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Abstract—First, a general framework for the auxiliary problem principle is introduced and then
it is applied to the approximation-solvability of the following class of nonlinear variational inequality
problems (NVIP) involving partially relaxed monotone mappings. Find an element z* € K such that

(T(z*),z ~x*) + f{z) — f(z*) 2 0, for all z € K,

where T' : K — R™ is a mapping from a nonempty closed convex subset K of R™ into R™, and
f : K — R is a continuous convex functional on K. The general class of the auxiliary problem
principles is described as follows: for a given iterate ¥ € K and for a parameter p > 0, determine
z*+1 such that

<pT (xk) + A’ (zk"'l) —-n (zk) T — zk+1> +p [f(a:) ~f (:ck+1)] 2 (—ak) , for all z € K,

where h : K — R is m-times continuously Frechet-differentiable on K and ¢* > 0 is a number.
© 2003 Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

In their ongoing research on generalized Newton’s method, Argyros and Verma [1] used inexact
Newton-like iterative procedures to approximate a solution of a class of nonlinear equations in a
Banach space setting, since approximating a solution of a nonlinear equation using Newton-like
iterates at each stage seems to be quite expensive in general.

On the top of that, it turns out that some of the auxiliary results from this work seem to have
a great impact on auxiliary problem principle (2] and general auxiliary problem principle [3] and
their applications to the approximation solvability in the general sense. For a better account on
the auxiliary problem principle and nonlinear variational inequalities, we refer to [2-10].
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In this paper, we intend first to introduce a general version of the auxiliary problem principle
and then apply it to the approximation-solvability of a class of nonlinear variational inequalities.
The obtained results do complement the earlier works of Cohen [2] and Argyros and Verma [3]
on the approximation-solvability of nonlinear variational inequalities in different space settings.

Let T': K — R™ be any mapping from K, a nonempty closed convex subset of R”, into R". Let
f: K — R be a continuous convex function on K. We consider a class of nonlinear variational
inequality problems (abbreviated as NVIP) involving partially relaxed monotone mappings as
follows. Find an element z* € K such that

(T(z*),z —z*) + f(z) - f(z*) 20, for all z € K. {1.1)
Let |lz|| 5 denote the norm induced by the positive definite matrix B, defined by
lzls = (Bz,2)"/2.

And let ||z]|2 denote the standard Euclidean norm on R™ with respect to the dot product (.,.).
A mapping T : K — R" is said to be v-u-partially relaxed monotone if for all z,y,z € K, we
have
(T(z) = T(y),z = y) Z (=7 - 2l” + ullz - ],
where v, u > 0 are constants.
Clearly, it implies that

(T(z) = T(y), 2 ~y) 2 (=)llz — zl|.

The partial relaxed monotonicity is more general than the notions of strong monotonicity
and cocoercivity. For more details on partial relaxed monotonicity and cocoercivity, we recom-
mend [3,4,9].

2. GENERAL AUXILIARY PROBLEM PRINCIPLE

This section deals with a discussion of the approximation-solvability of the NVIP (1.1}, based
on a general version of the existing auxiliary problem principle (APP) introduced by Cohen [2] and
later studied by others. This general version of auxiliary problem principle (GAPP) is described
as follows.

GAPP 2.1. For a given iterate z*, determine an z**! such that (for k& > 0)

(pT (ask) + K (z‘k+1) — K (:z:k) T — zk+1> +p [f(:l:) _ f (a:kH)] g (~0k) ’ (2 1)
for all z € K, ’

where h : R* — R is m-times continuously Frechet-differentiable (m 2 2, an integer) on R, p > 0
a parameter and the sequence {c*} satisfies

o
ok >0, Zok < 00.
k=1

When m = 2, GAPP (2.1) reduces to the following.
GAPP 2.2. For a given iterate z*, determine an *+! such that

<pT (zk) +H (mk“) —h (z:k) T — $k+1> +p (f(z) ~f (:xk+l)) z (__Uk) , (2 2)
for all z € K,

where h : R* — R is two-times continuously Frechet-differentiable on R™,p > 0 is a parameter
and the sequence {o*} satisfies

o
ok 20, Zok < 00.
k=1

Next, we recall some auxiliary results crucial to the approximation-solvability of the NVIP (1.1).
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LEMMA 2.1. Let E; and E; be two Banach spaces and h : E; — E, be a nonlinear mapping
such that h is m-times continuously Frechet-differentiable (m 2 2 an integer) on E;. Suppose
that there exist an z* € E; and nonnegative numbers a, a; (i = 2,3,...,m) such that

(R () = ™ (2%), (@ —2*)™) Z alle - 2|+

and
B® (z*)

2 i, fori=2,3,...,m.

Then we have
h(z) = h(z*) — (K(2*),z — z°)
{24 () le-al et (55) hemm ]+ [(m—il—),] o -t

le — 21>

PrOOF. The proof follows from the following identity [1] and hypotheses of the Lemma 2.1:
1

h(@) - hiz*) - (K(="),z ~2*) = /0 (W (2" + 61 (2 — 2°) — I (&")] & — =*) dfy

1 1
_ / / ((B"(z* + 620y (z — 7)) — h"(z*)), B (= — z*)2) dBy db

0 0

1 1

+/ / <h"(.’l:*),91(.’l:—.'13')2> dé, do,
0 0
1 1
== [ [ {1+ 0oy a2 = 7] - K@)}
0 0
O 02 _5.. O 20m (2 — x*)m> B A1 . . . B dby
1 1
oo [0, bu(o - 2°)2) do do
0 0

For o = 0, in Lemma 2.1, we have the following.

LEMMA 2.2. Let E; and E; be two Banach spaces and h : E; — E» be a nonlinear mapping
such that h is m-times continuously Frechet-differentiable (m 2 2 an integer) on E;. Suppose

that there exist an z* € Ey and nonnegative numbers o; (i = 2,3,...,m) such that
<h("‘)(z) — R (%), (z — x*)'"> >0
and
’ h(® ()| 2 o

Then we have

hz) - h(z") = (K@), s -2 2 [+ (G) e ="+ + (52) e = 2”12 e - =°)1%

LEMMA 2.3. Let E; and E; be two Banach spaces and h : Ey — E3 be a nonlinear mapping

such that h is m-times continuously Frechet-differentiable (m 2 2 an integer) on E;. Suppose
that there exist an =* € E; and nonnegative numbers 3, 5; (i = 2,3,...,m) such that

(h™ (@) — ™) (z*), (z — 2°)™) < Blle — &* ™+
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|

and

h) (%) £ 8, fori=2,3,...,m.

Then we have

h(z) — h(z*} - (' (z*),z — ")

s {[% + (%) le -z +- -+ <%—,> llz — x*um-Z] + [(—m“?T)'] llz — x*um—l}

Jlz —2*|1%.

We are just about ready to present, based on the GAPP (2.1), the approximation-solvability
of the NVIP (1.1).

THEOREM 2.1. Let T : K — R"™ be ~y-u-partially relaxed monotone from a nonempty closed
convex subset K of R™ into R™. Let f : K — R be proper, convex and lower semicontinuous
on K and h : K — R be m-times continuously Frechet-differentiable (m 2 2 an integer) on K.

Suppose that there exist an *' € K and nonnegative numbers o and a; (i = 2,3,...,m) such
that
(™ () = K™ ('), (z = )™} 2 aflz - o)™, (2.3)
' h“’(a:')“ 2 o, (24)
(h™(z) = K@), (@ = 7)) £ Bllz = 2, (2.5)
] h(")(x’)” <B, fori=23,...,m, (2.6)
and
o
ot 20, Za" < 00. 2.7
k=1

If in addition, z* € K is any fixed solution of the NVIP (1.1) and

Q2
0<p< (=),
< (27)

then the sequence {x*} converges strongly to z*.

PROOF. To show the sequences {z*} converges to z*, a solution of the NVIP (1.1), we need to
compute the estimates. Let us define a function A* by

A*(2) = h(z") - h(z) — (K(z),z" — ).
Then, by Lemma 2.1, we have
A*(@) i= ha") - h(a) - (W(@), " )
2 {5+ (5) 1o =l oot (S2) " =2l + (g ) b~} )

Jlz* — zlf?
for z € K, where z* is any fixed solution of the NVIP (1.1). It follows that:

A* ($k+l) — h(:l:*) —h (IL‘k+1) _ (hl (.’L‘k+1) ,.’L‘* _ .’L‘k+1>.
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Now we can write
A* (z%) — A* (*11)
=h ($k+l) —h (xk) _ <h/ (.’Bk) ,.'Ek+1 _ Cl:k> + <hl (xk-f-l) K (SCk) ,.’L’* _ .’L‘k+1>
2 {[G+ () I =tk (35 sk = 4™
k+1 _  kjm—1
() I - } 29
“ k+1 _ wkn + h' (a:k“) _K (a:k) - xk+1> ’
([ (e oo (B bt
+ ((WQ-FT) Hmk+1 _ Ik”m—l} ”xk+l _ ka2
+p<T( )’ k+1 _ >+p(f(.’[k+1)—f(.’1,‘*))—0'k
for z = z* in (2.1).

If we replace z by £¥*1 in (1.1) and combine with (2.9), we obtain

A* (zF) — A* (2*7T)

{5+ () G 1 g

-H:rk"'l—a:kH +p<T($ ), 2k 1 _zY - p(T(z*) ), 2kt —g*) - o*
(G G I et (3 )||ack+l~ac'°n""""]+(———(m+1 ) et a4
bt 2P+ o (T (2F) - T (2) R — ) -

Since T is A-p-partially relaxed monotone, it implies that

A* (z%) — A* (2F)
Z{[%"F(%%) ”xk+1—.xk” R (%) Hmk+1_xk”m—2]+(mgm> ”xk+l—zk”m—1}
e e e ] e e

2 [ et = 2 = o ot - ot

= (3) faa - 200 o+ =M + et - 27| = o

2 (-o*), for ay — 2py > 0,
that is,
A* (:ck) — Ax (gFt1) 2 (-0F). (2.10)
It implies that
A* (zFt1) — A* (z%) < 0% (2.11)
If we sum from £ =1,2,..., N, we arrive at

N oo

Z [A* (.Tk+1) ~A* (mk)] § Zak‘
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As a result of this, we can get

A* (V) — A (2Y) S iak. (2.12)
k=1

It follows using (2.8) from (2.12) that

[ 2] 1"+ = a*||” £ A" (a1) + - o (2.13)
k=1

Under the hypotheses of the theorem, it follows from (2.13) that the sequence {z*} is bounded.
Let " be a cluster point of the sequence {z*}. Then taking the limit of (2.1) results =" a solution
of the NVIP (1.1).

If we replace £* by z” in the above proof, the proof holds for z~ and the corresponding sequence
{A*(z*)} still turns out to be strictly decreasing. As a result, using Lemma 2.3, we have

@) <{ [ (B) ot 4ot (5 ) Ikl gy et ==

it =

This clearly implies that
A (z%) -0, as k — oo.

Similarly, by applying Lemma 2.1, we can have

"

Based on the above inequality arguments, we conclude that the entire sequence {z*} converges
to " This concludes the proof.

v @ 2{[5 (3 e (5 =T [ et

k 2

|l=* -]
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