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Abstract: In a previous study we have shown that the polygamma functions (derivatives of the logarithm of the gamma function) relate
to Stieltjes transforms in the square of the argument. These transforms in turn may be converted to Stieltjes continued fractions; in
the background is a determined Stieltjes moment problem.

In the present study we use the Hamburger form of the Stieltjes integral to produce a set of real monotonic increasing and
monotonic decreasing approximants to each of the real and imaginary parts of a polygamma function when the argument is complex.

The approximants involve rational fractions which appear to be new.
Special attention is given to in I'(z) and the psi function.

Keywords: Generalized continued functions, monotonic sequences, Stieltjes integral.

1. Introduction
It was shown by us [3] that the polygamma function
¥,(z)= lnF( ), m=0,1,2,..., (1)

(Y(2)=1yo(2) being the psi or digamma function, ,(z) the trigamma function, etc.) satisfies the relation

o (m=1) m 2a\"
()" () =S T (22, (2), Rel(2) >0, @
m=1,2, 3,..., where
o  x™/2Q d
gnu(2)= m(y)dx -, y=erm,
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(For m =0 the expression (m — 1)! /z™ is replaced by —In z, and 0! by unity). For example,

Ml dx

R T Y RS TP

I 2a [ Vx dx
yi(z) =+ —2+—f y2 5.
2z 20 (x+2%)(y-1)
0(2) 11 (2w)2fw (y+y?)xdx (3)
z =TS T 3T - *
2 222 Vs (e -1y

\ °°(y+4y2+y3)\/)?dx
T (x+2)(y-1)"
2

showing the polygamma functions in terms of Stieltjes integral transforms with parameter z°.

Our object here is to derive from (2) new approximation sequences (monotonic increasing, and
monotonic decreasing) for the real and imaginary parts of {,,(z). These sequences are quite distinct from
those which could be derived by separating out the real and imaginary parts from the Stieltjes type

continued fractions (c.fs.) derived in Shenton and Bowman [3]; see expressions (19)-(24).

From (3) the symmetry of the polynomials is obvious. A general proof is to consider the function

S () =y~ D26, (y), m>1, (4)
which satisfies the difference-differential equation
9 (2) =3m(Vy + 1y )1 (9) +Vy (1= )¢l (3).

It is also readily shown that
. fe 4N I Y N fe s N < £ .,\I.,I_\d. fa o, N\
Pmll/X)=2myx + 1/¥VX )@y, U/X)+ U= L/ X/ ) @ U/ X )

But¢, (y)=9¢,(1/y),m=1,23.
It is now evident that under the mapping x = ¢? in (2), we may write

( ) m+l0m(82m)dt o0 tm+l¢m(62m)d1 (5)
gm m = m
Lomrmey L e e

in which

b, (e27) = ¢, (e72"").

Hence the integrand in (5) is an even function and so

L2 dolt)  (ge(z)> 0 (6)
=— —_7 >
su(2)=1 [ T (Re(2)>0)
where o{7) is a distribution function on {— 00, ®0); i.€
(=)™ 'y ( )_(m—-l)' m! i e (1)dr
rm z" 22m+| Zm+|_/ . r+1z

where ©_(—¢t)=0,,(t) and m > 1

But there is the basic c.f.—integral relation, namely
[ Ouln)dr _ ™ ™
o t+iz oz oz
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from expression (24a) of Shenton and Bowman (1971). Defining w = iz, we therefore have
/°° @m(t)dt Cém)

r+w w— w— -

(m)
i

., Imw>0,Rew=0. (7

— o0

Note we are interested in ¢, (z) when z is complex; i.e. Im(z)= 0.

3. Real and imaginary parts of ¢, (z)

Let z=re'? with —7/2 <8 <m/2, =0, and write (27/z)"g,,(z) in the form
me m-—1)! m!
B,(5) = (=) g, () - L2 ®)
z 2z™
Then from (2) and (7), for m > 1,
w {tsin(m+1)8+ rcos(m+2)8)6, (r)ds

Re(‘P ( )}— m+]f__°° 2y sind 41l (98)
and
Im(®,, (z)) = r 1+ f {t cos(m + 1{)6?_—2:::;:;2)0)@ SOL ob)

We point out in the earlier paper on the subject that we missed the important symmetry properties of the
integrand occurring in y,,(z). This property focuses attention on the Hamburger aspect of the integral
transforms — a simplification is now induced into the expression for the sequence approximants to
Re(¢,,) + Im(y,,) when we appeal to our own work on second-order continued fractions [2].

4. Link with second order continued fraction

To set up increasing and decreasing sequences to (9a) and (9b), there are three important formal steps.
A. To formulate rational fraction approximants to definite integrals of the form

/°° A(x)B(x)do(x)
- C(x)

where, A, B, C are polynomials.
B. To describe the basis for the derivation of monotonic sequence approximants.
C. To formulate details of the computational schemes.
The scheme is described in detail in [2]. We recall the main points.
An nth order c.f. is associated with

F(z,,25,...,2,)= fwA(x)f:((xx)m#(x) (10)

where A, B are real polynomials and

C,(x)=]](x+2z,) forxz0,z, distinct, (11)
A=1
and linked to the c.f. (Stieltjes transform)
_ede(x) __ag  _a _R(2)
F(Z)—fo x+z z4c¢ —z+e, - T 0,(2) R (12)

In the paper we were interested in the general case and in particular, functions ¢(x) as a solution of the
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Stieltjes moment problem - the formal change to moment problems for which ¢(x) is a constant for x < a,
and x > b(> a) presents no problem but care is needed over validity considerations. Again our present
study concentrates on the case n = 2, involving second-order (generalized) c.fs. In (10) we need only to
consider polynomials A(-), B(-) such that the product degree does not exceed two. Sequences of
approximanis appear involving the parameters in the denominator C,, which in the present case (n = 2)
takes the form

C(x)=x+px+p,. (13)

We need to define the following functions:

£ Do ! -
@ o® lQ(zl Qs(zz).’ US()_Z‘QS(ZI) Q_:(Zz), (4=2=2). (14)
@ =35 4

where

z )/:0 <A(x)x_+Az(—zx)}dqb(x), s=1,2.

B.=B(~z,

(iii) W,(B) is similar to (A, B) except that the last row of the numerator determinant is replaced by y,,
Yo, where y,. = P (z,)B(—z,). As is readily shown,

2
W(B)=X (-1)""py3"
r=1i
where B(x)= 22_,b x%" and V”", A =0, 1, is similar to U except that the last row of the numerator

Aatarmainant

uL Ll itulialit lb ‘]A‘ S\"]}’ L;\l s\éz}
Then an approximating sequence to

Y YRR FYRWA

F ““\"‘)u\"‘}u‘l’\ ] 15
(21,25) = -/ (x+z)(x+2z,) "’ (15)

assuming convergence of the integral, is

P(4,B)/0Q,(z),2,) (s=1,2,...) (16)
where
| —(4,8) WA(B) W..(B) U“, o
s+
P(A,B)=| U"V(4) uw ul |, 0.(z,2,)= P o |
| U(O)(A) L];(O) l]s(_:_){ ‘ -y s+l

Various choices of the polynomials 4, B lead to different forms, but it is fairly obvious that
P(A,B)=P(B,A4).
For our present purposes we need the resuit for 4(x)= B(x)= Cx + D. We find formaliy the sequence of

approximants to

f (Cx+D) d¢(x) (17)
0 X +p,x+p2

namely
Ps*( A > A)

| .
0.(z1. ) )

T.(A,A; C,)=C%,+
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where
DV -V DY~V

P cpopyo cugi-puti|

(Note that P*(-, -) is a quadratic form in C, and D with variable coefficients.)

5. Monotonic sequences

33

5.1. Returning to the function @,,(z) involving the polygamma function i,,(z), the real and imaginary
parts ((9a), (9b)) will not necessarily, using (16), be approximated by monotone sequences. But for real

polynomials there is always a solution to
tsin(m +1)0 + rcos(m +2)8 = (Cyt + D,)* — C3(¢+* — 2tr sin 6 + r?),

namely

C.— 1—cos(m+1)0} D - sin(m+ 1)8 — sin §
1 { 2rcos 8 ’ L 2C, cos 6 ’

Recall that m=1,2,..., and —7/2<8<7/2,8=0.
Similarly, a solution to

tsin(m+ 1)8 + rcos(m +2)8 = C2(¢* = 2trsin 8+ r2) = (Cyt + D, )’

is

C = {1+cos(m+1)0} D= _ sin(m + 2)8 + sin 6
2 2rcos @ ’ 2 2C, cos § :

We now have form=1,2,..., —n/2<0<n/2,0=+0,

Re(®,,(2)) =——(Lis. ™ (r; 8))

1
—{l.d.s. Qi™(r; 8))

rm

(limit of the increasing sequence = L.i.s, and limit of the decreasing sequence = 1.d.s.) where

DIVI(O)._ Cll/;(l) DIV(O)— ClV(l)

t+1 t+1

CU®-DU®  CUQ- DU,

1+

1

(i) P,("”=;',‘(z—)

(i) Q{™ is derived from P‘™ by replacing D, by D,, C, by C,, and finally changing the sign.

(ii)) w,(2) = YW - UHU©.
5.2. For Im{®,,(z)}, C,, D, and C,, D, are replaced by

C*___\/{1+sin(m+l)0} D# = cos(m+2)6—sinf)
! 2rcos 8 ’ re 2C¥ cos 6 ’

C*=\/{l—sin(m+l)0} Dr = — cos(m + 2)8 + sin 8
2 2rcos @ ’ 2 2C¥ cos @ :

(18a)

(18b)

(18¢)

(19a)

(19b)

(19¢)

(20a)

(20b)

It is possible for one of the parameters C,, C,, C¥, C} to be zero resulting in an infinite value for one of the

D’s. This situation is resolved as follows; there are two cases:
(a) sin(m + 1) = 0.
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Here for the real part of @,(z) use the sequence
cos(m+2)8

D i, i) (200
where
[ )
P[(rn)(r;o)= 1 Ul Ur+1 )
«(2) v v
and for the complementary decreasing sequence
cos(m +2)8 ”
rm*2 cos?d {Lds. 0/™(r; 0} (20d)
where
1 0) [@)] : (0) 1
0™ (r; 8) = 1 r51n0V,'+V, rsml9V,+.l-+-V,+I '
()| U@+ rsing UY UL+ rsinb UL

(b) cos(m + 1)8 = 0.
Use (20c) with cos(m + 2)8/r™ replaced by —sin(m + 2)8/r™, and (20d) with the factor outside the
braces replaced by —sin(m + 2)8/(r™*? cos*8).

5.3. The fundamental entities. The sequences {U®), (U"), (¥9} and (V") are set-up from the

recurrences
0)_ _ 70y 4 277(1) M N _ Y7y _ 77(0)
U= C/(:"lU:(—z'*" Ui, U= 2J’Ur(—)| Cr(—mlU:(—ﬁ LJI(—l’ (t>2) (21)
0) — _ ~(m)1/(0) (¢D] (h_ _ ) _ o~y () _ . 277(0) =z
Vil= -GNV + VI, Vil= =2V - GORVE -Vl

with initiators

s US(O) um | L) M
0 -1 0 0 0 (22)
1 0 1 0 cim

Note that only the first few partial numerators C{™, C{™, are known in the general case ([3], (24b));
however, general expressions are known for ¥, (x) (Stieltjes [5]) and also for y,(x) (Shenton, unpublished).
For the latter

1 1 1
=—+—+—
zPl(x) x 2x2 X2

where CV, = s2(s2 = 1) /{(4(4s* = 1)}, s =2, 3,....

L

X+ x+ - (23)

Numerical example. Let m=1,z=1+4+1y3, r=2, and § = 7 /3. Then
C,=3/3, D;=-1, C,=3%, D,=-V3, (24)

leading to Table 1.
For the real part we have for the coefficients in the determinants P (r; 6):

=V3 -03 0.503119521 —0.17 —1.609082689
1 0.173205081 —4.714285710 13.69145024 —18.0

(change sign of final determinant value), and for the coefficients in the determinants Q'™ (r; 8):
= 0 —0.376190476 1.154700536 —1.607792206

V3 -39 5.691024110 —1.428571490 —19.83985464
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Table 1
s U U VJ_(O) Vs“)
0 -1 0 0 0
1 0 1 v 0, 1/6
2 42 —-3.4641016 0.16 —0.577350269
3 — 13.856406406 7.28571430 —0.577350265 1.247619048
4 25.14285720 8.08290382 1.08 —1.462620685
5 —11.33706004 —8.181818080 —0.587847550 —1.179220764
Table 2a Table 2b
t P o t P omr
1 —0.0213294 —0.0193452 1 —0.001851216 +0.000132911
2 —0.0213259 —0.0210796 2 - 0.001059332 —0.000813027
3 —0.0212490 -0.0211917 3 ~0.001057682 —0.001000342
4 —0.0212129 —0.0211921 4 —0.001043183 —0.001022385

Ty als
True value

—_ N DNIINAND
V.ULisUaUL

True value

nAntnnaTa

—UWIULD /D

The real part of

o, (1+1/3)=

foliows from Table 2a.

For the imaginary part we have for the coefficients in the determinants P\"™*(r; 8),

- (2+V3)

—i8

[ e
Rei—(
r

V(0)+ V(I)
IU(0)+ U(l)

=218\

)

+

0y 4 Ly |
VI +1Y,

L]I(O) + U

+1

122008468  0.046459255
£

N 287511070
V. JJiJ11Viv

+¢()}

r+1

(l)
t+1]
0.357578546

A AQQLNATQN
2. 900/4L=/ 0V

and for the coefficients in the determinants Q! (r; 8),

The imaginary part of

(I>,(z)=1m{

follows from Table 2b.

6. Remarks on validity

A 1A AN AN
UO-UO U -Uuh
1 —1.201159793 1.8201992
6 —14.21391753 20.6543324
-if 2i6
[ €
i(z)——- » }

The distribution functions (weight functions @,(¢) given in (7)) for In I'(z) and the polygamma
functions relate to determined Stieltjes moment problems. For example, omitting the first two terms in
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¥,,(2), the series coefficients in the remaining series are the moments of a bounded non-decreasing function
with infinitely many points of increase on (0, o0). But in our earlier study we overlooked the fact (described
in Section 1) that for m > 1, the distribution functions relate to the whole axis of reals, so that the
corresponding moment problem is the Hamburger; i.e. the basic function (5) relates to

1(z; o)/ de(s)

Y (z=x+1y). (25)
Clearly for validity here, Re(z) = 0 at least. Notice that nothing is altered to any extent with the c.f. form

1 1 1{16 ¢V Y
T A
z 2z 254 14+ z5+ -+
=l+_1_+i{1/6 cm }
z 27 Z¥lz+ z+ z+4 -

valid for Re(z) > 0 (the forms are not valid for Re(z) < 0 because of the initial formulation of the relation
between ¥,(z) and its asymptotic series).
We have to consider the validity of generalized c.f. derived from integrals such as (see (10), (15), (17))

I(z],zz,o) / dO(I)

w(t+z)(t+2,)"

Briefly one approach is to consider the problem of the validity of expansions stemming from

1
(t+z2)(t+2,)

where we assume (7 + z,)(t+2,)>0 for t€(— o0, o) and 7, are real polynomials; i.e. the question
whether Parseval’s formula applies to distribution functions

a*(0) =" (x+2)(x+2)do(x) (27)

for a(-) a solution of the Hamburger moment problem. But (Shohat & Tamarkin [4]) a necessary and
sufficient condition due to M. Riesz [1] for the validity of Parseval’s formula for functions f(-), is that
f€ L? and the moment problem is determined. Add to these Carleman’s criterion for the moments and the
validity question is settled sufficient for our requirements. In particular for ¢, (z), m > 1, Carleman’s
criterion is satisfied for the moments [see [3], (14) and (15)), appropriate distribution functions exist, and
the real and imaginary parts involve positives polynomials (¢t + z,)(¢ + z,) for all real ¢.

ngnf_ww(z+z,)(t+zz){ —ws(t)} do(1) (26)

7. Sequences for InI'(z) and Y (z)

We have
InI(z)=(z—4)lnz—-z+3In(27) +J(z),
where
= do(t)
J(z)= , 28)
(Z) z/—-oo I+22 (
with

o(t)——f ‘/_ —{In(1 —e~2*)y}dx (Re(z)>0).
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Moreover
By B,
J(z)—z+A, —z+A, —

where

By=a,, B,=ay,_ a5, sz21, Ay=a,, A;=a,, ,+ay,_,, s=2.
(ag=—1/12,a,=1/30, a, = 53/210, a, = 195 /371, a, = 22999,/22737, etc.) A slight change of notation
shows that

/°° da(1) _ By B,

cotHz? 2P A — 24 Ay, —

But

(t+x2+y?)

o x2—y?)
Re{J(Z)}=xfo (1+22)(1+2%) G+ (t+12%)

de (1), Im(J(z))=y_/:° (t(:-_;z)(t+z'2)

where z=x+1y, x>0, and y=0. As in Section 5, we now can set up monotonic sequences of
approximants. We find

da(¢),

Re(J(z))=x{lis. P, (r,0))=x{lds. Q,(r,8)) (29a)
where
dyi9—cy® gy —cyh
Pm(r,0)= 1 1 mO 1 m‘ 1"m+1 1"m+1 , (29b)
on(2) |CUSY = d U CULD, = d UL,
VO~V di9 - GV
0,(r.8)= 1 2Vm N 2¥'m " 2 m+l(0) 2 m+:“ ’ (29¢c)
W (2) | = CQUO+dU"  ~CUY, +dUsR,
with
o= v {jsin 8] — sin®4) 4= 2cir’cos(26)+1
! risin(28) ° ! 2¢, ’
. -, (30)
_ v/ {lsin 8] + sin’0) dom 2¢3rtcos 26— 1
© risin(20) 2¢, '
For the imaginary part we have similarly
y ' Im{J(z)}=Llis. PX(r; ) =1d.s. Q*(r: ),
for which ¢, 4, etc. are replaced by
o V {cos 8 + cos*8) 5o 2c*iricos(26) +1
: risin(26) ’ : 2ct ’ 61)
31
o= v {cos 8 — cos?6) gt = 2¢*2r? cos(260) ~ 1
: risin(28)] 2 2ck '
The fundamental entities are defined in
ljs(O) = A:(]S(_O} - Bs— ll]s(i)% + raljx(—”l’
UM ={4,+2r cos(20)} U, - B,_ UL, - U%; (32)

VIO = AV = B WO VY,
V={A,+2r*cos(20)}V", — B,_ V1), — r4v @),
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Table 3

s U:(O) U:(l) Vo y

0 -1 0 0 0

1 % 1 0 "

2 24.98247978 —5.188679246 5 —0.43516771%

3 —66.51864975 —7.504220150 —0.224417989 —0.617170022

4 —624.8213913 89.79538218 —2.08895459 7.553848138

Table 4a Table 4b

Real parts Imaginary parts

m P, InI’ m 2Py InI

1 0.016905756 ~1.876093669 1 —0.033376754 0.129635518
2 0.016920588 ~1.876078837 2 —0.033366135 0.129646136
3 0.016920591 —1.876078834 3 —0.033366003 0.129646268
m 0., Inl" m 20 Inl

1 0.016921553 - 1.876077872 1 —0.033360957 0.129651314
2 0.016920979 - 1.876078446 2 —0.033365744 0.129646527
3 0.016920658 —1.876078767 3 —~0.033365936 0.129646334

with initiators

s Us(O) Us(l) VS(O) I/s(l)

0 -1 0 0 0
1 -4, 1 0 B,

Numerical example. Let z=1+2i, r=V 5,sin §=2/V 5, sin 20 =% cos 26 = — 1. Then

V(2 5-4) g _10-3/5 V(2 5+4) 4o —10-3V5
‘= 4 AT T, 0 2T 4 r D 8,
EACERS VIR o ' S A U S R bt '}
aTT 4 T ey 0 s = @ 16¢5

and we find the values of Table 3.
The approximants { P,,} etc. to J(z), and In I'(z) for z = 1 + 2i follow from Tables 4a, b.
Hence, at this stage

~1.87607883 < Re InI'(1 + 2i) < — 1.87607877,
0.12964627 < Im InT'(1 + 2i) < 0.12964634.

8. Further applications

The derivation of the real and imagainary parts of ¢ (z) follow similarly. Further, if validity can be
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established, c.fs. such as
= 9
f(z) T4 2+

can be used to set up the sequence approximants to the real and imaginary parts of the corresponding
function.

Appendix

It can be shown that the formulas (18b)-(20b) also hold for m = 0, for which

1
<D0(z)=—xp(z)+lnz—§;. (A1)
Similarly we have (corresponding to m = — 1) from (28) the sequences
v v

Re{J(z))= —x{lis.

Je(2) ), (A2)
A

0 1 0 1
A ANSIAERAY

. Jw,(z)}. (A3)
UO+yU0 Yt [

=x"Y1lds

For the imaginary part use (19¢) with C, = 1/f(2x), D, =(x~- y)/\/(2x) for an increasing sequence, and
C,=1 /v (2x), D,=—(x+y)/ v (2x) for a decreasing sequence (changing the sign of the numerator

determinant).
In both cases, we assume Re(z)> 0.

References

[1] M. Riesz, Sur le probléme des moments et le théoréme de Parseval correspondant, Acta Litterarum ac Scientiarum (Szeged) 1
(1922-3) 209-225.

[2] L.R. Shenton, Generalized algebraic continued fractions related to definite integrals, Proc. Edinburgh. Math. soc. 9 (2) (1955)
171-182.

[3] L.R. Shenton and K.O. Bowman, Continued fractions for the Psi funtion and its derivatives, SIAM J. Appl. Math. 20 (4) (1971)
547-554.

{4] J.A. Shohat and J.D. Tamarkin, The Problem of Moments, Mathematical Surveys, No. 1. (Amer. Math. Soc., Providence, RI, 1943).

[5] T.J. Stieltjes, Oeuvres Complétes, TOME 11 (Noordhoff, Groningen, 1918).



