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1. Introduction

Many phenomena in engineering physics, chemistry, and other sciences can be described very successfully by models
that use mathematical tools of fractional calculus, i.e. the theory of derivatives and integrals of non-integer order [1,2].
For example, they have been successfully used in modeling frequency dependent damping behavior of many viscoelastic
materials [3]. There are numerous research which demonstrate the applications of fractional derivatives in the areas of
electrochemical processes, dielectric polarization, colored noise, and chaos [4-7].

The numerical solution of differential equations of integer order has been a hot topic in numerical and computational
mathematics for a long time. The solution of fractional differential equations has been recently studied by numerous
authors [2,8-16]. However, the state of the art is far less advanced for general fractional order differential equations.
Moreover, to the best of the authors’ knowledge, very few algorithms for the numerical solution of M-FDEs have been
suggested [17-19], particularly algorithms for analytical solutions and approximate solutions of M-FDEs [20,21].

The VIM that was first proposed by He [22-24] as a modification of the general Lagrange multiplier method [25] has been
successfully applied to many situations [22-24,26,27]. Recently, Darvishi et al. [28] have applied the VIM to solve systems of
linear and nonlinear stiff ordinary differential equations. Very recently, convergence of the VIM for solving linear systems of
ordinary differential equations with constant coefficients has been given [29]. In 1998, the VIM was first proposed to solve
fractional differential equations with great success. Following the above idea, some authors [30-39] have applied the VIM to
more complex fractional differential equations, and they have showed the effectiveness and the accuracy of the method. But
as far as we know, very few research has been done on convergence of the VIM for solving fractional differential equations.
In [21], Sweilam et al. have used the VIM to solve the fractional differential system which was generated by an M-FDE. They
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have presented an algorithm to convert the M-FDE into a fractional differential system, then found the analytical solution by
using the VIM to solve each equation of the system. If the order of the M-FDE is a very high, it is difficult to find the analytical
solution because the fractional differential system has many equations. In particular, convergence of the VIM for solving the
M-FDE has not yet been discussed. In this work, we can easily obtain approximate analytical solutions of M-FDEs by means
of the VIM and a few simple transformations which are based on the properties of the fractional calculus. Moreover, the
convergence of the proposed method is also studied.

This paper is organized as follows. In Section 2, we review the basic definitions and the properties of the fractional
calculus. In Section 3, a brief description of the VIM is given. In Section 4, we give the outline of the solution of M-FDEs
by using the VIM. The convergence of the proposed method is also given. In Section 5, some illustrative examples are given.
Some concluding remarks are given in Section 6.

2. Fractional calculus

In this section, we first review the basic definitions and the operational properties of fractional integral and derivative for
the purpose of acquainting with sufficient fractional calculus theory. Many definitions and studies of fractional calculus have
been proposed in the past two centuries. These definitions include Riemann-Liouville, Reize, Caputo and Griinwald-Letnikov
fractional operators (see [2]). The two most commonly used definitions are the Riemann-Liouville operator and the Caputo
operator. We give some definitions and properties of the fractional calculus.

Definition 2.1 (See [2]). The Riemann-Liouville fractional integral operator of order @ (« > 0) is defined as

Jay) = @ )/(t—r)‘” y(tydr, t>a, a >0,

Jy(t) = y(b).

Definition 2.2 (See [2]). The Riemann-Liouville fractional derivatives of order « and the Caputo fractional derivatives of
order « are defined as

1
Rp*y(t) = D"y (t) = To—aar / (t—17)"*y(r)dr, t>a n—1<a<n,
o (2.1)
CD2y(t) = Jr—°D" t—7/ t—)" T —y(r)dr t>a, n—1 <n,
y(©) =J, "Dy() ) a( 7) g/ (dr > <a=x
where D" is the classical differential operator of order n.
Properties of the operators J{, §D"‘ and CD"‘ can be found in [2], we mention the following.
Fory(t) € C"[a,bl,a,8>0,n—1<a<na+pB<ma>0andy > —1,
Jaabn® = (liEn® = 7y, (22)
I'y+1
t—a)) = ——— " _(t—a)’", 23
Ja ( ) o tat 1)( ) (2.3)
aCno n (3= (X )k
JeSD2y)(t) = J"D"y(t) = y(t) — Zy (@) —— (2.4)
Furthermore, if y?(a) =0, i=0,1,...,m — 1, then
aDEy(©) = ¢DEy(D), (2.5)
r 1
Rpo(c — ) = Dt — ) = — VTV gyra (2.6)
r'ly—a+1)
CpeCply(t) = SDFSD%y(t) = SD Py (1), (2.7)
$DYLy(r) = JESDy (D) = SDf Py = JE ey (o). (2.8)
Lemma2.l1. Ifn—1 < o < n,then
S (th=0, Vi=0,1,....,n—1. (2.9)

Proof. Note the definition of Caputo derivatives, obviously, it is true. O
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3. Abrief description of the VIM

To illustrate the basic concept of the VIM, we consider the following general nonlinear equation
Lu(t) + Nu(t) = g(t), (3.1)

where L is the linear operator, N is the nonlinear operator, and g(t) is the inhomogeneous term. In [22-24] the VIM was
proposed by He, where a correction functional for Eq. (3.1) can be constructed as follows

t
Unt1(8) = un() +/ A(E) (Lun(§) + Nuy(§) — g(§))dé. (3.2)
0

Obviously, successive approximations u;, j > 0 can be established by determining the Lagrange multiplier A. The function
81, (t) is a restricted variation, which means that 811, (t) = 0. Therefore, we first determine the Lagrange multiplier A, which
can be identified optimally via the variational theory. The successive approximations u,(t), n > 1 of the solution u(t) will
be readily obtained upon using Lagrange’s multiplier obtained by using any selective initial function ug(t).

4. The VIM for solving M-FDEs

In this section, we shall apply the VIM to solve M-FDEs. Convergence results of the VIM for solving M-FDEs will be given.
We define the norm ||u(t)||cc = mMaxo<;<r |u(t)|, Yu(t) € C[O, T].
Consider the following initial value problem

§DI"x(t) = F(t, x(t), §D{'x(t), ..., §D{"'x(t)), t € [0,T], 1)
xX00)=x, i=0,1,...,n—1,
wheren — 1 < o, < n,0 < o <y < ni=12,....0n—1,F : D =[0,T] xR X --- xR — Risagiven
continuous mapping, and the function F(t, ug, uy, ..., U,_1) exists with continuous and bounded partial derivatives g—f
1
and B; = supg<s<r |5,.|> i=0,1,...,n— 1.
i
If we take X(t) = x(t) — Y1 );—?t', Eq. (4.1) can be written as
n—1 Xi n—1 Xi n—1 Xi
n= - i a1 = 3 i ap_1— o i
SDfx(t) =F (620 + Y i—?t’, §D{TR(0) + 6D Y i—?t’, DR DY T?r‘ , 42)
i=0 i=0 i=0 :

x*®0)y=0, i=0,1,....,n—1.

According to properties (2.1) and (2.5), we have {D{"X(t) = D"J; “"X(t). Let J;_“"X(t) = y(t), then problem (4.2) has the
following form

n—1 _i

—anp Xo i —an+a o = xi i —ap+top—
YO = F(t, 5Dy + Y SR GDT () + 5D Y 2G0T (o)
i=0 i=0

nflxi.
+Spyn-t Z i—?rl . (4.3)

i=0
In view of the VIM, we construct the correction functional in the following form
n—on ~

t n—1 i
Ym1(6) = ym(®) + / x@)[yﬁ?@) - F<s, D" " gmE) + Y ’:—?é'} 6DE " Fm (&)
0 i=0

n—1 i n—1 i
€21 X0 o Cpt—on+en_1= C -1 X0 4
TODE DG oD Im(€) +5D; ;“s)}ds. (44)
1=l 1=
Making the above correction functional stationary, and noting that §y,,(t) = 0,

t
8Ym+1(t) = Sym(t) + 5/ AEYW (§)dE.
0
This yields the stationary conditions
A= =0,  ANEl==0,..., 1+ D" V@)= =0, 2" =0,

which gives L(§) = —“(_f_):)_!l . For example, if we taken = 1,then A(§) = —1,and if n = 2, then A(§) = —(t — &).
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As a result, we get the following iteration formula

‘ (t_é:)rH1 (n) c i Cpn—oantay
& —F(& 6D ym(s>+2 s 6DF " ym(€)

Ymg1(t) = ym(t) — /0 n— 1!

n—1 _j
n+on— n— X0 i
CDOMZ ‘%—1 ..’SDﬂ anp+ta 1ym($)+CD"‘ 1ZOI?E’>:|(13’: (4.5)
Beginning with an initial approxnmatlon Yo(t), we obtain the successive approximations from which the exact solution can
be obtained by
y(©) = lim yp(t).
m—o0
So problem (4.1) has the following exact solution
n n—1 Xi
_ Cp —an X0 i
x(t) = §D," " y(t) + ; Tt
Now, we show that the sequence {yn(t)}5_; defined by Eq. (4.5) with yo(t) = yo converges to the solution of (4.3). To do

this we state and prove the following theorem.

Theorem 4.1. Let y(t), y;(t) € C"[0,T],i =0, 1, .... The sequence defined by Eq. (4.5) with yo(t) = yo converges to y(t), i.e.
the exact solution of Eq. (4.3). Furthermore, we have the following error estimate

(BnTém)mH!
r{m+ (e —ap) + 1)
where B = maxo<j<n—1 B, Ej(t) = y;(t) —y(®), j=1,2,....
Proof. Obviously from Eq. (4.3) we have

- -l —on “A X i n—ap+o
y(r)=y(r)—/ ((nf)]) [““(s) (s,fns” y(5)+§’;—§’sagng Ny )

Emt1(O)lloc < [1Eo () lloo

. n—1 i
X . _ X, .
+ngl isl,’ng an+op— 1y(g)+CDD‘n 1 Zl?gl):|ds (46)
o b

i=

Now from Egs. (4.5) and (4.6), we get
-t ) Cpy M=t — XB i Cpyn—ontag
Ens1(6) = En(6) — Tl), En)(6) = | F{& 6D ym(®) + D —2E" GDF " “Iym(§)
! — il
n + = xi
C 1 i C1—%Tdn—1 Cn%-1 20 i
6D Z s ....5D; ym(&) + §D§ ZO €
i=

—F(s,ch" ““y<s)+Z Yo §D; Ty (&)

n—1 i 1 i
Xo i n+on— n— X i
+ng‘12i—!°§',...,CD" Ey(E) + D ‘2{};51)“@, (4.7)
i=0 =l

where E;(t) = y;(t) —y(t) ] =1,2,.
By using the fact that Em 0=0, m=0,1,...,i=0,1,...,n— 1, and integration by parts we obtain

t -1 n—op “x n—an+o
mmr)—f (nf)l), [ <§»CD§ ym(as>+ZXi—?s',gDE Y (€)
i=0

—1 i

- Xo i

+SD°“ é—" SR ‘ym(s)+CD““§ i?s’)
— il

i=0
_F<§,CDEn Olny(s)_'_z 517(C)Dn an+a1y(§)

n—1

Xo . n—an~+on_ n— 1xi i
+ODE Y e 6Dy T (@) + 6D 12;,1.%' dg. (48)

i=0
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Noting that F(t, ug, uq, ..., U,_1) exists with continuous and bounded partial derivatives a—F Vi=20,1,...,n—1,and

i?

using Lagrange’s theorem and the definition of the Riemann-Liouville fractional integral operator we have

|[Em+1()] =

n—1 _i
—an Xn —n
]gF(f,CDt" aym(t)+§ :T?II’SD? o +oz1ym(t)
i=0

n—1 1 n—1 _i

Z 70 e gD:‘_‘Xn‘Fan—lym(t) + gD‘txn—l Z );?tl>

i=0 ! i=0
n—1

_]g ( ’CDtn any(t)+z 0 ’,SD" “”+my(t)

n—1 ' n—1 xi
0 Cpt—an+an—1 C %1 0 i
E — ,...,OD y() + D¢ E Ft

i=0 ! i=0

= ug[g(n(t))onf” “En() + -+ F 1(0)SD T En (0]

< BolgsD:" “"En(O)] + Billgs Dy " T En(O)] + - - + Buallgs Dl T Em ()]
< Bulg"En(O)] 4+ Bule™ M Em(O] + -+ Baily" " Em(D)]

= (Bg" + Bg™ "+ Bucdy' D IEm(D)]

< (ﬂu]a" + B A Baide” )™M Eg (D)
< By + BUS o By )™ max Eo(s)
< ﬂl‘n+1(]gn _’_]gn—ﬂt] 4. +jgn—an—1)m+1 0T5a<xr |E0(S)|

1

(an — 1))

t
< B™" max [Eo(s)|n™"! / t — o)m+Den—14,
= BT max |Eo(s) N EE) 0( )

= B™! max |Eo(s)|n™H! Do (4.9)
B 0ss<T T ((m + 1)(atn — @) (M + Day)’ '

where B = maxo<i<n—1 B;, F/ is the partial derivative of function F for the ith variable,

n—1 n—1 _j

XL .

t) =t 5D, "yt § —Ot (D" “"En(t)), §D; " 1y(t) + 6D Y ot
n(t) ( e YO+ + 0 (gDe m(6)), y() + 4D, 25

=1 i
— X i —
+0(EDy T En (D), ..., SDF Ty (t) + SDY 2 Tt GD, “”*"‘"-IEm(t))>, 0<60<1
i=0

Noting that T, B, ap, ||Eo(t)|l, N are constants, 0 < o — o0y—1,
1 _ 1
I'((m+ 1D)(en —an—1))(m+ Doy — I'((M~+ D(on — otp—1)) (M + 1) (otn — otn—1)
1
B r'((m+ D(an — ap—1) + 1)’
and based on the convergence of Mittag-Leffler functions [2], we have

(BnTen)™!
||Em+1(t)||oo = ”EO(t)”oor((m n 1)(0[ — 71) n 1) — 0

as m — oo. This completes the proof. O

For example, we consider the initial value of the linear fractional differential equation

oD x(t) = Ax(t) + f(t), t€[0,Tl,
{x“)t(O) =x, i=0,1,...,n—1, (4.10)

wheren — 1 < «, < n, Ais a constant.



2876 S. Yang et al. / Computers and Mathematics with Applications 60 (2010) 2871-2879

The same idea when applied to problem (4.10), we have
n—a =l X
yU O =AD"y + 3 e | +£(0)
i=0

where y(t) = J§ " (x(¢) — Y1 %ti .
Therefore, from the above analysis the following iteration formula for computing y,,(t) can be obtained
t -1 n—1 i
_ (t B S)n (n) Cp N=n X0 g
Ymt1(t) = ym(t) — /0 W Ym (&) —AloDs  ym(§) + ; Eé —f(§) |d§,

wherem = 0, 1, . ... According to Theorem 4.1, we give the following corollary.

(4.11)

(4.12)

Corollary 4.1. Let y(t), yi(t) € C"[0,T],i =0, 1, .... The sequence {yn,(t)}o_; defined by (4.12) with yo(t) = yo converges

to y(t), which is the exact solution of (4.11).
Proof. Let F(t, x(t)) = Ax(t) + f(t). Corollary 4.1 is easily proved by means of Theorem 4.1. O

5. Illustrative examples

In this section, some illustrative examples are given to show the efficiency of the VIM for solving M-FDEs. All of the

computations have been done by using the MAPLE software.

Example 5.1. Consider the following initial value problem

CDx(t) + x(t) = #t%“ +t3, ae1,2)
ot T rG-o) ’ »en
x(0) =0, X'(0) =0.

If we take @ = 1.9 and y(t) = 3_“ (x(t)), Eq. (5.1) can be written as

tO.l + ['3.

7 cn 01 _
Y@ + oD y@) = T

To solve Eq. (5.2) by means of the VIM, we have the following iteration formula

Yasr(6) = ya(t) + / € = 0] V1) 45D @) — ——2— o _ 0 |
n+1 n o n olVe n F(B _ Ol) .

To get the components of the solution, we start with an initial approximation
Yo(t) = 0.

(5.1)

(5.2)

(5.3)

(5.4)

By using the above iteration formula (5.3), we can obtain the other components by using the MAPLE package as follows

y1(t) = 0.08333333333t* 4 0.9100753299t> !,

y,(t) = 0.9100753299t%! — 0.003347313231t>2,
y3(t) = 0.9100753299t%! + 0.0007593018360t 78,
ya(t) = 0.9100753299t>! — 0.000001111207366t°7,
ys(t) = 0.9100753299t%! — small terms,

ya(t) = 0.9100753299t>! — small terms,

where the small terms are the terms whose coefficients can converge to 0 as n — 0. As we observed, the sequence is

convergent to y(t) = 0.9100753299¢%1, i.e.
y(t) = lim y,(t) = 0.9100753299t*",
n—oo
and the exact solution of problem (5.1) is
27
x(t) = 5D, “y(t) = 2.

It can be verified that x(t) = t? is indeed the exact solution of problem (5.1).
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Example 5.2. Consider the following initial value problem

Cp ¢ cn P 6 3—a 6 4-8 3
D x(t t-oDy x(t X(t) = ———t —t t t, € (2,3), € (1,2),
SO + 66D X0 +x(0) = T L E st P ae@3), fe(D) (55)
x(0) =0, X(0) =1, x'(0) = 0.
Let x(t) = x(t) — t, Eq. (5.5) can be written as
Cp 9z cnfs S 6 3—a 4-B | .3
D, x(t t-oDy x(t X(t) = ———t —t t”, € (2,3), € (1,2),
5D¢K(O) + £ §DIRO +X(O) = st p— e ae@.3). el (56)
x(0) =0, x(0) =0, x'(0) =0.
If we takea = 2.5, 8 = 1.9, and x(t) = thO'Sy(t) then we can obtain
3) cp 24 cp 05 6 0.5 6 2.1 3
y@)+t- oD y) + oD Ty(t) = t 4+ te 4t (5.7)

'(1.5) rQe.1)

To solve Eq. (5.7) by means of the VIM, we have the following iteration formula

_ f(t-¢§) 3) Cp, 24 cp, 05 6 0.5
yn+1(t)—yn(t)—/o z[yn (&) +& - oD yn(&) +oD: yn(S)—F(].S)S T Ten

£ — 53]d-§. (5:8)

To get the components of the solution, we start with an initial approximation
Yo(t) = 0. (5.9)
By using the above iteration formula (5.8), we can obtain the other components by using the MAPLE package as follows

y1(t) = 0.5158304763t> + 0.008333333333t° 4 0.08845088132¢>1,
y,(t) = 0.5158304763t>° — 0.00005029655604t5> — 0.01683135569t%7 — 0.002325009960t”°,

y3(t) = 0.5158304763¢t>° 4 0.00001802710497¢ %! 4+ 0.0000001503126503¢
+0.0005185986048t°2 + 0.003207427930t3 — small terms,

ya(t) = 0.5158304763t>> — 0.0000000002598266671t > — 0.00000006348363523t%°
—0.0001041376657t'%% — 0.000004510069285¢t "7 — 0.0005941036288t%° — small terms,

Va(t) = 0.5158304763t>> — small terms,

where the small terms are the terms whose coefficients can converge to 0 as n — 00. As we observed, the sequence is
convergent to y(t) = 0.5158304763t3>, i.e.

y(t) = lim ya(t) = 0.5158304763¢>",
n—oo
and the exact solution problem (5.5) is
x©) =Dy + e =+t

It can be verified that x(t) = t3 + t is indeed the exact solution of problem (5.5).

Example 5.3. Consider the following initial value problem

3—a 36

Cn“ cn Y cn# 200\
oDt x(t) + oD¢" x(t) - o D¢ x(t) + x°(t) = 7}_‘(4 —oz)t + F@a— ) r@a—p

t6-F=7 4 16,

ve3), e, yeO), (510
x(0) =0, X (0) =0, x'(0) = 0.
Ifwetakea =2.5,8=1.9,y =0.5,and x(t) = SDtO‘Sy(t) then we can obtain
3) / Cp 24 Ccp 05 2 6 0.5 36 3.6 6
Y2 +y () - oD y(®) + GDe Ty(0) = 7+ e+ (5.11)

r(1.5) 35721
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To solve Eq. (5.11) by means of the VIM, we have the following iteration formula
t (t - S)Z 3) ; c 2.4 C 0.5 2
Ynp1(6) = yn(t) — — | (&) +¥,(8) - oDs " yn(§) + (5Ds " yn(§))
0

6 o5 36
ra.s) ras5re.1

To get the components of the solution, we start with an initial approximation
Yo(t) = 0. (5.13)

By using the above iteration formula (5.12), we can obtain the other components by using the MAPLE package as follows

y1(t) = 0.5158304763 t7/2 + 0.06088399462 ¢ 5 -+ 0.001984126984 t°,
y2(t) = 0.5158304763 ¢7/> — 0.000004933302048 t 2 — 0.00002632928733 5 — 0.007437462059 ¢ 1o
— 0.0004966762372t 10 — 0.000001239970840¢5 — 0.003545547055 ¢ 10 — 0.0000005769973533 ¢ 5
— 0.000009473952122 5 — 0.0004570164956 ¢ 10 — 0.00004463608173 ¢ 5 — 0.0004417137938¢5
y3(t) = 0.5158304763¢ 2 + 0.000001117333580t 5 — 0.00001571036794¢'* — small terms,
ya(t) = 0.5158304763t2 — small terms,

Ya(t) = 0.5158304763t2 — small terms,

where the small terms are the terms whose coefficients can converge to 0 as n — 0. As we observed, the sequence is
convergent to y(t) = 0.5158304763¢t3", i.e.

y(t) = lim y,(t) = 0.5158304763t>",
n—oo
and the exact solution of problem (5.10) is
05
x(t) = 5D, "y(t) = t3.

It can be verified that x(t) = t is indeed the exact solution of problem (5.10).
So it can be clearly seen that when we begin by taking the initial condition as the initial approximation, there will be very
good agreement between the approximate solutions obtained by the VIM and the exact solution.

6. Conclusions

In this research, we have successfully used the VIM to solve fractional order differential equations. A theorem for the
convergence of the VIM for solving M-FDEs has been given. Our work shows that the method can be used in a direct way
without restrictive assumptions and high computational cost. The results obtained by the proposed method confirm the
robustness and the efficiency of it. And we hope that the work in this paper is a step in this direction.
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