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1. Introduction

We study the following fourth-order elliptic equation

{Azu-l-cAu:kh(x)lulp’zu-l-f(x,u), in £, (11)

u=Au=0, onads2,

where £2 ¢ RN is a bounded smooth domain, A? is the biharmonic operator, c is a constant, 1 < p <2, A >0 is a parameter,
heL®(£2), h(x) >0, h(x)#£0, and f(x,s) is a continuous function on 2 x R.

The fourth-order problem (1.1) is usually used to describe some phenomena appeared in different physical, engineering
and other sciences. In [1], Lazer and McKenna studied the problem of nonlinear oscillation in a suspension bridge. They
presented a mathematical model for the bridge that takes into account the fact that the coupling provided by the stays
connecting the suspension cable to the deck of the road bed is fundamentally nonlinear (see [1-5]). Also, problem (1.1) has
been pointed out that this kind of problem furnishes a good model to the static deflection of an elastic plate in a fluid
(see [6]). In [7], the authors indicated that problem (1.1) also arises in such as communication satellites, space shuttles, and
space stations, which are equipped with large antennas mounted on long flexible masts (beams). Problem (1.1) has been
studied extensively in recent years, we refer the reader to [2,6,8-12] and the references therein.

There has been a great deal of interest on second-order elliptic problem with combined nonlinearities since the pioneer-
ing work of Ambrosetti, Brezis and Cerami in [13] (see [13-15]). However, to the author’s knowledge, it seems that very
few results are devoted to the case of the fourth-order elliptic problem (1.1). Our purpose here is to introduce some kind of
local analogues to the classical conditions of sublinearity at 0 and of superlinearity at co with respect to u.

The paper is organized as follows. The functional setting and the proof of the (PS) condition are given in Section 2.
Section 3 deals with the case A = 0. In [6], the authors have obtained at least one nontrivial solution under some strong
assumptions (see Remark 3.1). Under weaker assumptions we obtain the existence of a positive solution and a negative
solution. Then we consider the case A > 0 in Section 4. For A > 0 small enough, we give the existence of four solutions.
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A global result of Ambrosetti-Brezis-Cerami type also be considered, which is motivated by the results of second-order
version in [13-15]. Finally, in Section 5, we show that, besides the four solutions given in Theorem 4.1, there exists another
different solution, which can change the sign. Our method to obtain the fifth solution follows the ideas developed in [14]
for Laplacian operator. However, while in [14] the authors assumed that nonlinearity is superlinear at oo, we discuss here a
local asymptotically linear problem.

2. Preliminary results

Let H=H2(£2)N H(l)(SZ) be the Hilbert space equipped with the inner product

(u,v)y = /(AuAv + Vu-Vv)dx,
Q2

and the deduced norm

||u||%,=/|Au|2dx+/|w|2dx.
2 2

Denote Ay (k € N) the eigenvalues and ¢y (k € N) the corresponding eigenfunctions of the eigenvalue problem
—Au=2Au, in§$2,
u=0, on 052,

where each eigenvalue 1 is repeated as often as the multiplicity. Recall that 0 <A1 <Ay < A3 <--- <A — +oo and ¢1 >0
for x € £2. We can easily see that A, = Ay (A — c) are eigenvalues of the problem

21)

2 _ .
{A U+ cAu= Au, ing£, (22)
u=Au=0, on ds2,
and the corresponding eigenfunctions are still ¢y.
Assume that ¢ < Aq. Let us define a norm of u € H as follows:
||u||2:/|Au|2dx—c/|w|2dx.
Q Q
It is easy to show that the norm || - || is an equivalent norm on H, and for all u € H, the following Poincaré inequality holds:
ull® = Aqlull7,. (2.3)

We say that u € H is a weak solution to problem (1.1), if u satisfies

/(AuAv —cVu- Vv = h@)|ulP2uv — f(x,u)v)dx=0, VveH*,
2

where H* is the dual space of H.
It is well known that the weak solution of problem (1.1) is equivalent to the critical point of the Euler-Lagrange functional

L(u) = %||u||2— %/h(x)|u|pdx—/1’(x, u)dx, ueH.
2

2
Obviously I, € C1(H,R), and

(VIr(),v)= /(AuAv —cVu- Vv - h@|ulP2uv — f(x,u)v)dx, Yu,veH.
2

Let u*t = max{u, 0}, u~ = min{u, 0}.
Consider the following problem

[A2u+cAu=/\h(x)|u+|p2u+—|—f+(x,u), in £2, (2.4)
u:Au:O7 Ona.Q,
where
t), t>0
(X 1) = fx, 0, t>0,
fr&n 0, t<O.
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Define the corresponding functional If :H — R as follows:

1 A
IFu) = 5||u||2 - th(x)|u+|pdx—/F+(x,u)dx, ueH,
Q Q
where F*(x,u) = [y f*(x,s)ds. Obviously, I € C!(H,R). Let u be a critical point of I;7, which implies that u is a weak
solution of (2.4). Furthermore, by the weak maximum principle it follows that u > 0 in £2. Thus u is also a solution of
problem (1.1) and I, (u) = I, ().
Similarly, we can define

- f(x, ), t<0,
f (x,t)={0, (0 (2.5)
and
_ 1. 5 A _p _
Ik(u):§||u|| —E/h(x)}u | dx—/F (x,u)dx, ueH,
2 22

where F~(x,u) = fO“ f7(x,s)ds. It is easily seen that I, C1(H,R) and if v is a critical point of I then it is a solution of
problem (1.1) with I (v) = I, (v).
We assume that f(x, s) satisfies the following hypotheses:

(H1) f(x,0)=0.

(HZ) lirns—>0 f()s(’S) =M, lim\s\—>+oo

f&x.s)
s

=1, uniformly a.e. in x € £2,

0< i <Ai(h1 —c) <l <400, A is the first eigenvalue of (—A, H)(£2)).
Lemma 2.1. Suppose that (H1) and (H2) hold. Then Ij\E satisfies the (PS) condition.

Proof. We just prove the case of I;r. The arguments for the case of I; are similar. Since §2 is bounded and (H2) holds, then
if {u,} is bounded in H, by using the Sobolev embedding and the standard procedures, we can get a subsequence converges
strongly. So we need only to show that {u,} is bounded in H.

Assume that {u,} C H is a (PS) sequence, i.e.,

If (un) —c, VIF(up) > 0 asn— 4oo. (2.6)
From (H2) we know that

|FTx s)s| < C(1+1s2).
(2.6) implies that for all ¢ € H,

/(AunA<p — ¢V - Vo — 2h@) |u [P U o — FH(x, un)@) dx — 0, 2.7)

2

Setting ¢ = u, and using the Hdélder inequality we have

||un||2:/f+(x, un)undx+/Ah(x)|u,ﬂpdx+(VI;r(un),un)
2 2

</f*mm0mnx+me/ﬁmWM+oumwu
2 2

< CIR21+ Cllunll?, + Cpllunl?, + o) [[un]. (28)
We claim that ||u,||;2 is bounded. Assume, by contradiction, that passing to a subsequence,
||un||%2 — 400, asn— +oo.

We put w, := ”u:—"‘le Then ||wy||;2 = 1. Moreover, from (2.8) we know

o) lunll

lunliz2  lunll2

lwnll? <o(1) 4 C + <o(1) + C +o(1)||wnll.
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Hence, ||wy| is bounded. Passing to a subsequence, we may assume that there exists w € H, ||wl||;2 =1 such that
wp, — w, weaklyin H, n — +o0,
wpn — w, strongly in L*(£2), n — +oo.
From (2.7) we derive
/(Aa)Aq) —Vw- Vg —lwte)dx=0, VY¢eH. (2.9)
Q
Then w € H is a weak solution of the equation
Ao+ cAw=Ilo".
The weak maximum principle implies w = w™ > 0. Taking ¢(x) = @1 (x), from (2.9) we have
/(Aa)A(m —cVw - Vgoﬂdx:l/a)(p] dx. (2.10)
Q

2

On the other hand, since ¢1(x) > 0 is the A-eigenfunction of (2.2), we have also

/(Aa)A(p1 —cVw -Ve1)dx = Aq /axpl dx,
Q Q

from which follows that w =0 by A; < I. But this conclusion contradicts ||w||;> =1, and hence |lu,||;2 is bounded. Then,
from (2.8) we know that {u,} is bounded in H. O

3. Asymptotically linear problem
For the case A =0, our main result is as follows:

Theorem 3.1. Assume that ¢ < A1, A = 0. Then under assumptions (H1) and (H2), problem (1.1) has at least two nontrivial solutions,
one of which is positive and the other is negative.

Remark 3.1. Recently, Y. An and R. Liu in [6] have obtained at least one nontrivial solution, under (H1), (H2), and the
following two conditions:

(H3*) f(x,5)=0,Vxe 2,s<0; f(x,t) >0,Vxe 2,5s>0; [&9) g nondecreasing.
N

X, s)| <a(x) + b|s|?, where a(x) € ,be ,1<p<i51d > 4 an <p<ooi <4, -+ -=1.
(H4") [f(x,9)| <a(x) +b|s|P, wh () eL1(2),beRN, 1 F2 if N>4and 1 if N 4; 31 1

Theorem 3.1 improves previous results, such as [6].

For convenience we denote IAi with A =0 by I=. Now we prove that the functionals I* have a mountain pass geometry.
Lemma 3.1. Under the assumption (H2), I* and I~ are unbounded from below.
Proof. (H2) implies that, for any & > 0 there exists C; > 0, such that

1
F(x,s))i(l—s)sz—cl, Vxe 2, s#0. (3.1)

Taking € > 0 such that | — & > A1, ¢ = —¢1, from (3.1) we obtain

I (t¢) < %/(|A(t¢)|2—C|V(t¢)|2)dx— %(1-s)/t2¢2dx+fcl dx
2 2 2
tZ

29 2
< 5|I¢|I - 5(1— &)l + C11£2]

1 l—¢
<={1=-—=2)2¢)% + C1192], 3.2
2( A1> lpll° + C1|$2] (3.2)
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where |£2| denotes the Lebesgue measure of §2. Then
lim [ (t¢) = —o0.
t—+00 ( ¢)
For I™ we can choose ¢1, then, by an analogous manner as above we get
lim IT(tg;) = —oo0.
t——+00
The proof is complete. O

Lemma 3.2. Assume that (H1) and (H2) hold. Then there exist p, R > 0 such that I*(u) > R, if |[u]| = p.

2N .
Proof. From (H2), we can find «, such that 2 < o < 2*, where 2* = { E z 222 (H1), (H2) imply that for all given &y > 0,
) =X .

there exists Co > 0, such that

1
F(x,5) < 5(M+80)|S|2 + Cols|*. (3.3)

Combining (3.3) and the Poincaré inequality as well as the Sobolev embedding, we have

1
Ii(u)>5||u||2—@/de—co/wwx
2 2

>(1_M+80

2 o
—C 34
> )nun sllul, (34)

where C; is a constant. In (3.4), by taking €g > 0 such that u + &9 < A4, and choosing ||u|| = p > 0 small enough, we obtain
Fw)>R>0,if Jul=p. O

Proof of Theorem 3.1. From Lemma 3.1 and Lemma 3.2 we know that there exists e € H, |le|| > p, such that I*(e) < 0.
Define

P={y:[0,1] > H: y is continuous and y (0) =0, y (1) =e},
and
+_ +
¢ = inf max I t)).
yePte[0,1] ()/( ))
From Lemma 3.2 it follows that

FO)=0 ) <0, IFwl, >R>0.

Moreover, I™ and I~ satisfy the (PS) condition. By the mountain pass theorem, we know c* is a critical value of I and
there is at least one nontrivial critical point in H corresponding to this value. This critical point is nonnegative, then the
strong maximum principle implies that there is a positive solution of problem (1.1). By an analogous way we know there
exists at least one negative solution, which is a nontrivial critical point of I~. Hence, the problem (1.1) admits at least a
positive solution and a negative solution. O

4. Combined nonlinearities

In this section, we discuss the multiplicity of solutions of problem (1.1) for the case A > 0, in which the nonlinearity is
locally sublinear and asymptotically linear.

Theorem 4.1. Assume that ¢ < Aq. Then under assumptions (H1) and (H2), there exists A* > 0 such that for A € (0, A*), problem (1.1)
has at least four nontrivial solutions: uy, u_, vy, and v_, satisfyinguy >0,u_ <0,vy >0,v_<0,and I, (u+) > 0> I, (vy).

We first give the following lemmas which will be used to prove Theorem 4.1.
Lemma 4.1. Under the assumption (H2), I} and I, are unbounded from below.

Proof. The proof is similar to the proof of Lemma 3.1. O
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Lemma 4.2. Assume that (H1) and (H2) hold. Then for A > 0 small enough, there exist p, R > 0 such that I,\i W) =R, if ull = p.

Proof. (H1), (H2) imply that for all given g¢ > 0, there exists Co > 0, such that (3.3) hold. Take &y > 0 such that u+&p < A;.
From (3.3), combining the Holder inequality and the Poincaré inequality as well as the Sobolev embedding, we have

1 Mh
B> Mgz = M fpax - A (e g co [ e dx
A 2
p J 2

Q 2
1 + Alh] “ -
& T’ :
> (1 #teo ful2 = 2o /(|u|p)p dx /1dx — Cs]lul”
2 2/ p
o 2
1 pn+éo
> (E - >||u||2 — AKullP = Csljul*
1
1 n+€o - -
= (5 (1250 e - a2,
1
where C;, K are constant, 2 < o < 2*,

Let
Q(t) = AKtP™2 4 Cst* 2.
We claim that there exists ty such that

MK Tté
Aq '

1
t -1

Q(to) < 2(
Indeed,

Q'(t) =AK(p — 2)tP73 + Cs(a — 2)t% 3.
Setting

Q=0
we know

<u<(z _ p))“I_P
to=("—-—22) .
Cs(a —2)

Obviously, Q (t) has a minimum at t = tg. Let

_K2-p) p—2 o—2 K_1<1 u—i—eo)
s —5 — .

T Cs(a—2)° p:oz—p’ q:a—p

Substituting to in Q (t) we have

MK Tté&
Aq

Q(fo)<%(1 ) 0<X<A¥,

* __ K 1/q
where A —(7’(/313%5,3‘7) .

Take p =tp. Then there exists R > 0 such that the lemma holds. O

Proof of Theorem 4.1. For I/\i, we first show the existence of local minimum v, with If(vi) < 0. We just prove the case
of I;r. The arguments for the case of I, are similar.
For p given in Lemma 4.2, we set

B(p)={ueH. |ul<p}. 09B(p)={ucH, |lul=p}.
Then B(p) is a complete metric space with the distance

dist(u, v) = |u — v|l, Vu,v e B(p).

By Lemma 4.2, we know for 0 < A < A%,

If w]daB, >R >0.
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Moreover, it is easy to see that I;L e C1(B(p),R), hence If is lower semi-continuous and bounded from below on B(p). Let

o1 =inf{If ), ueB(p)}.

Taking v € C§°(£2), with v > 0, and for t > 0, we have

ot ALP _ _
I (v) = §||v||2— 7/h(x)vl’a!x—/FJf(x, tv) dx
2 2

2 AP _
<Zpape - —/h(x)vpax
2 p

2

<0,

for all t > 0 small enough. Hence, c; < 0.
By Ekeland’s variational principle, for any k > 1, there exists uj such that

N 1
1< () <cr+ o

1 _
L (w) > I o) = = wl. - Yw e B(p). (42)

(41)

Then ||uk| < p for k large enough. Otherwise, if ||uy|| = p for infinitely many k, without loss of generality, we may assume
that for all k > 1, ||uk|| = p. Then from Lemma 4.2 it follows 0 < R < If(uk) < +% < 0, for k large enough, a contradiction.

Now we prove that Vlf(uk) — 0 in H*. In fact, for any u € H with |Ju|| =1, let wy = uy + tu. Then for a fixed k > 1, we
know ||wi|l < |lugll +¢t < p, for t > 0 small enough. So, (4.2) implies

t t
I (ue + tu) > 1 (ug) — EIIUII =1 () — A
Thus,

I (uge + tu) — I (uy) _ 1

t k'
Setting t — 0, we derive that

1
(VI (ui), u)| < o
for any u € H, with |u| = 1. So, VI;L(uk) — 0 and (4.1) gives Ij{(uk) — c1. Hence, it follows from Lemma 2.1 that there
exists vy € H such that VII(V+) =0. vy is a weak solution of problem (1.1) and I, (v4+) < 0. Moreover, the maximum
principle implies that v, > 0 a.e. in £2. By an analogous way we know there exists a negative solution v_, which is a
nontrivial critical point of I, , satisfying I, (v_) < 0. Using the similar arguments as in the proof of Theorem 3.1, we know
there exist two nontrivial solutions u; > 0, u_ <0, satisfying I, (u+) >R >0. O

Theorem 4.1 is local, since A has to be small enough. A global result of Ambrosetti-Brezis—-Cerami type is also given in
the following theorem. For convenience we only consider positive solutions.

Theorem 4.2. Assume that ¢ < A1, h > hg, where hg is a positive constant, (H1) and (H2) hold. Then there exists A > 0 such that
1. for A € (0, A), problem (1.1) has at least two positive solutions: u; and v;, satisfying v, < u,, I, (v,) < 0. Moreover, v, is a
minimal solution and is increasing with respect to X;

2. for A = A, problem (1.1) has at least one positive solution;
3. forall .. > A, problem (1.1) has no positive solution.

The above theorem suggests that the structure of the set of positive solutions of (1.1) looks as shown in Fig. 1.
Let us define A =sup{A > 0: (1.1) has a solution}.

Lemma4.3.0 < A < oc.

Proof. From Theorem 4.1 it follows that (1.1) has at least two positive solutions whenever A € (0, A*) and thus A > A* > 0.
Let A be such that

M@+ f(x, ) > Agt, Vi > 0.



804 Y. Wei /J. Math. Anal. Appl. 385 (2012) 797-807

oo

A A

Fig. 1. The structure of the set of positive solutions.
If A is such that (1.1) has a positive solution u, multiplying (1.1) by ¢1 and integrating over £2 we find

A1/u¢1 dx:)\/h(x)up’1<p1 dx+/f(x,u)(p1 dx.
2

2 2

This implies that A < A and shows that A <X. O

Now, we recall the version of the method of upper-lower solutions which we will use to prove Theorem 4.2. Let g(x, s)
be a Carathéodory function on £2 x R with the property that for any sg > 0, there exists a constant A such that |g(x,s)| < A
for a.e. x € £2 and all s € [—sg, Sg]. A function u € H is called a (weak) lower solution of the problem

, _ )
{A u+cAu=g(xu), in, (4.3)

u:Au:O’ 01’189,
if u<0< Au on 98 and

/(AuA(p —cVu-Ve)dx < /g(x, u) dx
2 o}

for all ¢ € C°(£2), ¢ > 0. An upper solution is defined by reversing the inequality signs.

Lemma 4.4. Assume that u and u are respectively lower and upper solutions for (4.3), with u < u a.e. in §2. Consider the associated
functional

@ (u) :=%||u||2—/c(x,u>dx,
2

where G(x, u) = jos g(x,t)dt, and the interval M := {u € H: u < u < u a.e. in £2}. Then the infimum of @ on M is achieved at some u,
and u is a solution of (4.3).

Proof. The proof is adapted from [16] which deals with the p-Laplacian operator. By coercivity and weak lower semiconti-
nuity, the infimum of @ on M is achieved at some u. Let ¢ € CZ°(£2), € > 0, and define

Ve :=min{il, max{u, u + £@}} =u + ¢ — ¢° + ¢,

where ¢ := max{0, u+¢&¢ — i} and ¢, := —min{0, u 4 £¢ — u}. Since u minimizes @ on M, it follows (V® (u), v —u) >0,
which gives
Vo), p)> (Vo). ¢%) - (Vo ), gs)) /5. (44)

Since u is an upper solution, one also has
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(Vo). ¢°) > (Vo (u) — Vo (@), ¢°)

28/(A(u —ﬁ)Ago—cV(u—fl)~V(p)dx—8/ |g(x,u) — g(x, )|l dx
Q¢ $2¢

where §2; :={x € 2: u(x) + ep(x) > ti(x) > u(x)}. Since |2¢| — 0 as ¢ — 0, it implies (V@ (u), p®) > o(¢) as ¢ — 0.
Similarly (V@ (u), ¢¢) < o(¢), and by (4.4), (V@ (u), ) > 0. Replacing ¢ by —¢, we conclude that u solves (4.3). O

Proof of Theorem 4.2. 1. For convenience we denote (1.1) by (1.1),. We first show that for all A € (0, A), (1.1), has a positive
solution v, with I;(v;) <0. Let 0 <1 < A and take A with A < A < A such that (1.1); has a positive solution v. Then,

/(A\‘/A(p—cw-V<p)dx=X/h(x)|\7|P*Zv<pdx+/f(x, V)@ dx
2 2 2

2k/h(x)|\7|p‘2\7(pdx+/f(x, V)@ dx
2 2

for all ¢ € C°(£2), ¢ > 0. This implies that v is an upper solution for (1.1),. Let v¢ = £¢1, € > 0. From (H2), there exists &
small enough such that

Arggr < Ah(x)ep*“pf_l + f(x, e01).

We can easily obtain

/(Angga—chg -Vga)dx</A1v5(pdx<A/h(x)lvglp’zvg(pdx+/f(x, Ve)pdx
2 2 Q 2

which shows that v, is a lower solution of (1.1),. Take ¢ small enough such that €91 < v. From Lemma 4.4 we know (1.1);
has a positive solution v;,. Moreover the minimization property provided by Lemma 4.4 leads to I, (v,) < I, (¢¢1). By (H2),
I, (ep1) < 0 for ¢ small enough. Assume that v, is isolated local minima. From Lemma 3.1 and Lemma 2.1 we can get
another solution u; by using the mountain pass theorem. It remains to prove that v, < v4 whenever A < A. Indeed, if A < A
then vj is an upper solution of (1.1),. For £ > 0 small, ¢y is a lower solution of (1.1), and £¢q < v;, then (1.1);, has a
positive solution v with v < vi. As vy is the minimal solution of (1.1),, we have v; <v < V. The strict inequality follows
from the strong maximum principle.

2. Let {14y} be a sequence such that p, 1 A. Since the positive solution v, = v, satisfies (VI,, (vn), vp) =0, we have

val? =2 [ noovhdx+ [ £ vavads
Q Q
P 2
S Clvallz + €821 + Cllivallf,- (4.5)
As the proof of Lemma 2.1 we obtain that ||v,|/;2 is bounded, and hence {v,} is bounded in H. Then there exists v* € H

such that v, — v* > 0 a.e. in £2, strongly in L2(£2) and weakly in H. v* is a positive solution of (1.1) 4.
3. This follows from the definition of A. O

5. Existence of five solutions

This section is devoted to give more information about the multiplicity of the solutions of problem (1.1). Precisely, we
give the following multiplicity result which improves Theorem 4.1.

Theorem 5.1. Assume that ¢ < A1, f (x, u) satisfies (H1) and (H2), h € L°°(£2) with h > ho, where hy is a positive constant. Then there
exists A* > 0 such that for A € (0, A*) problem (1.1) has at least five nontrivial solutions: u, u_, v4, v_, and vs, satisfying u, > 0,
u_<0,vy>0v_<0,and ) (us)>0>I,(vy), [, (v3) <O0.

Proof. First of all, by an analogous argument as in the proof of Theorem 4.1, the existence of uy, u_, v4 and v_ follows.
We need only to show the existence of v3 with I, (v3) < 0. The energy functional for problem (1.1) is

1 A
I,\(u):§||u||2—E/h(x)|u|pdx—/F(x,u)dx, ueH.
Q2

2

Note that, according to the proof of Theorem 4.1, v and v_ are also local minima of I;. We can assume that v; and v_
are isolated local minima. Let us denote by b, the mountain pass critical level of I, with base points v, v_:
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b, = inf L (v (t
»= Inf max 2 (W (©),

where

¥ ={y eC([0,1], H): (0 = v, y (1) =v_}.
We claim that b, < 0 if A is small enough. In fact, by (H2), for any 0 < &, < u, there exists p > 0, such that for |s| < p,

f&,s)

M—8*<T<M+8*,
and

1 2 1 2

z(u—s*)s < F(x,8) < 5(M+8*)s . (5.1)
We define 'y, 7+ :[0,1] — R by

t2 tP
i) =L(tvy) = 5llvi||2—AE/h(X)IviI"dX—/F(x,tvi)dx,
2 2

t2 , L tP » t2 2
Te() = S llvel —?»th(x)lvil dx— (= e)lvallz.
2

Then from (5.1) we know I'L(t) < T (t), for all t € [0, 1].
If there exists to € (0, 1) such that It (to) = maXre(o,1) I+ (t), then I'f (tg) = 0. Let

f&x,tvy)
Mi(t) = [ve]? - / =i
tvy
2

Since

L =ty | — AP fh<x>|vi|pdx— f Fx, tva)va dx
2 2

,t
:t||vi||2—Atp‘lfh(x)lvilpdx—fMtvidx
tvy
2

2
= (||vi||2—fMvi)t—w’—]/h(x)wﬂpdx
tvy
2 2
=Mi(t)t—xtp—1/h(x)|vi|l’ dx, (5.2)
2

setting Iy (t) = 0, we know that ty satisfies Mi(to)tg_p = Afg h(x)|v+|P dx. Then noticing 1 < p < 2 and using the Poincaré
inequality (2.3), we have

It (to) < T+ (to)
2

o 2 .t p (5 2
=S lvel® =2— [ h@lvePdx — - (n —e)llvel}a
2 p 2

2

12— B
2

I
2

2
1
2
1 1 5 [ MtEs U — & 2\ .2
<§—E>Ilvill+< S )nviuLz t

1 1 W+Ee U — &y 5 5
E—E>A1+< P Y ))”Vﬂ:”tho- (5.3)

(
<
(
(

Mi(t0)>t2

1 2
lva lval?, - 2

1 w+e
[vall Ivell?, = =lvel® + =—llv£l?, )65
p p
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Take &, > 0, such that &, < Q“’;f#. From (5.3) it follows that I'y(tg) < 0. Recall that I'+(0) =0, I'+.(1) < 0. Hence, for
te(0,1),

I'(t) <0.

This implies that there exists § > 0 such that

L (tve) <0, Vte(0,1), 0 <A <S. (5.4)

Now let us consider the 2-dimensional plane [T, containing the straightlines tv_ and tv., and take v € IT, with ||v| =e.
Note that for such v one has ||v|;» = Cpé, and ||v| ;2 = C2&. Then we get

& Ay P 2.2
I)L(V)<7—Ecph08 —C28 .

For small &,

Iy(v) <0. (5.5)

Consider the path 7 obtained glueing together the segments {tv_: el|v_||~! <t <1}, {tvy: ellv4||~! <t <1} and the arc
{vell: ||v||=e¢}. From (5.4) and (5.5) it follows that

b, <maxI,(v) <0,
vey

which verifies the claim. Since the (PS) condition holds because of Lemma 2.1, the level {I, (v) =b,} carries a critical point
v3 of I, and vj3 is different from vy. O

Acknowledgments

The author would like to thank Professor Yong Li and Professor Yanheng Ding for their helpful instructions. The author is grateful to anonymous referees
for valuable suggestions.

References

[1] A.C. Lazer, PJ. McKenna, Large-amplitude periodic oscillations in suspension bridge: Some new connections with nonlinear analysis, SIAM Rev. 32
(1990) 537-578.
[2] G. Tarantello, A note on a semilinear elliptic problem, Differential Integral Equations 5 (1992) 561-565.
[3] PJ. McKenna, W. Walter, Traveling waves in a suspension bridge, SIAM ]. Appl. Math. 50 (1990) 703-715.
[4] A.C. Lazer, PJ. McKenna, Global bifurcation and a theorem of Tarantello, J. Math. Anal. Appl. 181 (1994) 648-655.
[5] Y. Chen, PJ. McKenna, Traveling waves in a nonlinear suspension beam: Theoretical results and numerical observations, J. Differential Equations 135
(1997) 325-355.
[6] Y. An, R. Liu, Existence of nontrivial solutions of an asymptotically linear fourth-order elliptic equation, Nonlinear Anal. 68 (2008) 3325-3331.
[7] N.U. Ahmed, H. Harbi, Mathematical analysis of dynamic models of suspension bridges, SIAM J. Appl. Math. 58 (1998) 853-874.
[8] C.V. Pao, On fourth-order elliptic boundary value problems, Proc. Amer. Math. Soc. 128 (2000) 1023-1030.
[9] A.M. Micheletti, A. Pistoia, Multiplicity results for a fourth order semilinear elliptic problem, Nonlinear Anal. 31 (1998) 895-908.
[10] G. Xu, ]J. Zhang, Existence results for some fourth-order elliptic problems of local superlinearity and sublinearity, J. Math. Anal. Appl. 281 (2003)
633-640.
[11] J. Zhang, Existence results for some fourth-order elliptic problem, Nonlinear Anal. 45 (2001) 29-36.
[12] J. Zhou, X. Wu, Sign-changing solutions for some fourth-order nonlinear elliptic problems, J. Math. Anal. Appl. 342 (2008) 542-558.
[13] A. Ambrosetti, H. Brezis, G. Cerami, Combined effects of concave and convex nonlinearities in some elliptic problems, J. Funct. Anal. 122 (1994) 519-
543.
[14] A. Ambrosetti, J.G. Azorero, 1. Peral, Multiplicity results for some nonlinear elliptic equations, J. Funct. Anal. 137 (1996) 219-242.
[15] D.G. De Figueiredo, J.P. Gossez, P. Ubilla, Local superlinearity and sublinearity for indefinite semilinear elliptic problems, J. Funct. Anal. 199 (2003)
452-467.
[16] D.G. De Figueiredo, ].P. Gossez, P. Ubilla, Local “superlinearity” and “sublinearity” for the p-Laplacian, ]. Funct. Anal. 257 (2009) 721-752.



	Multiplicity results for some fourth-order elliptic equations
	1 Introduction
	2 Preliminary results
	3 Asymptotically linear problem
	4 Combined nonlinearities
	5 Existence of ﬁve solutions
	Acknowledgments
	References


