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1. Introduction

The purpose of this paper is to develop high order numerical methods for Fredholm integral equations of the form

b
au(t) — f It —s|P~k(t, s)u(s)ds = g(t), a<t<bh, (1.1)

where L # 0, 0 < p < 1, k and g are given functions, and u is the solution to be determined. Equations of this form often
arise in practical applications such as Dirichlet problems, mathematical problems of radiative equilibrium and radiative heat
transfer problems [1-3].

The construction of high order methods for the equations is, however, not an easy task because of the singularity in the
“weakly singular” kernel |t — s[P~'k(t, s) (note that p < 1); in fact, in this case the solution u is generally not differentiable
at the endpoints (i.e. t = a and t = b) [1,4-6], and due to this, to the best of the authors’ knowledge the best convergence
rate ever achieved remains only at polynomial order. For example, if we set uniform meshes with n + 1 grid points and
apply the spline methods of order m, then the convergence rate is only O(n~%”) at most [2,7], and it cannot be improved by
increasing m. One way of remedying this is to introduce graded meshes [2,7,8]. Then the rate is improved to O(n~™) [8,9]
which now depends on m, but still at polynomial order. Furthermore, as pointed in [10], this idea contains several
substantial drawbacks such as that the implementation is complicated compared to the case of uniform meshes, and that
the system of linear equations generated in this way becomes rapidly ill-conditioned as m increases. To counter these issues,
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Monegato-Scuderi [ 10] have proposed to introduce a smoothing transformation, instead of graded meshes, with which the
solution can be made arbitrarily smooth. Then with the standard spline method on uniform meshes the better rate O(n™™)
can be obtained without the drawbacks above (for the same reason, the concept of a smoothing transformation has recently
been used by several authors [11-13]). Other methods for Eq. (1.1) include [14,15], whose convergence rates are all of
polynomial.

On the other hand, a method with exponential order convergence rate has been developed in [16] for Volterra integral
equations of the form

t
u(t) — / (t —s)P7k(t, s)u(s)ds = g(t), a<t <bh,

where the kernel is also assumed to be weakly singular, and the solution u is generally not differentiable at t = a (cf. [17]).
The key here is to utilize not only the concept of a smoothing transformation described above but this time also the so-
called Sinc approximation; this is motivated by the fact that the combination is generally an effective tool for functions with
derivative singularity at endpoints (cf. [18]). Riley then confirmed numerically that his method in fact achieves exponential
convergence O(exp(—cy+/n)) despite the singularity. Furthermore, it can be examined numerically that in his method the
system of linear equations is very well-conditioned.

With these backgrounds, we propose two new numerical methods for Eq. (1.1). The first method is given by simply
extending Riley’s idea to the Fredholm case. It is then shown by numerical experiments that the new method enjoys the
same convergence rate O(exp(—ci4/n)) as in the Volterra case. The second method is derived by replacing the smoothing
transformation employed in the first method, the standard tanh transformation, with the so-called double exponential
transformation. This modification is motivated by an observation that in various cases [19,20] such replacement drastically
improves the order of convergence. In fact, it turns out that the modification works well also in our case, and numerical
experiments suggest that the convergence rate is improved to O(exp(—czn/ logn)). In both of the new methods the linear
equations are very well-conditioned. Finally, we also give a way of estimating a tuning parameter d which is the most
essential parameter in the methods and substantially affects their performance. We like to emphasize that this point has
been left unanswered in [16].

This paper is organized as follows. In Section 2, we state basic theorems of the Sinc methods, which are referred to in the
subsequent sections. In Section 3, two numerical methods are derived by means of the Sinc approximation. In Section 4, we
analyze the regularity of the solution u of Eq. (1.1). In Section 5, we give error bounds of the proposed methods. In Section 6
we show numerical results. Finally in Section 7 we conclude this paper.

2. Basic definitions and theorems of Sinc methods
2.1. Sinc approximation

The original Sinc approximation is expressed as

N
fe = Y fGMSG M), xeR, (2.1)

j=—N
where the basis function S(j, h) (x) (the so-called Sinc function) is defined by

sin -
SG, MHx) = M
mw(x/h—j)
and h is a step size appropriately chosen depending on a given positive integer N. Note that the approximation formula (2.1)
is defined on x € R, whereas the target Eq. (1.1) is defined on the finite interval (a, b).In order to relate these two intervals,
R and (a, b), the tanh transformation (and its inverse)

_ sg,.  b—a X b+a
t_d)a’b(x)_Ttanh(E)—}- —.
 (ASEq =T ey t—a
x={¢;,} (f)—log(b_t>

can be introduced [18]. Throughout this paper, we call this the single exponential (SE) transformation, and the combination
of (2.1) and the SE transformation the SE-Sinc approximation.

In order that the formula (2.1) on R works accurately, a function to be approximated should be analytic on a strip domain,
9¢ = {z € C : |Imz| < d} for some d > 0, and also should be bounded in some sense. When incorporated with the SE
transformation, the conditions should be considered on the translated domain

z—a d
arg| — || < d}.
& b—z

In order to clarify the conditions more precisely, it is convenient to introduce the following function space.

ooy (Za) = {z eC:
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Definition 2.1. Let 2 be a simply-connected domain which satisfies (a, b) C 2, and let 8, y be positive constants. Then
Lg , (2) denotes the family of all functions f that satisfy the following conditions: (i) f is analytic in 2; (ii) there exists a
constant C such that

If @] < Clz—alf|b—z|” (2.2)
holds for all z in 2. For later convenience, let us denote Lg(2) = Lg g(2) and introduce a function Q (z) = (z — a)(b — 2).

When f € L,( ;Eb(%)) for some positive constants d and «, the next theorem guarantees the exponential convergence
of the SE-Sinc approximation.

Theorem 2.2 ([18, Theorem 4.2.5]). Let f € Ly ( S_Eb(%))for dwith0 < d < m /2. Let also N be a positive integer, and h be
given by the formula '

wd
h=, —. 2.3
oN (2.3)

Then there exists a constant C independent of N, such that

N
F(©) = Y F@EGSG WU (©)] < (VN exp (—vrdaN)

max
a<t<b =~

It is also possible to employ the double exponential (DE) transformation (cf. [19,20]) in place of the SE transformation. The
transformation and its inverse are

b+a
t=¢rp(x) =

a tanh (% sinh(x)) + B

h—
2
x= {61 (t) = Io 110 t—a + 1+ llo t—a\|*
— ab _gngb—t ngb—t
This transformation maps R onto (a, b), and maps 2, onto the domain:

0% (90) — arg | L1og (222 1 (22|
wp(Za) = 1Z €C: |arg log + . /14 log <d
b4 b—-z b4 b—-z

Iff eL, ((/)3%(%)), the Sinc approximation with the DE transformation is extremely accurate as stated below. We call this
approximation the DE-Sinc approximation.

Theorem 2.3 ([21, Theorem 3.1]). Let f € L, (q’)g'f7 (24)) for dwith0 < d < 7 /2, let N be a positive integer, and let h be selected
by the formula
h— log(2dN /«)
= N .
Then there exists a constant C which is independent of N, such that

(2.4)

N
max |f(6) = > f@L50mSG, W ({egs) " ©)

{ —mdN }
< Cexp .
j=-N

log(2dN /«)

The common assumption f € L,(2) in Theorems 2.2 and 2.3 implies that the approximated function must tend to 0 as
t — aand t — b in view of the condition (2.2). In order to handle more general cases, it is convenient to introduce the
translation:

b— — a)f (b
TIFIO) = f(o) — & f>f<a;irit Wf ()

which maps a function with general boundary values to the one with 0 boundary values. With this notion, let us introduce
another function space M, (2) in the following definitions as a family of functions such that 7 f belongs to L, (2).

(2.5)

Definition 2.4. Let 2 be a bounded and simply-connected domain. We denote by HC(2) the family of all functions that are
analytic in 2 and continuous on 2. This function space is complete with the norm || - ||yc(%) defined by

If lac(z) = max [f (2)].
e
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Definition 2.5. Let o be a constant which satisfies 0 < o < 1 and let 2 be a bounded and simply-connected domain such
that (a, b) C 2. The space M, (2) consists of all functions f that satisfy the following conditions: (i) f € HC(2); (ii) there
exists a constant C for all z in 2 such that

If (z) — f(@)| < Clz —a|*,

If (b) —f(2)| < Clb —z|*.

Remark 2.6. Functions in L, (2) or M, (2) are analytic in 2, but may have a singularity on the boundary of 2. In particular,
the function spaces contain a function that is not differentiable at the endpoints, like the solution of Eq. (1.1).

2.2. Sinc quadrature

The Sinc approximation can be applied to definite integration based on the function approximation described above; it is
called the Sinc quadrature. When incorporated with the SE transformation, the quadrature rule is designated as the SE-Sinc
quadrature, and shows exponential convergence as the next theorem states.

Theorem 2.7 ([18, Theorem 4.2.6]). Assume that f satisfies (fQ) € Ly, (¢, (Za)) for dwith0 < d < 7. Let @ = min{B, y},
N be a positive integer, and h be selected by the formula

2md
h=,—. (2.6)
oaN
Furthermore, let m and n be positive integers defined by
m=N, n=[BN/y] (fa=§8) 27
n=N, m=[yN/Bl (fa=y) '

respectively. Then there exists a constant C which is independent of N, such that

/ FO)ds = Y F@EG G5 ()| < Cexp (—vZrdan)

j=—m

It is also possible to employ the DE transformation in place of the SE transformation, and it further accelerates the
convergence as the next theorem shows. We call the quadrature rule the DE-Sinc quadrature.

Theorem 2.8 ([22, Theorem 2.11]). Assume that f satisfies (fQ) € Lg, J/( (_@d))for dwith0 < d < /2. Let « = min{B, y},
N be a positive integer, and h be selected by the formula

log(4dN
_ 0g(4dN /a) . (2.8)
N
Furthermore, let m and n be positive integers defined by
m=N, n=N+]log(B/y)/h] (fa=§) 29)
n=N, m=N+/log(y/B)/hl ({fa=y) :
respectively. Then there exists a constant C which is independent of N, such that
—2mdN
ds—h i {oPEY ()| < C _
/ f)ds ];nf(qb £ ) (2%} Gh)| < Cexp { i }

Note that the step sizes h in formula (2.6) and (2.8) (quadrature case) are different from those in formula (2.3) and (2.4)
(approximation case), if all a’s are identical. This might complicate the implementation task. One simple way of working
around this is to choose the same step sizes in the quadrature rules as those in the approximations. In this case, Theorems 2.7
and 2.8 should be modified as follows. We omit the proof because it is similar to those given in [ 18, Corollary 4.2.7]. For later
analysis, the term (b — a) is stated separately from a constant C here.

Corollary 2.9. Assume that f satisfies (fQ) € Lﬂﬂy(q&gﬁ, (24)) for dwith0 < d < 7. Let « = min{g8, y}, N be a positive integer,
and h be selected by formula (2.3). Furthermore, let m and n be positive integers defined by formula (2.7). Then there exists a
constant C which is independent of a, b and N, such that

f FOds —h Y F@S NG )| < Cb— "+~ exp (—v/dan).

j=—m



T. Okayama et al. / Journal of Computational and Applied Mathematics 234 (2010) 1211-1227 1215

Corollary 2.10. Assume that f satisfies (fQ) € Lg , ( E%(%))for dwith0 < d < /2. Let « = min{B, y}, N be a positive
integer, and h be selected by formula (2.4). Furthermore, let m and n be positive integers defined by formula (2.9). Then there
exists a constant C which is independent of a, b and N, such that

b n
/ f&)ds —h Y F@R5 ) (o5 ()| < C(b— a7 exp{

j=—m

—2mdN
log(2dN /o) } '

3. Sinc-collocation methods

In this section, we describe two collocation schemes by means of the Sinc approximation. In the first scheme the SE
transformation is utilized, and in the second one the DE transformation is employed.

3.1. SE-Sinc scheme

The solution u is assumed to belong to M, ( E’Eb(%)) here. We need the values of d and «, which depend on the unknown
solution u. This point will be discussed in Section 4, and at the moment we simply assume the parameter d is somehow
known, and @ = p. Then the translated function 7 u belongs to Ly( ng(@d)), with 7 defined as in (2.5). According to
Theorem 2.2 the function can be accurately approximated as

N
Tlul®) ~ Y Tul(@s,(h)SG. b sy ).

j=—N

Based on this, the original solution u is approximated by the function

N
PaEU() = u@wa(t) + Y TLul@d (h)SG, H ({5} (©) + ubywy (), (3.1)
=N
where w, and w, are auxiliary basis functions defined by w,(t) = (b — t)/(b — a), wy(t) = (t — a)/(b — a). The step size
h is given by (2.3) with o = p. Note that for a given general continuous function f, ?ﬁEf is nothing but its interpolation by
Sinc functions with support abscissas:

a (l =—N— ])7
o = g (=N, ..., N,
b (i=N+1).

In order to solve the problem, the unknown coefficients on the right-hand side of (3.1) should be determined. For the
purpose, let us set an approximate solution u,s\,E as

N
Uy (0) = conoqwa(®) + Y SG {55} (0) + evrws (D),

=N

and substitute this into Eq. (1.1). Then consider its collocation on n = 2N + 3 sampling points at t = th. This results in the
following system of linear equations:

b
A (EF) —/ |65 — s|P7k(EE, s)upE(s)ds = g(£F), i=—-N—1, —-N, ..., N, N+ 1. (3.2)
a

Next, we proceed to the approximation of integrals in (3.2). Since the SE-Sinc quadrature (Corollary 2.9) does not allow
any singularity in the target interval, we split the integral into two at s = t*:

b £5E b
/ |25 — sPTk(EE, s)uyr(s)ds = / (&F — )P TR(EE, s)uy(s)ds + / L6 EEPIR(EE, s)uy (s)ds, (3.3)
a a ti

so that the singular point only appears as the endpoints. Suppose that k(t, -) € HC(¢§}'§(%)) uniformly forall t € [a, b],and
the integrand of the first integral satisfies the assumptions in Corollary 2.9 with 8 = 1and y = p. Then the first integral
can be accurately approximated by 3 [us](t°F). Here the operator 3 is defined by

N
AN = h Y (6 — @3k (mh))P " k(t, ¢35 (mh))f (65 (mh)) (¢35 (mh)
m=—M
Nk(t, 3 (mh)f (g5 (mh))
— Y s s
=(t-a’h ) e (1 5 ey

m=—M
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where N and h are the same ones in (3.1), and M is set by M = [pN]. Note that the variable transformation is not iEb(-),
but ¢35 (-). The second integral in (3.3) can be handled in a similar manner with the operator B5F defined by

M K(t, ¢5E (mh)f ($5E (mh))
SO =0-0" ) (1(1—);,1)6—mh)Pf(1¢-;bemh)

m=—N

)

if it is assumed that k(t, -) € HC(¢; (24)) uniformly for all t € [a, b]. Note the differences from y’. Then if we introduce
Ky = A + By, we reach the final linear system to be solved in matrix-vector form:

(B — KF)en =g, (34)
where ¢, = [c_n_1, C_n, -+ -5 CNs Cn1] 858 = [g(a), g(t5), ..., g(t{F), g(b)]", and ESF, K3F are the n x n matrices:
1 o --- 0 0
wa(t) [ 1 0 [ wy(™)
Ef=x : : ,
wa(t,svE 0 1 wb(tlf,E
0 0 0 1
ByF[wal(a) o BYISG RS ()](a) | BRF[wpl(a)
Ky lwal (@) | -+ KFISG DAy} TN - | KR Twel(25)
KE= : : :
K lwadl () | --- XY ISG U} T ODIED) -+ | KR lwp ]ty
Ay [wq](b) e AVISG {3} ()](b) o+ | AN Tws](b)

By obtaining the coefficient vector c,, we get the approximate solution u%E.

3.2. DE-Sinc scheme

Now we switch the focus to the DE-Sinc case. Throughout this subsection, the solution u is assumed to belong to
M, (5 (Za))- Since T u belongs to Ly (¢ (Z4)), the solution u can be accurately approximated by

N
PYE () = u(@wa(t) + Y TLul@R5SG. Y ($05) 1 (0) + ub)ws(0), (3.5)

=N
where the step size h is selected by (2.4) with « = p in view of Theorem 2.3. Accordingly we set the approximate solution
upt as
N
Uy (0) = conaawa(®) + Y GSG M AR5) () + v raws (0),
j=—N

and substitute this uBE into Eq. (1.1). Then setting n sampling points:

a i=—-N-1),
t?F = {pop(ih) (i=-N,...,N),
b i=N+1),

which are the interpolation points of the approximate function (3.5), we obtain the system of linear equations like (3.2). The
approximation of the integral in the system is done in like manner as the SE case; the integrals are splitats = tiDE like (3.3),
and the resulting integrals are approximated by ARF[uc](tPF) and BRF[uRF](tPF) according to Corollary 2.10 under the
assumption that k(t,) € HC(¢P%(2y)) and k(t, ) € HC(¢P}(Z4)) uniformly for all t € [a, b]. Here ARF and BYF are
defined by

N\ k(t, 9DE(mh))f (¢L% (mh))7r cosh(mh)
ABEU](t) = (t — a)phm:Z_M (-l + e 7 sinh(mh))(‘l + e7™ sinh(mh))p
YL k(t, g5 (mh))f (¢} (mh))m cosh(mh)
QBEU](t) = (b — t)ph Z (] _iibe—n sinh(mh)t)l;(l + em sinh(mh))

m=—N

)

3
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where N and h are the same ones in (3.5), and M is defined by M = N + [log(p)/h]. We also introduce Xy as X F =
AN+ BPE. With these notions, the final system of linear equations is expressed as

(EYF —KP)e, = g°, (3.6)
where gPF = [g(a), g(tP%), ..., g(t7"), g(b)]" and EPE, KPE are the n x n matrices:
1 o --- 0 0
wa(t%%) | 1 0 | wy(t®})
EXF =1 : : ,
wa(tBE) 0 1 wb(tBE)
0 o --- 0 1
BV [wal(a) - BYFISG o) (- )](a) -+ | BRF[wp](a)
KN wal(¢%%) | -+ KFFISG, h{ops) T(NIAPR) -+ | KR [ws](P))
KPE= ; ; :
KN wal(695) | --- KREISG D {gp) ONIERE) - -+ | KR [wpl (")
A [wa](b) R AR ONI) o | AN Twp](b)

By obtaining the coefficient vector c,, we get the approximate solution u,'?,E.

4. How to determine the parameters d and «

As remarked in the previous section, it is mandatory to choose parameters d and « for setting the step size h by (2.3)
or (2.4). These parameters, however, should depend on the unknown solution u, and it is hard to know before solving the
problem; in fact, the parameter d indicates the size of the holomorphic domain of u, and « the order of Hélder continuous
of u (recall that in the previous section it is assumed that u € M, (¢5,(24)) or u € My (¢2%(24)), and @ = p). Although
the choice substantially affects the performance of the Sinc methods (see Section 2), this point has not been fully answered
in [16]. In the present paper, we give an answer to the issue for the Fredholm problem.

Let us introduce the integral operators A, 8, KX : HC(2) — HC(2) defined by

Alf1(2) = /Z(Z — w)’"k(z, w)f (w)dw,

b
BIf1@) = / (w — 2Pk(z, w)f (w)duw,

and X = 4 + B, where k € HC(2 x 2). With these notions, Eq. (1.1) can be symbolically expressed as (AI — K)u = g.
Then the next theorem states that the parameters d and « can be determined by investigating the known functions k and g
for 2 = ¢;5,(%) or 2 = ¢ (Z4).

Theorem 4.1. Let k(z,-) € HC(2) forallz € 2, k(-, w) € My(2) forallw € 7, and let also g € M,(2). Furthermore,
assume that the homogeneous equation (Al — K)f = 0 has only the trivial solution f = 0. Then Eq. (1.1) has a unique solution
u e My(2).

Below we prove Theorem 4.1. Note that, in view of Definition 2.5, u € M,(2) if and only if u € HC(2) and u is p-Hélder
continuous at the endpoints. The property u € HC(2) can be checked by the next theorem.

Theorem 4.2. Let k € HC(2 x @) and suppose that the homogeneous equation (A\I — KX)f = 0 has only the trivial solution
f = 0. Then the operator (Al — X) : HC(2) — HC(2) has a bounded inverse, (\I — X)~' : HC(2) — HC(2). Furthermore,
if g € HC(2), then Eq. (1.1) has a unique solution u € HC(2).

This theorem can be proved by using the Fredholm alternative theorem, where the compactness of the integral operators
is assured by the next lemma.
Lemma 4.3. If k € HC(Z x 2), the operators A, B, K : HC(2) — HC(2) are compact.
Proof. It is easily seen that the operators 4 and 8 map the set {f : |fllucczy =< 1} onto an uniformly bounded

and equicontinuous set. Therefore 4 and B are compact operators by the Arzela-Ascoli theorem for complex functions
(cf. Rudin [23, Theorem 11.28]). Then X is also a compact operator since X = A + 8. O

The p-Hélder continuity of u immediately follows from the following lemma, since u = (g + Xu)/A where g € M,(2),
and u € HC(2). We leave the proof to Appendix.

Lemma 4.4. Let k(z, -) € HC(2) forallz € 2, k(-, w) € Mp(2) forallw € 2, and let also f € HC(2). Then Xf € M,(2).

Combining Lemma 4.4 and Theorem 4.2, we establish Theorem 4.1.
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5. Error analysis

In this section we give an error analysis of the SE- and DE-Sinc schemes derived in Section 3. We first consider the SE
case. Based on Corollary 2.9, we can deduce the following lemma which is used in the subsequent error analysis.

Lemma 5.1. Assume that there exists a constant d with 0 < d < 7 such that k(t, )u(-) € HC( (Qd)) and k(t, )u(-) €

HC(qbt’b(_@d)) uniformly for all t in [a, b]. Furthermore, assume that there exists a constant K for all t in [a, b] such that
Ik(t, -) ”HC(beE,,(@d)) < K. Then there exists a constant C which is independent of a, b, t and N, such that

AL — ASFIUI(O] < C(¢ — )P exp (—y/wdpN ),
| B[u](6) — BE[U](6)] < C(b — t)P exp (—a/nde) .

The next lemma estimates the error in the solution vector c,.

Lemma 5.2. Suppose that the assumptions of Lemma 5.1 are fulfilled, and also Theorem 4.1 with 2 = 33(%). Let ¢, be the

solution of the linear equations (3.4), and v,sE be the coefficient vector of the OﬁEu in(3.1),ie,

= [u(a), T, ..., TulEF), ub)]". (5.1)

Furthermore, let us define u3f = ||(Ey* — K3¥) ™" ||oc. Then there exists a constant C independent of N such that
IV;E — €nlloo < Cua~/N exp (—W) )

Proof. Considering P3fu — uyF on the sampling points t = ¢, we have
PRI — u (67F) = u(t’®) — uy (6

{85 + K[l — {g(&F) + K uy 1)}

KUI(EF) — K [P ul(EF) + Ky [Pyu — ud1(6F)

fori=—-N—1, —N, ..., N, N + 1. In matrix-vector form,
Ex =KDV — ) = (@ — ),
where
g, = [K[ul(@), KulE), ..., Xulty), Kulb],
a = [y 1P ul@), KSE[OSEu](rS ) oy KR IPUER), K (PO,

Then we have the bound of ||vn — Cplloo S

IViE = allos < i 1100 — €3 lloo
= qu  max +1|J<[u](r,-“>—Jc;E[fNSEu]a?EN

— KN 1Py ul)

IA
7;
2
13
L
=<
5

IA

U { max | K [u](t) — Ky [ul(t)] + max | Ky [u— fﬁEu](m} )
tela, b] tela, b]

For the second term, we have

max | Ky [u — Pyrul(t)] < max |u(t) — PRfu)| - max [Ky[11(0)].
tela, b] tela, b) tela, b)

According to Theorem 4.1, the solution u belongs to M, (2). Therefore we can apply Theorem 2.2 to obtain

max lu(t) — PRFu)| < Clx/ﬁexp< \/nde) (5.2)

tela,

for a constant C;. Moreover, since JC,?,E[]](t) — K[1](t) as N — oo, there eXists a constant C, such that

sup { max |J<f,E[1](t)|} <G.
NeN |tela, b]
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For the first term, we can apply Lemma 5.1 to obtain
| FC[u](t) — KRul(O)] < [A[ul(t) — AYUlO)] + [Blul(t) — By [ul(©)]
<G{t—a’+b-1t)}exp (—\/nde)
< 2C3(b — a)? exp (—,/nde)

for a constant Cs. Thus this lemma follows. O
Next we bound the error of the approximate solution u?,E. For the purpose, the following two lemmas are required. The

second one can be proved by using the first one and the same argument as [16].

Lemma 5.3 ([18, p. 142]).Let h > 0,j € Z and x € R. Then

sup Z ISG, )| < —(3 +logN).

]—N

Lemma 5.4. Assume that there exists a constant K such that |k(t, s)| < K forallt, s € [a, b]. Then there exists a constant C
independent of N such that

IESF — K3Flloo < Clog(N + 1).

The next theorem states the error in u3r.

Theorem 5.5. Suppose that assumptions of Lemma 5.2 are fulfilled. Then there exists a constant C independent of N such that

max Ju(t) — uF ()] < Cus¥ log(N + 1)fexp( Jnde).

Proof. By the triangle inequality,

max lu(t) —uy ()] < [max lu(t) — PyF[ul(©)] + [max I"SE[u](t) —uy ()],

tela, b
and the first term is bounded by (5.2). Furthermore, from Lemma 5.4 it follows that
1< B — K¥lloo - BT = K3F) Moo < Golog(N + 1) - i

for a constant C,. Then for the first term we have

max lu(t) — PeEu)(t)| < C;v/Nexp (—\/nde) <C {Glog(N+1) - uy} VN exp (—w/nde) .

tela,
Next we bound the second term. Using v,fE defined by (5.1), we have

N
max IR ul(®) — uy (O] < (@) — cy-Dwa®O+ Y [Tl — S, sy}~ ©)]

tefa, j=—N
+ |((b) — eny)wp ()]

N
< VS~ calloc { wa(®)] + Y 1SG. D) ©)] + |wb<r>|} .

j=—N
We have already estimated ||v,?E — €n]loo in Lemma 5.2. Since |wq(t)| < 1, |wp(t)] < 1and in light of Lemma 5.3, we get
N
lwa (O] + D 1SG. W {ess) " O)] + |wb<r>|} < Gslog(N + 1)
j=—N
for a constant Cs. This completes the proof. O

Next we consider the DE case. Since the proof goes almost in the same way as in the SE case, we only show the result
here.
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Lemma 5.6. Assume that there exists a constant d with 0 < d < m /2 such that k(t, -)u(-) € HC(¢RE(%)) and k(t, )u(-) €

HC(¢>EE(%)) uniformly for all t in [a, b]. Furthermore, assume that there exists a constant K for all t in [a, b] such that
Ik(t, -) ||HC(¢D%(%)) < K. Then there exists a constant C which is independent of a, b, t and N, such that
a,

|A[u](t) — ARE[u](t)] < C(t — a)P exp {ﬂ}
" B log(2dN/p) |’
—2mwdN
_ DE ) _ —2mdN
| Bul(t) — B2E[U](t)] < C(b — t)° exp { st } _

Lemma 5.7. Suppose that the assumptions of Lemma 5.6 are fulfilled, and also Theorem 4.1 with 2 = B'f,(@d). Let ¢, be the

solution of the linear equations (3.6) and VEE be the coefficient vector of the J’,\‘,)Eu in(3.5) ie,

v = [u(a), Tlul®y), ..., Ty, ub]".
Furthermore, let us define up® = ||(EPE — KP®)~1|| . Then there exists a constant C independent of N such that
DE DE —mdN
vE —Cyllo < CudFexp] ————— 1.
I n nlloo < MUN p{log(ZdN/p)]

Lemma 5.8. Assume that there exists a constant K such that |k(t, s)| < K forallt, s € [a, b]. Then there exists a constant C
independent of N such that

IEPF — KPF[loo < Clog(N + 1).

Theorem 5.9. Suppose that the assumptions of Lemma 5.7 are fulfilled. Then there exists a constant C independent of N such
that

DE DE —mdN
n[la>§] [u(t) —uy (0] < Cuy log(N + 1) exp .
tela,

log(2dN/p)

Remark 5.10. As stated in Lemmas 5.4 and 5.8, the infinity norms of the matrices (ESF —K3F) and (EDE —KPF) grow relatively
slowly like O(log N). On the other hand, the norms of their inverse matrices, ,u,sVE and M,‘?,E, are not easy to estimate; in fact,
this point has not been fully investigated in [ 16], either. In the present paper, we investigate them numerically in Section 6.

6. Numerical examples

In this section we show numerical results of the SE- and DE-Sinc schemes derived in Section 3. The computation was
done on Mac OS X, Power Mac G5 2.5 GHz Dual with 4 GB DDR SDRAM. The computation programs were implemented
in C++ with double-precision floating-point arithmetic, and compiled by GCC 4.0.1 with no optimization. We solved the
system (3.4) and (3.6) using the LU decomposition. The interval (a, b) is set to (0, 1) throughout this section. In the graphs,
Emax is the maximum absolute error at 1001 equally-spaced points, defined by

Emax = max [u(t) — un(®)]
£=0,0.001, ..., 0.999,1
where uy is the approximate solution u,SVE or uBE. In all of the following examples, the functions k and g satisfy the conditions
assumed in Theorem 4.1 with 2 = ¢§Fb(@nm) ory = ¢2%(,@nm /2) (7t is an arbitrary positive number less than 7). Thus we
set d = 3.14 in the SE-Sinc scheme, and d = 1.57 in the DE-Sinc scheme.
We first consider the following three problems; in these cases the assumptions of Theorems 5.5 and 5.9 are satisfied.

Example 6.1. Consider the problem

u(t) — 1f] ﬂu(s)ds = 1\/f(l — {15 -1 —=t(1+4t)} + 1(4t —5t?, 0<t<l1
aJo ie=s s 5 LT

The solution is u(t) = 3+/t(1 — t), and in this case p = 1/2.
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Fig. 1. Results of Example 6.1: (top) convergence of errors; (bottom) profile of u3 and K.

Example 6.2. Consider the problem [3]

1 (1 u@)
ur—— ——Z ds=t*(1—t)* — —— [t¥3(54t* — 126t + 77 1—t)%3(54t* + 18t + 5)],
(t) = (1—1t) 30800[ ( +77) + (1 — 0)*(54t* 4 18t + 5)|
05r51

The solution is u(t) = t?(1 — t)?, and in this case p = 2/3.

Example 6.3. Consider the problem [7,11]

1
w0~ [ Has=e-2vizi- ot Sa-07 osest

The solution is u(t) = t, and in this case p = 1/2.

Figs. 1-3 show the numerical results corresponding to Examples 6.1-6.3. In each set of figures, the upper figure shows
the decay of errors, and the bottom shows the computed values of the norm of the inverse matrices uls\,E and ,uBE.

We can observe the same convergence profiles (in top figures) in Examples 6.1 and 6.2; the convergence rate is
O(exp(—cq «m)) in the SE-Sinc scheme (dashed-line with x points), and O(exp(—c,N/ log N)) in the DE-Sinc scheme (solid-
line with O points). In Example 6.3 the profile is different; there the error E,x is at the machine accuracy level for all N in
both the SE-Sinc and DE-Sinc schemes. This should be attributed to the fact that the solution in this case is a linear function,
and the formula (2.1) is then used to approximate the trivial functlon u =0.

From the bottom figures which show the dependence of /L £ and /L E on N, we can conclude, at least numerically, they
are bounded and thus the system (3.4) and (3.6) are not ill-conditioned. In particular, in Examples 6.1 and 6.2, they remain
quite low.

Next we consider the following problem; in this case the assumptions of Theorem 5.5 (SE-Sinc) are satisfied, but
Theorem 5.9 (DE-Sinc) not satisfied. Nevertheless, in Fig. 4 we can see similar results to Examples 6.1 and 6.2.

Example 6.4. Consider the problem [2,7]

%u(t) _ ! u(s)
4 0 A |t — Sl

The solution is u(t) = 2+/2{t(1 — t)}*/*, and in this case p = 1/2.

3
m:3ga-of”-§ﬂ1+qa—oh 0<t<l.

Finally we consider the problem in [13]; in this case the situation is the same as Example 6.4 with regard to the
assumptions of theorems of error analysis. Only in this case, we utilized quadruple precision for internal floating-point
arithmetic, similarly to them [13]. Quadruple precision is available by using “long double” type on PowerPC architecture.
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Fig. 2. Results of Example 6.2: (top) convergence of errors; (bottom) profile of u3 and z5F.
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Fig. 3. Results of Example 6.3: (top) convergence of errors; (bottom) profile of u3 and 15t

Example 6.5. Consider the problem [13]

T u(s) T 1+J/1—¢ 14/t
ut) — | —L—ds=1-—= —t{2+tlog| ———— |} —V1i—-t{2+V/1—tlog| —=
e A 2 S\t S\ /it
0o<t<l.

The solution is u(t) = 1+ +/t + /1 — t, and in this case p = 1/2.

The numerical results are presented in Figs. 5 and 6, on double logarithmic charts. In addition to SE- and DE-Sinc scheme,
we have also tested their library with m = 4 and r = 8 for comparison (http://www.ut.ee/~eero/WSIE/Fredholm/, see
also [13]). Their scheme is only of polynomial order O(n—), but has an advantage that the computational complexity of
their method is only O(n? log n) [13].

In Fig. 5, the errors are plotted on the top figure (dotted-line with O points). We can see that their scheme is in fact
polynomial order, while the SE- and DE-Sinc scheme attain exponential order. In the bottom figure, computation times are
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Fig. 4. Results in Example 6.4: (top) convergence of errors; (bottom) profile of u3 and K.
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Fig. 5. Results of Example 6.5: (top) convergence of errors; (bottom) computation time t.

compared. The rates of growth in the SE- and DE-Sinc scheme are O(n®), reflecting the complexity of the LU decomposition.
The Vainikko-Vainikko scheme is faster, as claimed, when plotted against n. From Fig. 6, however, we can see that when high
accuracy is required the proposed methods are advantageous, thanks to the exponential convergence, and the superiority
would become much more significant as more accuracy is demanded.

Since the coefficient matrices generated in Example 6.5 are the same as Example 6.3, we omit the graph of ,LL,S\,E and /,LBE.

7. Concluding remarks

In this paper two new numerical methods have been developed by extending Riley’s method for weakly singular Volterra
integral equations; more specifically, the methods are constructed based on the Sinc methods and either of the SE or DE
transformation. A theoretical analysis has been also given regarding the integral equation for tuning the parameters d and
o which strongly affect the actual convergence profile. By the numerical experiments it has been shown that both schemes
are extremely accurate, and achieve exponential convergence with respect to N, which is roughly speaking relative to the
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Fig. 6. Results of Example 6.5: relation between computation time t and errors Epax.

number of the basis functions (or equivalently, of the sampling points). It has been also shown numerically that the systems
of the linear equations generated in these schemes are highly well-conditioned.

Future work includes the following. First, theoretical estimates on the sizes of /LSNE and MBE (the norms of the inverse
matrices) should be given. Second, we can establish similar results for Volterra integral equations with a similar parameter
tuning to the present paper; they are expected to compare well with existing accurate methods, such as [24,25]. We are
now working on these issues, and the results will be reported somewhere else soon.

Appendix. Proof of the Holder continuity

Lemma 4.4 is proved. The SE and DE transformation cases are considered separately.
First, the SE case is considered. We commence by preparing the following lemma.

Lemma A.1. Let d be a constant with 0 < d < m and let us define a function ¢ as
#1600 = tanh (%) 4 1
X) = — tanh ( = —.
! 2 2/ "2

Then there exists a constant cq depending only on d, such that forallx € Randy € [—d, d]

HoohY X +iy)| < (b — @) (%), (A1)

l9F (X + 1Y) > 1(x). (A2)
Furthermore, if t < x,

95, (x 4+ 1y) — ¢35 (¢ +iy)| = (b — a){p1(x) — $1(D)}. (A.3)

Proof. The proof of the first two inequalities are straightforward: we have
(b—a)/4 - (b—a)/4 _ b—a
cosh?(x/2) — sin®(y/2) ~ cosh?(x/2){1 — sin®(y/2)}  cos?(y/2)

1 1
> = ¢1(%).
V142e*cosy +e 2~ J/1+2e*+e

[{bas) x+iy)| = $1(x) < $1(x),

—a
cos?(d/2)

b0 (X +iy)| =

Next we prove the inequality (A.3). Since the inequality | cosh(r +iy)| = v/cosh?(r) — sin?(y) < cosh(r) holds forallr € R,
we have
cosh(x) cosh(t)

SE . SE : (b _ _ _
o (X +1y) — @t +iy)| = (b—a) cosh(x + iy) cosh(t + 1) {p1(x) — o1 (O} = (b— ) {p1(x) —p1(D)}. O

Then we can prove Lemma 4.4 in the case of the SE transformation.

Lemma A.2. Let d be a constant with0 < d < w and let 9 = ¢25,(0jd). Suppose that k(z, -) € HC(2) forallz € 2, k(-, w)
€ M,(2) forallw € 2, and f € HC(2). Then Xf € M,(2).
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Proof. It is sufficient to show the p-Holder continuity of Kf, since Kf € HC(2). We give the proof only for the operator
A because the proof for 8 goes in a similar manner, and then the result for X = A4 + B is straightforward. First we
prove the p-Holder continuity at the point a. Set x = Re[{¢;%}~'(2)] and y = Im[{¢;%,} " (2)]. By a variable transformation

w =G (t +iy),
ALFI@) — Af)(@ = / (2 = wPk(z, w)f (w)dw — 0

= f (P (x +1y) — ¢, (t + 1) k(P (x +1y), ¢35 (6 + iy)f (@25, (t +iyD{BS )Y (¢ +iy)dt.

Using the inequalities (A.1) and (A.3) in Lemma A.1, we obtain

A

|Af1(z) — Alfl(@)] < / [(b — ) {$1(x) — P1 (O} MlIf ey (b — )cadpy ()dt

_ W{(b —a)p1 (0.

Here My = max, .5 |k(z, w)|. Furthermore, using the inequality (A.2), we have

(b—a)p1(x) < |(b— ) (x+iy)| = |5, (x +iy) —al = |z —al.
Thus it follows that

My Cd
If ltcc2) iz —al.

A1) — AlFI@)] <
Now we consider the p-Halder continuity at the point b. We split the path of the integral as
AN = [ (e — 57k, 9f o)ds + /,, (2 — wP kG, W (w)dw.
Subtracting A[f](bu) from A[f](2) gives
A - ALF1E) = [ (b= 97 (b, 5) — k(z, 9} (s + / b= 971 — (= 57 kiz, 9 (5)ds
- fb " — 0k, wf (w)dw.

Since k(-, s) € M,(2), there exists a constant Hy and the first term can be bounded as

b b
f (b — ) kb, 5) — k(z, )} (5)ds| < Hilb — 2P If lccor f (b — 5)P~'ds = Helb — 2 o

The third term is bounded as

M C
< kllf llac(2)ca bz,

/Z(z — w)" k(z, w)f (w)dw
b

similarly to the case of (A.4). Then there remains the second term. Using integration by parts, we have

9 {_(b—S)” N (z—s)P
as p

b b
/ {(b— 5P — (z — )P 1Yk(z, 5)f (s)ds = / } k(z, s)f (s)ds

(b —a)®

(A4)

b
= %(z — b)Pk(z, b)f (b) + % {(b—0a) — (z—a)P} kz, a)f (a) + %/ {(b—sP —(@z—9P} %{k(z, $)f (s)}ds.

Since the function F(z) = zP is p-Hoélder continuous, there exists a constant Hr such that

1+ Hr

1 1
‘p(z — b)Pk(z, b)f(b)‘ + ‘p {(b—0a) — (z—a)P}k@z, af ()] < le — zPMi|lf lluc(2).

and since k(z, -)f (-) € HC(2), there exists a constant C such that

1 b
< flb—ZI”/
p a

1 (b 9 9
‘/ {(b—sy —(z—9P} af{k(z, s)f (s)}ds —k(z, 5)f (s)
a S s

p

1
ds < —|b—z|PC.
p
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Thus it finally follows that

Hillf llac(z) (b — @)P + (cg + 1+ HE)M|lf llncoy + C
p

|ALf1(b) — A[f1@@)] <

lb—zP. O

Next we consider the case of the DE transformation. The following lemma is necessary to prove the target lemma.

Lemma A.3 ([22, Lemma 4.21]). Let x and y be real numbers with |y| < 7 /2. Then it holds that
1 ’ - 1
cosh?{(7r /2) sinh(x + iy)} | = cosh?{(r /2) cos(y) sinh(x)} cos?{(xr /2) siny} '

Lemma A4. Let d be a constant with 0 < d < 7 /2 and let us define a function ¢, as

7w cos(y) . 1
5 smh(x)) + 3

P2 (x) = % tanh (

Then there exists such a constant c; depending only on d that, forallx € Randy € [—d, d],

Hpap) x4+ i) < (b — a)cagpy (), (AS5)

ldo; (X +iy)] = ¢2(x). (A.6)
Furthermore, if t < x,

Ipoh(x +1y) — oLt +iy)| = (b — a){d2(x) — 2 (D)} (A7)

Proof. Setc, ands, as ¢, = (7 /2) cosy and s, = (7 /2) siny. According to Lemma A.3, we have
(b — a)m| cosh(x +iy)| - (b — @) cosh(x)
4| cosh?{(r /2) sinh(x +1iy)}| ~ 4cosh?{c, sinh(x)} cos2(s,)
(b-ap(x) _ (b—-a)p(

- cos(sy) cos(y) ~ cos?(sq) cos(d)’

[{bap) (X +iy)| =

from which (A.5) follows. And for inequality (A.6),
1
\/1 + 2 exp(—2c¢, sinh x) cos(2s, cosh x) + exp(—4c, sinh x)
1
>
\/l + 2 exp(—2c¢y sinh x) + exp(—4c, sinh x)
= ¢ (X).

Next we prove inequality (A.7). Since the following inequalities

o5 (x +1y)| =

| cosh{(z /2) sinh(x +iy)}| = \/coshz{cy sinh(x)} — sinz{sy cosh(x)} < cosh{c, sinh(x)}

and

|sinh(r/2){sinh(x + i) — sinh(¢ +1y)}1| = /sinh’[c,{sinh(x) — sinh(0)}] + sin?[s, {cosh(x) — cosh(®)}]
sinh[c, {sinh(x) — sinh(t)}]

v

hold, we readily have
b—a sinh[(7 /2){sinh(x 4 iy) — sinh(t +iy)}]
2 |cosh{(;r/2) sinh(x + iy)} cosh{(m /2) sinh(t +iy)}
- b —a sinh{c,(sinh(x) — sinh(t))}
2 cosh{c, sinh(x)} cosh{c, sinh(t)}
(b—a){g2(x) — ¢2(0)}. O

605 (x +iy) — opb(t +iy)]

Then we can prove Lemma 4.4 in the case of the DE transformation. It can be proved by just replacing the SE transfor-
mation with the DE transformation, and the function ¢; with ¢, in the proof of Lemma A.2.
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Lemma A.5. Let d be a constant with0 < d < mw/2 and let 2 = ¢Bi(%). Suppose that k(z, ) € HC(2) forallz € 2,
k(-, w) € Mp(2) forallw € 2, and f € HC(2). Then Xf € M,(2).

Remark A.6. In the statements of these lemmas, the parameter d is limitedto0 < d < w or0 < d < 7 /2.This is required to
ensure that ;Eb(%) and E%(@d) are bounded domains. One may notice, however, that such conditions have not appeared
in Section 4. This is because the boundedness of the domains is independently assumed by Definition 2.4.

References

[1] C. Schneider, Regularity of the solution to a class of weakly singular Fredholm integral equations of the second kind, Integral Equations Operator
Theory 2 (1979) 62-68.
[2] C.Schneider, Product integration for weakly singular integral equations, Math. Comput. 36 (1981) 207-213.
[3] Y. Ren, B. Zhang, H. Qiao, A simple Taylor-series expansion method for a class of second kind integral equations, ]. Comput. Appl. Math. 110 (1999)
15-24.
[4] G.R.Richter, On weakly singular Fredholm integral equations with displacement kernels, J. Math. Anal. Appl. 55 (1976) 32-42.
[5] G. Vainikko, A. Pedas, The properties of solutions of weakly singular integral equations, J. Aust. Math. Soc. Ser. B 22 (1981) 419-430.
[6] L.G.Graham, Singularity expansions for the solutions of second kind Fredholm integral equations with weakly singular convolution kernels, J. Integral
Equations 4 (1982) 1-30.
[7] L.G. Graham, Galerkin methods for second kind integral equations with singularities, Math. Comput. 39 (1982) 519-533.
[8] G. Vainikko, P. Uba, A piecewise polynomial approximation to the solution of an integral equation with weakly singular kernel, J. Austral. Math. Soc.
Ser.B 22 (1981) 431-438.
[9] P.Baratella, A note on the convergence of product integration and Galerkin method for weakly singular integral equations, J. Comput. Appl. Math. 85
(1997) 11-18.
[10] G. Monegato, L. Scuderi, High order methods for weakly singular integral equations with nonsmooth input functions, Math. Comput. 67 (1998)
1493-1515.
[11] E.A. Galperin, E.J. Kansa, A. Makroglou, S.A. Nelson, Variable transformations in the numerical solution of second kind Volterra integral equations with
continuous and weakly singular kernels; extensions to Fredholm integral equations, J. Comput. Appl. Math. 115 (2000) 193-211.
[12] A. Pedas, G. Vainikko, Smoothing transformation and piecewise polynomial projection methods for weakly singular Fredholm integral equations,
Commun. Pure Appl. Anal. 5 (2006) 395-413.
[13] E.Vainikko, G. Vainikko, A spline product quasi-interpolation method for weakly singular Fredholm integral equations, SIAM J. Numer. Anal. 46 (2008)
1799-1820.
[14] K.E. Atkinson, The Numerical Solution of Integral Equations of the Second Kind, Cambridge University Press, New York, 1997.
[15] P.K. Kythe, P. Puri, Computational Methods for Linear Integral Equations, Birkhduser, Boston, 2002.
[16] B.V.Riley, The numerical solution of Volterra integral equations with nonsmooth solutions based on sinc approximation, Appl. Numer. Math. 9 (1992)
249-257.
[17] H. Brunner, Collocation Methods for Volterra Integral and Related Functional Equations, Cambridge University Press, Cambridge, 2004.
[18] F. Stenger, Numerical Methods Based on Sinc and Analytic Functions, Springer-Verlag, New York, 1993.
[19] M. Mori, M. Sugihara, The double-exponential transformation in numerical analysis, ]. Comput. Appl. Math. 127 (2001) 287-296.
[20] M. Sugihara, T. Matsuo, Recent developments of the Sinc numerical methods, ]. Comput. Appl. Math. 164/165 (2004) 673-689.
[21] K. Tanaka, M. Sugihara, K. Murota, Function classes for successful DE-Sinc approximations, Math. Comput. 78 (2009) 1553-1571.
[22] T. Okayama, T. Matsuo, M. Sugihara, Error estimates with explicit constants for Sinc approximation, Sinc quadrature and Sinc indefinite integration,
Mathematical Engineering Technical Reports 2009-01, The University of Tokyo, 2009.
[23] W. Rudin, Real and Complex Analysis, 3rd ed., McGraw-Hill, New York, 1987.
[24] P. Baratella, A.P. Orsi, A new approach to the numerical solution of weakly singular Volterra integral equations, J. Comput. Appl. Math. 163 (2004)
401-418.
[25] M. Rasty, M. Hadizadeh, A product integration approach based on new orthogonal polynomials for nonlinear weakly singular integral equations, Acta
Appl. Math. (in press).



	Sinc-collocation methods for weakly singular Fredholm integral equations of the second kind
	Introduction
	Basic definitions and theorems of Sinc methods
	Sinc approximation
	Sinc quadrature

	Sinc-collocation methods
	SE-Sinc scheme
	DE-Sinc scheme

	How to determine the parameters  d  and  α 
	Error analysis
	Numerical examples
	Concluding remarks
	Proof of the Hölder continuity
	References


