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This work is concerned with asymptotic properties of solutions to forward
equations for singularly perturbed Markov chains with two small parameters. It
is motivated by the model of a cost-minimizing firm involving production plan-
ning and capacity expansion and a two-level hierarchical decomposition. Our
effort focuses on obtaining asymptotic expansions of the solutions to the forward
equation. Different from previous work on singularly perturbed Markov chains,
the inner expansion terms are constructed by solving certain partial differential
equations. The methods of undetermined coefficients are used. The error bound is
obtained. 0O 2002 Elsevier Science (USA)
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1. INTRODUCTION

Much of the current interest stems from the motivation of various
applications in manufacturing systems. In such applications, one aims to
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find the optimal production-planning strategies and to use Markov jump
structures in the modeling of uncertainty (e.g., machine capacity). In many
applications, one often needs to deal with large-scale systems. Even for a
seemingly not so complex system, the optimal control can be very difficult
to obtain (see [12, Sect. 5.2]), not to mention the added difficulty of a very
large dimensional state space involved. In fact, not only is it an impossible
task to obtain analytic solutions, but also the direct numerical approxi-
mation can be overwhelming and the straightforward use of numerical
methods may not be adequate. Naturally, one seeks to break the large job
into small pieces with the hope that certain decompositions and aggrega-
tions will lead to a simplification of the intractable systems; see Simon and
Ando [13]. A viable alternative calls for taking advantage of the high con-
trast rates (some states vary an order of magnitude faster than the rest) of
changes in the physical systems and using a singular perturbation approach
as a tool to reduce the complexity of the underlying systems.

To have a thorough understanding of the problems, it is of the utmost
importance to learn the intrinsic structures and asymptotic properties of the
underlying Markov chains. Continuing effort has been devoted to studying
singularly perturbed Markov chains; see [3, 9-12] among others. Recently,
in [6], Khasminskii et al. used matched asymptotic expansion to establish the
convergence of a sequence of the probability vectors. Singularly perturbed
Markov chains with recurrent states, naturally divisible into a number of
classes, are then treated in [7]. This line of work has been continued in [15],
in which we have further derived asymptotic expansions for Markov chains
with the inclusion of transient states and absorbing states, and asymptotic
distributions for Markov chains having recurrent states.

In this work, we examine a continuous-time model with two small param-
eters. The use of multiple small parameters stems from consideration of
hierarchical structures of various stochastic systems in manufacturing
as well as in communication networks. The motivation comes from a
production-marketing system (see [Chap. 11]). The underlying problem is
concerned with a cost-minimizing firm involving production planning and
capacity expansion and a two-level hierarchical decomposition. In [12],
Sethi and Zhang have found the asymptotic optimal strategies by using the
limit distribution of the Markov chains. In this work, our main effort is
devoted to obtaining asymptotic properties of the solutions to the forward
equation satisfied by the probability vector. In previous work on singu-
larly perturbed Markov chains, the asymptotic expansions are obtained by
solving appropriate algebraic and ordinary differential equations, whereas
in this paper, partial differential equations are also involved. The results
are useful in the subsequent studies on Markov decision processes and
controlled Markovian systems involving multiple small parameters. To
proceed, let us begin with an example of the manufacturing system.
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ExampLE 1.1. Consider a production-marketing system that produces
a single product type using a two-state production capacity «(t) € {0, 1}.
Let u(¢) denote the production rate subject to the production constraints
0 < u(t) < a(t). Let x(¢) € R' denote the total surplus and let z(¢) €
{z;, z,} denote a two-state stochastic demand rate. The system is given by

x(t) = u(t) — z(t), x(0) =x, (1.1)

where x € R! is the initial surplus. Let w(¢) € R! denote the rate of adver-
tising satisfying 0 < w(¢) < K, with K representing an upper bound on the
advertising rate. The profit functional J(-) is defined by

J(x, a, z, u(-), w(-))
= E/ooo e P[mz(t) — (hy(x(1)) + cu(t) + w(t))]dt, (1.2)

where p > 0 is the discount rate, 7 is the revenue per unit sale, /;(-) is the
surplus cost function, and ¢ <  is the unit production cost. The problem
is to find a control (u(t), w(t)), t > 0, that maximizes J(x, , z, u(-), w(-)).

Let 4 = {(0, z;), (1, z1), (0, z,), (1, z,)} denote the state space of the
pair («(t), z(¢)). Then as in [12], the process («(?), z(¢)) can be formulated
as a Markov chain generated by

0% (u,w) = L A(u) + $B(w)

—Mq M1 0 0
_ @) a0 0
ce| O 0 —M My
0 0 A(u) =y (u)
—pa(w) 0 mo(w) 0
+1 0 —pa(w) 0 Mo (w)
5| M(w) 0 -z (w) 0
0 Ay (w) 0 —Ay(w)

Here ¢ and 6 are small parameters signifying the frequency of jumps of
a and z. Note here u; represents the machine repair rate and hence is
independent of production rate u. It is easily seen that

A =@ 8 win 3= ()

B(w) = 0(w) ® I, with O(w) = (1‘22%’) fjﬁ&)) ’

where I, denotes the 2 x 2 identity matrix, and “®” denotes the usual Kro-
necker product (i.e., with X = (x;;) and Y = (y;), the ijth entry of X ® Y
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is defined to be (X ® Y);; = x;;Y). In what follows, we shall generalize this
model to include many states and weak and strong interactions.

The rest of the paper is arranged as follows. Section 2 gives the precise
formulation of the problem. Section 3 proceeds with the construction of the
asymptotic expansion. Section 4 concentrates on the error analysis. Finally,
Section 5 concludes the paper with further remarks.

2. FORMULATION

2.1. Initial Formulation

We work with a finite horizon [0, T'] for some T > 0. Recall that a genera-
tor Q(t) € R™™ is said to be weakly irreducible (see [15]), if f(¢)Q(z) =0,
and 7', fi(t) = 1 has a unique nonnegative solution. The unique solution
is termed a quasi-stationary distribution.

The structure of the generator Q%% to be considered is motivated by
Example 1.1. To proceed, first generalize the setup in the example to
include many states. For ease of presentation, consider the stationary case.
Let a®%(¢) be a Markov chain with a® ?(¢) = («%(t), @5(t)) and state space
M= {(ay, by), -5 (@py> b1), - -5 (a1, by), - .., (@, , b))}, where [ and m,
are some positive integers. Denote m = Im. Suppose the generator is
given by 0%°% = (1/&)A + (1/8)B, where

A = diag(Q, ... é) and B=0®]I,, 2.1

with O = (g;;) € R™>™ being a generator and Q = (g;;) € R/ being
a generator and I, € R™>™ is an m, x m, dimensional identity matrix.
Henceforth, we use the symbol diag to denote a diagonal block matrix with
appropriate entries. Suppose that Q and Q are both weakly irreducible.
Let v denote the stationary distribution corresponding to Q. Then it is easy
to see that diag(#, ..., #)Q%°1 = Q/8. This demonstrates that 0/8 is the
generator of the Markov chain a3(¢) with state space {by, ..., b;}. Similarly,
we can show «f(¢) is a Markov chain generated by Q/e with state space
{ai, ..., a,,}. We next generalize this idea further for nonstationary cases
and to include weak and strong interactions.

2.2. More General Formulation

Suppose & > 0 and § > 0 are small parameters, a®®(¢) is a finite state
Markov chain with state space / = {1, ..., m} generated by Q% %(¢), and
the row vector p*°(t) = (P(a®?(t) = 1),..., P(a®°(t) = m)) € R>™
denotes the probability distribution of the Markov chain at time ¢. It is well
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known that p®°(-) is a solution to the forward equation

d &,0
WD _ pernos), po0) =4, 22)

where p? > 0 for each i and ¥ p! = 1 is the initial probability distribution.
Assume that the generator Q% °(t) € R™*" has the form

0°(1) = T A1) + £B(1) + 0(1). (3)

Assume that A(7) and B(¢) have the same partitioned form and the same
form of Kronecker product as in (2.1) with Q and Q replaced by time
dependent Q(t) and Q(t), respectively. The slowly changing motion is
described by the generator

Gu iy, - qu(Dl,,
0(1) = : (2.4)
an(O Ly, . qu()l,,
Throughout the rest of the paper, unless otherwise noted, we always work
with (2.3) with time-varying generators. In addition, we often use the notion
I=(,....,1) eR/ 1 for some integer j. We make the following assump-
tions:

(A1) For each t € [0, T], O(r) and O(t) = (§;(t)) are weekly irre-
ducible.

(A2) For some n > 0, A(-), B(-), and Q() are (n + 1)-time
continuously differentiable on [0, T]. In addition, (d"*'/dt"')A(-),
(d"1/de"tMB(-), and (d"*!/d"+1)Q(-) are Lipschitz on [0,T].

Define an operator L>® by

Lo%f = a f(%A(t) + %B(t) + Q(t)) (2.5)

dt

for any smooth vector-valued function f(-). Then L®?f = 0 if and only if
f is a solution to the differential equation (2.2). We are now in a position
to analyze the solution to (2.2).

3. ASYMPTOTIC EXPANSION

Using singular perturbation techniques, to approximate the solution to
(2.2), we seek outer—inner expansions of the form

n e.d.n r ot e, 6,n
PR = " () + g (2 S ) e (1), G.1)
&
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where e®%"(¢) is the remainder, and the outer (regular part) and initial
layer correction terms are given by

n

(1) = 2 &6 I(0)

i+j=0
and on(L,4) :éogiwa,n(g,é), (32)

respectively, such that e® % "(t) is small and the error bound holds uniformly
in t. The main theorem is recorded below.

THEOREM 3.1. Assume (Al) and (A2). For small parameters ¢ > 0 and
8 > 0, denote the unique solution to (2.2) by p®°(-). Then for 0 < i+ j <n,
we can construct > () and Y D(-, ) such that

(a) @®N(.) is twice differentiable on [0, T).
(b) For each i, there are k| > 0 and k, > 0 such that
../t & Kt Kyt
(DY B _r 2
ll,[f (8, 8)‘ gKlexp( . )—i—Kzexp( 5 )
(c) Suppose there exist constants hy > 0 and h, > 0 such that hje < 8 <
h,e. Then the following estimate holds

sup
tel0, T

< K("!'+6"). (33)

n S n N Y2
ps,S(t)_ Z s’8fgo("’)(t)— Z 8151(#(171)(_’_)'

i+j=0 i+j=0 &

When i = j = 0 in the above theorem, we obtain the limit of p®°(t) for
t>0.

COROLLARY 3.2. Suppose Q% °(-) is continuously differentiable on [0, T],
which satisfies (Al), and (d/dt)Q(-) is Lipschitz on [0, T)]. Then for all t > 0,
lim, 5.0 p*°(1) = " (1),

To obtain the desired result, we obtain the outer and inner expansion

terms by direct construction in what follows. They involve solutions to
algebraic-differential equations.

3.1. Outer Expansion

We begin with the construction of ¢® % 7+1(.) in the asymptotic expan-
sion. Consider the differential equation L °¢® % "+1(¢) = 0, where L% ? is
given by (2.5).
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Equating coefficients of &'8/, we have for i + j =0,
e 18" 0= A1),
%871 1 0=0"0B(1),
ng(O’ 0)(2‘)
050 — oL At O.D(N\B(t
€ ar @' (1) (A)‘f‘@ (1)B(1) (3.4)
+¢*0()Q(1),
g8 1 0= 01)B(r),
g8 1 0= V(1) A1),
and for 1 <i+j<n,
2671 1 0= 9%01)B(1),

ols? d‘P((;tl)(t) = o) A(t) + o V(1)B(t)
0.1) + 10 0(r),
PRUN w = qp(l’ 1)(t)A(t) + QD(O’ 2)(t)B(t) (35)

+e®D(10(1),
e7182 1 0= I(0)A(r).

We construct the solutions to (3.4). For construction of solutions to sys-
tems with higher order, the approach is similar, only the notation is more
involved. The main idea is as follows. We separate the equations in (3.4)
into two groups. The first group consists of the first two equations. We
show that they share a common solution. In fact, this common solution is
the limit as ¢ — 0 and 6 — 0. The second group includes the rest of the
three equations. To solve the equations in the second group, we use the
methods of undetermined coefficients. First, assume the solution to the last
two equations is of particular form with certain functions (“multiplier”) to
be determined. Then our task reduces to finding these functions by using
the third equation. Such an idea is used in the construction of initial layer
corrections as well as higher order terms.

3.1.1. Construction of %9 (t)

Based on (Al), é(t) and Q(t) are irreducible. Let (t) and A(t)
be their quasi-stationary distributions, respectively. Denote ,(f) =
(M (D) (2), ..., ()w(t)) € R™ According to assumption (A2), the
vector-valued functions A(¢), w(¢) and 7, (¢) are (n + 1)-times continuously
differentiable. We claim that the vector-valued function (- (¢) = m,(¢)
solves the first two equations of the system (3.4). Note that 7(¢)Q(¢) = 0, so

o) A1) = (A (D)7 (1), - .., A(0)7(r))diag (O(2), . . ., O(1))
= (M(OT(DO(), - .., A(D)m(1)O(1)) =0,
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where A(t) = diag(é(t), s Q(t)). As for the second equation, A(¢)
O(t) = 0; that is, Y!_, A(t)q;(t) =0, for all 1 < j <. Thus,

Gu(Ol,, o Gu()l,,
@ O()B(t) = (M (D) (1), ..., Ny (1)7 (1)) :
Lill(t)lm(, cee QII(I)Im[,
i !
= (Z ()7 ()G (D s - - - Z)‘i(t)W(I)Qil(t)Im())
i=1 i=1

I !

= ((Z )\i(f)qz‘l(t)) (1), ..., (Z /\i(f)ql‘l(f)) 77(1)> =0.
i=1 i=1

In addition, since Y'_,A,(t) = land Y7 m(t) = 1,001, =

7,60 (0) =

3.1.2. Construction of ¢ (t)

To obtain the desired solutions, we use the methods of undetermined
coefficients. We postulate that the fourth and fifth equations of (3.4) are
given by

e 0ty = (A (Dx(0), ..., A(1)x(1)), and
eO (1) = ((DT(0), ... y(D)(1),

where m(¢) and A(f) are the quasi-stationary distributions of é(t)
and Q(¢), respectively, and where the vector-valued functions x(¢) =
(x1(£)s s X (1)) € RP™ and y(t) = (yi(2),...,5(t)) € R are
to be determined. In addition, ¢-O()1,, = 7, ¢""(t) = 0, and
m (0,1

e D01, =1 ¢ (1) = 0.

The fourth and fifth equations of (3.4) are not enough to determine x(¢)
and y(¢). We also need to use the third equation of (3.4), which can be
written as

dg (1)
dt

The right-hand side of the above equation can be expressed as

de®0(r) A( )
At

MO0 A1) + o D(DB(1) = =000

—m()0(1)
( 1(t)dw(t) Al(t)dw(t)>

¢ (1)0(1) =
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di (1) dA (t)
(P, B

! !
—<Z)\i(t)@n(t)ﬂ(t), D Ai(t)éﬂ(t)ﬂ(t))-
i=1 i=1
Two equations may be derived from the third equation of (3.4). They are

o0(1) A(1) = </\1( DRACRYE >d”(”), (3.6)
and

oD (1)B(1) = (%w(t), .. d)\,(t) (t)>

! !
- (ZAOE OO, DAOEOmD). 6D
i=1 i=1
Consider (3.6). In view of the block diagonal form of A(t), (3.6) is equiv-

alent to
dm(t)

M(Ox(D0(1) = M=

A(6)x(D0() = A ,md”(’).

It suffices to show that the following system has a solution

my
x(1)0(1) = d”(t ) and X (0 =0 (3.8)
Denote the null space of Q(t) by N (Q(t)) The weak irreducibility of Q(t)
implies that rank (O(1)) = my — 1, and hence dim(N(Q(t))) = 1. Note that
N (Q(t)) is spanned by 1,, . By virtue of the well-known Fredholm alter-
native, the first equation in (3.8) has a solution only if its right-hand side
is orthogonal to N(Q(z)). Since N(Q(t)) is spanned by L,,m®L,, =1
dn(ny d(w(t)t]lmo)

and = 0, so the orthogonality is verified. Next we
show that the system (3.8) has a unique solution. To this end, let us rewrite
the system (3.8) as

~ N dm (1)

gu(x (1) +--+ A, 1(t)xm0(t) = #7

dmp (1) 3.9

Ql,m[,(t)xl(t)—i—"'+Qm0m0(t)xm0(t) = dr

xi (1) + -+ x,, (1) = 0.
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The existence and uniqueness of the solution to (3.9) follows from the weak

irreducibility and Fredholm alternative. Denote éc(t) = (]lm“fé(t)). Then
the solution can be expressed as

dﬂ'(t)

x(t) = — =20 (N[0 Q' ()]

Moreover x(¢) is n-times continuously differentiable on [0, T]. Conse-
quently, (3.6) has a unique solution ¢ 9(¢) = (A;(£)x(t), ..., A,()x(2))
with the condition Y7, :0(f) = 0. In addition, ¢-9(¢) is n-times
continuously differentiable.

3.1.3. Construction of ¢%(t)

Examine (3.7). Rewrite Eq. (3.7) in its component form

()

ZYZ(t)qz](t)W(t) = 77-(l‘) - ZA (l‘)q”(l‘)’ﬂ(t) for j= L...,L

To establish the existence of a solution, it suffices to show that

PO Nt (3.10)

Y(H0(t) =
has a solution, where Q"(r) = (g;) € R™. Since Yj_; A,(t) = 1,
((d/d))M(0) 1, = (d/dt)(M(1)1)) = 0. Owing to Q"(1)1; = 0 (42 —
A(1)Q" (1)) 1, = 0; i.e., the right-hand side of (3.10) is orthogonal to I,. By
(A1), rank(Q(?)) = l — 1. An argument similar to that of (3.8) confirms
that

d\ (t)

)
Y(00(1) = —AnQ" (1), Xy =0, (3.11)
i=1

has a unique solution y(t) = (y(2),...,y/(t)). Hence ¢©®V(t) =
(i (O)m(t), ..., y(t)m(t)) solve (3.7). It is easy to see that ¢ D(¢) is

n- tlmes continuously differentiable. In addition, we have > 7, qofo D (1) =

Y- 1yj(t)(zm[) ™ (1)) = Z] 1Y) =0.

3.1.4. Construction of ")(t) for2 <i+j<n+1

In essentially the same way, we can construct ¢(»/)(¢) for 2 < i+ j <
n + 1. The details are thus omitted. To summarize, we state the following
theorem.
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THEOREM 3.3.  Assume (Al) and (A2) hold. Then there exist [(n+ 1) —
(i + j)]-times continuously differentiable solutions ¢\>(t), 0 <i+j<n+1,
for (3.4) and (3.5). In addition, the following conditions are satisfied:

Yo (=1, Z ol N0 =0, forl<i+j<n+1l. (312)

Remark 3.4. The conditions in (3.12) imply that, for 1 <i+j<n+1,
e N(0)1,, = 0; i.e., >)(0) is orthogonal to 1,,. This fact will help us to
obtain the desired exponential decay property of the initial layer terms.

3.2. Inner Expansion

In this section, we construct the initial layer terms 4 /)(-, .). It consists
of two parts. First, we obtain the sequence (>/)(-, ) by solving a system
of partial differential equations. Then we present the exponential decay
property of the solutions.

3.2.1. Construction of (-, )

Following the idea in singular perturbation, define the stretched time
variables as follows:

t
—. 3.13
. (3.13)
Note that 7 — oo as ¢ - 0, and p — oo as 6 — 0 for any ¢ > 0.

Consider the differential equation L# %y % "1(1, u) = 0, where the
operator L*° is defined in (2.5) and ¢ %"*(7, u) is defined in (3.2).
Thus the above equation can be written as

t
T= ) n=
&

10 190

(5o + 50 ) ™) = 9P WO ). G14)
edr  ddu

Taking Taylor expansions of Q% %(¢) about ¢ = 0,

oy S dOO)
00 = 3 5= +RU)

n

+

1 (8_1 t% dk 4(0) 51 t* d*B(0)  t* d*Q(0)

n+1
k!l dik k! drk k! drk >+R(+)(t)

»

I

N (e W) dRAO) | (1/8) dEB(0)
g( k! dik o k! drk

4k (I/Ij)k dkflg())) + ROFD(p),
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where RU*D(¢) = O(¢"*?) uniformly for ¢ € [0, T]. Using 7 and u, we can
write the above equation as
(+ HAAQ) | nEdBO) de((»)

£,0 _
O"(mm =2 (& g Kl dik K ik

+ R("H)(T, ”).

Dropping the term RUD(7, u) in Q%2(¢), it follows from (3.14)

d d
R R CN)
aT am

n+1 k gk k gk k gk
_ 8 8,n+1 k7 d7AQ) | wt d¥B(0) 8k:“‘_d Q(0)
=V (T’“)E](e K ik Kl dik K\ dik
That is,
ntl J N
> (8_15 + 8_1£>8161¢(”])(7, 7))
i+j=0
— Z 8!3/4,(1,/)(7’ w)
k=0
ntl k gk k gk k gk
k-1 7" d"A(0) k11" d"B(0) w - d"0(0)
- — 4 ="
X EO(S ka0 a0 an

Equating the coefficients of £'8/, we have for i + j = 0,

g OO
o o T 00 a0),

L OO p
5 @8 400, wB).

an
8060 ‘911[/(1’0)(75 :U’) + &lp(o’ 1)(7-’ /J')
aT [

= ¢(0, 0)(7_’ w)D(7, 1) + 1/1(1’0)(1', ) A(0) (3.15)

+¢ (7, 1)B(0)

T
dot s P 400 )

B a0 D(r, u
s7'8! +=w“”“(~r,u)z4<0),
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and for 1 <i+j<n,
2O (7, )
—on @ 0(1, 1)B(0),

&lp(Z,O)(T’ “’) + &lp(l’ 1)(7’ ,u,)
aT au

= 500, iy O 2410 D, )
F9C0(5, 1) 40) + 57, w)BO)
WO ) O ) (.16
ar I
500, O 2 0 D )
0005, 1) AO) + 90D 1, w)B(O)

2 (7, )
aT

267!

P

8031

e 's? = ¢ (r, w)A(0),

where
dA(0 dB(0
T e 70}
We will construct ¢(»/)(-, -) by solving (3.15) and (3.16).

THEOREM 3.5.  Assume (Al) and (A2). Then there exist continuously dif-
ferentiable solutions >))(t). 0 < i+ j < n for the systems (3.15) and (3.16).
The solution to (3.15) can be expressed as

lﬂ(o’ 0)(7-’ M) — (po — 90(0’ 0)(0)) exp(A(O)T + B(O)M)’
p 07, w)=HEO (1) exp(A(0)7 + B(0)w), (3.17)
$ @D (7, w)y=H® () exp(A(0) + B(O)w),
where the row vectors H9(7) and H® V() are given by
HOO(7)=(p" — ¢ 0(0)) f exp(A(0)s) A(O)

x exp(—A(O)s)s ds — o1 9(0),
dB(O)

) (3.18)
HO V()= (p" = ™ 0(0) — =

+u(p’ - ¢(°’O)(0))Q(0) — o D(0).
For2 <i+j<n+1, the functions ([I(i’j)(~, -) can be expressed similarly.
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Proof.  Construction of "/(7, u) for 0 < i+ j < 1: Let us determine
O 0(7, u) from the first two equations of (3.15). First, ¢ (7, u) can be
taken as

$ OOz, 1) = CO Y exp(A(0)r + B(O)w), (3.19)

where C(-9 is a constant vector to be determined by the initial value. From
the first equation of (3.15), we have

OO (7, 1) = C () exp(A(0)7), (3.20)

where C;(u) is a vector-valued function. To determine C;(u), substituting
(3.20) into the second equation of (3.15), we obtain that

dc;gll(f) exp(A(0)7) = Cy (1) exp(A(0)7)B(0).
Since A4(0) and B(0) commute, exp(A(0)7)B(0) = B(0) exp(A(0)7), and
d%fbﬂ) exp(A(0)7) = Cy(1)B(0) exp(A(0)7). (3.21)

Note that exp(A(0)7) is invertible for any matrix A(0) and its inverse is
exp(—A(0)7). Postmultiplying exp(—A(0)7) to both sides of (3.21), we ob-
tain G = €, ()B(0). It follows that Cy(u) = C exp(B(0)u), where
C©-0 is a constant vector. Substituting C;(u) into (3.20), (7, u)
= CO-9exp(B(0)u)exp(A(0)7). Note that exp(B(0)u)exp(A(0)r) =
exp(A(0)r + B(0)w). It follows that @O (7, u) = CO9 exp(A(0)r +
B(0)w). Thus (3.19) is obtained.

To solve for (10(7, w) and (@ V(7, w), start with the fourth and fifth
equations in (3.15). Assume that the solutions can be written as

yE0(r, w) = HEO(r) exp(A(0) + B(0)w)
$OD(r, w) = HOD(w) exp(A(0)r + B(0)w),

where H(9(.) and H® D(.) are vector-valued functions to be determined
later. As in the construction of the outer expansion terms, H(-%(.) and
H©®D(.) need to be determined by the use of the third equation in (3.15).
In fact,

dH- (1) N dHOD(w)
dr du

) exp(A©)7 + BOw)

dA (0)

= 7C" 9 exp(A(0)7 + B(0)u)—— + uC"? exp(A(0)r

dB(O)

+B0)p) —— + CO9 exp(A(0)7 + B(0)w)0(0).
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We separate the above equation into two equations

2 exp(A(D)r + BOW) = 7€V exp(A(0)7 + BOw) o,
%:(M) exp(A(0)7 + B(0)p) = pCO exp( A(0)T + B(O)M)dB(O)

+CO0 exp(A(0)7 + B(0)u)Q(0).
Note that exp(A(0)7 4+ B(0)w) is invertible and its inverse is exp(—A(0)7 —
B(0)w). By postmultiplying exp(—A(0)7 — B(0)x) to both sides of the
above two equations, we have

—dH(;:)(T) 7C D exp(A(0)7 + B(0)) (O) exp(—=A(0)7 — B(O)u),
(0,1)
de—,u(“) = uCO 9 exp(A(0)7 + B(0)u) d(tO) exp(—A(0)T — B(0)u)

+CO9 exp(A(0)7 + B(0)u)0(0) exp(— A(0)7 — B(O)w).
In addition, the following communitivity holds
dA(0 dA(0
P20 cxp(BO) = exp(BOW LA,

dB(0) dB(O)

exp(A(0)r + B(0)w) = exp(A(0)7 + B(O)n)——

O(1) exp(A(0)7 + B(0)u) = exp(A(0)7 + B(O)M)Q(t)-
It follows that

dHLO(+ dA(0
T() = 7C" 9 exp(A(0)7) d(t ) exp(—A(0)7),
dHO D dB(0 ~

i (m) — uC©:0 d(t ) + Cc© 20(0).

The solutions to the above equations are

H1O(r) = 0 / ’ exp(A(O)s)dA(O) exp(—A(0)s)sds + C 1,
(3.22)

H((] 1)(/“(') Zc(() 0) dB;Z(O) + C(U (])Q(O) 4 C(() 1)

where C(19) and C(O’ ) are constant row vectors to be determined by the
initial data. Choosing matched (between outer and inner terms) initial con-
ditions leads to

00(0) + (0,0 = p',  ¢H00) + 00, 0) =0,
% 0(0)+ " 9(0,0) = 0
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The first equation together with (3.19) gives C*9 = p® — ©©.9(0) and
the second and third equations together with (3.22) imply that C(L0) =
—o1:9(0), and COD = —p©®D(0). Substituting C*9, c1-9 and COD
into (3.22), we get

dA(0)

H0(7) = (p° — ¢ 9(0)) /OTGXP(A(O)S)T

x exp(—A(0)s)s ds — 1 9(0),
1 dB(0
HOD () = 5,%2(]?0 — 40(0)) d(t ) T

~ ¢ D(0).

This completes the construction of ¢®)(.,.) for 0 < i+ j < 1.
The construction of the solutions for 2 < i+ j < n+ 1 is similar. We
omit the details.

P° = ¢©9(0))0(0)

3.2.2. Exponential Decay of y>7)(-, )

We obtained the asymptotic series ¢(>/)(-, -) in Theorem 3.5. In this sec-
tion, we will verify the exponential decay properties of the solutions. Similar
to Lemma A.2 in [15, p.300], we have the following result.

LEMMA 3.6. Suppose that assumptions (Al) and (A2) are satisfied.

(a) Suppose P(s) is the solution to the differential equation:
dP(s)

~ 2 = P(5)4(0), P(0)=1 (3.23)
Then P(s) — P, as s — oo and
|lexp(A(0)s) — P,4| < K 4exp(—k 48), for some k4 > 0, (3.24)

where P, = diag(1,, v(0), ..., L,,,»(0)) and v(0) = (v1(0), ..., v,,(0)) €
RY>™ js the quasi-stationary distribution corresponding to the generator Q(0).
(b) Suppose P(s) is the solution to the differential equation:

P
dd_gs) = P(s)B(0), P(0)=1 (3.25)
Then P(s) — Pg as s — oo and
\exp(B(O)s) — FB| < Kpexp(—kpgs), forsome kg > 0, (3.26)
where
MO, o N(0),,
Po=| ; (3:27)
MO, - N0,

and A(0) = (A1(0), ..., A,(0)) is the quasi-stationary distribution of the gen-
erator Q(0) = (q,»j(O)).
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Proof.  To prove (a), note that 1, »(0) has identical rows (»1(0), ...,
V1, (0)). In view of the block-diagonal structure of A(0), we have

P(s) = exp(A(0)s) = diag(exp(é(O)s), e exp(é(O)s)).

By using Lemma A.2 in [15, p. 300], it is readily seen that there exist
constants K, > 0 and k4, > 0 such that |exp(Q(0)s) — ]lm(,V(O)| <
K ,exp(—k 4s). Thus P(s) - P, as s — oo and |exp(/T(0)s) - P, <
K , exp(—k 45). The first result is proved.

To prove (b), note that after some rows and columns are interchanged,
B(0) becomes the block diagonal form B, (0) = diag(Q(0), ..., Q(0)). That
is, there is an invertible constant matrix R € R™* such that RB(0)R™! =
B, (0). Similar to the first part of this lemma, we have

A

exp(B,(0)s) — diag(1,1(0), ..., 1,A(0)) € R™™ &ef Py, ass— oo,

where diag(1,A(0), ..., 1,A(0)) is a block diagonal matrix with r, blocks.
Consequently,

R 'exp(B,(0)s)R — R~ 'diag(1,A(0),..., 1;A(0))R, ass— oc.
Note that
R 'exp(B,(0)s)R = exp(R™'B,(0)Rs) = exp(B(0)s)

and Py has the form given by (3.27). Thus we have exp(B(0)s) — Py as
s — oo with the desired convergence rate. This completes the proof. 1

LEMMA 3.7. Suppose that assumptions (Al) and (A2) are satisfied. Let
P, and Py be defined as in Lemma 3.6. Then there exist constants K 4, > 0,
Kg >0, k;s >0, and kg > 0 such that |exp(A(0)s + B(0)t) — P, Py| <
K exp(—«k 45) + Kp exp(—kpt).

Proof. Notice the fact that A(¢) and B(¢#) commute. We start with the
inequality:

lexp(A(0)s + B(0)r) — PPy
= |exp(A(0)s + B(0)t) — exp(A(0)s)Pg + exp(A(0)s)Pg — P, Py
= |exp(A(0)s)(exp(B(0)r) — Pp) + (exp(A(0)s) — P,4)Pp|
< |exp(A(0)s)||exp(B(0)r) — Pg| + |exp(A(0)s) — P 4||Py|.

By Lemma 3.6, there exist constants K’y > 0, K > 0, k4 > 0, and k3 > 0
such that

lexp(A(0)s) — P4| < Ky exp(—k 4s), and
lexp(B(0)t) — Pg| < Kjexp(—kpt).
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Since |Pg| < My for some constant My > 0 and |exp(A(0)s| < M, for
some constant M 4, > 0, we have

|lexp(A(0)s + B(0)r) — P4 Py| < M 4K} exp(—rkpt) + MK  exp(—k 45)
< Kpexp(—kpt) + K 4 exp(—k 45).
This completes the proof. 1

Now we are in a position to state the result about the exponential decay
of l/j(lvl)(.’ )
THEOREM 3.8.  Under the conditions of Theorem 3.1, for each i, j with 0 <

i+ j < n+1, there exist polynomials ¢}/ (7, u) and cg'(t, w), and positive
numbers k 4 and kg such that

9D, )| < 5 (s w) exp(—ku7) + 5 (7, w) exp(—kpp).  (3.28)

Proof. Note that 7, p¥ = 1, and Y7, (,050’ 0)(0) = 1. It follows that
m 0,0 m m 0,0 . 0,0

> 00,00 = v p0 - 7 e P0) = 0. That is, ¢{"”(0,0)

is orthogonal to 1,,. Let P, and Py be defined in Lemma 3.6.
Recall the forms of P, and Pg. Then

o ()\1(0)]1,,,077(0) AI(O)]lmUﬂ-(O))
APB == ce
A (0) 1, 7(0) ... A[(0)1,, 7(0)
= L,,(A1(0)7(0), ..., 4,(0)7(0)) = 1, m,(0).

As a Consequence, ¢%9(0,0)P,P; = ¢©9(0,0)1,,7,(0) = 0, ie.,
(- 9(0) is orthogonal to 7, (0). By virtue of Lemma 3.7,

[0 (r, w)| = ¢ (0, 0) exp(A0) + BO))|
= W’(O’ 9(0,0)P,P5 — *9(0,0)P,Pp
+ (% 9(0, 0) exp(A(0)7 + B(0)p)|
< W(O’O)(O, 0)P 4 Pg|
+|¢@9(0, 0)(exp(A(0)r + B(0)u) — P4 Pp)]
= |20, 0)(exp(A(0)7 + B(0)n) — P,4Pp)|
< W’(O’ (0, 0)|(K 4 exp(—k 47) + K exp(—kpu))
<K, exp(—KAT)+I?B exp(—kpgu). (3.29)

That is, 4% (7, u) decays exponentially fast.
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Next consider (> V(7, w). Recall that @ D (7, u) = HO V() exp(A(0)
7+ B(0)w), where

1 ~
HOD(w)= 52 (p" = ¢“2(0)) = = +(p" = ¢7(0) 0(0) — ¢ 1(0).
Note that ¢ D(0)1 = Y7, o\ 1)(O) = 0. Since O(0) and B(0) are gener-

ators, Q(O)]l =0, and 8 (0) 1, w)ﬂ"') = 0. Thus we obtain

HOD()]1, = G/ﬁ(p o °><0)) 0

+1(p" = ¢ 0(0)0(0) — ¢ V(0)) 1,
gy B0,
+u(p’ — o O)(O))Q(O)]lm - @D, =0;
i.e., H®D(u) is orthogonal to 1,,. Hence,
|4 ©D(0,0)] = [HD(w)exp(A(0)7+B(O)w))|
=|H "D ()P Pg+HD (1) (exp(A(0)7+B(0)u) — P, Pp)|
= |H* () (exp(A(0)r+B(0)) — P, Pp)|
<[H®D(w)||exp(A(0)7+B(0)u) — P4 Pg|
= }H(O’])(M)KKAGXP(—KAT)+KBCXP(_KB,U~))
< wexp(—r4m) e (w)exp(—rpm),

where ¢ () and ¢§" () are polynomials of degree 2. Thus, 4© D(7, p)
also decays exponentially fast.
Next we show the exponential decay of (1% (7, u). Recall that

g0, 1) = HEO (1) exp(A(0)7 + B(0)pw),

dB(O)

where

HOO(r) = (p" = % (0)) [ exp(A(0)s)
0
¢ 9(0).
Since ¢ 9(0) is orthogonal to 1,,, and

dé—f”exp(—A(O)s)hdA(o)(Z( sk <A<0)))

e \,=

d/;(to) exp(—A(0)s)s ds

- S oy,
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:difn<hﬂu,~—@ﬂ0»ﬂ +3, (A«DYH e )
dAan( _dA©)
HOO@)L,, = (6 = @00 [ o400 “ 2 exp(-A©))s s
)
= (" — ¢ 9(0)) /07 exp(A(O)s)%(f) exp(—A(0)s)Lsds

o001, =0
So we have shown that H(1:9(7) is orthogonal to 1,,. Thus we have
900, 0)] = |[H® () exp(A(0)7 + B(0)w)]
= [H" O (w)(exp(A(0)7 + B(0)u) — P4 Pp)|
< ‘H“’O)(M)| } exp(A(0)7 + B(0)un) — FAFB|
= |H(1’0)(M)|(KA exp(—k 47) + Kpexp(—kpu))
< ¢ () exp(—r47) + ¢ () exp(— i),

where c(Al’o)(,u) and c,(;’o)(,u) are polynomials of degree 2.

The proof for the cases of 2 < i+ j < n+ 1 are similar to the above.
Hence we omit the details. The theorem is proved. 1

Since the growth of cg’o)(u) and cg’o)(/u) are much slower than expo-
nential, we have the following two corollaries.

COROLLARY 39. For 0 < i+ j < n+ 1, we have |p0I(r, )| <
K 4 exp(—k4) + Kpexp(—«p).

COROLLARY 3.10.  Suppose there exist constants hy > 0 and h, > 0 such
that hye < & < hye. Then for any integers 0 < i+j <n+1, |rp D (1, w)| <
Ky, and |up> (7, w)| < K,, for some constants K, > 0 and K, > 0.

4. ERROR ANALYSIS

In this section we will validate the asymptotic expansion. Recall that the
operator L®? is defined by (2.5). We first prove a lemma.



SINGULARLY PERTURBED MARKOV CHAINS 301

LEMMA 4.1. Suppose that for some 0 < k < n+ 1, sup,g 7 |L*°v*°
()] = O(e* + 8%) and v*°(0) = 0. Then sup,o 7y |v*°(2)| < O(* + &%).

Proof. Let m®°(t) be a vector-valued function satisfy sup,.( 7| |n®°

(1)|O(&* + 8%). Consider the differential equation

L% 2(t) = n* (1), v*?(0) = 0. (4.1)
Now the solution of the above equation is given by v*°(¢f) =
fy m®2(s)X>?(t,5)ds, where X?>°(t,s) is a principal matrix solution.
Since X% ?(t,s) is a transition probability matrix, | X ?(t, s)| < K, for all
t,s € [0, T]. Therefore, we have the inequality

t
sup |v*%(¢)] < K sup / In%2(s)| ds < K(&* + 8%).
te[0,T] te[0,7]70

This completes the proof. 1
In view of (3.1), e*%*(¢) is defined as e®2*(¢) = p®o(t) — > > k(1) —
% k(t/e,1/8), where p®?(-) is the solution to (2.2), and ¢* % *(-) and

% k(.,.) are constructed in previous sections. We will estimate the error
term e %"(t). We have the following result.

PROPOSITION 4.2.  Assume (Al) and (A2). Suppose there exist con-
stants hy > 0 and hy > 0 such that hye < 8 < hye. Then, for 0 < i < n,
Sup,cpo, 7y [€” > (1] = O(e™! + 7).

Proof. We first prove the result for
1 Lot
(1) = p i) — Y st D) — 3 sl(sjlll(l’])(—,g).
i+j=0 i+j=0 €

It is easy to see that e*%1(0) = 0, and hence the condition of Lemma 4.1
on the initial data holds. By the definition of L*°, L% ?p®(¢) = (. Conse-
quently, we have

1
La,éeg,é,l(t) — Le,8p5,5(t) _Ls,S( Z 8i5jg0(i’j)(t)>
i+j=0

Lt
_L&?d > 3’81111(”/)(—,—)
i+j=0 €9

1 1
e o[t t
— _ 150 isioN() ) — Le? ishyGN 2 Z
(ze ¢ <>) > eyt L L

i+j=0 i+j=0

=" [% ( > s"sfso“’f)(t)) s Siﬁ’so("”)(t)Q‘“‘s(t)]

i+j=0 i+j=0
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d L/t t
=X 3’811;/(”1)(—,—>>
|:dt <i+j—0 g 6

-y iyt oL t)QS’S(t)}-

i+j=0

Based on the smoothness of ¢(>/)(-) on [0, T] and the defining equation
(3.4),

! 1
%( Z 8i8j¢(i’j)(t)> - Z Siﬁjgo(i’j)(t)QS,B(t)

i+j=0 i+j=0
d (1,0) . d 0,1) ~
_ (‘PT“) - w(l’o)(t)Q(t)) n 5(*"7@ - ¢<°’1>(r>Q<t))
= O(e + 9).

Now let us estimate the terms containing (> /)(-, -). Recall that

0%5(t) = %A(O) + %B(O) + (rd’ji(to) + ,udB(O) + Q(O))

+O0(et* + 5u’ + dp),

where 7 = t/& and u = /6. According to the exponential decay property
of (>)(.,.) and the defining equations (3.15) and (3.16),

d (s sign(L ! S isi D) 5.3(s
Gl 2w (L5)) - 2 e (L F)em

i+j=0 i+j=0

d Lttt Lt
_“ Z gtajl//(l,j)(_, _)) _ Z Slsjlﬂ(t’j)(—, _>
dt (i+j=0 e 8 i+j=0 e 8

x (%A(O) + %B(O) + (7 d[ji(to) dB(O) + Q(O)) + O(eT + 8,u)>
= (e, ) + 590, u»(Tdflﬁo) I o)

1
— Y YD (r, w)O(em 4 Su® + Su).
i+j=0

Based on the exponential decay of #/)(., ) and Corollary 3.10, we obtain

d Lt ot ot 5
1 5 oo 2.9)) - % cowor((, Do -

i+j=0 i+j=0
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Thus we have proved that L®%¢%%!(t) = O(e + &) uniformly in [0, T].

By Lemma 4.1, we have e % 1(¢) = O(& + &) uniformly in [0, T]. Next we
show the result holds for i = j = 0. Note that

t t
e P1(0) = e (1)~ (1) = 360 V(o) — e O£, 1)

g 0
t t
—_sypOD(Z ).
v g’ 8
By Corollary 3.10 we have

t t t
eo10(1) + 860 1(1) + sw’m( , 5) T oy 1)(;, 5) — O(e +5),

uniformly in ¢ € [0, T]. Thus > %%(¢) = O(e + &) uniformly in ¢ € [0, T].
Similarly, we can estimate e® % "(¢). In fact, from

t
e

ntl o ntl o g
B = p0) = 3 e - 3 a1, 1),

i+j=0 i+j=0

we see that e*%"*+1(0) = 0, and

bl nlo g
Lo (=L p=o(n)— ¥ &8/t (1)— 3 815111/,(1,1)(_’_)
&

i+j=0 i+j=0 o
nbl o ntlo g
=_Le,8 Z Elﬁng(l’])(t) _La,B Z 818}¢(1,1)<;’5>
i+j=0 i+j=0

d (. el o
:_|:E< Z 8‘5/¢(’sl)(t)>_ Z 815/¢(l’j)(t)Q8’6(t):|

i+j=0 i+j=0

d (™= o/t ¢t
= > 818/411(”])(—,—))
|:dt <i+j=0 g 8

fa isiyGn (L L)oo
-2 &y (;s5> () |-

i+j=0
It follows from the defining equations of ¢(/)(.),
d{ = ntl o
9T soeerm) - T o600 )
i+j=0 i+j=0

_ it (dso“"”(r)

2= 0000
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do™D ~
(2 e 0o
dt

Based on the smoothness of ¢(>/)(-) on [0, T] and the assumption ;& <
6 < h,e, we have

di{ = . ax S
- Z Elaj(p(l’j)(t) _ Z 8181¢(z,1)(t)Qs,3(t) — 0(8n+1 + 8n+1)
dt\ ;770 i+j=C
J= i+j=0
uniformly in ¢.
Now we estimate the terms containing % /)(-, -). According to the expo-
nential decay property and the expansion of Q% (-, -),

d( &8 an(t ! i) 05
Gl X saen(L 1)) - 3 datuen (£, £)oeo

do0ntD) (4 N
4t 5"“(90—() — o ”“)(I)Q(t)).

i+j=0 i+j=0
d{ ! t bl ot
=— > PUUVA 1)(_ _)) -3 815/¢(1,1)<_’ _)
dt(iJrj 0 €9 i+j=0 €9
y f Tt dAQ) | wt dBO) | ot d*0(0)
k! dik k! dt* k! dtk
n+1 t
- Y e 5J¢(1 ) 0(8n+17n+2 + 8n+1ﬂn+2)
i+j=0 6
n+1
t
=0 + 8"+ Y P UTAG 1)( 5)0(8"+17n+2+6n+lﬂn+2)
i+j=0 8

— 0(8n+1 4 5n+1),
so we have L®%¢%%"1() = O(&""! + §"*!) uniformly in [0, T]. By
Lemma 4.1, we have e®%"1(¢) = O(&"*! + §*!) uniformly in [0, T].
Finally, from the expression of e®%"*!(r), we have e*%"(1) =
e® (1) + O(e"! 4 §"*1). This implies that e*%"(t) = O(e"! 4 §"*1)
uniformly in ¢. This completes the proof of the corollary and hence the
proof of Theorem 3.1. I

5. FURTHER REMARKS

5.1. Asymptotic Expansions for €/8 = o(1)

In the previous sections we have constructed expansions for Markov
chains with generators that have two small independent parameters such
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that ¢/6 is bounded. In this section, we consider the case ¢/6 = o(1); i.e.,
& goes to zero much faster than 8. To be more specific, let & = §2.
Suppose that the generator is of the form (2.3) with & = 8%, where A(¢),

B(t), and Q(¢) are as before. We seek asymptotic expansion of the form
po(t) = @%"(t) + 2 "(t/8%) + €% "(¢), where the regular part the initial
layer corrections are

n

n i (i n i !
&0 =3 8600, vt () = za W9 (53)-

i=0

respectively, and e%"(¢) is the remainder.

5.1.1. Outer Expansion

Consider the differential equation % = ¢%"(1)Q°(1); that is,

" de(t " 1 1 PN

> a9 0 300540+ 550+ Q).

P dt s o )

Equating the coefficients of 8, we have the following system of equations
572 1 0= O()A(®),

571 1 0=¢W(N)A() + e (1)B(r),

5 dqodt(t) e ()AL + oD (BN + (D01, (5.1)
5! —dqp(;(t) = e A1) + P ()B(1) + oD (1)O(1),

It is easy to see that ¢O(¢) = m,(t) = (A(t)7(t), ..., A, (t)m(t)), where
A(-) and m(-) are as defined previously. In addition, we have, for any ¢ €
[0, 7], T2 0 (1) = 1.

To find the solution ¢()(¢), we first notice that ¢ (¢)B(¢t) = ,(¢)B(t) =
0. Now from the second equation of (5.1), we have ¢(1)(¢)A(t) = 0. Hence
the vector-valued function ¢V(¢) = (x,(t)m(¢), ..., x,(t)7(t)) is a solution
to the second equation in (5.1), where x(¢) € R™ is any vector-valued
function that satisfies the condition Y/_, x;(#) = 0.

To obtain ¢(?)(¢), we examine the third equation in (5.1). By substituting
©O(t) and ¢ () into the equation, we have

<d)2t(t)”(t)"' d)\,(t) (t)) <1(t)d77(t) 1(t)d7r(t)>

= o) A(t) + (xy (D7 (D), ..., x,(£) (1)) B(t)
F A (0)m(L), .., A ()7 (1) O(1). (5:2)
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To solve (5.2), it suffices to solve the following two equations derived from
it,

(MOT MO = P00 nd (53)

(M

w(t),...,d’\l(t) w(t) | = (x1(O)7(2), ..., x,(£)m(¢))B(¢)
dt

+ (XN (O)7(), ..., M(O()O(1). (5.4)

We first look at (5.4). It can be reduced to

= (x1(), -, x,(0))(g;(1)

+ (A1) -+ M(D(D))(G5(1)).

Note that (d)‘dl—t(’), ce d)‘dl—f’))ll, =0, and (g;(#))1, = 0. By the weak irre-

ducibility of ((}U(t)) we can uniquely solve the equation for x(t) with the

(20, 0 _

condition Y_'_, x;(t) = 0. The last equality implies >, ¢; )(t) = 0. Sim-
ilarly, we can solve (5.3) for ¢®(r) so that Y7, ¢\”(t) = 0. For i > 3,

() can be obtained similarly.
5.1.2. Initial Layer Correction

To construct the boundary layer terms, we consider another time scale
7 = t/8%. Consider the differential equation

dy="(1/8%) _

Ty A0+ 8000 659)

Taking Taylor expansion of Q°(¢) at ¢ = 0, we have

e kdkA(0) 7 d*B(0) 7 d*0(0)
552 §2k—2T_ §2k—1T_ 52k T
0'(&%r) = E( K dik K dik Kl dik

+ R"D(§%7),

where RU"1(¢) = O(¢"*?). Drop the term R"+D(827) and substitute the
rest of the terms into (5.5),

n+1 ’Tk k
T (Za w“’m) st(r)z (82" ’ !d d/:,fo)

i=0 i=0

2 1 K d¥B(0) | u* d*Q(0)
T Tk T A )
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Equating the coefficients of 8, we obtain
L yO(r) = 4 O(r) A(0).
dr
d
—0 () = g (@) A©) + wO(7)B(0),
T

L) =4O A0) + pOD)BO) + 9O (r) GO
) (TdA(O)

dt +Q(0)),

The solutions to (5.6) are
¥O(r) = $O(0) exp(AO)7).
(1) = #O(0) exp(AO)7)
+ [ #O(5)B(s) exp(AO)(7 =) ds.
V(1) = () exp(AO)7) (57)
+ [[@OOBE) + 4D
x exp(A(0)(r = 5)) ds,

2

where D(s) = (s%4Q0 0(0)). The initial values of ®(0) satisty ¢ (0) =
P = ¢0(0), $(0) = —p(0), for i = 1.

Denote P, = diag(1,, »(0),..., 1, »(0)). Similar to the previous sec-
tions, |exp(A(0)s) — P4| < K ,exp(—« 45) for some k4 > 0. In addition,
we have the following exponential decay properties of ¢()(-). The proof
of the following proposition is similar to that of Lemma 3.7 and is thus
omitted.

PROPOSITION 5.1. For each i = 0,1, ...,n+ 1, there exist a polynomial
c(7) and positive number «k such that ¢(‘)(T)| < (1) exp(—«kr).

By A virtue of Proposition 5.1, we have for any i = 1,...,n + 1,
|T*y@(7)| < K, for some K >0andi=1,...,n+1.

5.1.3. Asymptotic Validation

Now we give the estimate for the error term e%"(t) = po(t) —
S e®(t) — Y0, #(¢/8%). The next proposition is the asymptotic
property of the expansion.
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PROPOSITION 5.2. Assume (Al) and (A2). Then, for 0 < i < n,
SUpP;eqo, 7 le®i(1)] = O(8™1).

The proof of the proposition follows from Proposition 3.7 and the proof
of Proposition 5.1. Thus we omit the details here. As a corollary of the
above proposition, we have limg_,, p®(¢) = ¢V (¢) = m,(2).

5.2. Concluding Remarks

In this paper, we have developed asymptotic expansions of the proba-
bility vector. The results obtained will be useful for many optimal control
problems that involve singularly perturbed Markovian models with multiple
time scales. The choice of the generators A(¢) and B(¢) is largely motivated
by the applications in control and optimization of manufacturing systems.
If A(¢) and B(t) are both weakly irreducible (i.e., consisting of one block),
the asymptotic expansion similar to the development discussed in this paper
can be obtained. Such a treatment can be used for certain reducible matri-
ces having different forms than those of this paper. However, if A(#) and
B(¢) have different partitions in the most general form, it appears that the
construction of the asymptotic expansion cannot be done as here since the
algebraic and differential equations involved may not be consistent. Future
study can be directed to the investigation of further probabilistic properties
of the model.
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