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which requires the image space of the operator to be W21 and the operator to be bounded,
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1. Introduction

This aim of this work is to develop a numerical algorithm for the hypersingular integral equations of the first kind of the
form

0! !
a(x)/ 7dt+/ L(t,x)p)dt =f(x), —1<x<1, (1.1)
1 (t=x)? -1
where the unknown function ¢ (x) has square-root zeros at the end-points, that is, ¢(x) = /1 — x2g(x) with g(x) smooth,
a(x) is bounded and belongs to L>[—1, 1], L(t, X) is a regular square-integrable function of t and x, and f (x) is smooth. The
first integral is understood in the sense of Hadamard finite part, that is,

1 X—e 1 _
/ﬂdt: lir(1)1+|:/ ﬂdt—k/. @(t) dt_§0(X+8)+¢(X 8):|’ <x<1. (12)

1 (£ —x)? -1 (E—x)? +e (E—X%)2 €
Eq. (1.1) arises frequently in a variety of mixed boundary value problems in mathematical physics such as water wave
scattering and radiation problems involving thin submerged plates [1-4] and fracture mechanics [5]. Usually, Eq. (1.1) is
solved approximately by an expansion-collocation method [6].
In this work, we will present a new simple and effective method for the reproducing kernel space.
To solve Eq. (1.1), we first slide over the hypersingular integral term of Eq. (1.1). Note that in the sense of Cauchy principal
value,

/1 V1—¢?
——dt=
1 t—x
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holds. Therefore,

1 1 1
[ Eogar= [ Vice 2w L[ VimeE
—1 - - -
:dx[/ Vi-afO By ()/ ” dti|
-1
d[/ 108 g g
-1 -

1 ~ B _
- / J1_p g (tX)_—:)%(t) £ 4 —7 (') +g).

Then Eq. (1.1) can be converted into

_ _ 1
a(x)/ V1 A (tx) —:)gz(t) g dr + / V1= 2L, x)g(t)dt = fx) + maX) (xg' (x) + g(x))
- -1

=fik), —-1=<x=<1. (1.3)

InEq.(1.3), W isregarded as gﬁz(x) st =x.S0 %ﬁg@g(x) € C([—1, 11 x[—1, 1]). This means that the

singularity of Eq. (1.1) has been removed. When computing integrals, the Gauss-Chebyshev quadrature rule of the second
kind is an appropriate choice.

In this work, by solving Eq. (1.3), we will give the exact solution of Eq. (1.1), denoted by a series, in the reproducing kernel
space. After truncating the series, the approximate solution is obtained. The approximate solution converges uniformly and
quickly to the exact solution of Eq. (1.1) on the interval [—1, 1]. It is worth pointing out that, unlike other numerical method
solutions, our numerical approximate solution is continuous and converges uniformly to the exact solution of Eq. (1.1). The
two experiments at the end show the efficiency of our method.

2. Preliminaries
Definition 2.1. W[—1, 1] = {u(x)|u” (x) is an absolutely continuous real-valued function
on[—1, 1]and u”[x] € [*[—1, 1]}. (2.1)

The inner product and the norm of W[—1, 1] are defined as follows:

2 1
U, Vw11 = Zu<‘>(—1)v<”(—1) +/ u" (v (x)dx, Yu, v e W[—1,1]. (2.2)

i=0 -1

Theorem 2.1. The reproducing kernel of space W is

_ JRix,y), y=x
Rex Y)_{Rz(x,y), y>x

where

1

Ritoy) = o (276 + 195y + 40y +y° + 5x (39 + 56y + 18y* — y*) + 10x* (1 +)> (4 +)) .
1 2 5 2 4 2 2

Rz(x,y):ﬁ(z76+195x+40x +X° + 5y (39 + 56x + 18x* — x*) + 10y* (1 +%)* (4 +x)) .

See the Appendix for the proof of Theorem 2.1, above.
3. Several lemmas

Let us discuss how to solve ¢(x) from Eq. (1.1) in the next two sections.
Put
U[—1, 1] = {u(x)|u(x) is real and absolutely continuous on the interval [—1, 1]}.
Define operator A as follows:

_ 1
(Ag)(x):a(x)f JT—pEwe (tx) +)‘§(t) g(x)dH—/ V1— oLt ngtdt, —1<x<1. (3.1)
- -1
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We can easily obtain the following four lemmas.

Lemma 3.1. Suppose that u(x) € C[—1,1], and for a fixed x; € [—1,1], u(x) € C'[—1,x],u(x) € C'[x;, 1]; then
u(x) e U[—1,1].

Lemma 3.2. Let k(t,x) € C([—1, 1] x [—1, 1]); then L]] k(t,x)dt € C[—1, 1].

Lemma 3.3. Let h(t) € [*[—1, 1], k(t, x) € C([—1, 1] x [—1, 1]); then fll h(t)k(t, x)dt € C[—1, 1].
Lemma 3.4. Let k(t, x) € [*([—1, 1] x [—1, 1]), h(t) € C[—1, 1]; then f_l1 k(t, x)h(t)dt € [*[-1, 1].
Lemma 3.5. Operator A maps W[—1, 1] into L*[—1, 1].

Proof. Taking any g(x) € W[—1, 1], using W € C([—1, 1] x [—1, 1]) and Lemma 3.2, it follows that the

first integral in A belongs to C[—1, 1]. Besides, from L(t, x) € [*(]—1, 1] x [—1, 1]) and Lemma 3.4, one obtains that the
second integral in A belongs to L>[—1, 1]. Hence, A maps W[—1, 1] into [?[—1, 1]. O

Let {x;}7°, be a dense subset of interval [—1, 1]. Put

Vi(x) = [AR(x, £)](xi). (3.2)

Theorem 3.1. ¥;(x) € W[—1, 1].
Proof. (a) From

\/—2 ()tR(X Xi)(t — x;) + R(x, t) — R(x, X;)

dt
(t —x;)?

Yi(x) = [AR(x, £)](x;) —a(X)/

+/ v 1 —t2L(t, x)R(x, t)dt,
-1

it follows that
1 —ﬁR(X x)(t — x;) + R(X £ — 92 R(x. x)
1501'”()() = a(X,')/ m 9x29t 1 i el : "
-1

(t - X1)2
1 82
+ / V1-— tzL(t,xi)ﬁR(x, t)dt
1 X
=141,

1 — RGx) (£ — %) + L5R(x, £) — L3R(x, X))
a(x) f V1 — 2o : ! 2 dt
-1

(t - Xz)z
1 83
+/ \/l—tZL(t,x,-)FR(x, t)dt
1 X
I+ 1v.

/// (X)

RGx. %) (t—x{)+ azR(x [)— R( Xi)
(t— xl)2

. 3 R(x,x;) (t— x,)+ 3R(x t)— R(

we obtain I, I, IV € C[—1, 1]. Because —adat . x)2 belongs to C([—1, x;] x [—1, 1]) and C([x;, 1] x

[—1, 1]), it follows that Il € C[—1, x;] and C[x;, 1]. Therefore, wi”(x) € C[—1,1], ¥/"(x) € C[—1, x;] and C[x;, 1]. It follows

that ¥ (x) € U[—1, 1] and ¥/’ (x) € [2[—1, 1] from Lemma 3.1. Thus, according to the definition of W[—1, 1], ¥;(x) €

wW[-1,1]. O

Since L(t, x;) € L*[—1, 1] 2 R(x, 0, 4 R(x £), szat

) 3 v € C([—1, 1] x [—1, 1]) and Lemma 3.3,

4. Main results

Theorem 4.1. {v;}7°; defined by (3.2) is complete in W[—1, 1].
Proof. From Theorem 3.1, v;(x) € W[—1, 1]. Letu € W[—1, 1] such that (u, ¥;) = 0. From

0= (u, ¥i) = (W), ARK, ) (x;)) = [A(ux), R(x, ))](x:) = (Acu(t))(x:) (4.1)
and the density of {x;}7°, being in [—1, 1], we obtain Au = 0. Note that Au = 0 has a unique solution. We obtainu = 0. O
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Fig. 1. The figure of the absolute error ¢, — ¢ for Example 5.1 forn = 5, 15, 25.

Using the Gram-Schmidt process, we orthonormalize the sequence {;};°, and obtain the orthonormal system {%};’il,
that is,

i
Y= Zﬂi/ﬂ/fk, Bi>0,i=1,2,....
=1

{¥;}2°, is an orthonormal basis of W[—1, 1].

Theorem 4.2. Let {x;}°, be a dense subset of [—1, 1]; then:
(a) The exact solution of Eq. (1.1) is p(x) = +/1 — x? Zfi]f,l/_f, where fi(x) = f(x) + ma(x) (xg/(x) +g(x)),fl- = ZL:]
Bifi (), i=1,2,....
(b) n(x) = /1 —x2 Z?Zlfir',- converges uniformly to the exact solution ¢(x) of Eq. (1.1).
Proof. (a) Let ¢(x), g(x) be the exact solutions of Eq. (1.1) and (1.3) respectively. We have
(&, Y1) = (g, [ARK, )] (%)) = Ac (g, R(x, 1)) (%) = Ag (X)) = f1(xi0).
So,

@) =) Bulg v =Y _ Bufitx) =F.
k=1 k=1
Hence, p(x) = V1 —x2g(x) = V1= x2 Y22, (g, )i = V1 —x2 312, fi.
(b) Write g,(x) = Y L, fiti; then ¢, (x) = +/1 — x2g,(x). Since
IR MYy = R, 9), R(x,¥)) = R(x, X)
is a polynomial of x, we obtain that forany —1 < x < 1,

lon(®) — ()| = V1 —x2gu(x) —g(®)| = V1 —x2|(ga(y) — (), R(x, y))|
< lign — gl - IR, W lw < Mllgn — gl
So, from ||g, — g|lw — 0, as n — oo, the conclusion follows. O

5. Numerical Examples

In this section, we will demonstrate the effectiveness of the proposed method by considering two concrete examples of
Eq.(1.1). Denote by ¢(x) and ¢, (x) the exact solution and the approximate solution of the examples considered, respectively.
And in the computation, the nine-point Gauss-Chebyshev quadrature rule of the second kind is used.

Example 5.1. Considering the following hypersingular integral equation:

/1 o dt+/](t+x) (dt=2(1-6X)+Zx, —1=x<1 G-
SN S s T |

¢(x) = +/1—x2x? is the exact solution of Eq. (5.1). Take {x;}"; = {—=1+ 2} jU{-1+Z 4+ ) Tuf{—14 L4+ L)y
{—1+ 0.004i}2°, U {1 — 0.004i}__,,. The absolute errors ¢, — ¢ forn = 5, 15, 25 are given in Fig. 1.

Example 5.2. Another hypersingular integral equation is given by

0] ! , 17
dt + txp(t)dt = —8nx’ + —nx—mw, —-1<x<1. (5.2)
1 (E—x)? -1 8

whose exact solution is ¢ (x) = +/1 — x2(1 + 2x3). {x; i , is chosen the same as in Example 5.1. The absolute errors ¢, — ¢
forn =5, 15, 25 are given in Fig. 2.
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Fig. 2. The figure of the absolute error ¢, — ¢ for Example 5.2 for n = 5, 15, 25.
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Appendix

In the following, the proof of Theorem 2.1 will be given.

Proof. Using the formula for integration by parts three times, one has

1 1
/ UWUWCIX — u//v(3) |11 _u/v(4) |11 +uv(5) |1] _/ UU(6)C1X,

1 -1

and further

(u,v) = iu‘”(—l)v“)(—l) + [ 11 u"v" dx
= thi(—l)[v(—l) — 0O (1) + u(H® (1) + ' (=D (=1) + v@ (=1)]
(VP D)+ (=D (=) = v (=D ]+ " (D (1) = /1 1w ©dx,
and thus !

9° d
@), R(x,y)) = u(=1) [R(x, —1 = o 5R&, —1)] +u() =R D +u'(-1)
y dy

! 84 i 82
—u (1)?R(x, D +u'(=1) [ayzR(x, —1)

a

1 86
- /_1 u(y)a—JﬁR(x,y)dy-

In order to obtain (u(y), R(x, y)) = u(x), it is enough to require the following equalities to hold:

86
—376R(x,y) =38y —%)

9° 9’
R(X, —1) — ﬁR(X’ —1) = 0, aiysR(X, 1) =0

4 4

d d d
—R(x, —1) + R(x,—1) =0, —R(kx,1) =0
dy ay*

ay*
2 3 3

ay?

From (A.2), we have Z;’J/—E;R(x, y) = 0 asy # x. Its characteristic equation is A® = 0. Hence, A = 0 (sixfold); we obtain

R(x,y) = {

9 R(x, —1) 9 R(x,—1) =0 9 R(x,1) =0
—Rx, —1) — —Rx,-1) =0, —R(x, 1) =0.
ay3 ay3

co(®) + 1y + XY + 3y’ + ca®y? + s (XY’
do(®) + d1(X)y + da(X)y* + d3(x)y* + da()y* + ds(x)y°

aR(x 1)+ 9 R(x, —1)
) oyt

3
9 R(x, —1)] + u”(l)a—R(x, 1)
y ay?

(A1)

(A2)

(A3)

(A4)

(A5)

(A6)
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Integrating both sides of (A.2) from x — € to x + ¢ with respect to y and letting ¢ — 0, one gets

5 5

d d
—R(x,x —0) — —R(Xx,x+0) = 1. A7
T )~ g R x+0) (A7)

Meanwhile, integrating indefinitely on both sides of (A.2) with respect to y, we can obtain in turn that for a fixed x, as a

function of y, ;—J:,.R(x, y),i=4,3,2,1,0, are all continuous, that is
i i

0 a
—R(x,x+0)= —R(x,x—0), i=0,1,2,3,4. (A.8)
ay' ay'

Substituting the results c;, d; obtained from (A.3)-(A.5), (A.7), (A.8) into (A.6), R(x, y) is obtained. O
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