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1. INTRODUCTION 

Some years ago Rosenbloom [3] proved the following theorem which was 
the first one giving a quantitative measure of the fix-points of entire functions. 

THEOREM. Let p(z) = a, + a,.~ + u2z2 + a*- + ak.zk be a polynomial of 

degree k >, 2, andf be a transcendental entire function. Then 

In this note we shall show that the above result (1.1) still holds when the 
coefficients ai are replaced by meromorphic functions whose growth rates are 
much smaller than the given function f, and that in (l.l), N(r, I/p(f) - z) 
can be replaced by x(r, l/p(f) - z). A s a by-product of our arguments, 
some known results have also been improved. 

The methods employed here are Nevanlinna’s fundamental theorems for 
meromorphic functions and a technique used by Hayman [I, pp. 68-731. 

It is assumed that the reader is familiar with the fundamental concepts of 
Nevanlinna’s theory of meromorphic functions and the symbols m(r, f), 
W,f), m(r,f), W,f), etc. PI. 

2. NOTATIONS AND PRELIMINARY LEMMAS 

In what follows f will always be a meromorphic function which is not 
constant in the plane, and S(Y, f) will be any quantity satisfying 

Sk, f) = oCW, f)> (2-l) 
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as r + CO, possibly outside a set of r values of finite measure. Also throughout 
this note we shall denote by a(z), a,(z),..., functions which are meromorphic 
in the plane and satisfy 

asr-+oo. 

w, 441 = S(r,f) (2.2) 

DEFINITION. A d$erential polynomial p(j) is a polynomial in f  and the 
derivatives off with coe#icients b(z) satisfyine 

m(r, b(x)) = Sk, f). (2.3) 

A differential polynomial in f of degree at most n is denoted by&(f). Here 
we note that in [l, p. 681 a differential polynomial p(f) is defined as a poly- 
nomial in f and its derivatives, with meromorphic functions a(z) as the coef- 
ficients which satisfy conditions (2.2). 

LEMMA 1 (Clunie [I, p. 681). S pp u ose that f (z) is meromorphic and trans- 

cendental in the plane and that 

PC4 P(f) = Q(f), (2.4) 

where p(f) a*dQ(f) are difluential polynomials in f and the degree of Q(f) is 

at most n. Then 

WY P(f)> = S(c f) (2.5) 

asr-+oo. 

Remark. In the original statement the coefficients b(z) in p(f) and Q(f) 
are assumed to satisfy T(Y, b(z)) = &‘(I, f). It is clear that the same argument 
does work when we only assume that m(r, b(x)} = S(r, f). 

LEMMA 2. Let p(f) 6 e a disferential polynomial in f. Suppose that the 

coejicients a(z) in p(f) satisfy T(r, a(z)) = S(r, f). Then 

W,P(f)) = O(l){W,f)l + W-af)- (2.6) 

Proof. First of all, we note that p( f) can have poles only at poles off(z) or 
the coefficients ai( Assume that the degree of p(f) is 1z and the highest 
derivative off occurring in p( f) is 1. Then at a pole off(z) of order K, f (‘J(Z) 
has a pole of order at most n(Z + 1) K. Thus from the above observation and 
Nevanlinna’s first fundamental theorem we have 

N(r, p(f )) < W + 1) W, f) + zN(r, a&)> 
= 0(1)W,f)) + S(r,f). 

(2.7) 
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Also by a result of Milloux (see [ 1, p. 551) we have 

m(r, P(f)) = 0 [i m(~,f’i’(4> + -WY, a,(4)] 
i=l 

= O(l) WY,f)) + s(y,f). 

The lemma follows from (2-7) and (2-8). 

(2.8) 

3. STATEMENTS AND THE PROOFS OF THE MAIN RESULTS 

THEOREM 1. Let f (x) be meromorphic and transcendental in the plane, and 
let h(z) = f”(z) + al(z) f “-l(z) + *a. + a,(z), k > 2. Assume that 

44 - x + (cf (4 - +W, 
c, a constant. Then 

Proof. Set 

iiiii 
m (5 &-) + WYf) > 1 

T(r,f) ’ - (3.1) r+io 

F(x) = f(z) + a+) . (3.2) 

Then 

g(x) ‘= 44 - z = F”(z) + pk--P(F), (3.3) 

where p,-,(F) is a differential polynomial in F of degree < K - 2 with coef- 
ficients b(z) satisfying 

T(r, W-4) = S(y, f). (3.4) 

Differentiating (3.3) we obtain 

g’(x) = kF”-‘(z) F’ + Q&F). (3.5) 

We now multiply (3.3) by g’/g and subtract (3.3) from (3.5), thus obtaining 

Fk-2F ( F $ - kF’) = - p&F) $ + Qrw2(F). (3.6) 

By Lemma 2 we see that m(r, g’/g) = S(Y, g) = S(r, F). Thus we may apply 
Lemma 1 to both p(f) = Fg’/g - kF’ and p(f) = F(Fg’/g - kF’), deducing 
that 

m ( r,F$ -kF’) = S(r,f) (3.7) 
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and 

m r,F 
( t 

Fgl - kF’ 
R 

= S(r, F). 

We cannot have Fg’jg - kF = 0, since this yields 

k;=$. 

or 
g(z) = c{F(W, 

which contradicts our hypothesis. Alternatively, 

(34 

F$-kF’$O. 

Now from (3.2) we see that 

(3.9) 

T(r,f) = (1 + o(l)) T(r,F) = (1 + o(l)) [N(r,F) + m(r, VI (3.10) 

as r -+ m, possibly outside a set of finite measure. 
Combining (3.7) with (3.9) we deduce that 

m(y, F) < m (y, F ($ - kF’)) + m (I, F(g,,g: _ kF, ) + O(1) 

< S(Y, F) + T (r, F 5 - kF’) + O(1) 

=~(r,F)+m(r,F$--kF’) +N(r,F$--kF’) +0(l) 
(3.11) 

= S(Y, F) + S(r, F) + N (r, F $ - kF’) + O(1). 

In view of the forms of p,-,(F) and Q&F) and comparing the multiplici- 
ties of the poles of F on both sides of (3.6) one can find that all the poles of 
Fg’/g - KF’ come from the zeros of g, poles off or the poles of all the 
coefficients of g(z). Hence 

A+,,$-kF’) <m Y 1 +S(r,F). (, g) (3.12) 

Combining (3.12) with (3.11) and (3.10) we find 

T(r,f) < (1 + o(l)) N(r,F) + (1 + o(1)) m (r. $) + S(r>F) 

= (1 + o(1)) N(r,f) + (1 + o(l)) fl (r, +) + S(r,f). 

(3.13) 
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It follows that 

T(r,f) + S(r9f) < 
(1 + o(1)) n (r, $) + (1 + o(1)) W,f) 

W,f) W,f) , (3.14) 

and the assertion (3.1) follows from this. 
As an immediate consequence of Theorem 1 we have the following theo- 

rem. 

THEOREM 2. Let f (z) be meromorphic and transcendental in the plane, with 

N(Y, f) = o{T(r, f)} as Y -+ CO. Assume that 

h(z) = f”(z) + aI(z)f’“’ + ... + a&>, 
where the ai are meromorphic functions satisfying condition (2.2) and k is 

an integer 3 2. Assume that h(z) - z + (cf(.z) - a(z))“. Then 

(3.15) 

In particular, iff is transcendental and entire and if all the coejicients a(z) in 
h(z) are constants, then we obtain Rosenbloom’s theorem cited in the introduction. 

If we say that a(z) is a k-ramified defect function of f(z) whenever 
T(y, 4.4) = oP(r, f )> as r -+ 00 such that all except finitely many of the 
roots of the equationf(z) = a(z) h ave multiplicity at least k, then we have the 
following theorem. 

THEOREM 3. Iff is a transcendental entire function, then there exists at 

most one 3-ramified defect function off(z). 

Proof. Suppose that f  has two 3-ramified defect functions al(z) and az(z). 

Then by setting h(z) = (f(z) - al(z)) (f(z) - a2(z)) + z in Theorem 2 
we obtain from (3.15) that 

Eiii +“i+$>, 
Wtf) 

I * r-m (3.16) 

On the other hand, since al(z) and a.Jz) are 3-ramified defect functions, we 
have 

iiz 
m “f-Jai ( 1 GL 

y+rn W,f) 3 
(3.17) 

for i = 1,2. This contradicts (3.16), and the theorem is thus proved. 

409/4112-4 
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Remark. This result also follows from a result of Nevanlinna [I, p. 471. 
Along similar lines we can obtain the following improved result [4]. 

THEOREM 4. Let f(z) be a transcendental meromorphic function with 

N(r, f) = S(Y, f ). Let Y(z) be a dzpeevential polynomial in f (in the sense that 

the coefficients u(x) satisfy T(y, a(z)) = S(r, f). Suppose that 

Y4 = f w + P+*(f) 
with n 3 2. Then 

qc, Y) < 1 - ; for c $k 0, 00. 

Finally we remark that the argument used in proving Theorem 1, especially 
inequality (3.13), reveals that we can obtain the theorem of Tumura-Clunie 

[l, p. 681, if the condition 

W,f) + iv (~7 $1 = W>f) 

is replaced by 

and 

N(r,f) + N (r, f) = S(r,f) 

hi r,$ <(l--)T(r,f), 
i 1 

1 >E>O 

as y---f 00, possibly outside a set of 7 values of finite measure. From this we 
can obtain the following theorem which is an improvement of Hayman’s 

result [I, p. 741. 

THEOREM 5. Suppose that f(z) is meromorphic and not constant in the 

plane and that for some 13 2 and 1 > E > 0, 

N(r,F) + N (r, f) + N (y, A) < (1 - c) T (I, $) 

as r + co, possibly outside a set of r values of jinite measure. Then F(z) = eaz+*, 
where a and b are constants. 
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