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1. Introduction

Throughout this work, we write r’ = 4/1 — r2 for 0 < r < 1. The well-known complete elliptic integrals of the first and
second kinds [1,2] are defined by

/2
K(r) = / (1—r?sin®0)""/2do,
0 (1.1)
K'(r) = K(r'),
K(O0) =m/2, K(1) =00
and
/2
&(r) = / (1 —r%sin®6)"2do,
0 (1.2)
g'(r = &),
e0)=m/2, &) =1,
respectively.

In the sequel, we use the symbols X and & for X (1) and &(r), respectively.

It is well known that the complete elliptic integrals have many important applications in physics, engineering, geometric
function theory, quasiconformal analysis, theory of mean values, number theory and other related fields [2-10].

Recently, the complete elliptic integrals have been the subject of intensive research. In particular, many remarkable
properties and inequalities can be found in the literature [3,10-15].
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For p € R, the power mean M, (x, y) of order p of two positive numbers x and y is defined by

P4 yp 1/p
Xty
My(x,y) = ( 2 ) - P#0, (1.3)
VXY, p=0.
The main properties of the power mean are given in [16].
In [4, Theorem 3.31], Anderson et al. studied the monotonicity and convexity of K (r)&(r) in (0, 1), and obtained the

following inequality:

Mo(K (1), &(r)) > /2 (1.4)
forallr € (0, 1).

It is natural to ask what is the least value p such that M, (X (r), €(r)) > m /2 forallr € (0, 1). The main purpose of this
work is to answer this question. Our main result is the following Theorem 1.1.

Theorem 1.1. Inequality
Mp(X (1), &(r)) > m /2 (1.5)
holds for allr € (0, 1) ifand only if p > —1/2.

2. Lemmas

In order to establish our main result we need several lemmas, which we present in this section.
For 0 < r < 1, the following derivative formulas were presented in [4, Appendix E, pp. 474-475]:

dx e-r’x  de _ €-X
a2 a r
de —r?x) d(X —€) ¢

rk, _— = .
dr dr 12

)

Lemma 2.1 ([4, Theorem 1.25]). For —oo < a < b < oo, let f, g : [a, b] — R be continuous on [a, b], and be differentiable on
(a, b), and let g(x) # 0on (a, b). If f'(x)/g’ (x) is increasing (decreasing) on (a, b), then so are

f&® —f(a and f&x) —fb)
g(x) —g(a) g(x) —g(b)’

If f’(x)/g’ (x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.2. (1) (X — &)/(r?>X) is strictly increasing from (0, 1) onto (1/2, 1);
1
(2) &/r'2 is strictly increasing from (0, 1) onto (7 /2, +00);
(3) 25 is strictly decreasing from (0, 1) onto (0, 7 /2);
4) (& — r/sz)/r2 is strictly increasing from (0, 1) onto (7 /4, 1);
(5) r'(K — &)/r? is strictly decreasing from (0, 1) onto (0, 7 /4);
(6) (& — r’ZJC)/[r’2JC(J€ — &)] is strictly increasing from (0, 1) onto (1, +00).
Proof. Parts (1)—(4) follow from [4, Exercise 3.43(32), Theorem 3.21(1), (7) and (8)].
For part (5), let F(r) = r'(X — €)/r?. Then

K K-8
F/(r) == W <1 - 2W> . (2.1)

It follows from (2.1), and parts (1) and (3) that F'(r) < O forr € (0, 1) and F(r) is strictly decreasing in (0, 1). Moreover,
making use of (1.1) and (1.2) together with part (3) and I'Hopital’s rule we get lim,_,; F(r) = 0 and lim,_,o F(r) = 7 /4.
For part (6), note that
gEe—r’x) € 1 (E-r*x)/r?
KK —6) i pix T(K—8)/r2
Therefore, part (6) follows from (2.2) and parts (2)-(5). O

(2.2)

12 72
Lemma 2.3. Let r € (0, 1). Then the function f (r) = 86—r '7:2);’82'7“‘7(’8) is strictly decreasing from (0, 1) onto (0, 2/m).
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Proof. By differentiation, we have

ro= ﬁr{;(%’ (2.3)
where
filr) = 2 K2€(26 — K) — [6(& — 1K) + 12 K (K — €)1 x (€ +3r° K€ — 21 X?)
= (6 — 1 H0)(—€ — 2" K€ — 27 K3 + 517 K7€)
= 1" KE(K — €)(& 1K) [MJFM —3] (24)
KK -6 €

2
From Lemma 2.2(6) we know that % + Z?K — 3 is strictly increasing from (0, 1) onto (0, c0). Hence f'(r) < 0

forallr € (0, 1) follows from (2.3) and (2.4). Moreover, making use of (1.1) and (1.2) together with Lemma 2.2(3)-(5) and
I'Hopital’s rule we get lim,_,; f(r) = 0 and lim, o f(r) = 2/7. O

K—&—(6—1"*%)

Lemma 2.4. Let r € (0, 1). Then the function g(r) = T ROR—)

is strictly increasing from (0, 1) onto (1/7, 1).

Proof. Letg(r) = KX — & — (& — r/ZJC) and g, (r) = (6§ — r’ZJC)(JC — &); then we clearly see that g;(0) = g,(0) = 0, and

g'(n r(€—r’x)
') r&(E — 1K) + K (K — €)
1/€

T 1K K — 8))I(€ — 1K)l (2:3)

It follows from (2.5) and Lemma 2.2(6) together with Lemma 2.1 that g (r) is strictly increasing in (0, 1) and lim, o g(r) =
1/7. Moreover, the limiting value of g(r) at r = 1 can be obtained from (1.1) and (1.2) together with Lemma 2.2(3). O

— 12
Lemma 2.5. Let p € R. Then the function h(r) = (%)p ! rf’;_(;cjg) is strictly increasing in (0, 1) if and only if p > —1/2, and

there exists 8 = 8(p) € (0, 1) such that h(r) < 1forr € (0,8) and h(r) > 1forr € (6,1)if p < —1/2.

Proof. Simple computations lead to

lim h(r) = 1 (2.6)
r—0

and
W) o-1 & —1%x LKoE), K 2r ré
h(r) P 2K ré E—12K  1* (K -6

2 KEe f@r) 27)

where f () and g(r) are defined as in Lemmas 2.3 and 2.4, respectively.

From Lemmas 2.3, 2.4 and (2.7) we clearly see that the function (1/& + g(r))/f (r) is strictly increasing from (0, 1) onto
(3/2, 00), so h(r) is strictly increasing in (0, 1) if and only if p > —1/2. Moreover, if p < —1/2, then it follows from (2.7)
that there exists ry € (0, 1) such that h'(r) < 0forr € (0, 1), W'(r) > Oforr € (ry, 1), and h(r) is strictly decreasing in
(0, rp) and strictly increasing in (rg, 1). Therefore, Lemma 2.5 follows from (2.6) and

€6 — 17 XK) + 12K (K — &) [ Ve +g(r)]

g1 — 1K) e\
lim h(r) = lim — =lim| ————
r—1 =12 K27 (K — 8)/(rPK) =1 K
2—p
2r?
Q2-p)(E-rX)
= lim = +0o0
r—1 r2

together with the monotonicity of h(r). O
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3. Proof of Theorem 1.1

Proof of Theorem 1.1. If p = 0, then inequality (1.5) reduces to inequality (1.4). Thus, we only need to prove inequality
(1.5)for p £ 0. Let

K (r)? ;- ey —log % (3.1)

Then simple computation leads to

KP1(E — 1K) /(%) — €771 (K — &) /r

1
G(r) = —log
p

¢ = KP + €
-1 _ p—1 2
_ 8K -8/ {(‘K> Lo X 1] (32)
KP + &P €) (x-o

It follows from Eq. (3.2) and Lemma 2.5 that G'(r) > Oforallr € (0, 1) ifand only ifp > —1/2.1f p > —1/2, then G(r) is
strictly increasing in (0, 1) and G(r) > G(0) = 0. Then from (3.1) we know that inequality (1.5) holds for all r € (0, 1) and
pel[—1/2,00).

Finally, we prove that p = —1/2 is the best possible parameter such that inequality (1.5) holds for all r € (0, 1). If
p < —1/2, then from (3.2) and Lemma 2.5 we know that there exist § = §(p) € (0, 1) and A € (0, §) such thatG'(r) < 0
and G(r) < G(0) = Oforr € (0, A). Then (3.1) implies that M, (X (r), &(r)) < mw/2forr € (0,A). O

Remark 3.1. Forallr € (0, 1), we have

My(K (1), €(r) < (1/2)'? (3.3)
ifp € (—log2/log(w/2),0),and
Mp(K(r), &(r)) < /2 (3.4)

ifp € (—oo, —log2/log(/2)].

Proof. We divide the proofinto three cases.(1)If —1/2 < p < 0, then from (3.1) and the monotonicity of G(r) we know that
G(r) < lim;_,1 G(r) = —log 2/p—log(;r /2) and inequality (3.3) holds forallr € (0, 1).(2)Ifp € (—log2/log(w /2), —1/2),
then from (3.1) and (3.2) together with Lemma 2.5 we clearly see that sup,c 1) G(r) = max{G(0), lim,_,; G(r)} =
max{0, —log2/p — log(w/2)} = —log2/p — log(x/2) and inequality (3.3) again holds. (3) If p < —log2/log(r/2),
then sup, g 1) G(r) = max{G(0), lim,_,; G(r)} = max{0, —log2/p — log(r /2)} = 0 and inequality (3.4) holds. O

Remark 3.2. Inequalities (3.3) and (3.4) are sharp whenr — 1and r — 0, respectively.
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