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Abstract

Let L be an RA loop, that is, a loop whose loop rings are alternative, but not associative, rin
any characteristic). We find necessary and sufficient conditions under which the hypercentral
the integral loop ringZL are central.
 2004 Elsevier Inc. All rights reserved.

1. Introduction

Let L be a Moufang loop, that is, a loop satisfying any of the following three equiva
identities:

(xy · z)y = x(y · zy) right Moufang,

(xy · x)z = x(y · xz) left Moufang,

(xy)(zx) = x(yz · x) middle Moufang.
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Perhaps the most important property of Moufang loops is theirdiassociativity: the subloop
of a Moufang loop generated by any two elements is a group [8, §IV.2]. In particula
Moufang identity is often used (unambiguously) in the form(xy · z)y = x(yzy). More
generally, Moufang proved that if three elements of a Moufang loop associate in any
then they generate a group [8, §IV.2].

For x, y, z ∈ L, thecommutator (x, y) of x andy and theassociator (x, y, z) of x, y,
andz are defined, respectively, by

xy = (yx)(x, y) and xy · z = (x · yz)(x, y, z).

Using diassociativity, notice that(x, y) = x−1y−1xy, just as with groups, and(x, y, z) =
[xy · z][z−1y−1 · x−1]. Thecommutator–associator subloop ofL is the subloopL′ gener-
ated by all commutators and associators.

The centre, Z(L), of L is the set of all elements ofL which commute with all othe
elements and associate with all pairs of elements ofL:

Z(L) = {
a ∈ L

∣∣ (a, x) = (a, x, y) = (x, a, y) = (x, y, a) = 1 for all x, y ∈ L
}
.

Just as in group theory, a Moufang loopL has anupper central series

{1} =Z0(L) ⊆Z1(L) ⊆Z2(L) ⊆ · · · ,

whereZi+1(L)/Zi (L) =Z(L/Zi (L)). (Note thatZ1(L) =Z(L), the centre ofL.) When
there is no chance of ambiguity, we writeZi rather thanZi (L). Thehypercentre of L is
the subloop̃Z(L) = ⋃

i�0Zi (L).
Forx, y, a ∈ L, there are bijectionsR(x), L(x), T (x) andR(x, y) defined by

aR(x) = ax, aL(x) = xa, T (x) = R(x)L(x)−1,

R(x, y) = R(x)R(y)R(xy)−1.

A subloopH of L is normal if and only ifHT (x) ⊆ H andHR(x,y) ⊆ H for all x, y ∈ L.
For instance, the commutator–associator subloop of a loop is always normal [1, Pr
tion II.1.8].

Throughout,U(ZL) denotes the loop of units (that is, the invertible elements) inZL,
the integral loop ring ofL, and we often writeU for U(ZL). We denote byNU (L) the
normalizer of L in U , this being the largest subloop ofU in whichL is normal.

An alternative ring is one in whichx(xy) = x2y and (yx)x = yx2 are identities.
Alternative rings are so-named because in these rings, the (ring) associator [a, b, c] :=
(ab)c − a(bc) is an alternating function of its arguments. (We use square brackets fo
associators to avoid confusion with loop associators.)

A (necessarily Moufang) loopL is anRA loop if, over any commutative associative c
efficient ringR, the loop ringRL is an alternative, but not associative, ring. That there e
such loops came to light in 1983 [3]. By now, RA loops have been completely clas
and many properties of the associated alternative loop rings explored. The best so
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information on these subjects is [1] to which we make frequent reference here. We
now some properties of RA loops of special interest in this paper.

An RA loop L has theLC property: elementsg,h ∈ L commute if and only if one o
g,h,gh is central [1, §IV.2]. In particular, this implies that the square of any element o
RA loop is central. In an RA loopL, the set oftorsion elements (those of finite order)
a subloop ofL [1, Lemma VIII.4.1] called thetorsion subloop of L. If L is RA, then any
loop ringRL of L is an alternative ring and so the unit loop ofRL is Moufang [1, §II.5.3].

In an RA loopL, there is a unique nonidentity commutator (always denoteds) which is
also the only nonidentity associator. This element has order 2 and is central inL (and hence
central inU ) [4, Lemma 3.2]. It follows thatL/Z(L) is an Abelian group, soL = Z2(L),
thesecond centre of L. It is rare for the entire unit loopU(ZL) to equal its second centr
When this occursU(ZL) is nilpotent and hence itself an RA loop [1, Corollary XII.2.1
On the other hand, as we show in this paper, the second centre ofU(ZL) equals the centr
“most of the time.” Specifically, we establish the following theorem.

Theorem 1.1. Let L be an RA loop and let U be the loop of units of ZL. Then Z̃(U) =
Z2(U). Moreover, with T the torsion subloop of L, Z̃(U) �=Z(U) if and only if

(i) T is a Hamiltonian Moufang 2-loop and �−1t� = t±1 for any t ∈ T and any � ∈ L, or
(ii) T is an Abelian group and every subgroup of T is normal in L.

The result for torsion RA loops (every element has finite order), was found by Goo
and Li in 2001 [2].

Theorem 1.2. If L is a torsion RA loop but not a Hamiltonian 2-loop, then Z2(U) =Z(U).

We also refer the reader to [5] where some of the results of this paper are estab
for group rings.

2. Preliminaries

For the rest of this paper,L denotes an RA loop andU is the loop of units of the integra
loop ringZL. We begin with a short but very useful lemma.

Lemma 2.1. Suppose u,v ∈ U and (u, v) ∈ L. Then (u, v) ∈ L′.

Proof. Let α �→ ᾱ denote the extension toZL of the natural mapL → L/L′. In the
Abelian group ringZ[L/L′], the commutator(ū, v̄) = 1̄. Thus(u, v) = (ū, v̄) = 1̄, so
(u, v) ∈ L′. �

While the next theorem was stated in [2] fortorsion loops, the proof given does not u
the torsion property.

Theorem 2.2 (The normalizer conjecture).Let L be an arbitrary RA loop. Then NU (L) =
L ·Z(U).
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If α = ∑
α�� is an element of a loop ring, the scalar

∑
α� is called theaugmentation

of α and denotedε(α). The mapε :RL → R is a ring homomorphism and so, ifu is a
unit of ZL, its augmentation is±1. When trying to establish properties of units, it is oft
convenient to assume that the augmentation of a given unitu is 1 since ifε(u) = −1, the
result for−u (which has augmentation+1) usually gives the result foru immediately. This
is clearly the case when trying to prove that units ofZL aretrivial, that is, elements of±L.

Lemma 2.3. Let L be a group or an RA loop and let u be a central unit in ZL. If un is
trivial for some natural number n, then u is trivial too.

Proof. It is sufficient to establish the result foru of augmentation 1. Letα �→ α� be the
extension toZL of the map� �→ �−1 in L; that is, forα = ∑

αi�i , α� = ∑
αi�

−1
i . Easily

α �→ α� is an antiautomorphism ofZL, so, letting� = un ∈ L, we have(u�)n = (un)� =
�−1. Sinceu andu� commute (and becauseU is a Moufang and hence diassociative loo
(uu�)n = 1. As a central unit inZL of finite order,uu� is trivial [1, Corollary VIII.1.7].
Sinceε(u�) = ε(u) = 1, the augmentation ofuu� is 1, souu� = �1 for some�1 ∈ L. Since
the coefficient of 1 inuu� is not zero (it is the sum of squares of integers), it must be
�1 = 1 from which it follows readily thatu is trivial. �
Corollary 2.4. Let L be an RA loop and let U be the loop of units of ZL. Let u,v ∈ U and
z = (u, v). If z ∈ Z(U) and zn is trivial for some natural number n, then z ∈ L′.

Proof. We havezn = ±� for some� ∈ L. By Lemma 2.3,z is trivial. Sincez is a commu-
tator,ε(z) = 1, soz ∈ L. By Lemma 2.1,z ∈ L′. �
Theorem 2.5. Let L be an RA loop and let U be the unit loop of ZL. Then Z̃(U) ⊆NU (L).

Proof. Writing Zn for Zn(U), we prove by induction onn � 1 thatZn ⊆ NU (L). For
n = 1, Z1 = Z(U) ⊆ NU (L) by Theorem 2.2. Suppose the result is true fork � 1. Take
zk+1 ∈ Zk+1 and� ∈ L. Then(�, zk+1) = zk ∈ Zk ⊆ NU (L) (and note that as a comm
tator,zk has augmentation 1). By Theorem 2.2, we can writezk = z�1, z ∈ Z(U), �1 ∈ L.
Thusz−1

k+1�zk+1 = z��1. Since�2 is central,�2 = z−1
k+1�

2zk+1 = z2(��1)
2, soz2 is trivial.

By Lemma 2.3,z is trivial, sozk is trivial, hence inL (because this element has augm
tation 1), and

�zk = z−1
k+1�zk+1 = �T (zk+1) ∈ L. (2.1)

It remains to show that�R(zk+1,wk+1) ∈ L for anyzk+1,wk+1 ∈ Zk+1. To show this, we
will use frequently that

(�, zk+1) ∈ L′ for any� ∈ L and anyzk+1 ∈ Zk+1, (2.2)

which follows from(�, zk+1) = zk ∈ L and Lemma 2.1.
Let � ∈ L and letzk+1,wk+1 ∈ Zk+1. We have
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with
�zk+1 · wk+1 = [
(zk+1�)(�, zk+1)

]
wk+1

= s1zk+1� · wk+1 s1 ∈ L′ by (2.2)

= s1
[
(zk+1� · wk+1)�

]
�−1 diassociativity impliesab · b−1 = a

in a Moufang loop

= s1
[
zk+1(�wk+1�)

]
�−1 using the right Moufang identity

= s1s2
[
zk+1(wk+1�

2)
]
�−1 sinces2 = (�,wk+1) ∈ L′ is central

= s1s2zk+1wk+1 · � since�2 is central

= s1s2s3� · zk+1wk+1 s3 = (zk+1wk+1, �), using (2.2) a final time.

Thus �R(zk+1,wk+1) = [(�zk+1)wk+1](zk+1wk+1)
−1 = s1s2s3� ∈ L, as desired. This

completes the induction step and the proof.�
Corollary 2.6. Torsion hypercentral units are trivial.

Proof. Let z̃ ∈ Z̃(U) and suppose(z̃)n = 1 for some positive integern. By Theorems 2.2
and 2.5, we can writẽz = z�, z ∈ Z(U), � ∈ L, andzn�n = 1. This giveszn ∈ L, soz ∈ ±L

by Lemma 2.3. Thus̃z ∈ ±L, as claimed. �
Corollary 2.7. Z̃(U) =Z2(U).

Proof. It suffices to prove thatZ3 ⊆ Z2, so takez3 ∈ Z3 andu ∈ U . In view of Theo-
rems 2.2 and 2.5, we can writez3 = z�, z ∈Z(U), � ∈ L, so(z3, u) = (�,u) = z2 ∈Z2. By
(2.1),(z2, �) ∈ L, so Lemma 2.1 givesz2� = �z2c, with c ∈ L′ (hencec2 = 1). Since�2 is
central andu−1�u = �z2, �2 = u−1�2u = �z2�z2 = c�2z2

2, soz2
2 = c is trivial. Corollary 2.4

saysz2 ∈ L′ ⊆Z(L), soz3 ∈Z2. �
Corollary 2.8. If z2 ∈ Z̃(U) = Z2(U), then z2

2 is central.

Proof. Take any� ∈ L. By Theorem 2.5,z−1
2 �−1z2 ∈ L, so (z2, �) is in L, hence inL′.

Write z−1
2 �−1z2 = c�−1, c ∈ L′. Thenz−2

2 �−1z2
2 = c(z−1

2 �−1z2) = c2�−1 = �−1. Thusz2
2

commutes with�−1 and hence with�. Since any element that commutes elementwise
L is in the centre ofZL, the proof is complete. �
Lemma 2.9. If u ∈ Z̃(U) =Z2(U) and v = 1+ n, n2 = 0, then (u, v) = 1.

Proof. Sinceu ∈Z2(U), we have(u−1, v−1) ∈Z(U), souvu−1 = cv for somec ∈Z(U).
By Corollary 2.8,u2 is central, sou2vu−2 = v, but also,u2vu−2 = u(cv)u−1 = c2v. Thus
c2 = 1, uv2u−1 = (uvu−1)2 = c2v2 = v2, anduv2 = v2u. Sincev2 = 1 + 2n, it follows
thatu andn commute, sov andu commute. �
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Lemma 2.10. Let L be an RA loop with torsion subloop T . Let U = U(ZL) be the loop of
units in ZL. If t ∈ T and u ∈ Z̃(U) = Z2(U), then u−1tu = t±1. In the case u−1tu = t−1,
the order of t divides 4.

Proof. Let u ∈ Z2 andv ∈ U . Then(u, v) = c ∈ Z(U). As in Lemma 2.9,c2 = 1, and
c ∈ L′ by Corollary 2.4. Lett ∈ T have ordern and set̂t = 1+ t + t2 + · · · + tn−1. Notice
that t t̂ = t̂ t = t̂ . Let v be the unitv = 1+ (1− t)ut̂ . By Lemma 2.9,(u, v) = 1, so

u(1− t)ut̂ = (1− t)ut̂u. (2.3)

By Theorems 2.2 and 2.5,(u, t) is in L, so it’s inL′ = {1, s}.
Suppose(u, t) �= 1. Thentu = sut , so (2.3) and the fact thatt t̂ = t̂ give u2t̂ − su2t̂ =

ut̂u − sut̂u, hence

ut̂u−1 − sut̂u−1 = t̂ − st̂ . (2.4)

Now u ∈ Z2 ⊆ Z̃, sou is in the normalizer ofL in U by Theorem 2.5. Writinĝt as a sum
of powers oft , each side of (2.4) is a sum of loop elements. Nowst is one term inst̂ so
eitherst = t i for somei or st = sutiu−1 for somei. In the first case,s is a power oft , so
u−1tu = st is a power oft . In the second caset = utiu−1, so againu−1tu is a power oft .
In either case,s is a power oft andu−1tu = t i for somei, 1� i < n = o(t), the order oft .

Supposeu−1tu = t i /∈ {t, t−1}. Thus 1< i < n − 1, i is relatively prime ton, and
u−1tu = st = tn/2+1 sinces ∈ 〈t〉 has order 2. The element

b = (
1+ t + · · · + t i−1)φ(n) + 1− iφ(n)

n
t̂

is a unit known as aBass cyclic unit (see [6]) and it has infinite order [6, Propo
tion 8.1.12]. Now

u−1bu = (
1+ t i + · · · + t i(i−1)

)φ(n) + 1− iφ(n)

n
t̂

and, more generally,

(
ur

)−1
bur = (

1+ t i
r + · · · + t i

r (i−1)
)φ(n) + 1− iφ(n)

n
t̂ .

It follows that

bbubu2 · · ·buφ(n)−1 = (
1+ t + · · · + t i

φ(n)−1)φ(n) + mt̂

for some integerm. But (1+ t + · · · + t i
φ(n)−1)φ(n) = (1+ kt̂ )φ(n) for some integerk, so

bbubu2 · · ·buφ(n)−1 = 1+ m1t̂
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for some integerm1. (See [6, Theorem 11.1.8] for more details.) Sinceb has augmenta
tion 1,m1 = 0 and

bbu · · ·buφ(n)−1 = 1. (2.5)

Since(u, b) ∈ L′, by Lemma 2.1, each factorbuk
is eitherb or sb. So Eq. (2.5) implies

that a power ofb is 1 ors. This contradicts the fact thatb has infinite order and shows th
u−1tu is indeed eithert or t−1.

Finally, in the caseu−1tu = t−1, we have(u, t−1) = u−1tut−1 = t−2, so t−4 =
(u, t−1)2 = 1 ando(t) | 4. �
Lemma 2.11. Let L be an RA loop with torsion subloop T . Let U = U(ZL) denote the unit
loop of L in ZL. If t ∈ T and 〈t〉 is not normal in L, then (u, �) = 1 for every u ∈ Z̃(U) =
Z2(U) and every � ∈ L. In particular, Z̃(U) =Z2(U) = Z(U).

Proof. Let u ∈ Z2(U). We use the fact thats /∈ 〈t〉, an easy consequence of〈t〉 being not
normal. (See also [1, Corollary IV.1.11].)

First let � ∈ L and assume�t�−1 /∈ 〈t〉. Consider the unitv = 1 + (1 − t)�t̂ . By
Lemma 2.9, we know that(u, v) = 1, sou[(1− t)�t̂ ] = [(1− t)�t̂ ]u, which gives

u(�t̂ )u−1 − u(t�t̂ )u−1 = �t̂ − t�t̂ .

Since�t�−1 /∈ 〈t〉, supp(�t̂ ) ∩ supp(t�t̂ ) = ∅. It follows (using Theorem 2.5) thatu�u−1,
which is an element ofL and in the support of the left-hand side, must equal�ti for somei.
But u�u−1 = � or s� (Theorem 2.5 and Lemma 2.1) and the latter contradictss /∈ 〈t〉. So
u�u−1 = � as desired.

Next, let � ∈ L and assume this time that�t�−1 ∈ 〈t〉. Sinces /∈ 〈t〉, we know that
�t�−1 = t . If � is central, there is nothing to prove, so we may assume that� is not central.
Since t is also not central, the LC property tells us that� = zt for somez ∈ Z(L). If
(t, u) = t−1u−1tu = s, then, by Lemma 2.10,s = 1 ors = t−2, contradictings /∈ 〈t〉. Since
(t, u) ∈ L′, we must have(t, u) = 1, so(�,u) = 1 and we are done.�
Remark 2.12. Units of the typev = 1+ (1− t)�t̂ which appeared in the last proof,� ∈ L,
t a torsion element ofL, are calledbicyclic. We refer the reader to either [1] or [6, Exam
ple 8.1.4] for more information about this important type of unit.

3. Proof of Theorem 1.1

In this section, we complete the proof of Theorem 1.1, first reminding the reade
Z̃(U) =Z2(U) was established in Corollary 2.7.

Some explanations of terminology may be helpful. A Moufang loop which is n
group isHamiltonian if every subloop is normal. Such loops were classified by Norton
as precisely those which are direct productsC ×E ×A with C theCayley loop (a Moufang
loop similar to the quaternion group of order 8),E is an Abelian group of exponent 2 andA
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is an Abelian group all of whose elements have odd order. (See also [1, §II.4].) A Mo
loop is a 2-loop if each element has order a power of 2. In particular then, a Hamilto
Moufang loop necessarily has exponent 4.

Assume now thatL is an RA loop and̃Z(U) �=Z(U). Using Theorems 2.2 and 2.5 a
the fact thatZ(U) ⊆ Z̃(U), there must exist�0 ∈ L, �0 ∈ Z̃(U) \Z(U). By Lemma 2.11,
every subloop ofT is normal inL so, in particular,T is either an Abelian group or
Hamiltonian Moufang (possibly associative) loop [1, §II.4].

SupposeT is Hamiltonian. IfT is not a 2-loop, there exists a noncentral elementx ∈ T

of order 4p, p an odd prime. Sinceo(x) � 4, Lemma 2.10 says that�0x = x�0. Now the
LC property inL, and the fact that neitherx nor �0 is central, givesx = �0z for some
z ∈ Z(L). Thusx ∈ Z̃(U) \ Z(U), sox ∈ Z2(U(ZT )) \ Z(U(ZT )). SinceT is a torsion
RA loop, this contradicts Theorem 1.2. ThusT is indeed a 2-loop and hence of exponen
Remembering that〈t〉 is normal inL, it follows that�−1t� = t±1 for everyt ∈ T and every
� ∈ L (since any conjugate oft must have the same order ast). This completes the proo
in one direction.

For the converse, first assume we are in case (i). Then [1, Corollary XII.2.14] te
that[U(ZL)]′ has order 2, so[U(ZL)]′ = L′ = {1, s} and, for anyu ∈ U = U(ZL) and any
� ∈ L, �T (u) = u−1�u = � or s�. Moreover, for anyu1, u2 ∈ U and any� ∈ L,

�R(u1, u2) = (�u1 · u2)(u1u2)
−1 = � or s�

because�u1 · u2 = � · u1u2 or s� · u1u2. Clearly thenL is normal inU , soU = L · Z(U)

by Theorem 2.2. Now choose�1 ∈ L \Z(L). Recalling thatL =Z2(L) (see Section 1), i
follows thatU =Z2(U) so�1 ∈ Z2(U) \Z(U) andZ̃(U) �=Z(U).

Next, assume we are in case (ii). IfT is central, then [1, Corollary XII.2.14] can be us
again and we may complete the proof as inthe preceding paragraph. So assume thatT is
not central and choose an elementt0 ∈ T \Z(L). To complete the proof, it suffices to sho
that t0 ∈ Z2(U). For this, we must show that for any unitu ∈ U , the commutator(t0, u) is
central and, for any unitsu,v ∈ U , the three associators(u, v, t0), (u, t0, v), and(t0, u, v)

are central.
Let A = T ∩Z(L) and lett ∈ T . Sincet t0 = t0t (T is Abelian) andt0 is not central, the

LC property says thatt is central (sot ∈ A) or t t0 = a ∈ A which impliest = at−2
0 t0 ∈ At0

since squares inL are central. It follows thatT = 〈t0,A〉 and (again usingt2
0 ∈ A) T =

{at0 | a ∈ A}. It follows that a unit inZT has the formu0 + u1t0, with u0, u1 ∈ ZA central.
Since the conditions onT described in (ii) allow us to conclude thatU(ZL) = [U(ZT )]L
[1, Proposition XII.1.3], every unit ofZL has the form(u0 + u1t0)�, u0, u1 central and
� ∈ L.

Let u = (u0 + u1t0)� be such a unit. Remembering thatU is Moufang and hence dias
sociative, we haveut0 = u0�t0 + u1t0�t0 whereast0u = u0t0� + u1t

2
0� = ut0(�, t0). Thus

(u, t0) = (�, t0) (3.1)

is in L′ and so central as desired.
Now let u = (u0 + u1t0)�1 andv = (v0 + v1t0)�2, u0, u1, v0, v1 central,�1, �2 ∈ L, be

units. We compute the associator(u, v, t0).
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To begin, we compute

uv · t0 = u0v0�1�2 · t0 + u0v1(�1 · t0�2)t0 + u1v0(t0�1 · �2)t0

+ u1v1(t0�1 · t0�2)t0 (3.2)

and

u · vt0 = u0v0�1 · �2t0 + u0v1�1(t0�2t0) + u1v0(t0�1 · �2t0)

+ u1v1(t0�1)(t0�2t0). (3.3)

If �1, �2, t0 associate, they generate a group (by Moufang’s theorem) anduv · t0 = u · vt0.
Thus we may assume that any associator of�1, �2, t0 is s. In an RA loop, if two element
commute, they associate with any third element. It follows then that we may assume th
the commutators(�1, t0) and(�2, t0) are eachs as well, since if either is 1, then�1, �2, t0
associate. We now examine the four terms on the right side of (3.2). We have

�1�2 · t0 = s�1 · �2t0,

(�1 · t0�2)t0 = s(�1t0 · �2)t0

= s�1(t0 · �2t0) by the right Moufang identity

= s�1(t0�2t0) by diassociativity,

(t0�1 · �2)t0 = s(t0 · �1�2)t0

= st0�1 · �2t0 by middle Moufang and diassociativity,

and

(t0�1 · t0�2)t0 = s(t0�1 · �2t0)t0

= s
[
t0(�1�2)t0

]
t0 by the middle Moufang identity

= t0(�1 · �2t0)t0 using diassociativity to minimize parentheses

= st0(�1 · t0�2)t0

= s(t0�1)(t0�2t0) by middle Moufang again.

Comparing with (3.3) givesuv · t0 = (u · vt0)s, so(u, v, t0) = s is central.
Now the ring associator[u,v, t0] = uv · t0 − u · vt0 = u · vt0(s − 1). Taking advantage

of the alternating nature of associators in an alternative ring,

ut0 · v − u · t0v = [u, t0, v] = −[u,v, t0] = u · vt0(1− s). (3.4)

If v andt0 were to commute, then�2 andt0 would commute (as shown above—see (3
and hence associate with every third element. It would follow that(u, t0, v) = 1 is central.
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)

7)

d-
Assume then thatv andt0 do not commute and, similarly, thatu andt0 do not commute
Thus(u, t0) = (�1, t0) = s by (3.1). Now (3.4) givesut0 · v − su · vt0 = u · vt0 − su · vt0,
sout0 · v = u · vt0 = su · t0v. Thus(u, t0, v) = s is central.

Finally (using(u, t0, v) = s and continuing to assume that(u, t0) = s),

t0u · v − t0 · uv = [t0, u, v] = −[u, t0, v] = −ut0 · v + u · t0v
= −st0u · v + u · t0v = −st0u · v + sut0 · v = −st0u · v + t0u · v,

so t0 · uv = st0u · v, giving (t0, u, v) = s−1 = s. This completes the proof.
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