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The problem under consideration is that of the scattering of time periodic elec-
tromagnetic fields by metallic obstacles. A common approximation here is that in
which the metal is assumed to have infinite conductivity. The resulting problem,
called the perfect conductor problem, involves solving Maxwell’s equations in the
region exterior to the obstacle with the tangential component of the electric field
zero on the obstacle surface. In the interface problem different sets of Maxwell
equations must be solved in the obstacle and outside while the tangential
components of both electric and magnetic fields are continuous across the obstacle
surface. Solution procedures for this problem are given. There is an exact integral
equation procedure for the interface problem and an asymptotic procedure for large
conductivity. Both are based on a new integral equation procedure for the perfect
conductor problem. The asymptotic procedure gives an approximate solution by
solving a sequence of problems analogous to the one for perfect conductors.

1. INTRODUCTION

This paper continues a study, begun in [4], of scattering of time harmonic
electromagnetic fields by metallic obstacles, the eddy current problem. The
work in [4] was restricted to a very special class of two-dimensional
problems. Here we treat the full three-dimensional situation.

Although the technical details of the present paper are far more
complicated than those of [4] the general outline is exactly the same. Two
ideas are developed. The first is a boundary integral procedure for the eddy
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current problem. The second is an asymptotic procedure which applies for
large conductivity and reflects the skin effect in metals. The key to both
methods, just as in [4], is the introduction of a new integral equation
procedure for the boundary value problem corresponding to perfect con-
ductors.

Let 2’ be a bounded region in R® and 2 = (2')°. Q2 is to represent air and
2’ a metallic conductor. We suppose there are incident electric and magnetic
fields, E® and H®, satisfying Maxwell’s equations in air. The total fields E, H
satisfy the same Maxwell equations as E® and H® in £ but a different set in
£2'. Across the interface S = 002 = 00’ the tangential components of both E
and H must be continuous.

We assume that E° and H® are time periodic with a single frequency and
require that E and H should have the same property. We make the standard
assumptions that conduction (displacement) currents can be neglected in air
(metal). Then, with appropriate scaling, the eddy current problem is (see

(11])
curl E=H, curl H=¢’E in 2
curl E=H, curl H = if’E in 2’ (P,s)
E; =Eg, H; =H; on S.

Here o and f > 0 are dimensionless parameters. The subscript T denotes
tangential component and the superscripts plus and minus denote limits from
0 and £'. The fields E and H must be such that E—E° and H—~H’
represent scattered fields.

At higher frequencies the constant £ is usually large and this leads to the
perfect conductor approximation. Formally this means solving only the £
equation and requiring that E;=0 on S. If we let E and H denote the
scattered fields, we then obtain the problem

curl E=H, curl H=¢a’E in 2

(P
ET = A-Ef)r on S.

a)

THEOREM 1.1. There exists at most one solution of (P,gz) for any a >0
and 0 < f < .

The proof of uniqueness for P, can be found in [9] and the proof for
(P,) is a minor variation which we omit.

A first integral equation procedure for (P,;) was given in [1}. There have
been a number of subsequent procedures for (P, ) (see [6, 9, 12]). All of
these lead to integral equations of the second kind. We also give an integral
equation procedure for (P, ) but ours leads to a type of first-kind equation.
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Our motivation for this new method, as in [4], is that it gives a simple
procedure for the calculation of the quantity Hy on S. This enables us to
formulate an integral equation procedure for (P,;) and to give our
asymptotic scheme.

Our method is similar to that in [6] but contains important differences. In
particular our analysis is in terms of Sobolev spaces. This facilitates the
formulation of Galerkin schemes, a subject which is explored in [7].

Let us describe the asymptotic procedure. Let 7 be the distance from §
measured into §2’ along the normals to S. Then we obtain two different
asymptotic expansions:

E E° &2E,

NI WY S § (Ag)
n=0 n
E 2 E

H~e“/_—'ﬂ' 3 LA i (Ag)
n=0 n

In these formulas the E, and H,, are independent of §. The exponential in
(Aq.) represents the skin effect.

The various coefficients can be computed recursively. E,, H, in (A,) is
simply the perfect conductor approximation, that is, the solution of (P,.).
One calculates the successive E, and H, in (A,) by solving a sequence of
problems of the same form as (P, ) but with boundary values determined
from earlier coefficients. The E, and H, in (A,/) are obtained by solving
ordinary differential equations in the variable 7.

The asymptotic procedure, when it is valid, gives a great reduction in
complexity of solution since it involves solving only the boundary value
problems of the form (P,).

A theoretical numerical analysis of a Galerkin method for (P,,) is given
in [7]. Reference [4] contains the results of numerical experiments in the
two-dimensional case. These exhibited quite high accuracy in the integral
equation methods and the validity of the asymptotic approximation over a
very wide range of f values.

The plan of the paper is as follows. In Section 2 we describe our integral
equation methods for (P,,) and (P,). ([7] has a variational formulation
which we propose to implement numerically). In Section 3 we first consider
the special case of a half-space and illustrate the method formally. This
suggests the theorems which should be true in the general case and we give a
precise statement of them.

The equations which appear in our integral equation methods involve
pseudo-differential operators on S. We give quite precise existence and
regularity theorems for these in Section 3. The regularity results play a
central role in the theoretical analysis of the variational procedures. The
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proofs of these theorems are technically complicated and are presented in
Sections 4 and 5.

In Section 6 we describe our asymptotic procedure. For ease of presen-
tation we will present it for the half-space case.

2. THE INTEGRAL EQUATION METHODS

Let us begin by stating the conditions under which we operate. In order to
avoid technical assumptions about smoothness we will assume throughout
that S is a regular analytic surface. There will be another condition which is
based on the following well-known result.

THEOREM 2.1. There exists a sequence {u,}, k=1, 2,.., such that if
a# ay then curtE=H, curlH=a’E in 2',E, =0 on S implies E=H=0
in £2'.

Throughout the paper we require

atday, k=1,2... @2.1)

Our methods, like others, are based on the Stratton—Chu formulas from
[11]. To describe these we need some notation. We will let n denote the
exterior normal to S. Given any vector field v defined on § we have

V=v;+0yn, vi=n X (vXn) (2.2)

where v, which lies in the tangent plane, is the tangential component of v.
We introduce the idea of a simple layer. We set

o r)=r""e". (2.3)

o (1x = y|) x = (x;, x5, X3), y= (1, 1, ¥3), is a fundamental solution of the
Heimholtz equation, 4w = —y*w and when 7 is real and positive it satisfies
the Sommerfeld radiation condition. We define the simple layer V, for
density w for the surface S by

Vy(u/)=cjs w(») o lx—y)dS,, c=(@rn)" (2.4)

For a vector field v on § we define V' (v) by (2.4) with v replacing .
We collect in the following lemma some of the well-known results
about V.
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LEMMA 2.1. For any complex y, 0 < arg y < n/2 and any continuous vy
on S:

(i) V(w) is continuous in R?,
(i) 4V (y)=—yV (W) in QUL
(i) Vw)x)=0(x|"'e"")as |x|- o,

ov. * 1
(B2 @) =% 5w+ [ K wis)as,  ons,
on 2 s
(iv)’
Ky(x’y)=0(|x_y|‘l) as y—x.
For vector densities v, V(v) satisfies (i}~(iii) of Lemma 4.1. As we show
in Section 4, (iv) yields the following additional result.

LeMMA 2.2. For any complex y, 0 < arg y < n/2 and any continuous v
on S,

(n X curl V (v)(x)* = +iv(x) + %J K,(x, y)v(y)ds,

where the matrix function K, satisfies K (x, y)=O(|x — y| ') as y > x.

The Stratton—Chu formulas state the following. If CurlE=H and
curl H=ifE in 9’ then
E=V /isn X H)—curl ¥ j; s(n X E) + grad ¥ /; 4(n - E)

inQ'. (2.5)
H =curl V /; g(n X H) — curl curl ¥ /; 4(n X E)

Similarly, if curl E=H, curl H=a’E in 2 and E and H represent scattered
fields then

E=V_ (nXH)—curl V ,(n XE)+grad V (n-E)
in 2. (2.6)
H = curl ¥ ,(n X H) — curl curl V_(n X E)

If n X H, n X E and n - E were all known then (2.6) would yield a solution
of (P,,) but this is too much information; we know only n X E. The
standard treatment of (P, ) starts from (2.6) but sets n X H and n - E equal
to zero and replaces —n X E by an unknown tangential field L:

E =curl V (L), H = curl curl V(L). 2.7)

! Here again the plus and minus denote limits from £ and Q.
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Imposition of the boundary condition then yields an integral equation of the
second kind for L in the tangent space to S.

The method (2.7) is analogous to solving the Dirichlet problem for the
scalar Helmholtz equation with a double layer. It has the drawback, for our
purposes, that having found L it is hard to determine H; (or equivalently
n X H) on S. It is not too difficult to see that calculating n X H on §
involves finding a second normal derivative of ¥ (L).

Our method for (P, ) is analogous to solving the scalar problems with a
simple layer (see [5]). (In [4] our method reduces to exactly that of [5].) We
again use (2.6) but this time we set n X E=0 and replace n X H and n - E
by unknowns J and M. Thus we take

E=V,{J)+ grad V (M), H = curl V,(J). (2.8)

If we can determine J then in this case we can use Lemma 2.2 to determine
n X H, hence H; on §S.

We need equations to determine J and M. The first of these comes from
the boundary condition. For any field v defined in a region containing .S we
will have grad y = (grad v), + (grad ), n and there is a surface differential
operator grad; such that grad, v = (grad y); on S. We set

APAM)=A"A) + ARM) =V, (1) + grad; V, (M) (2.9)
and then the boundary condition in (P, ) becomes
AP, M) =—E]}. (2.10)

Another equation is required. To see what it is we note that the equations
for (P, ) require that div E =div H= 0 in Q. For (2.7) this is automatic but
for (2.8) only divH is automatically zero; hence we must somehow
guarantee that div E = 0. We assert that it suffices to make div E=0 on §.
For it follows from (2.8) and (2.3) that AE = —a’E; hence AdivE=
—a?div E in 2. Moreover div E satisfies the radiation condition. Hence, by
uniqueness for the scalar exterior Dirichlet problem div E =0 on S implies
divE=20in Q.

Our other condition, then, is div E=0 on S. We can state this condition
in a little more useful fashion. Note first that div grad V (M) =4V (M) =
—a*V_(M). We can also simplify div V,(J) on S. First we note that for any
field v defined in a neighbourhood of § we can define the surface divergence
div; by divv=div; v + ndv/dn. (This operator, like grad,, is discussed in
Section 4.) We have:

LEMMA 2.3. For any differentiable tangential field v,

div V (v) =V (divy v) on S.
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Prodf.
div ¥ (v)(x) = ¢ L v(y) - grad, o,(x — y|) ds,
e v arad, o,0x 31 s,
=—c L divo(v(y) @,(x — y]) ds,

+ef divev(y) o x— ) ds,

=V (div; v)(x)

since [ divy w(p)ds, =0 for any w.
If we define

AP, M) =AY )+ A2 (M) = -V (divp I) + a?V (M)  (2.11)

then the condition div E =0 on § becomes
APJ,M)=0. (2.12)
We set 4,(J, M)=(4"(J, M), AP, M)) and combine (2.10) and (2.12)
into
4,0, M) = (—E%,0). (Eaco)
Our procedure for (P,;) proceeds as follows. We let E and H this time

denote the total fields. We again use (2.8) in £ and we use its analog in 2.
Thus we put

E=E’+V, () + grad V (M), H=H"+ curl V,(J) in 2 @.13)
E=V /i () +grad V. / 5(m), H =curl V /() in 2’
We must insure that divE =0 in 2 and £2’; hence we obtain Af,(J, M)=

A5G, m)=0. We must have Ef =E; on S; hence API,M)=

A?[;BG, m)—E% on §. We must also have H{ on S and for this we use
Lemma 2.2. Define

K (v)(x) = js K, (x, ») v(») ds,. (2.14)
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Then by Lemma 2.2 we will have (n X H)* = (n X H) ; hence H} = H; on
S if

J+K,N==i+Kis(§)—2nxH® onS. (2.15)
Let us again combine the equations for (P,,) by writing
Cogl- M, j, m) = (A3 M) — A} 4G, m). AU, M),
J+ K3 +5—K i 5G), 475G, m)). (2.16)
Then the equations are
C.s(J. M, j, m)=(—E},0,—2n x H’, 0). (E.z)

It is not difficult to verify that if we have divE =0 in (2.8) then (2.8)
gives a solution of Maxwell’s equations with a similar result for (2.13). Thus
we have the following result:

THeEOREM 2.2, (i) If 3, M) is a solution of (E_..) with J differentiable
and M continuous then (2.8) yields a solution of (P, ).
(i) If Q. M,j,m) is a solution of (E,;) with 1,j differentiable and
M. m continuous then (2.13) yields a solution of (P ;).

Remarks. 1. The method for (P,,) is capable of handling the case of
dielectric obstacles as well. Here one simply replaces i#? in 2’ by % and the
method proceeds in exactly the same way if /i § is replaced by £ in all the
formulas.

2. The method for (P,,) can clearly be used for the interior boundary
problem.

3. The method can be modified to handle the boundary problem,
either interior or exterior, in which H. is specified on S. If one seeks a
solution of curl E=H, curl H=i8%E in £, for instance, with n X H =#
on § then one can take

E=V () + grad V ; 5(m), H=curl VV  4()

with —j + K 7 ,§ =24, 4\ 5, m)=0on S.

In later sections we will establish that Eqs. (E,,) and (E,;) have
solutions which will be as smooth as desired if E® and H® are sufficiently
smooth. In [7] we give a variational formulation for Egs. (E,. ) and discuss

approximate solutions with finite elements. This analysis is related to that
in |2} and [3].

409/101/2-3
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3. THE HALF-SPACE CASE

In this section we give a formal treatment of the case in which 2 is the
half-space x; > 0, x = (x;, x,, x;). All our formulas are greatly simplified.
We have n(x) = e; and the first simplification is that K, in Lemma 2.1(v) is
identically zero. It is also true that the matrix K, in Lemma 2.2 is zero as we

will verify shortly.
We have here M(y)=M(y,, y,) and

V. M)x)=9,xM on S,
where the star denotes convolution. Similarly
I =J'(yiy)e +7 (v yo)e,
and
V. =sV.Mr=0,+J'e +09,x ], on S.

We also have

0 o
grad; V(M) = 8—x1 (p,*M)e, + —9;2 (p,* M)e,
divI(p) =7, (r1» »2) + 75,(015 2)s V(div]) =g, *div].

Finally, we have, for v=10'(y,, y,) ¢, + v2(¥;, V.)€,

0 17
n X curl V. (v) =¢e; X 3_8_x3 V() e, +6_x3 V')e,

+ (—8— Vv(v’*)—i Vy(v‘)) e,

ox, ox,
0 0
= —'5';—3‘ Vy(vl) el - a—.x:; Vy(vz) ez.

Thus, from Lemma 2.1(iv) with K, = 0 we conclude
(n X curl V,(v))* = £ 3jv.

With the simplifications Egs. (E,,) become

é
@, * Me, + — ¢, * Me, =4n&

17
J
9o * I+ .

ox,

—9, ¥ divI+ a’p, x M =0,

G.1)

(3.2)

(3.3)

(3.4)

(3.5)
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where &(x,,x,) = —E(x,,x,,0) = —E%x,,x,,0)e, — ES(x,,x,,0)e,.
These equations are easily solved with Fourier transforms. For any f(v)
which are functions of x,, x, we write

TOEE),  ¢=@8)

for the transforms. We have (f* g)° =2nf g . We transform equations
(3.5) and obtain

o 0" +ieM)=2&", g (—i&-J +a’M)=0. (3.5)
From these we find
M =(p (@ —|&P)) " 2i¢- &

. L (3.6)
I =—itM +2p,) ' &

We can identify the solution from (3.6) by using the following result.

LEMMA 3.1. ¢, = (|EF —y?)~ "2

Proof. Suppose V (f)= g on x; =0. Then we havefA(o; =2g . On the
other hand consider the function v(x)=V,(f)(x) for x;>0. We have
dv = —y*v with v(x,, x,,0) = g(x,, x,). We can solve this problem another
way. We assert that

0
v(x)=—-2 o, V(&)%)

This follows immediately from Lemma 2.1 spec1ahzed to the present case
and uniqueness. We have, then,

2

Vf)=4 % Vi(g)=—4("+4,)V(8) inx,>0

3

where A, = 6%/6x? + 8%/éx2. If we let x, | 0 and use Lemma 2.1 on the left
side we obtain

f=-n )y, 5 8

or taking transforms, /= = 2(|¢]* — y*) ¢, g . Comparing the two expressions
for f~ yields the conclusion.
From Lemma 3.1 we have

(a(a® =g == (&1 —a}) P =—p,.
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Thus from (3.6), we deduce that
M=—-n""9, xdiv& = -4V _(div &). 3.7

We have also

(0) "= (& —ah)'”?
= (1€ — a®)( & —a®) "'
= (&7 - ") 0,
Hence (3.6), and (3.7) yield

J =grad(4V (div&))— 24, + a*)n) o, * &
= 4 grad, V,(div &) — 2(4, + a?) V(). (3.8)

The results (3.7) and (3.8) are formal but they suggest the appropriate
theorems for (E,, ). Let H'(R?) denote the Sobolev space of order r for R?,
that is, the completion of C°(R?) under the norm

=] O+ @R (38"

let H"(R?) be the space of a vector function with components in H'(R?), and
let H* =H'(R*) X H*(R?). Lemma 3.1 implies that the map w - V.(v) is a
pseudo-differential operator, with symbol (|¢|> —y?)~"/2, and hence of order
minus one in the sense of [7]. It follows that y — V. (y)(v— V,(v)) maps
H'(R*)(H"(R?)) into H'"'(R*)(H"*'(R?*)). Moreover div; and grad; are
operators of order one and hence take H"(R?) and H"(R?) into H ~'(R?)
and H"~'(R?), respectively.

The results of the preceding paragraph show that, in the half-space case,
AV, defined by (2.9), takes H™ "' into H"(R?) while 4, defined by (2.11),
takes H™ ' into H"~'(R?). Hence A, maps H"~"" into H""~'. Equations
(3.7) and (3.8) give a formula for the inverse of 4,. These formulas suggest
the correct result for Egs. (E,.,) in the general case. Let H'(S), H'(S) and
H"™ be as above but for the surface S. See [10] for the appropriate
definitions. Then we will establish the following resuit.

THEOREM 3.1.> Suppose F € H'(S) for some real r. Then the equations
A,3J,M)=(F,0) (3.9)
have a unique solution J,M)€ H ™"

? Recall we are assuming o # @,.
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This result in conjunction with Theorem 2.2 yields an existence theorem
for (P,)

CoROLLARY 3.1. IfE°€ HX(R?) for k > 5 then there exists a solution of
(P

Q(X))'

Proof. If E"€ H¥(R?®), k> 1, then the trace theorem implies that
Ele H*"V*(S). By Theorem 3.1, (E,,) has a solution (J,M)€E
HY~Y2.k=12 Byt for k — 3 > 2, J and M will then be differentiable hence we
have a solution of (P, ) by Theorem 2.2.

We turn now to (P,,). For the half-space case Eqs. (E,;) become

0

0¥ T =0 fig it o Wax M0 izxme,
1

0
+EY—2(¢Q*M—¢)\/;B*m)e2=47r3’

(3.10)
—@, xdivl +a’p, « M =0, ——(ﬂ\/iB*diVj+ﬁz(pvfia*m:0
J+j=7,
where #(x'.,x?) = —2e, X H°x,.x,,0) = 2H)x,,x,,0)e, —

2H%(x,, x,,0)e,. If we transform we obtain
(P;(JA+1.§MA)-’(P:/,'BGA+iémA):2gA G110

—i&- 3 +a’M =il j +ifPm =0, Y +j =#.

We solve (3.11). We observe first that if we take the inner product of
(3.11), with i, use (3.11), ;, and substitute from Lemma (3.1) we obtain
(o) 'M — (w:/i g tm =20 & Next we take the product of (3.11),
with i¢ and use (3.11),; to obtain a’M + f*m =i A . We can solve
these two equations for M~ and m . Put

D™ = (o) + B0 (3.12)
Then
M™ =28D"i¢- & + (o is) ' Di&- 7 313)
m =2a’D"iE- & + () ' DiE- A '

Once M~ and m” are determined one can solve (3.11) for J~ and j . We will
have

T =00 +0yip) " 28 40y, — 0, iEM + o giEm |

-~

R (3.14)
J = — P .
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We can no longer determine the solution of (E,;) explicitly but we can
still use (3.13) and (3.14) to determine the regularity. We observe that
Lemma 3.1 implies that the following estimates hold for large |&|:

2.)=00¢™"  eyss®=0(¢Y), D O=00¢"). (B.15)

We will make the same regularity assumption on & as in (P,), that is,
& € H'(R?). Now recall that & = —E while # = 2H%e, — 2H'e,. Since we
have H® = curl E® we can anticipate then that .#° € H ™ !(R?).

Our goal is to have the same regularity that we had for (P, ), that is,
J,jEH Y (R*), M,me& H'(R*). The formulas (3.13) and (3.14) show,
however, that we will not get this for arbitrary & € H'(R?) and
A €EH '(R?). For we will then have div,& € H '(R*) and
div, # € H"*(R*). Then by (3.15), the first terms on the right in (3.13)
will be in H"(R?) but the second terms will be in H"~*(R?). In order to get
the regularity we want we require of # that it lie in H". This also turns out
to be so in the general case. We will prove the following.

THEOREM 3.2. Suppose & € H'(s) and # € H"*'(s) for some real r.
Then the equations

CosJ, M, j,m)=(£,0,#,0)
have a unique solution with (3, M) and (j, m) in H"™"".

COROLLARY 3.2. IfE°€ H*(R®) for k > 4 then there exists a solution
Of (PaB)'

Proof. If E° € H¥(R?) then it follows that H=curl E is in H*"'(R?).
We have, accordingly,

E. € H*VX(S), nxHEHYYS).

These are the forcing terms in Egs. (E,;) and by Theorem 3.2 we conclude
that those equations have a solution with J,j€ H*"*(S) and
M, m € H**%(S). But then if k—3> 2 it follows that J,j, M, m are all
differentiable and we can use Theorem 2.2 again to obtain the existence of a
solution of (P,p).

4. PRELIMINARY RESULTS
In this section we develop the necessary machinery to prove the theorems

of the preceding sections. As a first step we discuss some geometric ideas.
We introduce coordinate systems for S. These consist of a finite number of
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coordinate patches S,,...,.S, covering S. For each patch there is a region
I,cR? and a map X, such that x = X,(u), u= (u,,u,) € R?, covers S,.
The mappings are compatible on overlapping regions. To say that S is a
regular analytic surface means that the individual maps from I', to I, on
overlaps are analytic and that X, , and X, , are linearly independent.

We use the X, to generate local coordinate systems in R*. We set

e(u)=2X,, e, (u)=4X,,, e(u)=e(u) X ey(u) 4.1

where we have suppressed the subscript &. Then the equations

x=X(u)+ uye;(u), u€rl, |u)|<é (4.2)

will define a coordinate system for a region U,cR® with u,=0
corresponding to S,. We will assume that u, > 0 corresponds to (2.

One must use these coordinate systems to define the various quantities in
Section 2. It simplifies our formulas and calculations if the coordinate
systems are orthonormal, that is,

e(u) - e(u)=0; (4.3)
and we will assume that this is so. (Such choices can always be made.)
Given any vector field v in one of the U, it can be represented as

V=08, +U,6,+0;€; =V + Us€;. (4.4)

One readily checks that v; =e; X (v X e;). Since the coordinate system is
orthonormal if we are given a scalar field y or a vector field v in «* we can
calculate grad y, div v, and curl v by the usual formulas and we can define
the surface operators grad,; and div; by

grady y = (grad x)r = x,, € + Xu,€2> diviv=10,, +U;,, (4.5)

We turn now to the integral operators V. Here we use the ideas of [10].
We introduce a partition of unity }_ &, = 1 subordinate to the §,. Then we
define V() for a scalar field v on § by

Ve =N e | vX) &6, (x =X du  (46)°
k k

* The orthonormality of the coordinate system implies that the surface element is unity.
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For x € S, (4.6) gives

Vy(W)zzg Cé,-fr WX () E(X(@)) 9,(1X; — X, () du. (4.7)

Analogous expressions hold for V,(v) when v is a vector field on S.

Formula (4.7) is the basis for the idea of pseudo-differential operators on
S. If y € C5°(S,) for some patch S, then V (w) will be in C*(S,). The idea
is to extend that definition to y’s which need not be C* but lie in some
Sobolev space on S. It is clear from (4.7) that one need concentrate only on
the quantities yV,(w) where y and y have support in the same patch §,.

Let y, w € CP(S,). Then we have

1) =X e | y(X(@) ,(X(V) - X(w)) du

= f Y(u) K (U, u— U) du, (4.8)

where

K (U, u — U) = cx(X(U)) ¢, X(U) — X(u))). (4.9)

In the terminology of [10], K, is called the kernel of the pseudo-differential
operator V,. Let us introduce the Fourier transform v of W,

v (@) =@n) " () et du.
R2?
Then (4.8) may be rewritten in the form
W) =| v ©aU, Qe rde (4.10)
R2

where

a,(U,§)=Qn) " Y XW) | e HKWUmdn (411

a,(U, ¢) is called the symbol of V,. Note that

a,(U, &) = x(X(U)) K (U, -)" (&).

Suppose that K (U, 1) has an asymptotic expansion of the form

KU m~ X Ky(U.n) (4.12)
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where K" is homogeneous of degree n in #. It will follow then that the
(distributional) Fourier transform of K, that is, a,, has an expansion of the
form

a (U, &)~ Y a"(U.) (4.13)

n—r

where a is homogeneous of degree —n — 2 in & In the terminology of |10]
one says that if (4.12) holds then V, is an operator of order r and that
: a'(U, &) is its top order symbol. The operator V., is called elliptic if
a'(U,&)=0 for £+0.
"We now summarize some results from |10] on pseudo-differential
operators on S. Let H'(S) denote the Sobolev space of order ¢ on S. (These
are defined by introducing a partition of unity on S and using (3.8") locally.)

LEMMA 4.1. Suppose A is a pseudo-differential operator of order r on S.
Then

(i) A is a continuous map from H'(S) into H'~"(S) for any t.
(ii) If A is elliptic the map A: H'(S)- H' "(S) is Fredholm.

(iii) If A is elliptic then w& H(S) and Ay &€ H'(S) implies
w € H'*'(S) and there is a constant C, ; such that |w||,,, < C, [|Ay|,.

str

The above results extend to mappings from tangential fields on S into
tangential fields. A pseudo-differential operator v— V (v) is elliptic if the
determinant of its top order symbol is non-zero for £+ 0 and Lemma 4.1
holds for such operators.

We apply the preceding ideas to the operators V.. We first obtain the
expansion (4.12). Consider the first the expression |X(U)— X(u)|. Recall
that we are assuming S is analytic. It follows that the functions X are
analytic and that

I X(U) — X(u)| = 2 M (U,u—U)

where M, is homogeneous of degree v in u — U. Moreover it is easy to check
that the orthonormality of the coordinate system gives M(U,u—U)=
|u — U|. Next we see from (2.3) that ¢.(r)=r"" "2, fr". Thus we find

p(XU) - X)) =|lu—-U|"" + i kiU, u—U) (4.14)

with k7 homogeneous of degree v. Substitution of (4.14) yields (4.12) with
r=—1 and

K, (U, n) = cx(X(U)) In|~". (4.15)
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If we use Lemma 3.1 we see that
a,; (U, &) = cx(X(U)) 1€ . (4.16)

In our later computations a central role will be played by the special
operator V;. We observe that

bN=4) i+ 4B B )=N St @1D)

k=1

and we write accordingly

where

Fw)=(r+ e vds. W) =c| v() @ lx—yds,. (419)

Since @ ,(]x — y|) starts with terms of order |x-— y| the same type of
argument as above shows that W, is an operator of order minus three. The
operator I', takes H'(S) into H‘(S) for any ¢. We summarize:

LEmMMA 4.2. V =V, + Wy where Wy is a continuous map for H'(S) into
Ht+3(S).

Now we obtain a result for V,.

LEMMA 4.3. The map y— V{w) is bijective from H'(S) into H"*'(S) for
any real r.

Progf. From (4.15) and (4.16) we see that V, is an elliptic pseudo-
differential operator of order minus one. Hence it maps H’(S) into H™*'(S)
for any r and is a Fredholm operator. We assert that as a map from
H~Y*(S) to HV*(S), V; is self-adjoint. Indeed the dual of H™'*(S) is
H"?(S) and for smooth function y and y one has

J v Vi ds, = | ) Vi) ds,

because ¢, depends only on |x — y|. Since V; is Fredholm we can thus
conclude that V; is bijective from H~"?(S) to H"*(S) if we can show that
V(y)=0 implies w=0. But once we know the result for r=—4 the
regularity result (iii) of Lemma 4.1 shows that ¥, is bijective from H"(S) to
H™!(S) for any real .

Suppose, then, that V,(y)=0 for y& H "*(S). We conclude by
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Lemma 4.1(iii) that w € H"(S) for any real r and hence y is continuous. Put
v(x)=c [sw(»)¢|x — y|)ds,. By Lemma 2.1, v is continuous in R*® and
satisfies 40 —v =0 in 2 and 2’; moreover v = O(e ~*!/|x|) as |x| - oo and
v=0 on S. Easy Green’s theorem arguments imply that v =0 in 2 and Q'
and Lemma 2.1(iv) then implies v = 0.

We can establish results analogous to those above for the map v — V' (v);.

LemMma 4.4. (V)= (V))y + 7, where:
(i) (V) is bijective H'(S) into H"T!(S),
(i) 7, maps H'(S) continuously into H"**(S).

Proof.  We recall that (V,(v)); = n X (V (v) X n). We substitute the series
(4.17) into V', to obtain V (v) = V(v) + I'(v) + W (v) in analogy to (4.18).
Just as before, the tangential component of W (v) will produce an operator
7", of order minus three. Similarly

n(x) X (I,(v) X n(x)) = (iy + 1) en(x) X %L v(y) X n(y) ds
+ ‘S v(p) X (n(x) —n(p)) dsyé. (4.20)

But n(X(U)) —n(X(u))=0( U —u|) so the second term on the right of
(4.20) will be an operator of order minus three. This verifies (ii). In order to
verify (i) we first write, as above,

Vi{¥)y (¥) =n(x) X V(v X 0) + n(x) X ¢ | v(»)

X (n(x) —n(y)) ¢,(|x — |} ds,
=7 (V) +7W) (4.21)

where 77 is an operator of order minus two. One verifies, just as with V,(w),
that 7 is an elliptic operator of order minus one, hence takes H'(S) into
H"*'(S) and is Fredholm. We assert that, once again, 7 is self-adjoint from
H~%(S) to H'/*(S), the calculation being as before.

We want to show that 7 is bijective from H"(S) to H"*'(S) for any real
r. From the preceding paragraph and our earlier argument it suffices to show
that 7 '(v)=0 implies v=0. Suppose 7 (v)=0 and set w(x)=
cls(v(y) xn(y) ¢(x—y|)ds,. Then Aw—w=0 in 2 and Q' from
Lemma 2.1. We do not, however, have w=0 on S but only n X w=0 on S,
which is equivalent to w; =0 so we need further argument.
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We apply Green’s theorem to £’ and obtain the following:

L,, lezdx:fglw - Aw dx

If we do the same calculation for £ (with a limiting argument) we obtain

L|w|2dx=J'nw-Awdx

=JS w- (%‘ni)+ ds_fn tr(Vw(Vw)T) dx. (4.23)

We add (4.22) and (4.23) and note that, by Lemma 2.1, (ow/on)” —
(0w/én)* =v X n, which is tangential to S. Hence we have, on S,

v (@) (5 )=

From this we conclude w =0 in 2 and £’. But then v X n=0, on S, which
is equivalent to v=0.

We show now that (V) is bijective. Consider the equation V,(v); = f for
fEH!(S), r > —3. From (4.21) and our result about 7" this is equivalent
to

v+ 7 T W=7, (4.24)

Now 7" ~'%#" takes H'(S) into H'*!(S) since %  is of order minus two.
Since H"*'(S) is compact in H'(S) we conclude that (4.24) is a Riesz—
Schauder system. If v is a solution of the corresponding homogeneous
system then an argument analogous to that for 7~ shows that v = 0. Hence
(4.24) has a unique solution and the proof of Lemma 4.4 is complete.

In the next section we will need one more property of the operator (V,);
and we give this property now.

LemMa 4.5. divy V(v)p =V (divp v) + & (v) where &, is a continuous
map from H'(S) into H*'(S).

Progf. Our first observation is that, just as in (4.21), we have

V,w)r=nXV,(v)Xn)=nXV,(vXn)+Z[v), (4.25)
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where 7 is of order minus two. Since divy is an operator of order one it
suffices to verify the result for the first term on the right of (4.25).
In local coordinates we have

Vwxm)= N (Vvxn) ) el)
and h

n X V. (vXn)=e (U)X (V,(vXn))

=—(V,(vXn)-e(U)) e (U)+ (V(vXn)-e(U))ey(V)
(4.26)

We have aiso v(u) X n(u) = —v*(u)e,(u) + v'(u) e,(u). Now we calculate as
follows:

dive(n X V(v X n))
DT (V,(v X n)-e,)(U)) + ETA V(v X n) - e, (U))

S

mef v e W) ) - V) 55 0,(X(U) — Xw)

b)) + W) e0) - (V) - 9, (V) — X)) du

Then, as in earlier calculations, we can approximate |X(U)— X(u)| by
|U —u| so that ¢/6U, and 6/8U, can be replaced by —d/éu, and —é/cu,,
respectively. Continuing the approximation we can replace e,(U) and e,(U)
by e,(1) and e,(u) and hence replace (—v*(u) e, (1) + v'(u)e,(u)) - e,(U) by
v'(u) and (—0*(u) e (u) + v'(u)e,(u)) - e,(U) by —v*(u). An integration by
parts yields the integral ¢ [ div v(y) ¢.( x — y|) ds, modulo terms which will
correspond to # .

The next results of this section give a proof of Lemma 2.2. As in our
earlier calculations we need only consider V(v)(x) for v having support in a
patch S, and x lying in U,. We have

Cur]x(v(y) ¢y(|x - y|) = _V(y) X gradx ¢y(|x - y})‘ (427)
In addition, we have
xX—y
gradx ¢7(‘x - |) = ¢~L(|x - y') tx . V\

(4.28)
¢;(r)=—-1——+0(1) as r—0.

rZ
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Now we use local coordinates and approximate. We have x — y=
X(U) + U,e4(U) — X(u). One can check that

X() =X(U) + e,(U)u, — U,) + e,(U)U, — Uy) + a(U,u — U)

where a is homogeneous of degree two in ¥ — U. This yields, in view of the
orthonormality of the coordinate system,

|x =y =|{U—ul®> + U+ 2Uses(U) - a+ b(U,u—U)  (4.29)

where b is homogeneous of degree three in u — U. Thus we have by (4.28)

grad, ¢,(x — y|) = {e(U)u, — U,) + e,(U)u, — U,)
+ Uses(U) + -+ HU—u|* + U372 (4.30)
Since v is a tangential field we have v(u)=0v'(u)e,(u) + v*(u)e,(u) and
vXgrad, g,(x—y))=[|U—u|* + Ui
[—v'(w){e,(u) X e,(U)(u, — U,) + e,(u) X e(U)(u, — Uy) + Use,(u) X &;(U)}
~v*(u){e,(u) X e (U)u, — U)) + e5(u) X e;(U)(uy — Uy) + Usey(u) X &;(U)}
To calculate the operator in Lemma 2.2 we have to take the cross product

of n with curl V,(v). In local coordinates we have n = e;(U) and we note the
following formulas:

e5(U) X (e,(u) X &,(UV)) = —¢,(V) - &,(V)

e, (U) X (e,(u) X &,(U)) = —,(U) €,(u) - &;(U)
€3(U) X (e,(4) X €,(V)) = —e,(U) &5(U) - e,(u)
e3(U) X (e,(4) X €,(U)) = —¢,(U) €3(U) - &,(u)
€3(U) X (e,(u) X &;(U)) = e,(u) — e5(U) &5(U) - &,(u)
e3(U) X (e,(4) X e;(U)) = e,(u) — e5(U) - e,(u).

The first four quantities in (4.32) are zero to order |u — U| while the last two
are e,(u) and e,(u), respectively. Thus (4.31) yields

(4.32)

n X curl V,(v) =J [v'(u) e, (1) + v (1) e,(u)]

...l]3

X (U—ul + 057 + .00 du
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If we take the limit as U, | 0, U; ] 0 in the first term we obtain iv(x) and
—3v(u), respectively. A careful calculation shows that the error terms are
O(U —u|™") and this is the statement in Lemma 2.2.

Our final result in this section is another fact that can be obtained from
[10]. The surface operator 4; = div, grad, is a pseudo-differential operator
of order 2 on S hence so is 4; — B°I. The latter is elliptic and self-adjoint as
an operator on H ™ '*(S). Hence we can use the same argument as for V; to
obtain the following result.

LEMMA 4.6. A — iB*I is bijective from H'(S) into H ~*(S) for any real
r.

5. PROOFS OF THEOREMS

In this section we provide the proof of Theorems 3.1 and 3.2. We begin
with the proof of Theorem 3.1. Let us recall what must be shown. From
Section 2,

A (M) = (V,(I)r +grady V, (M), —V, (div; ) +a’V, (M) (5.1)
and we are seeking a solution of
A,(J,M)=(F,0), F=-—EJ. (5.2)

We use perturbation theory as we did in the proof of Lemma 4.4; that is,
we reduce (5.2) to a Riesz—Schauder system. We first use Lemmas 4.2 and
4.4 to write

A, I M)=4,J, M)+ B, (J. M), (5.3)
where
B,(J, M) = (#,() + grad, W (M), —W ,(div J)
+(a + 1) V(M) + o’ W, (M). (5.4)
We establish first that 4, is invertible.
LEMMA 5.1.  For any real r, A, is bijective from H' ™" into H™" ™.
Proof. We consider the equations
Vid)r + grad; V(M) =F, —V(dive ) — V(M) =G. (5.5)

Suppose we have a solution. Then we form div, of the first equation and use



370 MAC CAMY AND STEPHAN

Lemma 4.5. If we substitute for V,(div;J) from the second equation we
obtain*

— VM) + 4, VM) = — £,J) + div, F + G. (5.6)

Now from Lemma 4.3, V, is invertible and from Lemma 4.6, 4, — [ is inver-
tible. Hence (5.6) yields

M=.#(0)+M° (5.7)
A=V {4y =D EQ), M =V'4,—I) ' (div,F+G). (5.8)

Our next step is to use Lemma 4.4 to invert the first equation in (5.5). We
obtain

I=5(M)+1°, (5.9)
T (M)=—~((V)r)"'grad; Vi(M),  1°=((V))"' (F). (5.10)
Now we eliminate M between (5.7) and (5.9) to obtain

J=F7 A4 +) + M, (5.11)

We assert that (5.11) is a Riesz—Schauder equation on H"~'(S). To see
this we study the regularity of S .#. Since V;', (4, —1I)"' and &, are of
orders one, minus two, and minus one, respectively, (5.8) shows that .#
takes H"~'(S) into H"*!(S). On the other hand (V)7 ', grad;, and ¥, are of
orders one, one, and minus one, respectively; hence, by (5.10), . takes
H"*'(S) into H'(S). Thus 7.# maps H"~'(S) into H'(S) and is, accor-
dingly, compact. One checks the same way that if F& H'(S) then
I+ #M°is in H'(S).

It follows from the above that (5.11) will have a unique solution in
H"~!(S) if the corresponding homogeneous equation has only the zero
solution. If this is the case we can define M € H'(S) by (5.7). Then it is easy
to reverse our steps to show that J, M satisfy (5.5).

Suppose then that J is a solution of the homogeneous equation (5.11).
Form M from (5.7) with M° = 0. In analogy to (2.8) we define E and H by

E =V,{J) + grad V,(M), H = curl V,(J). (5.12)

Then, just as in Section 2, we will have
curl E=H, curl H=—E in 0, E.=0on S. (5.13)
Since E and H vanish exponentially for large |x|, an easy variation of the

¢ Recall that 4y = div; grad; x.
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proof of Theorem 1.1 gives E= H=0 in Q2. But as in an earlier proof we
can also consider the expression (5.12) for x € 2’ and find that the same
equations are satisfied. And, again, one concludes easily that E= H=0 in
£2'. We claim that these facts imply that J=0 and M = 0. From (5.12) and
Lemma 2.1, one concludes first that M = (E - n)” — (E - n)* = 0. Then from
Lemma 2.2 we obtain J=(n X H)* —(nXH)" =0 and the proof of
Lemma 5.1 is complete.
Once we have Lemma 5.1 we use (5.3) to write (5.2) as

(I, M) =—A;'B,(J. M)+ 4;\(F.0). (5.14)

LEMMA 5.2. A;'B, is a continuous map from H"~"'(S) into H""* (S).

Proof. We have only to count the orders of the various operators. From
Lemmas 4.2 and 4.4, 77, and 7, are both of order minus three, hence take
H’~'(S) and H'(S) into H"*%*(S) and H""*(S), respectively. Grad, is of
order one and V, is of order minus one; hence, by (5.4), B, takes H" ey
into H™**"*!'" Then, by Lemma 5.1, A4;'B, takes H" ''(§) into
H™ "7 (S). 1t follows that this operator is compact on H"~"'(S). Moreover
for FEH", A;"(F.0)€ H"'""; thus (5.14) is a Riesz—Schauder system on
Hr~ I.r.

We can argue that if (J, M) is a solution of the homogeneous equation
(5.14) then (J, M) = (0, 0) almost exactly as in the proof of Lemma 5.1. The
only difference is that E, H defined by (5.12) satisfy

curl E=H, curl H=—E in 2 and Q’, E,=0on S. (5.15)

By Theorem 1.1, E=H=0 in £ and by our hypothesis 2.1, E=H =0 in
£2’. Then the previous argument shows that J = 0, M = 0. This completes the
proof of Theorem 3.1.

The proof of Theorem 3.2 is very similar to the one just given but is a
little complicated by the regularity requirements. We will outline the ideas,
omitting a few technical details.

Let us again recall the equations we have to solve. They are

Voll)r + grady V(M) =V /; 5()r — grad, V' s(m) = &
—V, (div;3) +?V, (M)=0

J+ KM +i—K i;G)=#

—V /i p(div ) + B2V 7 4(m) =0.

(5.16)

Once again we want to reduce (5.16) to a Riesz—Schauder system. To this
end we need the following result.

409/101/2-4
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LEMMA 5.3. For any real r:
(i) The map y -V j; sy is bijective from H'(S) into HY(S).
(ii) The map v -V j; 4(v) is bijective from H'(S) into H™(S).

Proof. Condition (i) is a corollary of Lemmas 4.2 and 4.3. Indeed by
those lemmas we can write the equation V j;,y=/ as w+

Vi'W jzw =V, a Riesz—Schauder system An argument analogous to
several we have given shows that w+ V; W\/Bz// 0 implies y=0.
Condition (ii) follows from Lemma 4.4 in the same way.

Now let us begin on (5.16). We take divy of (5.16), and use Lemma 4.5
and (5.16), , to obtain the equation

(Ar+a) V(M) — (dr + B V i p(m) + E,0) — E i () =div&. (5.17)
Now we use Lemma 4.2 and rewrite (5.17). We see from Lemma 4.2 that
Vo (M)=V j; y(M) + 7, 5(M) (5.18)
where 7, «p is of order minus three. Accordingly we can write (5.17) as
(e + ) Vi om) = (s + B2 V. y(M) + (dr + @) 7 op(M)
+ (@ — i)V i y(M) + E,(3) — € s 4G) — div &.
If we apply (4; + i8?)~" to both sides we have
Vjism—M)=C,(M)+ C,QJ) + C5G) — /. (5.19)

In this equation C,=d,—ifH"! {(AT +0?) 7o + (@ — i)V jigh C =
(Ar+iB*)""'&,, and C;=—(d;+if*)"' € s;5, and one checks that all
three are of order minus three. Also f=(4;+i#*)"' div& and for
& € H'(S) this is in H"*'(S).

To obtain our next equation we want to invert (5.16). In analogy to (5.18)
we observe that Lemma 4.4 yields

Ve =V s + 7 45(), (5:20)
where 7, is again of order minus three. Now we write (5.16), as
(Vis@r =V s +7,50) + grad Vi (M —m)
+ grad,; 7 (M) - &€,
or
i=3+ Vgt 17 ,5() + grady V j o(M — m)
+ grad; 7 4(M) — & }. (5.21)
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We substitute (5.19) into (5.21) for V' ;; ,(M — m). The result has the form

i=3+D,(M) + D)) + Dy(j) + & (5.22)
Here
D,= (V\ﬁﬁ)T—l grady (7,5(M) — C,(M))
Dy =(V /i )1 (7 op(Y) — grad; C,(3))
D,= _(V\/?a)r_l grad C,(j)
and all three operators are of order at most minus one. Also g =
(V. /ip)7 (grad, f— &). Since fEH™*'(S) and & € H'(S) we have g€
H'(S).
We turn next to (5.16);. We have #,(J) =7 7,(J) + £, 5(J) where 2, is
of order minus two. Equation (5.16) yields, then,

itI=7,,G-3)—%,0)+# (5.23)
We substitute for j —J from (5.22) to obtain
JHI=E M)+ E,J)+ E,(G)+h— 7, ,[J] (5.24)

Here E, :.}{/\/; gD i=1,2,3, and these are of order minus two at most and
h=o#"+7 ; ,8 € H(S).

In (5.22) and (5.24) we have two equations which feature J and j. We
obtain two more which feature M and m. The first comes from applying
V7lsto (5.19) and is

m—M =F,(M)+ F,(3) + F,() + k. (5.25)

Here F, = V\‘/;.IBC‘- are all of order minus two and & = VQ,' s EH . Togeta
second equation we first conclude from (5.16), and Lemma 5.3 that if’m =
divy j. Then we write (5.16), as

Vors(dive d) + 7 5(dive J) — a’ Vi isM)— a’7 J(M)=0
and apply V;/,.' 3 to obtain
a’M = div; J + G(M) + G,(J). (5.26)

Here G, = -aZV\_/,%B?’Z[, is of order minus two and G, = 17\_[;37;,3(div J)is
of order minus one. We compute div,(j + J) from (5.24) and substitute into
(5.26). This yields

iB*m + a’M = H, (M) + H,(J) + H,(j) + e. (5.27)

Here H,=divi E, + G,, H,=div; E, + G, —div. ¥,;, and H,=div  E;
are all of order minus one and e =divh & H'(S).
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Equations (5.22), (5.24), (5.25), and (5.27) form a Riesz—Schauder system
on H'='(S) X H"'(S) X H'(S) X H'(S). Each of the operators occurring on
the right sides is of order at most minus one. The forcing terms g and h
belong to H'(S), hence to H ~'(S), while the forcing terms k and e belong to
H'(S). Once again a reversal of the steps shows that if (J, M, j, m) satisfy
(5.22), (5.24), (5.25), and (5.27) they also satisfy (5.16). By an argument
which has become familiar the uniqueness result for (P,;) shows that the
only solution of the corresponding homogeneous equations has all functions
zero. Thus the proof of Theorem 3.2 is complete.

6. THE SKIN-EFFECT APPROXIMATION

In this section we describe our asymptotic solution for the eddy current
problem. We carry out the calculations for the half-space problem described
in Section 3. We do this mainly to make the procedure clearer but we
observe that if one uses the orthonormal co-ordinate systems as described in
Section 4 then in fact our calculations are locally exact.

Let us study the half-space problem, then. This is

culE=H, culH=a’E in x;>0

(6.1)
curl E=H, curl H=if*E  in x,<0.
We have a prescribed incident field E°, H® and the interface conditions are
Ef =E7, H; =H; on x,=0. (6.2)

The asymptotic form we want is described in (4,), (4, ) of Section 1.
For the half-space these assume the form

E E° X E,

H~H°+ 2 H,,ﬂ_" in x;>0, (6.3)
0™ eV "18n ngo H"n/r" in x,<0. (6.4)

The idea, then, is to substitute (6.3) and (6.4) into (6.1) and (6.2) and equate
coefficients of like powers of S. )

We introduce some notation. We set y =ev 5%, It is convenient to
decompose fields into tangential and normal components so for any field F
we write

F=% + fe,, F =F"e, +F e,. (6.5)

For any tangential vector # as in (6.5) we set

Frt=—Fe + 7 le,=¢; X F. (6.6)
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Note that (# )" = —# . We also use the notation
grad, f =/, e, + fr6,, diviF=div#F =7 + 7. (6.7)

and be observe that, for the decomposition (6.5),

curl F =#, — (grad, f)* — (div.F ")e,. (6.8)
We have grad y = \/—i fye, and
curl xF = y{\/—i BF ~ + F ; — (grad f)* — (div.F e, . (6.9)

We are now ready for the substitution of (6.3) and (6.4) into (6.1) and
(6.2). The first observation is that we have

curlE,=H,, curlH,=a’E, in x,>0. (6.10)
For x, < 0 the situation is complicated by the presence of the term y. From
(6.9) and (6.4) we have
curl E~ }\/—iﬂgﬁ Y VHELL T EL
n-=0

—(grad e ) — (div& ;) e, | f ”:. (6.11)

53

curl H ~ >\/_-ili,77'5+ NEIVEF S S

n -0
—(grad b)) — (div#;) e | ":. (6.12)

where E, =& +e,e,. H,=#, +¢,h,.
We equate (6.11) to

H=y N (# +eh)p "

n=0

and (6.12) to

E (i€, 2 +e3ien+z)ﬂ7’1<~

n=0

iB°E = y :iﬂzg’o + i%, + iBE, + ife, +

Then we equate tangential and normal components of coefficients of like
powers of §. This shows us first that

&,=-&"=—Ej, e, =0, e =0. (6.13)
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The next powers yield the equations
V—i&i=2; /iHXi=i8 (6.14)
ho=div&;=0. (6.15)
Observe that the two equations (6.14) are the same. The next set of
equations is (with e, =0, h, =0, & =10)
\/—8'i+8’,x3 73 \Fa'f”l+¢?"’ox3 i&, (6.16)
—div& =h,, —div 2y = ie,. (6.17)

Before considering the general case let us pause to see what we can do so
far. We can eliminate &, from Egs. (6.16), (6.16), to obtain

SR £ T S =7
or
VT eRY FIVE W
Substituting in (6.16), gives

A+, +& =& o Vi, + &1, =0

1x3

But (6.14) yields /i #; , — & ,, = 0. Hence we conclude that
fb.xJEgI,x:;EO or g(x15x2’x3)zgl(xlax250_)5
=\/—i&finx; <

We can now start the recursion process. First we use (6.10), and (6.13) to
conclude that

(6.18)

curl E,=H,, curlH,=0a’E, in x,>0,
Ef=—-E} on x,=0.

Thus (E,y, Hy) is just the solution of (P, ) which we can solve. But from
(6.2) we obtain

Hy =HF=H,) on x;=0. (6.19)

The right side of (6.19) is known (and easily computed with our process).
Then (6.14), (6.2), and (6.19) yield

E)r =E)r =87 =— Vi @)~ =—Vi(H))"  (6.20)
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Then by (6.10), we have a new problem for (E,, H,) which is just like (P,,.)
but with new boundary values for E; as given by (6.20). Again this is
solvable.

We have thus found completely the first two terms in the expansion for E
and H in x; > 0. In x; <0 we have &, =0, ¢;=¢,=h,=0. By (6.18) we
can also determine &, and #, in x, <0, both being independent of .x,.
Equation (6.17), then determines /,. We see that (6.17), also determine e,.
What we have not determined so far is .#] in x; < 0. For this we have to
start on the next step. The next equations we obtain are

Vi &3+ &5 —(gradre) =4,

_ (6.21)
Vi ¥+ #r, — (grad b)) = i&,.
We eliminate &, here just as we did &, in (6.16) and obtain
Vi —\igradi hy + &5 — (gradyey)t =0, (6.22)
But from (6.16), we obtain
gji,xlz\/zz.x]_ \/;gli..\'jx}' (623)

If we substitute (6.23) into (6.22) we obtain

2ViH  =\i& L, +igrad, b + /i (gradre;)”.  (6.24)

Now everything on the right side of (6.24) is known from earlier steps and
we also have #(x,,x,,0)=H,(x,,x,,0");, also known. Hence we can
solve for .#].

This process can be continued recursively. Let us outline the steps. We
have the following equations:

VA &+ &~ (gradre,. ) =2, n=0,12.. (I,)
VA H  + &5, —(grad; h,) =&, n=0,1,2,. (I,
h,=—div&: n=01,2,. (1)
e, ,=idiv#.  n=0,1,2,. (I1})

We eliminate &, , between (I,) and (II,) as above and obtain

\/l:f;t,XJ - \ﬂ gradT hn + grjt_+l.x1 - (gradT €5 l)J~ =0
n=0,1,2,.. (I,
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But (1) gives &, , = i# . — Vi&, ., + i (grade,); and if we
substitute this into (III ) we obtain

2ViH, = \igradh, + i &}, —\i(grade,)) + (grade,, )" (IV,)
Now we can describe the recursion process. Suppose we have calculated
A es Ay 1y Bgesy By &y &y €00 €, in x;<0.

Then we will have also been able to calculate
(Ey, Hy)...., (E,,H,) in x;>0.

For each of these satisfies a problem of the form (P, ) with (E,))f =&, . It
follows that the right side of (IV,) is known; hence we know # . ,in Xy < 0.
But we have also #, = (H,){ and thus we determine # by mtegratlon
Once #, is known (II,,) yields e, ,, and (II,) yields &, ,. Then (1) gives
h,., and we can repeat the step.

If the co-ordinate systems are not orthonormal the equations above
become somewhat more complicated once one goes beyong the first steps.
The complications come in the calculation of the coefficients in 2’. What
happens is that instead of obtaining the #’s by a simple integration one has
first order differential equations to solve for them. It is important to note that
to obtain the first order connection to the exterior field, that is, (E,, H,), it is
not necessary to calculate any of the terms in the inner expansion.
Equation (6.20) remains valid so we have boundary values for (E,); which
are determined solely from H,, the infinite conductivity approximation.

As indicated in the Introduction some more details of the asymptotic
procedure, including numerical results, as it applies to two-dimensional
problems, appear in [4]. Although the analysis is predicated on the
assumption that § is large the numerical experiments in (4] indicate that it is
in fact valid over a very large range of §’s. A verification that the formal
procedure is a valid asymptotic series is presented in |8] for the two dimen-
sional problem of [4].
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