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5. Arbitrary measurable functions

Let again X, #, F, F+ and .#* be as in section 2. In the present
section we shall assume that .#+ is non-empty. In a number of important
cases, compare Theorem 4.2, the quantity umax(f) defined by (2.6) may
be regarded as being known. In particular, by Lemma 1.1,

(5.1) Umax(f)= sup f(x) if F+= Fo*.
z€X
Be given a subset
{gf: 7 € Dl}
of F. By L, we shall denote the product space
L= 11 &,
jeD;

(with R; as a copy of the reals), consisting of all points
0= {O’j, 7 € .Dl},

(that is, all real-valued functions on the index set D). Let us consider
the set

(6.2) V={o€L: exists u e #+ with u(g;)=0; for all j € D}.

Clearly, V is a convex subset of the real linear space L;. We further have,
by (2.6) and (5.2), that

(5.3) VCW.

Here,

(5.4) WZ{O‘ €Ly z ﬂ;o’;<‘umax( ﬂjgj) for all ﬁ EL;[*},
jeDy jeDy

where L;* consists of all real-valued functions {f;, j € D1} on D; such
that ;=0 for all but finitely many j.

1) Supported in part by the National Science Foundation, GP-2499.
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Theorem 5.1. We have
(5.5) A(V)=W,

(cl=closure) when L; is given the product topology.

This result is known in the case F'+= Fyt, see [42] p. 318. The product
topology in L, is the coarsest topology making all projections ¢ — oy
continuous. In other words, a net of points ¢® € L, converges to ¢ € L;
if and only if, for each j € Dy, the j-th coordinate ;) of ¢(® converges
to the j-th coordinate ¢;© of ¢©. Clearly, W as defined by (5.4) is a
closed and convex subset of L;. Hence, cl(V)C W, by (5.3).

Proof of Theorem 5.1. Let ¢(® € L; be such that ¢©@ ¢ cl(V); we
must prove that ¢© ¢ W. Since L, is a locally convex vector space, there
exists, [9] p. 73, a closed hyperplane separating ¢@© strictly from cl(V).
That is, there exists a continuous real and linear functional ¢(c) on L,
and a constant ¢, such that ¢(c®)>c¢, while ¢(c)<c throughout cl(V),
hence, throughout V. As is easily seen, ¢ must be of the form

p(o)= Y Bjoj, all o € L,

je€D,
for some B e Li*, f#0. Using (2.6) and (5.2), we have

pmax( 2, Bigi)<c< 2 oy @,

jeDy jeDy
implying that o© ¢ W.
Only in exceptional cases, (often obtainable from assertion (I) of
Theorem 4.3), the set V is closed, that is, V= W. This makes the following
result especially useful; it generalizes a result of RicaTer [38].

Theorem 5.2. We have
(5.8) ints (W)=intg (V),

provided that ints (V) is non-empty. Here, the interiors are taken relative
to the minimal flat S containing W. In particular, (5.6) always holds
when 8 is finite-dimensional, (say, when the index set D, is finite).

Proof. It is known, [48] p. 13, that int (V)=int (cl(V)) as soon as
V is convex and int (V) is non-empty, (everything relative to S). Using
(5.5), this yields (5.6).

Next, suppose that S is finite-dimensional. Note that V is non-empty
since £+ is non-empty. Let m >0 denote the largest integer such that V
contains the m+ 1 corners of a non-degenerate m-simplex. Let S’ denote
the m-dimensional flat spanned by this simplex. Then V C&S’, (for,
otherwise, m would not be maximal). It follows that

W=cl(V) C cl(S") =4,

hence, 8’=8. Moreover, V being convex it contains the convex hull of
the above simplex, hence, ints (V) is non-empty.
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In the remaining part of this section, we shall for convenience assume
that D; is a finite set, D1={1, 2, ..., n}. Thus, we are given n measurable
functions gj(x) on X with g; € F, j=1,...,n. Let intv (V) denote the
interior of V relative to the minimal flat S containing V, similarly,
intv (W). Since 8 is closed and W=cl(V), S is also the minimal flat con-
taining W. Hence, by Theorem 5.2,

(5.7) intv (V)=intv (W).

Be given a point
c*=(o1%, ..., on*) € Rn,

and consider the collection
M F={ue Mt pgy)=05*j=1, ..., n}

This collection is non-empty if and only if ¢* € V. We shall be interested
in the relative maximum

(58) #mﬂx(ﬂa*)zsup {:u(.f) ‘ME '/”*-F}’ (f € F)

Theorem 5.3. Suppose that o* eintv (W). Then ¢* € ¥, by (5.7).
Moreover, we have for each f € F that

j=

(5.9) /tmax(fIU*)=i§meax(f+ 2. Bi(gi—0ai* fo).
1
Here, p runs through all of R». Note that (5.9) can also be written as
sup inf u(f+ 3 Bjg;*)=infsup u(f+ 3 Bigs*),
v B i=1 B u j=1
where g;* =¢;—0;*fo. Here, § runs through R* while x4 runs through .#+.

Proof. Replacing, in (5.2) and (5.4), the system {gi, ..., g»} by the
system {gi, ..., gu, f} One obtains a pair of convex subsets V' and W’
of Rn+l guch that V' C W', intv (V')=intv (W’). By (5.8),

pmax(flo*)=sup {on+1: (O1* ..., 0n*, ons1) € V'}.

Further it is easily seen that the right hand side of (5.9) is precisely
equal to
sup {on41: (01%, ..., 0n*, ont1) € W'}=y, say.

Since V' C W', we have pmax(flo™)<y.
Consider the one-dimensional open interval

I={(o1*, ..., ou*, on+1) : pmax(flo*) <ont1<y}.

Then I is contained in W’ while it is disjoint from V’. Further, o* € intv(W),
where W is the n-dimensional “base” of W’. Since W’ is convex, it follows
that I Cintv (W’')=intv (V’). Hence, I must be empty, proving (5.9).
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Corollary 5.4. Suppose that F+=Fot={fe F:f>0}. Then
o* € Intv (W) implies that o* € V and, further,

(5.10) () =in sup [/(2) + 3 bl o)

holding for each fe F.

The above corollary follows by (5.1); it is due to RicHTER [38] p. 154.
The formulae (5.9) and (5.10) are no longer valid in general when ¢* is
merely a boundary point of V, compare the examples in part (II) of
section 6.

Actually, when F+=Fy+ and ¢* is a boundary point of V one could
use in stead the following result. It was found independently by RICHTER
[38] p- 151 and RoGcoSINSKY [40] p. 4, but goes essentially back to Riesz
[39], who took the g; as continuous functions on the real line. Its proof
proceeds by an induction with respect to .

Theorem 5.5. If F+=Fyt then V is precisely the convex hull of
the set of points {P, x € X}, where

Py= (91(1‘), gz(-’L‘), sevy gn(z)) € Rn.

In other words, if F+= Fo*+ then a given point ¢ € R belongs to V
if and only if there exists a probability measure » on X of finite support
such that »(g;)=o0y, (j=1, ..., n). For a thorough study of such measures
v in important special cases, see for instance [24], [34], [46], [49].

Summarizing: the method of the present section is simple and straight-
forward, but it does have a few defects. Namely, except for the case
F+=Fy*, there is no clear procedure for handling the boundary points
of W. A related difficulty is that no procedure is given for determining
Umax(f) or even for determining whether or not .#+ is non-empty.

Added in proof. The reader may also consult a paper by K. Isi,
“On sharpness of Tchebycheff-type inequalities”, Ann. Inst. Statist. Math.
(Tokyo), vol. 14 (1963) 185-197. It is a well-written paper (which I
noticed only recently) in which the author rediscovers some of the results
of Richter and Rogosinsky.

6. Some illustrations

In this section we shall present some applications of the results in
section 5. We shall take X as the k-dimensional Euclidean space R*. Let
further g¢;(z), 7=0, 1, ..., », be given Borel measurable functions on R¥
and consider the collection .#+ of all regular probability measures u on
R satisfying

I lgi(x)|u(dx) < oo, j=0,1, ..., n.
In other words, .#+ is the collection of the distributions
wd)=Pr(Z € A), A C Rk,

of all the k-dimensional random variables Z for which
(6.1) E(lgi(2)])<oo,  j=0,1,...,m;
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(all that follows in this section remains valid if .#+ is further restricted

by requiring that E(|g(Z)|)<oo for some or even for all Borel measurable

functions g on R¥; the latter would mean that ux has finite support).
Let us consider the set ¥V C R defined by

(6.2) V={o:exists u € M+ with u(g;)=05,j=1, ..., n}.

In other words, d=(01, ..., 6») € V if and only if there exists a random
variable Z satisfying (6.1) and

(6.3) E(gi(Z))=0; for j=1, ..., n.
We shall be interested in the quantity

pmax(go|o) =sup {u(go) : u € M+; u(g))=05,j=1, ..., n}
=sup E(go(Z2)),

where Z ranges over the random variables satisfying (6.1) and (6.3); it
is of interest only when ¢ € V. Clearly,

(6.4)

(6.5) Umax(go|o) < q(go| o).
Here, the quantity g(go|o) will be defined as
(6.6) q(golo)=inf {yo+ 3 yjos},
i=1
where (yo, 71, ..., yn) Tanges over the (n+ 1)-tuples of real numbers satis-
fying "

go(x)<yo+ Y v;9i(x),  for all x € RE.
i=1

i=
If no such (n+1)-tuples exist we put g(golo)= + oo.

One easily sees that g(go|o) as defined by (6.6) is equal to the right
hand side of (5.10), provided we take there f=go, ¢;* =0;. Applying
Corollary 5.4 (due to Richter), it follows that (6.5) becomes an equality,
that is,

(6.7) #max(go|o) =4(gol0),
as soon as
(6.8) o eint (V).

Let us now give some examples.

(I). Take k=1. Let r>1 and ¢>0 be given constants, and consider
a one-dimensional random variable Z satisfying

E(Z)=0, E(|Z|")=e.
We would like to determine the best upperbound on
Pr(Z>1)=E(g(2)),

in terms of r and . Here, go(x)=0 or 1, depending on whether x <1 or
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x> 1, respectively. In other words, we are interested in the quantity (6.4),
where n=2,

gl(x) =z, go(x)= ler’ o=(0, Q)
Without loss of generality, one may assume that ¢>0; thun ¢ is an

interior point of V; (for, there exists (Ho6lder) a random variable Z satis-
fying E(Z)=m and E(|Z|")=p if and only if |m|<pl’r). By (6.5),

(6.9) Pr (Z<1)<q(gol0).

Moreover, by (6.7), the bound (6.9) is sharp, that is, it cannot be improved ;
(we shall not be interested in the fact that the upperbound (6.9) is even
assumed). Here, by (6.6),

(6.10) q(golo) =inf {yo+y1-0+y2-0},
where (yo, 91, y2) ranges over the triplets of real numbers satisfying

yo+y12+yelz|r>0 for z<1,
>1 for z>1.

One may as well assume that the y; are nonnegative. Considering the
derivative of the left hand side, the above restriction is easily seen to be
equivalent to

1—yo—y2<yr<(syo)/s(rye)'",

where 1/r+1/s=1. For the special case r=2, (6.9) yields in this way the
well-known sharp upperbound

Pr (Z>1)<oa?/(1+0?),
holding whenever E(Z)=0 and E(Z2)=o2.

(II). Let k=1, n=1, go(x)=|z|3, gi(x)==2. Then ¢(go|c)= + oo, what-
ever the real number ¢>0. On the other hand, if 6=0 then gmax(go|0)=0,
(for, E(Z2)=0 implies E(|Z|3)=0). Thus, (6.7) fails to hold for ¢=0,
which should not be surprising since 0 is a boundary point of V' ={o: 6> 0}.

As a somewhat different counterexample, let k=1, n=1, go(z)=0 for
<0, go(x)=1 for >0, gi(x)=x2. Here, tmax(g0/0)=0, while ¢(go|0)=1.
The correct value for umax(go|0) would also follow from Theorem 4.4, see
Theorem 7.2.

An analogous situation occurs when k=1, n=1 and

go(x) =e?, gi(x)=1—e* for <0,
=—e 2, =0 for z>0.

In this case, umax(90/0)=0, g(g0|0)=1, while pmax(—go|0)=g(—70|0)=1.

(ITI). Furtheron in this section, Z will denote a random variable Z € R¥
such that E(|g(Z)|)<oo for all functions g considered. We shall regard

Z as a k-tuple
Z:(X17 LX) Xk)
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of real-valued random variables X;. Its second moments will be denoted as

(6.11) O’ij=E(X7;Xj)= ‘f XiZg [u(dm),
RE

(t,j=1, ..., k). Here, u denotes the distribution of Z and x=(zy, ..., zx)
a generic point of R¥. It will be convenient to take xo=Xo=1, and to
allow in (6.11) that ¢=0 or j=0, thus,

ow=E(X;) , ooo=1.

Let go=go(x) be a given Borel measurable function on RF.

Problem: given certain of the moments ¢;;, to determine the best
possible upperbound on E(go(Z)).

Such problems have already been considered by BerGE [5], LaL [25],
WaITTLE [51], OLKIN and PrATT [36], MARSHALL and OLKIN [29], [30],
[31], BIrnBAUM and MARSHALL [6].

The above problem is a special case of the one considered in the be-
ginning of this section. Namely, take there {gi, ..., g»} as a special set

of n functions N
{g41(x) =325, (3, ) € T}

Here, I' denotes a given set of » pairs of integers ¢ and j, such that
0<t<j<k. We shall exclude the pair (0, 0) from I; (there are k+ k(k+1)/2
such pairs, hence, n<k(k+ 3)/2).

In the present case, the set V C R» as defined by (6.2) is precisely the
set of all functions

(6.12) o={oy, (1,7) € I'}
on I such that there exists at least one k-dimensional random variable
Z=(Xy, ..., Xi) satisfying
(6.13) E(X;X;)=0y for all (z,7) eI
Further, (6.6) becomes
(6.14) q(golo) =inf {yoo+ ; ViiOii}s
where {yi;; (¢, j) € I'} ranges over all real-valued functions on I" such that
(6.15) go() <yoo+ ;yi,-xiwj for all x € RF.
Let 0 € V be given. The best possible upperbound on E(g¢(Z)), given

(6.13), will again be denoted as umax(go|o). It clearly satisfies (6.5). By
(6.7), we even have

(6.16) Hmax(gola) =q(go|0),

provided that ¢ is an interior point of V. Using Theorem 5.2, it is easily
seen that a point ¢ of the form (6.12) belongs to ¥ and, moreover, is an
interior point of V, if and only if

(6.17) Y00 + Eyijxix,->0 for all x = Y00+ Z}’ijgij>0’
r r
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Here, the y;; denote real constants such that y;;5 0 for at least one pair
(¢, ) € I'. In particular, if (¢, 4) € I' then necessarily o;;>0. A (necessary
and) sufficient condition for (6.17) is that there exists at least one random
variable Z=(Xj, ..., Xj) satisfying (6.13), which is genuinely k-dimensional
in the sense that its distribution x is not supported by any flat or
quadratic surface of the form ygo + ;yﬁxixj = 0. For certain special choices

of I, (6.16) was also demonstrated by MARSHALL and OLKIN [32].

(IIT)" Following BIRNBAUM and MARSHALL [6], let us consider a random
variable Z=(Xy, ..., Xi) satisfying
(6.18) E(X?)=0u=0 B(X;X;n)=9)
(¢=1, ..., k;9=1, ..., k—1). Here, the 0;> 0 and g¢; are given real numbers.
We shall assume that

(6.19) 0:>0, (1=1, ..., k) ; &>0,(j=1, ..., k-1),

where E€j=070541— l(ij.

The assumption (6.18) amounts to taking I" as the set of all the n=2k—1
pairs (i, ) and (j,7+1). We claim that the point o € R%-1 as defined by
(6.12), (0j,741=¢;), is an interior point of V. In view of (6.17), we have
to show that

k k-1
(620) ‘l«'(h)= z aiai2+2 Z b]'(]7j+c
] =

K2 )

is strictly positive whenever the function

k k-1
(6.21) h(x)= z a; X2+ 2 Z bjxjxj+c
i=1 i=1

(2 7

is nonnegative for all x=(x, ..., xx). Here, the a;, b; and ¢ denote real
constants not all zero. Given such an h, take ;= 4+ o; with the + -signs
chosen in such a way that

bjwjxii= — |bjlojoira=— [bjl(lpjl + &) <bjpi— |bjle;.
Using h(zx)>0, this yields
k-1
(6.22) v(h)>2 z 8j|bj|>0.
i=1
By (6.19), (6.20) and (6.22), we conclude that »(h)=0 can only happen
when all the a;, b; and ¢ are equal to zero.
We now have from (6.16) that, for any Borel measurable function

go(x) on Rk, the best upperbound pmax(golo) on E(go(Xi, ..., Xx)), given
(6.18), is equal to

(6.23) q(golo) =inf {v»(h): h>go}.

Here, & ranges over all the functions of the special form (6.21); further,
v(h) is defined by (6.20).
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As an illustration, let us take go(x) =0 if x € @, go(x) =1 if = ¢ Q, where
@ denotes the cube

Q={r=(21, ..., xg): || <1 for all 1=1, ..., k}.
Let us consider the (sharp) bound ¢(go|o) in

(6.24) Pr (Z ¢ @)= E(go(Z)) < q(golo)-

This bound is given by (6.23). In particular (taking A = 1), we have
q(golo)<1; thus, in (6.23) we need only to consider functions A of the
form (6.21) with A>go and »(h)<1. Then the minimum value ¢ of the
function & satisfies 0<c<1, thus, A*=(h—c)/(1—c) satisfies 2* >go and
y(h*)<w(h) if ¢#0. Hence, we may as well assume that c¢=0.

Given

w=(a1, veey Ay bl, ceey blc—l) € RZIc—l’
let us introduce
k k-1
(6.25) ho(x) = Z aixi+ 2 Z bjxjxj1, (x € R¥),
i=1 i=1
and '
k k-1
(6.26) w(w)=v(hw)= z o+ 2 z (p,‘bj.
i=1 ji=1

Then, by (6.23), the required bound ¢(go|c) may be written as
(6.27) g(golo) =inf {yp(w): w € K}.

Here, K will denote the closed and convex subset of R2¢-1 consisting of
all points w such that
hw(x)>0 for all z,

>1 for all x ¢ @Q;

(in the present case where @ is a cube, K is clearly non-empty; for more
general sets @: if K is empty then g¢(golo)=1).

By (6.19) and (6.22), we have that p(w) > oo if |w| > oo, w e K.
Observing that y(w) is a linear functional, we conclude that the minimum
value (6.27) is in fact taken at an extreme point of K. Therefore,

(6.29) q(golo) =inf {y(w): w € K&},

whenever Kpg is a subset of K containing all extreme points of K. In
other words, we are allowed to impose additional restrictions on &,
provided that these are automatically satisfied when w is an extreme
point of K.

Let us replace (6.28) by an equivalent condition not involving z. Let
w € R%-1 be given and consider the » x r matrix B, defined by

(6.28)

(Br)ij=as if j=1,
=b; if j=1+1,
=b; if j=1—1,
=0, otherwise,
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(5,7=1, ..., r); thus, B, is symmetric (r=1, ..., k). Also note that Bxy=4
(say) is the matrix of the quadratic form Ay,(z) defined by (6.25).

If w € K then, by (6.28), the matrix 4 (that is, A,(x)) is strictly positive
definite, hence, all principal minors of 4 have a positive determinant.
Moreover, as is well-known, a sufficient condition for 4 to be strictly
positive definite is that

(6.30) det (By) >0, r=1,..,k;

(here, D,=det (B,) satisfies Dy11=a,41 Dy —b,2D,_;, thus, (6.30) is easily
verified).

As was shown by OLKIN and PrATT [36] p. 229, (see also [51] p. 235),
given (6.30), the second condition (6.28) is equivalent to

(6.31) det (Ay)<det (4), i=1, ..., k.

Here, 4 denotes the (principal) minor corresponding to the diagonal
element a;;=a; of A= Bi. Thus, the set

K C R2k-1

occurring in (6.27) and (6.29), may be defined by (6.30) and (6.31), (in
stead of (6.28)).

For convenience, let us restrict ourselves to the special case k=3; (even
for this case the results of BIRNBAUM and MARSHALL [6] are incomplete).
The reasoning in [36] p. 230 shows that for both ¢=1 and ¢=£k the equality
sign holds in (6.31) as soon as w is an extreme point of K; by (6.29), this
is an admissable restriction. The resulting two equations can easily be
solved in terms of b;2 and 092, yielding

b12= (a1 — 1)a1as/(a1 +as— 1),
be? = (a3 — 1)agas/(a1 +az—1),
(where a;>1). Afterwards, the case 1=2 of (6.31) yields the condition

a1 +az—1<as.
Letting

201=1+4&1 , 2ap=(E1+&3)602 , 2a3=1+&3,

the latter condition is equivalent to &3>1. In fact, the only restrictions
on the &; are

Further, b; and by are given by
bi2=1(&2—1) &2 , bo2=1(52—1) &2

It remains to minimize the function of the &; which results on sub-
stituting these expressions into (6.26). More precisely, using (6.29), we
obtain that

(6.32) 29(golo) =inf {f(§) : &>1},
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where
f(&) = o11(1 + &1) + o22(&1 + £3) E22+ 033(1 +£3)

—2|g1| E2 VER—T1 —2|q| Ea VE2— 1.

Taking & =1, and choosing afterwards &; and &3 in the best possible way,
one arrives at the inequality

(6.33) 2q(golo) <011+ 033+ Vdy +Vds,

where
di=(o11+022)2— 412 , do=(022+ 033)% — 4e22.

The upperbound (6.33) is contained in a more general result (k arbitrary)
due to BirNBAUM and MARSHALL [6] p. 693.

Note that f(¢) is a quadratic function of &. Hence, given & and &,
the choice & =1 is best possible if and only if the minimum

(6.34) [lgr| V2 — L+ |ga| VEs2— 1]/ [o22(é1 + £3) ] =0(£1, &3),

(say), does not exceed 1. Hence, (6.33) certainly holds with the equality
sign when max (|g1], |pa|) <022, hence, also when max (011, 033) <o2.
For the final analysis, let us restrict ourselves to the special case

(6.35) o11=033, |p1|=|gpz|.

Then one may as well take & =£3 in (6.32). The strict inequality sign in
(6.33) can arise only when the case £;>1 is of any importance. By (6.34),
the latter happens when & >1 satisfies

0(&1) = (|@1lfo22) V1 —E72> 1,

(which requires that |pi|>092). Given such a value & and choosing & in
an optimal fashion, (namely, é=p(41)), we obtain

inf  [o11092+ (011002 — @12) &1+ @12&171] /022
&12>1,08)>1

as a further contribution to (6.32). If here the minimum is taken at a
point with p(é1)=1 then (6.33) holds with the equality sign. If not then,
as is easily seen, we have >0, where

0 =2(¢12/092) — 011 — O22.
Moreover, in this case, (6.32) yields

q(gol0) = 011+ 2(|g1| [o22) Vo11002 — P12
=ou+ Vdi— <o+ Vdi.

Consequently, assuming (6.35), we have that (6.33) holds with the equality
sign if and only if §<0.
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(TIII)" Returning to the more general situation (6.13), let us assume
that the point o defined by (6.12) is an interior point of V. Consider a
fixed non-empty Borel subset B of R¥, B+ Rk, and let yp denote its
characteristic function. It follows from (6.16) that for any k-dimensional
random variable Z satisfying (6.13) we have

(6.36) Pr (Z € B)<q(yslo),

and further that this bound cannot be improved. The main problem
remaining is to determine (if possible) a more explicit expression for the
quantity q(xs|o) defined by (6.14) and (6.15).

Following MarSHALL and OLKIN [31] p. 1003, let us consider the special
case that B is convex, (B R¥). We assert that in this case

(6.37) q(xBlo)=inf {q(yalo): A e &/, A D B}.

Here, &7 will denote the collection of all closed half-spaces A of the form
k
(6.38) A={xeR:a0+ Y a;x;>0},
i=1

with the a; as real constants, a;#0 for at least one index 7+#0.
In proving (6.37), consider a quadratic function 2 of the form

(6.39) h(x)=yoo+ Y yijxizs,
r

(x € R¥), and satisfying A > yp. In view of (6.14), it suffices to show that
there exists a closed half-space 4 such that A>y4 and 4 DO B, (that is,
h> xa>yB).

We have h(z) >0 for all x. Thus, A(x) is a nonnegative definite quadratic
form, hence,

C={x:hx)<l}

is a convex subset of R¥; also note that C' is open. We may assume that
C is non-empty, (for, otherwise, A>1>y4 for any set A and we would
be ready).

If x € B then 1=yg(z)<h(z), thus, z ¢ C. It follows that B and C are
disjoint non-empty convex subsets of R*, consequently, [48] p. 25, there
exists a half-space A containing B and disjoint from C. Since C is open,
we may assume that A is closed. Finally, if x € 4 then x ¢ C, thus,
h(x)>1=y4(z), hence, A has all the required properties.

Next, let 4 be a half-space as in (6.38). We assert that

(6.40) q(yalo)= inf g(p4lo),
8=>0
where

B =1 +fart 3 am)F,  (§>0).

Clearly, @z> x4, hence, q(ya4lo) does not exceed the right hand side of
(6.40). To prove the converse inequality, we may assume that ¢(y4lo) <1=
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=¢q(po|c). By (6.14), there exists a non-constant function % of the form
(6.39) such that h>y4. In computing ¢(yalc), one may as well assume
that the smallest value of % is equal to zero, (compare the remark following
(6.24)), h(xz*)=0, say. But then z* ¢ 4, thus,

k
B=[—ao— Y a;z*]71>0, while h(x)> @),
i=1

for all z; (the latter inequality is obvious at the boundary of 4 ; moreover,
both % and ¢; are homogeneous functions of the y; =x;—2;*). This proves
(6.40).

Recall (see (6.4) and (6.7)) that

d(pplo) =sup B[1+flaot 3 aiXOF,

the supremum being taken over all k-tuples (Xj, ..., X;) satisfying (6.13).
Hence, in the particular case that all moments o;; are given, (6.40) yields
Vaualo)=1-0% 3 3 oyaiay if a<0

6)=1—« oiaa; if <O,
(6.41) 2 s i=0 =0 R

=1 if x>0,

k
where o= 3 aio4%. For this same special case, the sharp upperbound
i=0
(6.36), with g(ys|o) defined by (6.37) and (6.41), is due to MARSHALL
and OLKIN [31] p. 1003; they also gave a large number of specific appli-

cations.

7. An alternative approach

Many of the problems in section 6 can equally well or better be handled
by means of the results in section 4, in particular Theorem 4.4. Suppose,
for instance, that we are interested in a k-dimensional random variable
Z=(X, ..., Xi) satisfying

(7.1) E(X:)=0
and

(7.2) E(X;X;)=0yj,

(¢, 7=1, ..., k). Here, the o;; denote given real numbers, such that the
matrix

Z=(0ij34,7=1, ..., k)

is symmetric and nonnegative definite. Unless in section 6, we shall allow
2 to be singular. On occasion, it will be convenient to replace (7.2) by
the weaker condition that

k k k
(7.3) E( Y aiXq)2< Y 3 oyaay,
i=1 i=1 i=1

k2

for each choice of the real numbers a,, as, ..., a.
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If C=(ci;) is a square matrix then by C > 0 we shall denote that C
is nonnegative definite; further C; < Cs will denote that C2—Ci> 0.
Thus, condition (7.3) may be written as

X' L X, where o';;=E(X:X;).
For f as a function on RF, put
q*(f)=1inf {oxo+ iﬁ_l €17 Gz}

Here, the real numbers «p and c¢;; are subject to the conditions:
(i) C> 0, where C=(cy;¢,j=1, ..., k).
(ii) For some choice of the real constants «i, ..., ax, we have

%0 X+ il cijxix; > f(x), for all x € Rk,

i= ij=
Note that (ii) implies (i) as soon as

li|n'|1 inf f(z)/|z|2> 0.

Hence, in this case, ¢*(f) coincides with the quantity ¢(f|oc) defined by
(6.14) if there we take I' as the set of all admissable pairs (7, ) and
g0,;=0(j=1, ..., k). Let us finally introduce

Q*(f)=sup {g*(9): g<f, 9 is us.c.};
in particular, @*(f)=q*(f) if f itself is upper semi-continuous.

Theorem 7.1. Let f(x) be a given Borel measurable function on
Rk such that

(7.4) lim f(z)/|x|2=0.
|| =00
Then
(7.5) E({(X1, ..., X&) <Q*(f)

for each set of random variables Xj, ..., X; satisfying (7.1) and (7.3).
This inequality is skarp, that is, in (7.5) one cannot replace @*(f) by any
smaller constant.

Finally, if f itself is upper semi-continuous (say, f=yp with B as any
closed subset of R*) then the equality sign in (7.5) is assumed by some
Z=(Xjy, ..., Xi) satisfying (7.1) and (7.3).

Proof. Apply Theorem 4.4 with X =Rk, {f;, i € Do} as the set of
continuous functions {fi(x)=x;, =0, 1, ..., k} (xo=1) and with {h;, j € I}
as the collection of all nonnegative definite quadratic functions h,=
= > cijeixy, while 7= ci045, thus, 7,>0; (an equivalent choice would
be hp=(> aw:)? and np= 3 oiaia;).
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The last assertion of Theorem 7.1 is no longer valid if (7.3) is replaced
by (7.2). For example, if k=1 and f(x)=e=2* then @*(f)=1 whatever the
value o11>0. But there does not exist any real random variable X satis-
fying E(X)=0, E(X2)=011>0, E(e~X*)=1.

Theorem 7.2. Let f be a Borel measurable function on R* satis-
fying (7.4). Then the inequality (7.5) is still sharp when Z=(Xy, ..., Xz)
is assumed to satisfy the stronger conditions (7.1) and (7.2).

Proof. Let ¢>0 be a given number. We must prove that there exists
a probability measure x on R¥ satisfying

(7.6) @) =0, p(@w) =0y,

(¢, 7=1, ..., k), and
u(f)>Q*(f)—e.

By Theorem 7.1, there exists a probability measure » on R¥ satisfying
v(xi)=0 N v(xix,-)=o"ij,

(¢, 7=1, ..., k), and »(f)>Q*(f)—¢/2. Here, (by (7.3) and the remark
following it), the matrix 2'=(¢"y;7,j=1, ..., k) satisfies 0 L 2" L X,

Hence, there exist real numbers oy (p=1, ..., m;t=1, ..., k) such that
m . 3
0ij—0'1j= D opicps, (3, 7=1, ..., k);
p=1

we may assume that m >0 is minimal. Similarly, there exist real numbers
Bpi such that ¢’y; can be written as

Gif’z Zlﬁm'ﬁpf, (i’j=1’ '“>k);
Pym

we may assume that >0 is minimal. With 1 as a positive real number,
let 4, denote the nonnegative measure on R* of total mass m having a
mass 1/ at each of the 2m points

+ (Aopi, Acxpe, ..., Axpr), (p=1, ..., m);
(these 2m points are distinct since m is minimal). It satisfies
M) =0, Ay(xixs)=2%(0e;—0"3s),

(¢,5=1, ..., k). Let further », denote the measure of mass » having a
mass equal to 1/, at each of the 2n points + (Afp1, ..., ABx), P=1, ..., n.

It satisfies
va(@:) =0, v(xi25)=A2%0"y;,

(¢, =1, ..., k). Moreover, by (7.4), one has for 1> 0 sufficiently large that

(7.7) 14N <(e/8) 22, [wi(f) <(e[8) 2.
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Now, let us form (with A>n% fixed) the measure

p=(1=08)v+b1 4;+62 v,
where
61=21"2, 62=m2—2/(22—n), 0 =md1+nds

depend on 4; note that d=dJ242. It follows from the above relations that
u is a probability measure satisfying (7.6). Moreover, using (7.7) and
y(f) > Q*(f) —¢/2, we have

(= (1—08) Q*(f) — /2 — (¢/8) (142 + 624%) > @*(f) — &,
as soon as A>0 is sufficiently large.

(To be continued)





