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1. Introduction
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Let &, be the set of permutations on [n] = {1,...,n}.Foro = o(1)...0(n) € &,, theentryi € [n]
is called an excedance (position) of o if i < o (i) and the number of excedances of o is denoted by
exco. It is a classical result (cf. [9]) that the Eulerian polynomials have the following combinatorial
interpretation

An(€) = D %7 = A, 0) +A(m, Dt + - + A, n — D"

o0e6y
with A(n, k) = #{o € &, : exco = k} and the expansion

L(n—1)/2]
A = )Y a1+, (1)

k=0

where a, \ are nonnegative integers with known combinatorial interpretations. Recall that a sequence
of real numbers ag, ay, .. ., aq is said to be symmetric if a; = a4_; fori = 0, ... |d/2] and said to be
unimodal if there exists anindex 1 < j < dsuchthatay <ay <--- <aj_1 <a; > a1 > -+ > aq.
Note that the expansion (1) enables to derive immediately the symmetry and unimodality of the
Eulerian numbers {A(n, k)}o<k<n—1. Foata and Strehl [10] studied the combinatorial aspect of the
expansion (1) via a group acting on the symmetric groups. In 2008, generalizing Foata and Strehl’s
action, Brandén [4] gave a (p, q)-refinement of (1) and conjectured that the corresponding polynomial
coefficient a, x(p, q) has a factor (p + q)*forall0 < k < [ (n — 1)/2] (see [4, Conjecture 10.3]). In this
paper we shall give a new approach to such an expansion with a proof of his conjecture as a bonus
(cf. Theorem 2).

Next we shall study the derangement counterpart of (1). Recall that a permutation 0 € &, is a
derangement if it has no fixed points, i.e., o (i) # i for alli € [n]. Let ©, be the set of derangements in
;. The derangement analogue of the Eulerian polynomials (see [9,5]) is defined by

Bu(t) = Y t™7 =B(n, Dt + B(n, 2)t* + -+ B(n,n — D",

oED

with B(n, k) = #{oc € D, : exco = k}. The generating function for B, (x) reads as follows (see
[9,5,15]):

> B X" 1—t
Z ”(t)a T etk _ ex”
n=0

By analytical method, one can show (cf. [3,18]) that there are non negative integers by, \ € Z such that

[n/2]
Bu(t) = ) buat* (141" (2)

k=1

However, no combinatorial interpretation for b, ; seems to be known hitherto. A special case of our
results (cf. Corollary 9 and Theorem 11) will provide a combinatorial interpretation for the coefficients
bn.k-

Another interesting feature of (1) and (2) is that they generalize the well-known relation between
the (—1)-evaluation of A, (t) and B, (t) and the Euler numbers E, (see [9]):

Ap(=1) =0,  Appi(=1) = (=1)"Eznp1,
BZn(_l) = (_1)nE2nv 32n+1(_1) =0,

where the Euler numbers {E; },>¢ are defined by }__, Ex ’,‘Tr: = tanx + secx. It follows that a1, =
Eny1 and bayn = Ezn. We will prove a (p, g)-analogue of the formulas (3) (cf. Theorem 10), which
unifies the recent results in [14,16].

Our main tool is the combinatorial theory of continued fractions due to Flajolet [8] and bijections
due to Frangon-Viennot, Foata-Zeilberger and Biane, see [12,11,8,2,6,16] between permutations and
Motzkin paths.

(3)
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2. Definitions and main results

Given a permutation o € &,, the entry i € [n] is called a descent of o ifi < nando (i) > o (i+ 1).
Also the entry i € [n] is called a weak excedance (resp. drop) of o ifi < o (i) (resp.i > o (i)). Denote
the number of descents (resp. weak excedances, drops) in o by des o (resp. wex o, drop o). It is well
known [9] that the statistics des and exc have the same distribution on &,,. Since dropo = exco ™!
for any o € &, we see that the Eulerian polynomial has the following two interpretations

An(t) = Z tdesa — Z tdropa. (4)

0eBy 0€6p

The two above interpretations of Eulerian polynomials give rise then two possible extensions: one
uses linear statistics and the other one uses cyclic statistics. We need some more definitions.

Definition 1. For o € &,,let6(0) = o(n 4+ 1) = 0. Then any entry o (i) (i € [n]) can be classified
according to one of the four cases:

apeakifo(i—1) <o(@)ando(i) > o(i+ 1);
avalleyifo(i—1) >o(@)ando (i) <o(i+1);
adouble ascentifoc(i— 1) <o(i)ando (i) < o(i+ 1);
adouble descent if 6 (i— 1) > o(i)ando (i) > o (i+ 1).

Let peak® o (resp. valley* o, da* o, dd* o) denote the number of peaks (resp. valleys, double ascents,
double descents) in 0. Clearly we have peak* ¢ = valley* o + 1.

Foro € &,,thestatistic (31-2)o (resp. (13-2)0)is the number of pairs (i, j) suchthat2 <i<j<n
ando(i— 1) > o(j) > o(i) (resp.o(i— 1) < o(j) < o(i)). Similarly, the statistic (2-13)c (resp.
(2-31)0) is the number of pairs (i,j) suchthat 1 <i<j<n—1lando(j+ 1) > o(i) > o(j) (resp.
o+ 1) < o(i) < o(j)). Introduce the generalized Eulerian polynomial defined by

An(p» gt u, v, w) — Z p(2—13)aq(31-2)0tdesauda*avdd*awvalley*a. (5)
oe6y

Let &,k be the subset of permutations 0 € &, with exactly k valleys and without double descents.
Define the polynomial

ai(p.q) = »_ p*1PqCe. (6)

0€6y

Note that the coefficient az,1+1.,(p, q) is the (p, g)-analogue of tangent number, i.e., Expy1(p, q) in
[16, Eq. (14)].

Theorem 2. We have the expansion formula

Ln—-1)/2]

Anpra, v, w) = Y @i, @) (tw) (w4 vty (7)
k=0
Moreover, forall0 < k < | (n — 1)/2], the following divisibility holds
@+ 9" | ani(p. 9. 8)
Remark. Brindén [4] used the convention 0(0) = o(n + 1) = n + 1 for the definition of

peak (resp. valleys, double ascent, double descent). Let peakg, valleyg, dag, ddg be the corresponding
statistics. To see how the above theorem implies his conjecture we define the reverse and complement
transformations on the permutations o € &, by
oo =ocmMon—1)...0(1),
o—~o‘=n+1—0c()(n+1-012))...(n+1—0(n)).
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Clearly the reverse-complement transformation o — ¢™ := (0")¢ satisfies
(des, peak*, valley*, da*, dd*, (2-13), (31-2))o
= (des, valleyy, peakg, dag, ddg, (13-2), (2-31))0"™ . (9)
Thus, settingt = u = v = 1in Theorem 2, we have

L(n—1)/2]

Z p(13—2)(7q(2—31)awpeal(3(7 — Z an!k(p’ q)2n7172kwk. (10)
0€eGy k=0

Comparing two coefficients of w¥ in both sides of (10), we recover Brandén’s result [4, (5.1)]:

an,k(p7 q) — 27n+1+2k Z p(]3»2)71q(2—31)7r. (11)

nebp
peakp =k

Moreover (8) confirms his conjecture [4, Conjecture 10.3].

Definition 3. For o € &,, avaluex = o (i) (i € [n]) is called

a cyclic peak ifi = o ~1(x) < xand x > o (x);
acyclicvalley ifi = 0 ~1(x) > xand x < o (x);

a double excedance ifi = o0~ 1(x) < xand x < o (x);
adouble dropifi = 0~ 1(x) > xand x > o (x);

a fixed point if x = o (x).

Let cpeako (resp. cvalleyo, cdao, cddo, fixo) be the number of cyclic peaks (resp. valleys, double
excedances, double drops, fixed points) in .

For a permutation o € &,, the crossing and nesting numbers are defined by
crosoc =#{({,j)enlxn]:(i<j<ol) <o@)Vv(i>j>o@l >a()}, (12)
nestc = #{(i,j)enlxn]:(i<j<o@() <o@)Vv(i>j>o() >o(@))}. (13)
As in [7], we can illustrate these statistics by a permutation diagram. Given ¢ € &,, we put

the numbers from 1 to n on a line and draw an edge from i to o (i) above the line if i is a weak

excedance, and below the line otherwise. For example, the permutation diagram of o = 3762 154 =

1 2 3 4 5 6 7\ .
<3 7 6 2 1 5 4>1sasfollows.

o = 3762154

Clearly, there are three crossings (1 < 2 < o(1) < 0(2)),(1 <3 <0(1) < 03)),(7 >
4 > o0(7) > o0(4)) and three nestings 2 < 3 < 6(3) < d(2)),5 > 4 > 0(4) > o(5)),
(7> 6 > 0(6) > 0(7)), thus crosoc = nesto = 3.

Definition 4. Given a permutation o € &,,leto(0) = 0and o (n + 1) = n + 1. The corresponding
number of peaks, valleys, double ascents, and double descents of permutation ¢ € &, is denoted by
peako, valley o, dao, and dd o, respectively. Moreover, a double ascent o (i) of o (i € [n]) is said to
be a foremaximum if o (i) is a left-to-right maximum of o, i.e., o0 (j) < o (i) forall 1 <j < i. Denote the
number of foremaxima of o by fmaxo.
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For instance, da(42 157 368) = 3, but da*(42 157 368) = 2 and fmax(42 157 368) = 2. Note that
by the above definition we have peak o = valley o forany o € G,,.

Theorem 5. There is a bijection @ on &, such that for all o € &,, we have

(nest, cros, drop, cda, cdd, cvalley, fix)o = (2-31, 31-2, des, da —fmax, dd, valley, fmax)® (o).

Since wex = n—drop, we derive immediately from Theorems 2 and 5 the following (p, q)-analogue
of (1).
Corollary 6. We have

L(n—1)/2]
Z pnestaqcrosatwexo — Z an,k(pv q)tk+l(1 + t)n—l—Zk. (14)

oeby k=0

Consider the common enumerator polynomial

Bn(p, gt u, v, w, y) — 2 : pnesta qcrosa tdropaucdaa vcdda wcvalleyoyﬁxa (15)
oeBy

2 : p(2-3])0' q(3l—2)a tdes o uda o —fmaxo Udd o wvalley ayfmaxa . ( 16)
oeby

Whenu = 0and t = v = 1 we can write
Ba(p, 4, 1,0, 1,w,y) = Y buij(p, Pw'y", (17)

k.j>0
where b, i j(p, q) is a polynomial in p and g with non negative integral coefficients. In order to give a
combinatorial interpretation for by i j(p, ) we introduce some more definitions. Let &, ; j denote the
subset of all the permutations o € &, with exactly k cyclic valleys, d fixed points, and without double
excedance, and let &}, ; denote the subset of all permutations o € &, with exactly k valleys and j
double ascents, Wthh are all foremaxima. We derive from Theorem 5 the following result.

Corollary 7. We have
bn,k,d(p, q) — Z pnesta Crose __ Z p(z 31)o (31 2)0 (18)

0E€Gn k. j oech kj

In particular, when j = 0, we obtain

bn.k,O(pv q) = Z pnestaqcrosa — Z p(2'31)”q(31‘2)”. (19)

o E€Dn k0 0ED 1o

Recall (see [16]) that a coderangement is a permutation without foremaximum. Let ©; be the
subset of &, consisting of coderangements, that is, ®}; = {0 € &, : fmaxc = 0}. For example, we
have ©; = {2143, 3142, 3241, 4123, 4132, 4213, 4231, 4312, 4321}. Thus, Dp o is the subset of
derangements o € ©, with exactly k cyclic valleys, and without double excedance, and D}, 1.0 is the
subset of coderangements ¢ € D}, with exactly k valleys and without double ascents. The followmg
is our main result about the polynomlal B.(p,q,t,u, v, w,y).

Theorem 8. We have the following decomposition

n L(n—j)/2]
Ba(p.q. o, v, w, ) =Y Y Y bugj(p. @) (tw)*(qu + tv)" T, (20)
j=0 k=0

Forany o € ®,, since exco = n — drop o, setting y = 0 in Theorem 8 we obtain immediately the
following (p, g)-analogue of (2).



116 H. Shin, J. Zeng / European Journal of Combinatorics 33 (2012) 111-127

Corollary 9. We have

[n/2]
Z pnestaqcrosatexca — Z bn,k,O(p’ q)t"(l + qt)“’Zk. (21)
oEDy k=0

Note that the coefficient by, ».0(p, q) is the (p, q)-analogue of secant number, namely, E, (p, q)
in [16, Eq. (15)]. A permutation 0 € &, is said to be a (falling) alternating permutation if o (1) >
0(2),02) < 0(3),0(3) > g(4), etc. Let A, be the set of (falling) alternating permutations on [n].
It is a folklore result that the cardinality of 2(,, is the Euler number E,,. We derive from Corollaries 6, 7
and 9 the following (p, q)-analogue of (3).

Theorem 10. For n > 1, we have

0 if niseven,
Z (_l)wexapnestaqcrosrr — (_1)% Z p(2_13)0_q(31_2)6 lf nis Odd;
oeGp oen
and
(—1/@)2 Y p?3V7qe D7 if niseven,
Z (_1/q)excapnesta qcrosu — o ey
0eDy 0 if nisodd.

Remark. The p = 1 case of Theorem 10 was proved by Josuat-Vergés [14, Egs. (5)-(6)]. Since the
inversion number of any o € &,, can be written as drop o + croso + 2nesto (cf.[16]), the p = ¢? case
of Theorem 10 was used by Shin and Zeng [ 16, Eqs. (12)-(13)] to derive a g-analogue of (3) using the
inversion number g-analogue of Eulerian polynomials.

For any permutation o € &,, we denote by cyco the number of its cycles. Define
akB) =Y B, (22)
o €D (k)

where ©, (k) is the subset of derangements in ©, with exactly k cyclic valleys and without cyclic
double descents. Clearly ¢, o(8) = 0 for all n > 1. The following result gives another generalization
of the expansion (2).

Theorem 11. We have

[n/2]
Z ﬁcycrrtexco — Z Cn,k(ﬁ)tk(l + t)n—Zk. (23)
oED k=0

The rest of this paper is organized as follows. In Sections 3-6 we shall prove Theorems 2, 5,8 and 11,
respectively. In Section 7 we give two variations of the unimodal and symmetric expansion of Eulerian
polynomials and one for its derangement analogue. Finally we conclude with an open problem related
to the descent polynomial of involutions.

3. Proof of Theorem 2

A Motzkin path of length n is a sequence of points (sp, ..., S,) in the plan N x N such that
so = (0,0),s; —si—1 = (1,0), (1, £1) and s, = (n, 0). Denote by 9i, the set of Motzkin paths of
length n > 1. We shall call a step (s;_1, s;) East, North-East, South-East, respectively, if s; — s;_1 =
(1,0),s; — si—1 = (1, 1), s; — si_1 = (1, —1). The height of the step (si_1, s;) is the ordinate of s;_;.
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Given a Motzkin path y, if we weight each East (resp. North-East, South-East) step of height i by g;
(resp. b; and ¢;) and define the weight of y by the product of its step weights, denoted by w(y), then

1+Y ) wyw' = ; _1 " (24)

n>1yey, 1 — box

2
1oy 127

It is convenient to use two kinds of horizontal steps, say, blue and red. Let 90, be the set of colored
Motzkin paths of length n. A Laguerre history of length n is a couple (y, (p1, ..., Dn)), Where y is a
colored Motzkin path of length n and (pq, ..., py) is a sequence such that 0 < p; < v(s;_1, S;), where
v(si—1, si) = kifs;_y = (i — 1, k). Denote by $),, the set of Laguerre histories of length n.

Let o € G, the refinements of three generalized patterns are defined by

B1-2)yo =#{i:i+1<jando(i+1) <o() =k <o()},
@3 =#{itj<i—1lando() <o() =k <o(i— 1},
-Byo =#{i:j<i—1lando(i—1) <o) =k <o()}.

We clearly have (31-2)0 = Y ;_,(31-2)k0, (2-31)0 = Y ,_,(2-31)0, and (2-13)0 = > ;_,
(2-13)ko. Two numbers [, = (31-2),0 and r, = (2-31),0 are called the left embracing numbers and
right embracing numbers of k € [n]ino.

We need a modified version of Francon-Viennot’s bijection ¥y : &, — $,_; defined by
the following: for 0 € &, we construct the Laguerre history (So, ..., Ss—1, P1, ..., Pn_1), Where
so = (0, 0) and the step (s;_1, S;) is North-East, South-East, East blue and East red if i is a valley, peak,
double ascent, or double descent, respectively; while p; = (2-13);0 fori = 1,...,n — 1.If h; is the
height of (s;_1, s;), i.e.,si_1 = (i — 1, h;), then (2-13);0 + (31-2);0 = h;.Sincec(0) = o(n+1) =0,
so n must be a peak and valley 0 = peako — 1. Thus (sg, ..., Sp—_1, P1, - - - » Pn_1) 1S a Laguerre history
of length n — 1 and

n—1
w(o) = ¢ERy+NEy  EBy  ERy, NEy 1_[ pp,-qh,-—p,- ,
i=1
where NEy, EBy, and ERy are the number of North-East steps, East blue steps, and East red steps of
y. Therefore,

n—1
An(p. g tou, v w) = Y (ERrENEY Y Ry NEY T T g 4 1, (25)
yem, _, i=1

where [n], 4 = (p" — ¢")/(p — q). Given a Motzkin path y, weight each step at height k by

ag = twlk+1lpq, b= @t tv)lk+1pg, & =[k+ 1, (26)

if the step is North-East, East, and South-East, respectively, and the weight of y is defined to be the
product of the step weights. Then the last sum amounts to sum over all the Motzkin paths of length
n — 1 with respect to (26), i.e.,

Anp. g tu v, w) = D w(y). (27)
yEMn_1q
It follows from (24) that the Eq. (27) is equivalent to the following continued fraction expansion

ZAn(P, q,t,u,v, w)xn—1

n>1

- [11p.q[2p.gtws? : (28)
1— (u+tv)[1],ex — p.g p{;z] S
1= (uttv)[2]p,gr— LRI

ForO0 <k < [(n—1)/2],letanx(p, g, t, u, v) be the coefficient of w*inA,(p, q,t, u, v, w),ie.,
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L(n—1)/2]
Anp. g tu, v, w) = Y (P, g, £, u, V)Wt (29)
=0
2
Substituting x < % and w « LY i (28), we obtain

Ly (P, q, t, U, v) | .4

w
tk(u + tv)n7172k

n>1 k=0
1
] . 30
1—[1]pqx — [11p.q[21p.qwx? 0
o 1-[2]p,qx— [ZJP.qB]p,qwxz
" (31p,q[41p,qwx?
1-[Blp,gx— —————"—

Since the right-hand side of the above identity is free of variables t, u, and v, the coefficient of w*x" !
in the left-hand side is a polynomial in p and g with nonnegative integral coefficients. If we denote
this coefficient by

an (D, g, t, U, V)

tk(ll + tv)n7172k ’

then Pox(p, q) = ank(p,q.1,1,0) = ani(p,q, 0, 1). On the other hand, comparing (29) and (6),
we see that a,x(p,q) = anx(p,q,0,1). Thus P, x(p,q) = anx(p, q). This proves (5). Finally, as
(p+q) | [nlpqln + 1]p 4 foralln > 1, each w appears with a factor (p + g) in the right-hand side of
(30), and the polynomial P, ,(p, q) is divisible by (p + q)*. O

Pn(p, q) =

4. Proof of Theorem 5

In our previous paper [ 16, Theorem 8], a bijection @ : &, — &, was constructed such that
(2-31, 31-2, des, fmax)c = (nest, cros, drop, fix)® (o) Vo € &,.
In this section we first recall the bijection @ and then show that the same bijection satisfies
(da —fmax, dd, valley)o = (cda, cdd, cvalley)® (o) Vo € &,. (31)
Let 0 = o(1)...0(n) be a permutation of [n], an inversion top number (resp. inversion bottom

number) of a letter i in the word o is the number of occurrences of inversions of form (i, j) (resp (j, i))
in 0. We now construct T = @ (o) in such a way that

(2-31)y0 = nestyt Vk=1,...,n.

Given a permutation o, we first construct two biwords, ( f;) and ( é), and then form the biword
T = (ff, 'g%) by concatenating f and g, and f” and g’, respectively. The word f is defined as the subword

of descent bottoms in o, ordered increasingly, and g is defined as the subword of nondescent bottoms
in o, also ordered increasingly. The word f’ is the permutation on descent tops in ¢ such that the
inversion bottom number of each letter a in f’ is the right embracing number of a in &. Similarly, the
word g’ is the permutation on nondescent tops in o such that the inversion top number of each letter
bin g’ is the right embracing number of b in o. Rearranging the columns of t’, so that the bottom row
isin increasing order, we obtain the permutation T = & (o) as the top row of the rearranged bi-word.

Example. Let 0 = 412796583, with right embracing numbers 1, 0, 0, 2, 0, 1, 1, 0, 0. Then
fY_(1 3 5 6 g8\ _(2 47 8 9
fr)\8 4 6 9)° g ) ’

127 5 3
_(f g\_(1 3 5 6 2 7 8 9
=\ ¢g)=\8 46 9 1 7 5 3
49 3 85 7 1
2 3 456 7 8

R

—

S~—" N >

6
9

—_ N
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ceBy|T=0(0) deso | (31-2)c | (2-31) 0 | dac — fmaxo | ddo | valleyo | fmaxo
drop7 | crost nest T cdaT cdd7 | cvalley 7 | fix7T
1234 1234 0 0 0 0 0 0 4
1243 1243 1 0 0 0 0 1 2
1324 1324 1 0 0 0 0 1 2
1342 1432 1 0 1 0 0 1 2
1423 1342 1 1 0 1 0 1 1
1432 1423 2 0 0 0 1 1 1
2134 2134 1 0 0 0 0 1 2
2143 2143 2 0 0 0 0 2 0
2314 3214 1 0 1 0 0 1 2
2341 4231 1 0 2 0 0 1 2
2413 3241 1 1 1 1 0 1 1
2431 4213 2 0 1 0 1 1 1
3124 2314 1 1 0 1 0 1 1
3142 3421 2 1 1 0 0 2 0
3214 3124 2 0 0 0 1 1 1
3241 4321 2 0 2 0 0 2 0
3412 2431 1 1 1 1 0 1 1
3421 4132 2 0 1 0 1 1 1
4123 2341 1 2 0 2 0 1 0
4132 3412 2 2 0 0 0 2 0
4213 3142 2 1 0 1 1 1 0
4231 4312 2 1 1 0 0 2 0
4312 2413 2 1 0 1 1 1 0
4321 4123 3 0 0 0 2 1 0

Fig. 1. Illustration of @ on &4 with their statistics.

and thus ®(o0) =1t =249385716.

Let T = & (o) € &,. We enumerate the triple statistics (dao — fmaxo, dd o, valley o).
e If k is a double ascent of o and not a foremaximum of o, then k is a ascent top and also bottom.
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So k belongs to g and g’. By definition, (31-2),0 > 0. Hence, the column (’,:) does not appear in

g

(g,>, ie, t71(k) < k < t(k).So kis a cyclic double ascent of 7. Conversely, if t~' (k) < k < t(k),

then the column k appears in g and g’ and (31-2),o > 0. It implies that k is a double ascent of o

and not a foremaximum of 0.

o If kis a double descent of o, then k is a descent top and also bottom. So k belongs to f and f’, then
771(k) > k > (k). Hence k is a cyclic double descent of T. Conversely, if t~1(k) > k > t(k), then

the column k appears in f and f’. It implies that k is a double descent of o.

e If kis a valley of o, then k is a descent bottom and also ascent top. So k belongs to f and g’, then
17 1(k) > k < t(k). Hence k is a cyclic valley of t. Conversely, if t='(k) > k < t(k), then the
column k appears in f and g’. It implies that k is a valley of o.

Thus (31) is established. The proof of Theorem 5 is then completed. O
We illustrate @ : 6, — &4 with their statistics in Fig. 1.

5. Proof of Theorem 8

Let o € &,, the refinements of crossing and nesting are defined by
crosgo =#{ien]:(i<k<o@) <olk)V(i>k>o()>ak)},
nestyo =#{ien]l:(i<k<ok) <oc@)V(i>k>ok) >oa(i))}.

We clearly have croso = ) ;_, crosio and nesto = ;_, nesto.
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Using Foata-Zeilberger's bijection ¥, : &, — $, we construct the Laguerre history
(50, +++5Sn, P15 - - - Pn), Where sg = (0, 0) and the step (s;_1, S;) is North-East, South-East, East blue
and East red if i is a cyclic valley, cyclic peak, cyclic double ascent (or fixed point), or cyclic double
descent, respectively; while p; = nest;o fori = 1, ..., n. Then, we have

h;, if (si_1, s;) is North-East;
) hi—1, if(si_1, s;) is South-East;
nestio + Crosio = h;, if (si_1, s;) is East blue;
h; — 1, if (si_1, s;) is East red.

Thus (so, ..., Sn, P1s - - ., Pn) is a Laguerre history of length n and

n
w(o) = ¢ERy+NEy | EBy \ ERy wNEnyB*quEy+EBy H PP qhi—l—pi .
i=1
where NEy, EBy, and ERy are the number of North-East steps, East blue steps, and East red steps of y

and EB*y is the number of East blue steps whose height is equal to p;. Given a Motzkin path y, weight
each step at height h by

a = twlh+1l,q,  be:=yp" + (qu+tv)lhlpg, ¢ = [hlyg (32)

if the step is North-East, East, and South-East, respectively, and the weight of y is defined to be the
product of the step weights. Then the last sum amounts to sum over all the Motzkin paths of length
n — 1 with respect to (32), i.e.,

Ba(p, gt u, v, w,y) = Y w(y). (33)
yE€Mn
By (24), we have the following continued fraction expansion:
1
> Ba(p gty u, v, w, yX = ; (34)
=0 1— box — —
1-byx— 125

where ap, = tw[h + 1] 4, by = yp" + (qu + tv)[hlp,q and ¢, = [hlpq-
For0 < k < |(n — d)/2], let by a(p, g, t, u, v) be the coefficient of w*y? in B,(p, q, t, u, v, w,y),
that is,

n [(n—d)/2]
Bn(pa q7 t7 u7 U,w,y) = Z Z bn,k,d(p’ qa ta u7 v)wkyd' (35)
d=0 k=0
Substituting X < iz, w < w(q”j‘”)z,andy <« (qu + tv)y in (34), we obtain

—)2
n Lnedy2) buia(p, q,u,v,t) , 4,
F 3 S g
n=0 d=0 k=0 q v
1

1-@y+ [O]p,q)x -

(113 qux?
[2]%# wx2
[3]%’ q wx2

1—=(py+I[1lp,q)x—

1—(p2y+[2]p.q)x—
Since the right-hand side of the above identity is free of variables t, u, and v, the coefficient of w*ydx"
in the left-hand side is a polynomial in p and g with nonnegative integral coefficients. Denote this
polynomial by Q «.4(p, q), then

5 bn.k,d(p’ q, tv u, l))
Quia(@, Q) = t(qu £ to)yr 24’

Hence Qu x.da(P. @) = bnka(p, g, 1,0, 1). By (15) and (35), we derive that Quk.a(P, ) = bnka(p, @),
which is given by (18). This completes the proof. O

(36)
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Remark. Let A,(p, q,t) = Ay(p,q,t, 1,1,1) and B,(p, q,t) = B,(p,q,t, 1, 1,1, 1). From (28) and
(34) we derive

1], 4%
D An(p g OX" =1+ e [1p.q[2lp g2 : (37)
n>0 1— A+ 0)[1pex — 1—(1+r)[2]p,qx—w
and
n 1
> Bulp.q.0¢" = 0 (38)
n=0 1— (¢[0]p.q + [11p.)x — T
1= (t[1]p,q+[21p,g)x— —2:1

In view of the following contraction formulas with ¢;;_1 = [il, ¢ and ¢y; = t[il, 4 fori > 1:

1 14 Cc1X

ax 2
1_],2 1—(C1+C2)X—$”x2
1—(c3eg)x—42%

_ 1
1oy a7
1—(cpeg)x— 345
we see that
1
D AP, @, 0K =) Ba(p 4, O = 5, (39)
n>0 n>0 - 1,17526"&

where ¢ = t[ilq and ;i1 = [ilq. Hence A,(p, q,t) = Ba(p, g, t), i.e,, the two triple statistics
(2-13, 31-2, des) and (2-31, 31-2, des) are equidistributed on &,,. Although a bijection showing the
latter equidistribution can be constructed by combining the known bijections from permutations to
Motzkin paths, a direct bijective proof of the above equidistribution is desired.

6. Proof of Theorem 11

Consider the polynomial

1-3x

ln/2]
G, v, w) = Y Yo ycdaryeddrycvalers — N e (Bt vywk. (40)
0EDy k=0
From [17] we know that
14 GulB. tu, v, WX
n>1
1 (41)
T _ 1(B+0)twx2
1 O(tu + U)X 1—1(tutv)x— 2(ﬂ+1)t1ux2
l—2(tu+v)x—w
2
Substituting x < A and w « W in (41), we get
[n/2]
o 6 u, v 1
1+ > kPt U 0) n _ : (42)
th(tu + v)n—2k 1-— 1(8+0)wx
n>1 k=0 T 2(8+Dwx?
T—an 3(8+2)wx?
_ 4(;‘3-%—4?)11»(2
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Cn,k(B,t,u,v)

By the right-hand side we see that c,fyk(ﬁ) = g

independent of u, v, and t. Hence we have

must be a polynomial in 8, which is

[n/2]
GulB. tou, v, w) = Y e (Bt (tu + v)"*wk, (43)
k=0
Thus Gi(B,1,1,0,w) = Y\’ cr (B)w*. On the other side, by (22) and (49) we have

G(B,1,1,0,w) = Z,&":/OZJ cni(B)wk. So ¢, 1 (B) = ¢y (B). Finally we get (23) by puttingu = v =
w=1in(43). O '

7. Two star variations

We show that the polynomial A,, which is originally defined using linear statistics, has a new
combinatorial interpretation by cyclic statistics. For o0 = o(1)...0(n) € &, and some integral
function ‘stat’ on &,, we define the star transformation from the permutation o to the function
c*=0*)...0%@n) from[n]to{0,...,n— 1} by

oo =@M —-1...(c(n)—1). (44)

For any statistic stat on o* we can define the corresponding star statistic ‘stat*’ on o by stat*(c) =
stat(o*). For instance, we can define the star cyclic statistics

fix'o =fixo* =#{ie[n—1]:i=0%(0) =0 — 1},
wex* o =wexo* =#{ie[n—1]:i<o*(i) = o) — 1} (=exco),
cros*o = croso*
=#{(i.)em x[nl:(<j<o*() <o™ () V(i>j>0c"{)>0"())},
nest‘c = nesto*
#{(i.pemlxnl:(<j<o*() <o)V (i>j>c*()>c* ()},
cdd*oc =cddo* =#{ie[n—1]: (")) >i> ")},
cda*o =cdac* =#{ie[n—1]: ("7 <i<o*()},

cvalley*o = cvalleyo™ =#{ie [n—1]: (0*)7'() > i< o*()}.

Clearly, o*(0) and (6*)~'(n) are neither defined nor needed.

Remark. The star crossing number cros* (o) of o is different with the ordinary crossing number
cros(o) of o. For example, for the previous example 0 = 3762 154, we have 0* = 2651043 =

1 2 3 4 5 6 7
2 6 5 1 0 4 3)

o* = 2651043

Since the four pairs (1 < 2 < ¢*(1) < 6*(2)), (6 > 5 > 0*(6) > ¢*(5)), (7 > 4 > ¢*(7) >
0*(4)),and (7 > 5 > o*(7) > o*(5)) are only crossings in o*, cros*(c) = cros(c*) = 4. On
the other hand, the three pairs 2 < 3 < ¢*(3) < ¢*(2)),(5 > 4 > 0*(4) > 0*(5)), and
(7 > 6 > 0*(6) > 0*(7)) are only nestings in o *, thus nest*(c’) = nest(c*) = 3.
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Theorem 12. The two hextuple statistics (2-13, 31-2, des, da*, dd*, valley*) and (nest*, [2]cros*,
[2] drop* —1, [2][2]cda* + fix*, cdd*, cvalley*) are equidistributed on &,,. In other words, we have

nest*o cros*o .drop* o —1, cda*o+fix*o . .cdd*o . cvalley*o
An(p. gt u, v, w) = Y phetgOT o pdror oy v T e (45)
oe6y

Proof. Using the bijection @ in Section 4 (cf. Theorem 5), we can give a new bijection ¥ on &,,. Given
a permutationc = o(1)...0(n) € &y, leté = (6(1) + 1)...(c(n) + 1)(1) € &,51 and consider
the permutation 7 = @(6) € &, . Since the last element 6 (n + 1) of & is 1, the first element 7 (1)
of T shouldben+ 1.So 7(2) ... t(n+ 1) is a permutation on [n] and we can define the permutation
Y(o):=1(2)...1(n+ 1) € &,. By Theorem 5, the bijection @ satisfies

(2-31, 31-2, des)é = (nest, cros, drop)® (6).
Since (2-13, 31-2, des)o = (2-31 4+ des —n, 31-2, des —1)6 and
(nest*, cros*, drop* —1)¥ (o) = (nest + drop —n, cros, drop —1)®(5),

we have (2-13, 31-2, des)o = (nest*, cros*, drop* —1)¥ (o). Hence, assuming o (0) = o (n+1) = 0,
the two hextuple statistics (2-13, 31-2, des, da*, dd*, valley*) and (nest*, cros*, [2] drop* —1, cdd*,
cda* + fix*, cvalley*) are equidistributed on &,. O

Example. Giveno = 41279658 3, wedefined = 5238107694 1 with right embracing
numbers 1,1, 1,2,0, 1,1, 0,0, 0. Then

Y (12 46 7 g\ _(3 5 8 9 10
)~ \4 9 57 1) ) " \2 386 1)

o_ (f gY_(1 246 7 358910
=\ ¢/ 4957 10 23 86 1
(10351496827
1 23 456 7 8 9 10)°

andthust = ®(6) =10351496827.50,¥ (o) =7(2)...7(10) =351496827.

Let &} be the set of all sequences o* where 0 € &y, thatis, &) = {0* : 0 € G,}. By definition
(44), for all 0 € &,,, it holds that

(fix*, nest*, cros*, wex*, cdd*, cda*, cvalley*)o = (fix, nest, cros, wex, cdd, cdacvalley)o(46)

Note that, for a given 0* € &, the entries 0 and n are neither a cyclic valley nor a cyclic peak. We
illustrate ¥ : 64, — &4 with their statistics in Fig. 2.

Givenao € &, the diagram of 0* € &}, consists of cyclesi — o*(i) — --- — iwithi € [n], and
the pathn — o*(n) — --- — 0.Letcyc*o be the number of cycles in the diagram of o *. For example,
for the previous example 0 = 3762 154 and o* = 2651043, we have cyc*(0) = cyc(o*) = 2, since
onecyclel - 2 —- 6 — 4and one path7 — 3 — 5 — 0 exist in o*. Let G,(k) be the set of
permutations o € &, with cvalley*o = k and cdd*o = 0. Introduce the polynomial

du(B) = D BT (47)

o €Gp (k)

Theorem 13. We have

. . L(n—1)/2]
Z IBCYC o —fix ogexco _ Z dn,k(,B)fk(] + t)n—l—zk. (48)

geby k=0

Moreover, for all k > 1, the polynomial d,, x(B) has a factor (8 + 1).
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deso (31-2)0 | (2-13) 0 da* o dd* o | valley” o

0€Gy|7=V(0) |7 €&; | drop"T—1] cros*7 | nest*7 [cda” 7 +fix 7 | cdd” 7 | cvalley™ T

drop7* — 1| cros7* | nest7* |cda7r* +fix7* | cdd7* | cvalley 7*
1234 2341 1230 0 0 0 3 0 0
1243 2314 1203 1 0 0 2 1 0
1324 2431 1320 1 0 1 1 0 1
1342 2143 1032 1 0 0 2 1 0
1423 2413 1302 1 1 0 1 0 1
1432 2134 1023 2 0 0 1 2 0
2134 3241 2130 1 0 1 1 0 1
2143 3214 2103 2 0 1 0 1 1
2314 4321 3210 1 0 2 1 0 1
2341 1342 0231 1 0 0 2 1 0
2413 4312 3201 1 1 1 1 0 1
2431 1324 0213 2 0 0 1 2 0
3124 3421 2310 1 1 1 1 0 1
3142 3124 2013 2 1 1 0 1 1
3214 4231 3120 2 0 2 0 1 1
3241 1432 0321 2 0 1 0 1 1
3412 3142 2031 1 1 0 1 0 1
3421 1243 0132 2 0 0 1 2 1
4123 3412 2301 1 2 0 1 0 1
4132 4123 3012 2 2 0 0 1 1
4213 4213 3102 2 1 1 0 1 1
4231 1423 0312 2 1 0 0 1 1
4312 3124 2013 2 1 0 0 1 1
4321 1234 0123 3 0 0 0 3 0

Fig. 2. Illustration of ¥ on &4 with their statistics.

Proof. Let

* o fiy¥ * * * * *
Dn(,Bv t,u, v, w) — § : ﬂcyc o —fix o pwex oucda o +fix chdd awcvalley o (49)

oeGy

By the same method in [17] to count the cycles, we obtain

> Da(B, t,u, v, w)x*!

n>1
1
= 2
1—1(tu+v)x — 1(5“);‘”" ——
1-2(tu+v)x— (B+2)twx >
1-3(tutvyx— JBFIwR"

Define the polynomial d, (8, ¢, u, v) to be the coefficients of wkin D (B, t, u, v, w):

L(n—1)/2]
Da(B, tyu, v, w) = Y dur(B, t,u, )W,
k=0
2
Substituting x <— ([LIXTU) and w < M in (50), we get

—-1)/2
L(n )/ J dn,k(ﬂs ts ua U) k
t"(tu + U)n—1—2k

n—1

n>1 k=0
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1
= . 1
1—x— BrDuwe 5D
1—2x— 2(8+2)wx?

2
13y JB+Bwx

Sod; (B) = % must be a polynomial in 8, since the right-hand side of (51) is independent

of u, v and t. Hence we have

L(n—1)/2]

Da(B. tou,v,w) = Y dr (Bt (tu+v)" k. (52)
k=0

To verify (47), takingt = u = 1and v = 0in (49) and (52) we obtain

L(n—1)/2] L(n—1)/2]
Da(B.1,1,0,w) = Y duBuw= > & (Bw"
k=0

k=0

Thus d, k(8) = d}, (B), and we get (48) by puttingu = v = w = 1in(52). Clearly, for all k > 1, the
polynomial d, x(8) has a factor (8 + 1) because of the presence of the term (8 + 1)w at the second
row of the continued fraction on the right side of (51). O

8. Concluding remarks

Consider the descent polynomial of involutions on [n]:
In(6) =Y 19 =1(n, 0) +I(n, Dt + -+ - +I(n,n — D", (53)
o€Tp

where J, is the subset of involutions in &,. The sequence {I(n, k)}o<k<n—1 is known [13] to be
symmetric and unimodal. Brenti had conjectured that the sequence {I(n, k)}o<k<n—1 is log-concave,
which was later disproved by Barnabei et al. [ 1]. Hence the best result one could expect for I,,(t) is the
following expansion
L(n—1)/2]
W)= > ont“+0"""* withoy €N. (54)
k=0

This is Conjecture 4.1 in [13]. Unfortunately, the generating function of I,(t) does not have a nice
continued fraction expansion as that for A, (t) or B, (t).
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Appendix

The first values of a, x(p, q) are given by a, o(p, q) = 1for 1 <n < 5and

n\k|o0 1 2

1 1

2 |1

3 |1 p+q

4 |1 p+p+q+2)

5 11 @+9le+9*+20+9+3]1 @+9*@*+pg+¢+1)
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Forj =0, 1, 2 the first values of the polynomials b, x j(p, q) are given as follows.

j=0]k=0 1 2 3
n=1 0

2 0 1

3 0 1

4 0 1 b+9*+1

5 0 1 @+ +20+9?%+2

6 01 P+9*+20+9°+3@+9*+3 bs30p. 9
j=1]k=0 1 2 j=2|k=0 1 2
n=1 1 n=2 1

2 0 3 0

3 0 p+2 4 0 p>+2p+3

4 0 2p+2 5 0 3p*+4p+3

5 0 3p+2 bsy1(p.q) 6 0 6p*+6p+3 bsaa(p,q)

where

besoP. @) =P+9°+(1-2p)(p+* + 2 +p*¢) P+ + 1,
bs21(p, ) = (p* +2p +2)¢° + (2p° + 4p* + 4p)q + (p* + 2p* +2p* + 2p + 3),
be22(p. @) = (p* +2p* +5p> +4p + 3)¢* + (2p° + 4p* + 10p* + 8p* + 6p)q

+(@° +2p° + 5p" + 4p° + 6p” + 6p + 6).

The first non-zero values of ¢, x(8) (2 < n < 7) are given by the following table.

n\kl|1 2 3
2 | B
3 |8
4 | B BBB+2)
5 | B 280B8+49)
6 | B BR5L+22) B(1582 + 308 + 16)

~

B 4B(148 +13) B(1058% + 2388 + 136).

The first values of d,, x(8) are given by d, o(8) = 1for1 <n <7 and

n\k|o0 1 2 3
1 |1
2 |1
3 11 B+1
4 |1 4B+1)
5 |1 11841  (B+1DGBB+5)
6 |1 26(8+1) (B+1)(258+43)
7 |1 57(B4+1) 108+ 1(138+23) (B+ 1)(1582 + 608 + 61).
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