hg) and (Hy) imply that
o0
M :=supE(|Wa (t)HiO) = / [(—A)roeth ”21-15 dt < oo, for any yp <. (20)
>0
0
Indeed,
00 0 k+1
/ ” (_A)VoetA ”l%ls dt = Z / H (_A)VoetA ” lz-ls dt
0 k=0
o 1
=3 [ leareete fa < 3 | P / | ayoes gt
k=0 k=0
o 1
S N
k=0 0
0 1
< Ze—Zwk/ = H tA/Z ” dt < co.
k=0 0
Hence
1
SuDJE(II Wa0l’) < = SuI)E(II Waol},) = =

so that

t t
M
g [ 1w les) = [Ewao o o
0 0

Choosing o > 0 such that o :=1 — % > 0 and taking expectation in (19), we obtain that
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¢
E H(—A)’% (YD) Hz +a/ HY(s)Hi ds) <C(t+1) fort>0 and some constant C>0. O
7
0

Now we are in the position to state our main theorem in this section.
Theorem 4.2. Under hypotheses (Ho), (H1) and (Hs), there exists a unique invariant measure for the transition semigroup (P¢)¢>o.

Proof. As we mentioned at the beginning of this section we need to prove tightness of the set of probability measures
{ur == %fOT Uxxdt, T > 1}. Where px(x denotes the distribution of X(t,x), t > 0. Take &£ > 0 and yp < inf(c, }L), since
the map z > a||z||3, is coercive on Vy, (ie., limyz) o0 a|iz|l3, = o), there exists Re > 0 such that

e(alyl?, +Ilwl3,) =1

for w,y e Vo, with |w + Ylv,, = Re. Consequently if we denote by B(0, R,) the closed ball of radius R in Vy,, we have
by using Lemma 4.1 and (20)

T T
_ 1 1
ur(H\B(O,Ry)) =E 7/1(\|X<s>uvm>Rs}dS <eE 7/“||Y(5)”72/0+ ”WA(S)“f/VO ds
0 0
1 T
2 2
<1 [elYOI} + Wi}, ds

0

ge(c<1+%)+m> <e@C+ M)

uniformly in T > 1. Since the embedding V, < H is compact, the family of probability measures {ur}r>1 is tight on H.
Now, by the Krylov-Bogoliubov theorem, there exists an invariant measure p for the semigroup (P¢)¢>o. The uniqueness of
u follows from the strong Feller property and the irreducibility of (P¢);>0. O
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