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Abstract

We consider a numerical method to verify the existence and uniqueness of the solutions of nonlinear hyperbolic problems
with guaranteed error bounds. Using a C' finite element solution and an inequality constituting a bound on the norm of
the inverse operator of the linearized operator, we numerically construct a set of functions which satisfy the hypothesis of
Banach’s fixed point theorem for a continuous map on L”-space in a computer. We present detailed verification procedures
and give some numerical examples. (©) 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

In the two preceding papers [4,5], we discussed the numerical verification of the existence of
solutions to nonlinear parabolic and hyperbolic equations in the one-dimensional case. This verifi-
cation method is based on Plum’s formulation [9] of verification methods and weak formulation for
determining a bound on the inverse norm of the linearized operator. In this paper, we describe a
numerical verification method that demonstrates existence and uniqueness of solutions to nonlinear
hyperbolic equations. In order to ensure existence and uniqueness, we use the idea contained in
Nakao’s method [6,8,11]. Another method used for hyperbolic equations [7] requires that the non-
linear map in question is retractive in a neighborhood of the solution. Our method is not subjected
to such a condition. Thus, our method has the potential of being applicable to a more general class
of hyperbolic equations.

In the following section, we introduce the problem considered and its fixed point formulation.
In Section 3, a fundamental theorem which contains the verification conditions of our method is
presented. In Section 4, using a weak formulation, we estimate the inverse norm of the linearized
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operator and give the algorithm for our method. Section 5 contains some examples that illustrate
our method.

2. Problem and the fixed-point formulation

Consider the problem of finding a function u that satisfies the following relations:

u€ L(J;Hy(Q)), u € L(J;LX(Q))

((11;2(% )+ (Vu, Vo) = (= f(u),0), veH(Q), teJ:=(0,T),

u(-,O):O, (1)

where Q is a bounded open interval on R or a bounded rectangular domain in R?, (-,-) is the usual
L*(Q) inner product, and £ is a function on O x R with Q = Q x J. Also, suppose that / defined
by (f(u))(x,t)::f(x, t,u(x,t)) maps L?(Q) into L*(Q) for some p satisfying 2< p<6.

To be precise, the derivative d*/ds* in (1) is treated as the generalized derivative of real functions
on (0,T), that is,

T T T
| wenwe o+ [(@uen.voend= [ renuco)oemd
Yo e Cy°[0,T).
Here we note that Eq. (1) is the generalized problem corresponding to the following equations:

Uy — Au = _f(xn t,lxl) ('x?l) € Q:
u(x,t)=0 (x,t)€0Q xJ,
u(x,0)=0 xe€Q,

u(x,0)=0 x€, (2)

and the derivatives u,, u, and Au are understood in the distributional sense, where 0Q stands for
the boundary of (.
Next, we define the time-dependent Sobolev space H by

H=L(J;Hy(Q))NH'(J;LX(Q))
with norm

Julfy = [ 170y de+ [ a0

where || - ||zr(q) is the usual L”(£) norm.
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Let H:={pcH|¢p(-,0)=0} and let u, € H be an approximate solution of (1). It is most common
to think of such a solution as some finite element solution depending on 4. Then suppose the
following conditions hold for the nonlinear map f in (1) and (2):

(A1) f :LP(Q) — L*(Q) is continuous and maps bounded sets into bounded sets.

(A2) f is Fréchet differentiable in L?(Q).

Let f/(c,up)(x, 1) :=(0f/ou)(x, t, u(x,1)).

Now, as well known [3], for each g € L*(Q), if a € C'([0,T]; L>=(L2)), the following problem has
a unique solution ¢ € H:

d2

de

We denote the above correspondence by Ag = ¢. Moreover, assuming that a = f”(-,u;) and
(d/de) f'(-,up) € L°(Q), we define the fixed-point operator 7 by

Tu=A[f"C up)u— f(-,u)]. (4)

Then, from (A1), (A2), and the fact that the operator 4:L*(Q) — H and the injection H < L?(Q)
are continuous and bounded (see Lemmas 1 and 2), the operator T : L?(Q) — L?(Q) is Fréchet
differentiable in L?(Q).

The map f(-,u)=gu™ is an example that satisfies assumptions (A1) and (A2), where g € L>°(Q),
and m is an arbitrary nonnegative integer satisfying 1 <m<3. In this case, f'(-,u;) = mgu}] "', and
if u, € C'([0,T]; L>°(RQ)), the operator T in (4) is well defined.

(¢, 0) + (V, Vo) + (ap,v) = (g,v), vEH(Q), tEJ. 3)

Remark 1. In the one-dimensional case, we can choose 2< p < oo, which implies 1<m < oo in
the above example. In any case, we assume that the nonlinearity of f* has a polynomial form with
respect to u.

3. Verification condition

_ In order to transform (4) into a “residual-form”, setting v = u — u;, we introduce the operator
T:LP(Q) — L?(Q) defined by

TUET(uh+U)—uh. (5)

Then if we wish to find a solution of the given problem that is close to u;,, we may look for a fixed
point of 7 that is close to 0. To construct a set ¥ which includes the error of a solution to (2),
taking some real number «, we set

V={vel?(Q)||vlo <a}. (6)
Next, we choose the positive real numbers § and y such that
||T(O)||LP(Q) <p, (7

|T (0002l <y Vo€V (8)
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and define the set K C L?(Q) by
K = {v€L%O)| [vllunor <B + 7). 9
Our verification condition is described in the following theorem, which is similar to those in
[6,11].
Theorem 1. If K C V holds for V (that is, if p+y<oa), then there exists a solution to
v="T(v)
in K, and this solution is unique within the set V.
Proof. From the definition y and the mean value theorem,
1T @)y < ITO)eoio) + 1T (0) = T(O)||ni) < +y<e, VeV
This means that
T(VycV. (10)

The convexity of V' and the mean value theorem give the following relations:

1T(v1) = T(02)||1r0) < sup HT/(svl + (1 = $)v2) (01 — 02)]|20(0)
s€[0,1]

~/
< sup || (vs)(v1 — Uz)’
vsEV

1(0)
o~/ 1

= sup || T (v3)w||zr0) = lv1r — v2|Lr(0)
X4 04

Y
< &Hvl —allrgy Vo, €V, (11)

where w:=a(v, — v;)/||v1 — v2]|1r0) € V. Thus, the assumption of this theorem provides the relation

v _ Pty
o o

<1

Noting that 0 <y < « and 0 < 8, Banach’s fixed-point theorem then gives the desired result. [

4. Constants in the verification condition

In this section we describe how to estimate f§ and y introduced in the previous section. We assume
that there exist the constants C; and C, satisfying

|4r||n <Cil|rl|zg)  VreL*(0), (12)

147 | r0) < Col|Ar || 1. (13)
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If we then compute an approximate solution u, € H so as to satisfy d[u,] = up—Aup+ 1 (-, u) € L*(Q)
by using C'(Q) finite element, for example, the following relations hold:

1T(0)lrio) = |4 un]|| (o)
< G| Ad[un]|u
< G Gl|d[up]||20)- (14)

Similarly, we can obtain

~ Al Al
||T/(UI)U2||LP(Q) < GG\ f (up 4 v1)vy — f (un)02]| 120
< C1C2Ga Vvl,vzeV. (15)

Here G, is a constant depending on o in (6).
In what follows, we consider the open intervals /., = (a,,,b,,) and I, = (a,,, b,,) for real numbers
a,, <b,, and a,, < b,, and define Q=1 x I, and d = max{b,, — a,,,b,, — a,,}.

Lemma 2. Let a and a denote constants satisfying a<a(x,t)<a for almost all (x,t)€ Q. Then C,
in (12) is given by

1
Cl = 7(ec7‘ - 1)3
C

where ¢ =max(1 — aT,(d*/nyn®)||a||1=(0)) for a <0 and ¢ = max(1,(d*/nyn*)||a||1=(0)) for a=0
and ny is the dimension.

Proof. We first consider two-dimensional case.
Let p € C*°(R) denote some function such that

1
p=0, supp(p)C(—1,1), [lp(t)dtzl. (16)

For fixed ¢ > 0, let p,(¢):= %p(t/a). Moreover, with given g € L>(Q) and ¢ := Ag, let

Go(x,1):= /OT d(x,8)p.(s —t)ds for (x,1)eQ x R. (17)

Then, ¢, € C*(R; H}(R2)), and ¢,=0 outside Qx(—¢,T+¢). Moreover, for (x,1) € Qx[—e T —¢],
T T
bulr) == [ 9oyl —0ds = [ g(rs)ps —n)ds

o1 = / Pr.5)p!(s — s, Vy(r.1) = / Vo (r, $)p,(s — 1) ds. (18)
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Now we use Eq. (3) in distributional form, i.e.,

/ (B(25).0)p"(s)ds + / (Vo(.5). Vo)p(s)ds + / (a(+5)(-.5),)(s) ds
0 0 0

=/O (gC.5),)p(s)ds, vEH(Q), @€CF[0,T)

with v:=¢,,(-,¢) and @(s):=p.(s —t), where t €[ — ¢, T — ¢] is fixed for the moment.
By (18), this yields

(d)s,tt('a t)a d)s,t(', t)) + (Vd)s(: [)a Vd)s,t('a t))

_ (/OT a(-,)P(-,5)po(s — 1) ds, ¢s,:(',t)> n (/OT 9($)pu(s — 1) ds, ¢1:,t('at)> '

Since the left-hand side equals 5(d/d0)[[|de.(s )72 cq) + IV Dol D)l 720)]s and ¢.(x,7) vanishes
for ¢ in some neighborhood of —¢ due to (16) and (17), we obtain by integration from —¢ to

te(—e T —¢l:

1
U002y + VL Do)
= [ ([ atoriomis - Dds. b)) di

i -: (/org("s)ps(s —D)ds, ‘f’s.t(',f)> di.

We only prove the case for a <0, because we may put a =0 for ¢ >0 in the following.

Defining now a(-,¢):=a(-,0) for €[ —¢,0) and

R.(1) = / H ( / () — al B s)pls — D ds, <z>g,t(-,f)) @,

we find that the first term on the right-hand side of (19) equals

- B (a('af)d)s('af)’ d)s,t(:f))df—"_ Ra(t)
1 1/ ~ ~ g
= E(a(':t)d)e('at)a d)s(‘:t)) + 5 B (at('at)¢s(':t): ¢s(':t))dt +Re(t)
1 1 ! ~ ~
S EQ”qbé:("t)Hi?(Q) + EHatHL‘x(Q) . H(ﬁs('at)Hiz(Q) dz + R.()

and
2

H(]ba('?t)Hiz(Q) = |l¢(- 1) — ¢.(, _8)Hi2(9)< ( B | fe.e (- Dl 20 df)

t
ST [ NeiCs D7 42,
—&

(19)

(20)
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2 t

!
- . d - -
19Dl <5 [ 17D @1

by Poincare’s inequality (cf. [12, Chapter 18]). Furthermore, defining

go(x,1):= /Tg(x,s)pg(s —1t)ds for (x,t)€Q x R, (22)
0

we obtain that the second term on the right-hand side of (19) is bounded by
! ~ ~ 1t ~ ~
5 L ||g£('at)||%2(!2) dr + 5 . |‘¢c,t('>t)||iz(9) dr.

Altogether we obtain from (19), using the constant ¢ defined in this lemma, that for r €[ —¢, T —¢],
H(Z)E,t("t)Hiz(Q) + ||V¢s(‘at)||i2(9)

t t
< [ U Dler + 179Dl d+ [ 110.0.D) 07+ 2R

Therefore, Gronwall’s Lemma yields

T—e¢
||¢c,t('at)“%2(g) + ||V¢E(-,t)|\iz(g)<e“ [/ ||gc(‘at)||i2(g) dr+2 <S}1PT [R.(7)|
—& —e<t<T—¢
and by integration over [ — ¢, T — ¢], we obtain
2 2 el -1 2
||¢8,l||L2(QI;) + ”Vd)CHLZ(Q,:)ge . HgSHLZ(QH) +2 7-<S;u<pT7- IR.(D)]] » (23)

where Q,:=Q x (—&, T — ¢).
Now let ¢ tend to 0. Using |a(x, 1)—a(x,s)| <||a|[1=(g) - € in (20), we find that sup_, _, _,_,[R.(¢)] —
0 as ¢ — 0. Furthermore, by (16)—(18), (22),
¢ — ¢, bt — b, V. — Vo, g.—g in LZ(Q)

as ¢ — 0. Thus, (23) provides the assertion by letting ¢ tend to 0.
In one-dimensional case, noting that

! ~ . d
||q’)£(~,t)\|iz(9) dtSE
e _

2 t

IV e D72 7

holds instead of (21), we can get the desired result. [

To calculate C, in (13), we slightly modify the proof of the Sobolev Embedding theorem.

Proposition 3 (Cg Adams [1]) Let )El :(Xz,X3),)Z2 :(xl,x3),)f3 :(xl,)Q), and let Ik (k: 1,2,3) be
bounded open intervals. The function F is defined by

F(x)=F(x1,x2,x3) = F1(X1)F2(X2)F5(X3),

where Fi, € L>(2;) (k=1,2,3), and Q=1L x L, Q,=1, x5, Q3=1, x I,. Then F € L'(Q), and the
following inequality holds:

1|21y < 1F1 | 2can 12l 2000 153 | 2205
where Q =1, x I, x L.
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Lemma 4. C, in (13) is given by
o _ { §|Q\1/" (Q is one dimensional)
(%)2/3¥p|Q|(6_p)/6” (Q is two dimensional).
Proof. The proof for the one-dimensional case is found in [2,4].

We consider the two-dimensional case. For any we C:={ve C'([0,T]; C*(Q)) ]| v(-,0) = 0} and
arbitrary (x;,x,,¢) € O, we have

1 ~
‘W(xlaxbt)ygi/ |Wx{(x;ax2’t)’dx; ::fl(xl)a

1

[w(x1,x2, 1) <;/}v Wiy (1,23, )| doxy =2 f(%>)
and
\w(xl,xz,t)lé/J]wt/(xl,xz,t’))]dt’::f3(f).
These relations give the following inequality:

Wi, P2 < f12 @)1 @) 50, (24)
Then applying Proposition 1 to (24), we obtain

1
| e 52 0P e e <3 v g e g oo

This implies
1Wlls2i0) < 2w, [0 15 gy 19 1 (25)
By using the fact that C is dense in H (cf. [12, Chapters 23 and 24]), estimate (25) holds for
arbitrary we H.
Substituting w = |v]* (1 <s<4) into (25) gives

- 13 13 13
||v”2(3'2)5(Q) < (% )2/3SHUS : 20 [|vx, HLZ(Q) [0x, HLZ(Q) [0 ”Lé(Q)‘ (26)
Then using Holder’s inequality, we obtain
/Q ‘U('xlnxb t)‘Z(S_l) dxl d.X'z dt < H UHig/Z_).\']()Q)|Q’(4_S)/3S' (27)

We conclude from (26) and (27) that
lollomner < Y5101 o l12ig) 10 1oy 1y
oves 1
<GPPI 2wl + el + vl

V3

< (%)2/3S’Q\(47S)/6STHUHH-

Setting s = % p, we obtain the desired conclusion. [
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Finally, we describe the algorithm for finding a real number « that satisfies the verification con-
dition in Theorem 1,

B+y<o (28)
What we present here is the most basic such as algorithm [6]. Since y depends on «, we write

y = (). The algorithm is as follows:

1. Compute a constant f§ satisfying (7).

2. Set o= p.

3. Compute y(a) satisfying (8).

4. Check condition (28), f + y(a)<o. If this condition is satisfied, then stop. This means that
verification is completed.

5. Otherwise, make the replacement

o — (14 9d)x
for a certain positive number 6 and return to 3.

If the iteration number exceeds some maximal value that we decide in advance without satisfying
(28), the verification fails.

5. Verification procedures and numerical examples

In this section, we describe the computation of the approximate solution u, and defect ||d[u;]||12(0)
in (14).

Let S, be a finite-dimensional subspace of H; () N H*(Q2) depending on % and let N be the
dimension of S,. Then we can represent u;, by

N

w6, ) = > ui(t)i(x),

i=1

where qASi are base functions in S;. The function u;(¢) constitutes the time-dependent coefficient of
the base function ¢,(x).
Now u;, is computed by the following Newton-iteration:

Gl )+ (Vi V) + (G, b)) = (F (™™ — £ (™), ), (29)
where n is the iteration number.
For the discretization of time, we take equal time steps of length Az and define

t=kAt, k=0,1,2,....
We used the Newmark method [10], which generates the following scheme:

(¢ + Aty = u"(1) + A1) + ACP[BIE (1 + At) + (3 — Bl (1)] (30)

WDt 4 Ar) = d(2) + A[0d (1 + At) + (1 — 0)i™ (1)), (31)

where 1; = du;/dt and ii; = d*u;/d¢*, and 0 and f are some nonnegative parameters.
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We compute an approximate solution by combining the Newton iteration and the Newmark method.
From (30),

WW+An~BAJWW+Ao W (0] - ﬂm<W0 (m 1) i (32)

We approximate iteration (29) by carrying out the following procedure (i)—(iii), and by getting an
approximate solution in each time step on condition that u\(¢), @ (¢), i"(¢) are already known.
(1) Substitute (32) to the next equation

W)t + A1), ¢) + (Vi (t + A1), V) + (f '~ + A (1 + At), ;)

=(/"(uy @+ A+ A — fu (e + A), ) (33)

and compute u")(t + At).
(i) Substitute (1 + At) in (i) to (32), and compute i (z + At).
(iii) Substitute #¢"(¢ + At) in (ii) to (31),and compute #\(¢ + At).

For initial value of this scheme, we find u;(0) =;(0) = 0 from initial condition in (2) for each
i, and #;(0) is computed by solving (33) in ¢ + At = 0 with respect to #;(0), i.e. by solving the
linear system Zl 1(d)j,qb )i, (0) = —(f(0), qb ) (j=1.2,...,N). In particular, u;(0),2,(0),%;(0) are
independent of ».

Since u; — Auy, + f(-,uy) € L*(Q) is required, we use the piecewise cubic Hermite function in
one-dimensional case and the piecewise bi-cubic Hermite function in two-dimensional case as the
base function in space, and also use the piecewise cubic Hermite interpolation in time. Moreover,
since f has a polynomial restriction with respect to # and piecewise polynomials are used in space
and time, we can compute |d[u;]||120) directly, elementwise in each time step when all coefficients
appearing in f are simple (typically constants).

One-dimensional case:

In (2), we set

f(x,t,u) = —Au* — ksin mx(2 + m*t* — Akt* sin my),

where 4 and k are constants, and we let 2=(0,1) and T=1. The exact solution is u(x, t)=kt* sin 7x.
If we take p =4, then (A1) and (A2) are satisfied. Then, since we have

N nr
1F -+ 0002 = 7)ol = 4A2//\vlvz|2dxdt
< 44|v, Hi‘*(g)”%”i«g) <44,
(15) is satisfied for
G, = 2|A|o?.

We illustrate our algorithm with the numerical results of several examples, where NS and NT are
the partition numbers of space and time, respectively, and M = NS x NT. Since the cubic Hermite
interpolation procedure is fourth-order accurate for all sufficiently smooth functions and the Newmark
method is second-order accurate, we choose NS and NT to satisfy the relation NT = NS x NS when
adjusting the accuracy. Generally speaking, it is difficult to describe the stability of the Newmark

1

method for nonlinear problems, but according to [10], if 0 = 3 and = i, the Newmark method is
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Table 1
Results in the one-dimensional-case

The result in [4] Our new result

Case 1: A=15,k=1, NS =60, M =216000

GG 73890561 3.6945281
dun]ll2c0) 0.0013745 0.0013745
o 0.0785593 0.0054016

Case 2: A =038, k=2, NS =100, M = 1000000

Ci G, 8.16616992 3.98468291

\|d[u;,]||Lz(Q) 0.00075867 0.00075867

o 0.146602 0.00308368
Table 2

Specification of numerical environment

Software CPU time
Case 1 FUJITSU Fortran Compiler FSUNf90cp. V4 937 (s)
Case 2 FUJITSU Fortran Compiler FSUNf90cp. V4 4412 (s)
Case 3 FUJITSU C Compiler FSUNfce. V4 35376 (s)
unconditionally stable for linear hyperbolic equations. Thus, we choose 6 = % and = i in these

examples (Table 1).

In our numerical examples we used u(-,(k —1)At) (k=1) as the initial value of Newton iteration
at t = k At. In the following, o represents the verified error bound in Theorem 1.

The computations were carried out on Sun Ultra 60 with UltraSPARC-II 360 MHz. The execution
times are shown in Table 2.

We obtain sharper bounds than those in [4] owing to the better constant C = C;C, used here. We
note that Theorem 1 ensures not only the existence of solutions but also their local uniqueness.

Two-dimensional case:

In (2), we set

fx,t,u)y= f(x,xp,t,u) = Au* — k sin mx; sin v, (2 4 2621 + Akt* sin oy, sin mor, ),

and let Q=(0,1)x(0,1) and T = 1. The exact solution is u(x,X,,?) = kt* sin 7tx, sin x,. The other
conditions are the same as in the one-dimensional case (Table 3).

Remark 2. In these computations, we used the usual floating-point number system with double
precision. Therefore, the above results may include some unknown rounding errors. From the author’s
experiences, however, the order of magnitude of the effect of round-off errors is smaller than 107'°.
With this observation, we can assume that the numerical results are sufficiently reliable to at least
six digits or so. Of course, we need to use arithmetic system with guaranteed accuracy for a really
rigorous verification.
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Table 3

Results in two-dimensional case

Case 3: A=10, k=1.0

NS 8

At =

GG 1.27137

ld[un]llz2 0y 0.01825348

o 0.0247665
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