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1. Introduction

Let A be a finitely-generated algebra over a field 4. For simplicity, we will assume
throughout the paper that & is algebraically closed. The set Spec A of prime ideals
can be given the Jacobson topology, in which the closed sets have the form

V()= {PeSpecA|PDI},

and the subset Spec,A4 of maximal ideals which are kernels of irreducible repre-
sentations of degree n is a locally closed subspace. M. Artin has proved that Spec, 4
is homeomorphic to an open subscheme of a variety, which has a sheaf of Azumaya
algebras corresponding to the degree n representations of 4 {2]. Let dx denote the
dimension of Spec, A. In the same paper, Artin asked whether anything can be said
in general about the asymptotic behavior of the sequence {d.}. The purpose of this
paper is to present some examples of algebras for which Spec, A can be explicitly
described, and we will find that the dimension sequence {d,} can behave somewhat
wildly.
Let G be a finite group of size n and let S be the algebra

kLYI,.Yl_ l’ u-,)’m,}’,;ll-

Given a faithful action of G as k-automorphisms of S and a 2-cocycle f: Gx G—S*,
we may form the crossed product S*G. It is generated as an S-module by elements
{&:g€ G}, and multiplication is defined by the rule

58 = gs8, £18:=2122/(21,82)-

In Section 2, we determine Spec, S*G as the open subscheme of Spec S¢ which is
the complement of the branch locus with respect to the cover by Spec S. More
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precisely, the algebra S* G has SY as its center, and so defines a sheaf of algebras
over Spec SC. At branch points, S+ G has irreducible representations of degree <n,
while on the complement, $+*G restricts to a sheaf of rank n2 Azumaya algebras,
whose stalks have the degree n irreducible representations as their residue rings. The
irreducible representations of degree <n are determined, but the topological
structure of the corresponding set of primes is not.

The examples of Section 3 are all skew group rings 7T*G (crossed products with
trivial 2-cocycle), whose base ring T is the group ring of a free abelian group F, with
a not necessarily finite group G acting on F. Thus we could just as well regard these
examples as group rings of semi-direct products of F by G. In all cases, we show that
under any finite-dimensional, irreducible representation, the elements of G act with
finite order on the image of 7. This reduces us to crossed products of the form
described in Section 2, and we are able to describe Spec, T+ G for all n.

The first example, for any positive integer m, is a noetherian algebra Am with
irreducible representations only in degree r™, for all r prime to the characteristic of
k. The spaces Spec,~A» which are non-empty have dimension 2m + 1. For m> 1, the
resulting generating function ¥ dx¢” is not rational, answering a question in [2, p.
532].

The next two examples B and C are skew group rings whose group G is the infinite
dihedral group. We are reduced to studying crossed products by various dihedral
groups, and have to analyze the irreducible representations arising from the branch
locus of the center. We do this completely for B, and are able to find the dimension
sequences for both B and C, provided k does not have characteristic 2. The algebra
C has the sequence 1,3,3,5,5,... and in characteristic 0, the sequence for B is
1,3, 1,3,....

The last family of examples E» are easy to analyze, but have the most complicated
dimension sequence. The algebra E) has the sequence 0,3,4,5,6, ..., while for E,
the number d, is 0 for n prime, and otherwise

dn=p+(n/p)+2,

for p the smallest prime divisor of n. The sequences for the other E. behave
similarly and suggest that there is no reasonable asymptotic behavior for {d.} in
general.

In Section 4 we show that for any simple Lie algebra besides sl; in characteristic 0,
the polynomial ring over its enveloping algebras has a generating function ¥ da?”
which is not rational. This follows immediately from the fact that the set of degrees
of finite-dimensional, irreducible representations has density 0.

2. The space of irreducible representations of a crossed product

As noted in the introduction, for any finitely-generated k-algebra A, the space
SpecaA can be given the structure of a scheme X, along with a sheaf «, of
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Azumaya algebras of rank n? over the structure sheaf ¢,. In addition, there is a map
of A into the global sections I(Xn, «/s) such that the irreducible, n-dimensional
representations of A4 arise, up to equivalence, by mapping A to the residue rings of
the stalks of «/, at the points xe X,:

A=A @ k(x). 1)
This is proved in [2, p. 556—-557].

The algebras discussed in this section provide a good example of the geometric
situation above. Let S=k[yi, ¥ ...,ymyn'] and let G be a group of k-auto-
morphisms of S of size n, with a 2-cocycle f: G x G—S* We may form the crossed
product A = S+ G, as described in the introduction, and its center will be R =S¢, The
irreducible representations of A all have degree =n, and Spec, A admits a precise
description. The space Spec S is a branched cover of Spec R of degree n. Let X be the
open subset of Spec R complementary to the branch locus. Then for any maximal
ideal m e X, we will find that 4/mA4 = Max(k), but this is not the case for m ¢ X. This
identifies Spec. A set-theoretically with X, but more is true. Let R’ be a localization
of R for which Spec R“C X. Then A’=A®g R’ is an Azumaya algebra of rank n?
over R’, and letting S'=S®gr R’, we find that A’®@r' S'=Mn(S’). In particular, the
subspace of Spec,A lying over Spec R’ is homeomorphic to Spec R’. Patching
together these homeomorphisms, we have Specn4 homeomorphic to X. This
situation is most easily described via sheaves. The algebra 4 induces a sheaf A of
algebras over Spec R, and the restriction of A to X is a sheaf of Azumaya algebras
of rank n? over the structure sheaf ¢ of X. We may take A|x to be the .¥/» of the
preceding paragraph. Then A maps to the global sections

(X, A|x)

by the canonical restriction map, since 4 =I'(Spec(A4), A). Also, for any x=me X,
the map (1) is simply the map A—>A/mA =Ma(k). The fact that, locally, the
algebras A’ are split by §’, with A’®g S’ =M.(S’), may be rephrased to say that the
restriction of § to X is a sheaf of commutative algebras such that

Alx®ﬂx=Mn(S)lx.
In case the open subset X is affine, the picture is more easily described, and

sheaves are unnecessary. An example in which this occurs is the group ring of the
infinite dihedral group.

Example. Assume that & does not have characteristic 2, and let S=k[y, y~!], with
G, the group of two elements generated by x, acting on § via y*=y L The crossed
product A =S =*G is generated over k by x, x~!, y, ¥ ~! with the relation

x lyx=y-],

and the center of A is R=k[y+y~1]. Write $ for y+y~, and let r=$2—-4.
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Proposition 2.1. The closed set V(r) of Spec R is the branch locus with respect to
the double cover by Spec S. The complementary open set Spec R, is homeomorphic
to Spec: A, and A, is an Azumaya algebra of rank 4 over R, which is split by S,.

Proof. Any point on the line Spec R with coordinate c is covered in Spec S by the
solutions to the equation ¢2— ¢t + 1 =0. Thus the branch points are c=2, —2, which
is precisely V(r).

Any maximal ideal of A intersects R in a maximal ideal. Let us determine the
maximal ideals of A lying over the branch points. Let m= (- 2) and let / be a prime
of A containing m. Then y~!=2~yin A/mA, so that

yI-2y+1l=p(y~2+1=—py-14+1=0.
Thus 7 contains (¥ — 1)2. But
-Dx=x(y~'-1)=x(1-y)

in A/mA, so that I contains (y —1)A(y - 1), and y — 1 € I. The only primes in A/mA4
are therefore (y—1,x—1) and (y—1,x+ 1), and these give rise to one-dimensional
irreducible representations. A similar situation holds for m = (J +2).

Therefore Spec2A and Spec2 A, are the same., Let us use primes in place of
subscripted r’s. We prove that A’is Azumaya by showing that for any m=(y-c) in
Spec R’, the algebra A’/mA’ is isomorphic to M»(k). Let a, a~! be the two roots of
t2—ct+1=0. Then the desired map is

¥ 0 1 a 0
<1 o)’ 7 0a-'>'

The image of y—y~lis

a-a”! 0
( 0 a“-a)

and since a# a~! (we chose m unramified), the image of the map contains

1 0

0 -1/
This matrix and x produce the four matrix units, so the map is surjective. Injectivity
follows because 4A’/mA’ is spanned by four elements.

To prove the final statement, let k{z,z '] be another copy of S, with z+z !=7.
We can map 4’ ®r S’ into M(S’) via

xH(? <1J> ym<z Z“)’ zh<z Z>'
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The kernel intersects S’ in (0), and since 4’® S’ is Azumaya over §’, the map is
injective. The image of y~y~1is

72—z}
z7l-z/)

and we can prove surjectivity just as above if we can invert z—z~!in §’. But
(z-z27W=z22+772-2=(z+27 ") -4=r,

so z—z ! is invertible.

We now return to the general situation, with S, G, A and R as before, and prove
the facts described. Recall that X is the open subscheme of Spec R complementary
to the branch locus, and let Y be its inverse image in Spec S.

Proposition 2.2. The spaces X and Y are non-empty and the induced map g : Y- X
is a finite étale map of non-singular varieties.

Proof. Since S is a normal domain, so is R, and their spectra are irreducible. Hence,
unramified points exist provided the fraction fields K(R)C K(S) form a separable
extension [7, p. 117]. But in fact, the extension is Galois since K(R)=K{(S)C. It
suffices to check the second statement locally, so let Spec R’ be an affine open in X
and let §’=S®grR’, so that Spec S’ =g~ !(Spec R’). Since §’ is normal, the map
g’ :Spec S’ —Spec R’ is étale by [7, p. 120 and 1, VI.4.5]. Non-singularity of X
follows because Y is non-singular and g is étale [7, p. 120].

Theorem 2.3. Let R’ be a localization of R such that SpecR'CX. Then A’=AQrR’
is Azumaya of rank n* over R'. Moreover, S’=S®grR’ splits A’, with

AR S '=Mq(S).
4
Proof. By 2.2, §’ is faithfully flat over R’, so A’ is Azumaya if A’®#' S’ is [5, p.

104]. Thus we need only prove the second statement. Let us write §'=
klzn, 2z, L ...,zmz;'] for the copy of S on the right of the tensor product, and let

{v(g) :ge G}

be a basis for the free S™-module V of rank n. We define a map of A’® S’ to Ma(S’)
by describing an A’® S’-action on V. Let

v(g)«h=v(gh)f(e, h)
and

v(g)+yi=vg)(z)® .
Recalling that the z’s commute with A, we can check that

Wg)yif = vgh) flg, )28 = v(g)hy!.
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In addition,
v(g)« (R1h2) = (v(g)h1) s a2,

as one checks via the 2-cocycle condition, so the action is well-defined.
Let m =(zi—a;) be a maximal ideal of §’. We claim that the map A’'® S’ —M,(S")
defined above induces an isomorphism

(A'®S)/mA’ QRS> My(S'/m) = Ma(k).

Surjectivity is equivalent to irreducibility of the induced module. Since the images of
g act transitively on the basis, it suffices to show that the image of {y:} allow one to
obtain a basis vector from any non-zero vector. The matrices involved are

- 3\

&n

L @ )
for i=1,...,m and some enumeration {g;} of G, and the fact that m is not a
ramification point in Spec S means precisely that the G-conjugates of (a1, ... ,am) are
distinct. Hence, for any two basis vectors, one of the matrices has distinct
corresponding eigenvalues, and this permits us to reduce any non-zero vector to a
basis vector. Injectivity of the map follows because A’®S’/m(A’®S’) has a
spanning set of n2-elements.

Therefore A'® S’ is Azumaya, and the map into M.(S’) is injective, since it is
injective on the center S’. All that remains is to show surjectivity, which may be
checked at each maximal ideal m of §” after localizing. Then we can use Nakayama’s
Lemma to pass to the quotient of S, by mS%,, and we are reduced to the special case
above, in which we have already checked surjectivity.

Corollary 2.4. The open subscheme X CSpec R is homeomorphic to SpecnA, and
the sheaf A restricts to a sheaf of rank n* Azumaya algebras on X, which is split by
the étale cover Y.

Proof. This is just a reformulation of 2.3, except for the first statement. We know
that X is homeomorphic to the subset of maximal ideals of Spec,.A whose
intersection with R lies in X, by 2.3. Thus it suffices to check that for m¢ X, the
maximal ideals of A/mA correspond to irreducible representations of degree <n.

Let M\, ..., M: be the maximal ideals of S lying over m. Since m is a branch point,
t<n. The ideal M =M, --- M, is contained in the radical of S/mS, so for some r we
have

M- M) CmS.
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But any element g of G permutes the ideals {M;}, so that
My Mg=gM; M, ‘
Therefore, given a prime ideal 7 of A containing mA, we obtain
My MAM,--M) -1 CL

This forces My--- M;C1I, from which it follows that the image of S in A/I has
dimension at most ¢ < n over R/m =k, Thus A/7 has dimension less than n2, which is
what we wanted to show.

The problem remains of describing Spec: A for t<n. While we cannot give a
topological description in general, we can describe the irreducible representations of
A whose kernels lie over branch points of Spec R. The representations 2.3 are a
special case of this more general construction.

Theorem 2.5. Let m be maximal ideal of R and assume that there are t distinct
maximal ideals of S lying over R, including M. Let HC G be the stabilizer subgroup
of M. Then inequivalent irreducible representations of (S/M\)* H =k x H of degree
d yield inequivalent irreducible representations of A/mA of degree dt.

Remark 2.6. In the above setting, even allowing R to be non-commutative, Lorenz
and Passman have proved that there is a one-to-one correspondence between the
prime ideals of (S/M)*H and A/mA [6, Theorem 3.6]. Thus we can be sure that,
up to equivalence, the representations produced in the proof of 2.5 are all the
irreducible representations of A with kernel lying over m,

In case m is tamely ramified, this can be seen directly. For then |H|=n/t is
relatively prime to the characteristic of &, and the usual proof of Maschke’s theorem
shows that & * H is semisimple. Therefore, letting di, ..., d denote the degrees of the
irreducible representation classes of k * H, we have

Y di=n/t.

i=1
Let M, ..., M, be the distinct primes of S lying over m. The proof of 2.4 shows that
any prime in A containing m also contains M =M N---NM,, The algebra A/MA is
semisimple, and is spanned over S/M by the n independent elements of G, while
S/M has dimension ¢ over k, so A/MA has dimension tn. The irreducible
representations of A/MA provided by 2.5 have degrees ¢d, ..., tdr, and

}f (td)Y*=t¥n/t)=tn,

i=1

so that these must be all the irreducible representations of A/mA, as claimed.

Proof of 2.5. Let V' be a simple k * H module of dimension d, with basis vy, ..., vq,
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and write v* for the vector obtained by applying e H to a vector ve V’. Let Vbea
space of dimension td, which we view as ¢ copies of V', marked by the right cosets
G/H. We will write v(Hg) for the copy of ve V’ associated to the coset Hg. Fixing a
transversal g1 =e, g2,...,2. of Hin G, we find that V has as basis

{vilHg)): 1=i<d;1=j=<t¢}.

We define a diagonal action of S on V. Denote by § the image in S/M; of se€ S,
and let
V(Hgj) s = v(Hg;)(s%).

Let M=();M% as in 2.6. Then M annihilates V, so this defines an action of S/M and
of S/mS. The action of G on V' is defined by

v(H)g;=v(Hg)),
and for he H,
V(H)R = v(H).
This defines the G-action completely. To see this, first observe that
V(Hgi)hg;= v(H)gihg;= V(H)gihg; f(g: hg)).
Let gihg;j=h'g, for some #’'e H and /. Then we obtain
v(Hg)hgj= WH)R'g.f(gi he)) = v¥(HgN S, 8) " \f(gi, hg))-

To prove that V is simpie, we will show that any vector w0 is cyclic. We may
assume that w has a non-zero H-component. Choose s& M) with s%e M) for any
j>1. Then wes is a non-zero scalar multiple of the H-component of w. The action
of (S/M\1)*H on wes produces any other vector in the H-component, and G acts
transitively on the components. Thus w is cyclic and Vis simple.

Finally, let W’ be another simple k* H module, and construct W as above. If V'
and W are isomorphic as A/mA-modules, they are also isomorphic as modules over
the subalgebra B=(S/mS) «xH. Since H fixes the maximal ideal M) of S, we have
Mk =hM, for any he H, so that the annihilator of M) in any B-module is a B-
submodule. In particular, the respective annihilators of M in ¥V and W must be
isomorphic B-submodules. But the annihilators are precisely the H-components, so
that V' and W* are isomorphic as B-modules, and as modules over (S/M1) = H. This
proves the theorem.

While 2.5 identifies all the irreducible representations of A, it does not shed light
on the topological structure of the spaces Spec;4. Even when this is known, it
would be of interest to describe how these spaces fit together inside Spec A. This
problem has been studied by Artin and Schelter in [3] for finitely-generated k-
algebras.
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3. Irreducible representations of some group rings

In this section we determine the finite-dimensional, irreducible representations of
some group rings. We first obtain a general rule which will show that the repre-
sentations of the examples factor through crossed products of the type in Section 2.
Then, for each example, we analyze the resulting crossed products, determining
which representations arise over the branch points of the center. The next theorem is
stated in greater generality than is needed for our examples, but can be applied to
many other examples as well.

Theorem 3.1. Let T be a commutative k-algebra, G a group of k-automorphisms of
T, and let A=T=+G be the associated skew group ring. Assume one of the
conditions below holds:
(i) G=G, is abelian.

(i) G is an extension of an abelian group G by an element z of order two, with
respect to the action zgz=g ..

(iii) G is an extension of an abelian group G\ by a finite group F.
Then for any prime ideal I of A and x € G\, if IN T[x] is not generated by INT, then
x acts with finite order on T/INT.

Remark. Of course, case (iii) includes (i) and (ii), but we use only (i) and (ii) in the
examples to follow, and the proof in these cases is elementary, so we have stated
them separately.

Proof. The ideal /N T is G-invariant, so we may pass to the skew group ring
(T/INT)* G and assume that /N T=(0). Let

px)= Y x't;
i=0

be a non-zero element of /N T[x] of minimal degree, with t,#0. We must have
to# 0, by the minimality of degree, and n# 0, for otherwise / contains ¢,, contrary to
assumption.
Let ye Gi. For any non-zero ¢t € 7, consider the element

ty~\py—y~lpyt~.

This lies in /, and since y commutes with x, it equals
X - 57,

i=0
The degree is less than n, so the polynomial must be 0. Therefore, for all re T and
ye Gy, we have

th(t—t")=0. (2
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In case (i), we deduce from (2) that
toA(t—t¥")Cl,

and since 7 is prime, we find that x” acts as the identity on T//NT. In case (ii), the
same argument would work if we knew that

(5t -1 =0.

A variation of the above argument shows this. Let # =x" and work with
ulpu=7 xit}

instead of p. Then 7 contains
tz7 Y 'puyz -z~ Y puyze* ",

which equals

tLx- ) - Txmieyax”

=L =),
Multiplying by x” produces a lower degree polynomial in /N T[x}, which must be 0,
sO

()t -r*"")=0.

Applying u =x" to this and using x"z=zx ", we obtain ¢§(t* — 1) =0 as desired.

Finally, in case (iii), observe that A can be viewed as a crossed product of T* G,
by the finite group F. It follows by a result of Lorenz and Passman [6, 3.1] that
IN(T*G)) is a finite intersection of prime ideals {/;} of T*G,. Applying case (i) to
each I;, we find that x acts with finite order on T/({;N T), and so it does on T/INT
as well.

Corollary 3.2. Let A be a skew group ring T» G, with T a commutative k-algebra,
and assume (i), (ii), or (iii) of 3.1 is satisfied. In any finite-dimensional, irreducible
representation of A, the elements of G act with finite order on the image of T.

Proof. Let xe Gi, and let I be the kernel of a finite-dimensional, irreducible
representation of A. Then the image of x in 4/7 must satisfy some equation over k,
so that /N k[x}# 0. Theorem 3.1 now applies.

Remark. In case k is algebraic over a finite field, the conclusion of 3.2 holds for any
element x of G, without assuming anything about G. For the equation for the image
of x over & must divide #?—1 for some q. Thus over such fields we may dispense
with the arguments of 3.1.

Let us now see how the conclusion of 3.2 will be used. Suppose T+G is a skew
group ring for which we know that the elements of G all act with finite order on the
image of 7 under any finite-dimensional, irreducible representation. In addition,
assume that all the torsion images of G are finite. Given the kernel 7 of a finite-
dimensional, irreducible representation, there is a normal subgroup H of finite
index in G which acts as the identity on 7/IN T, by 3.2. Let I(H) be the ideal of T
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generated by
{t-h(t):heH,teT}.

Then 7 is a maximal ideal of the crossed product
(T/I(H))[H])»G/H,

with respect to a 2-cocycle f with f(g1,82) =4 in case g1g2=he H. Thus we can find
all the finite-dimensional, irreducible representations by examining the crossed
products above, provided that H is abelian and G/H acts faithfully on T/I(H).

In the examples which we consider, T/I(H) is the group ring of a finitely-
generated, free abelian group and H is also free abelian of finite rank, so that the
crossed products which arise are those of Section 2. Thus the space Spec.4 will
include a disjoint union of spaces Xj;, one for each subgroup H;of index n in G, with
Xihomeomorphic to an open subset of

Spec(T/I(H))[Hi]¢/H.

In addition, we must determine the irreducible representations whose kernels
contain branch points of the above space. This turns out to be possible in our
examples, so that we are able to compute the dimension sequence {d,} discussed in
the introduction. We now turn to the examples, noting that fuller information about
the corresponding spaces of representations is contained in the proof of each
theorem.

Example 1. Let T=k[¢t,t~ ‘,yl,yl‘l, cees Vmy Ym l] and let G be the free abelian group
of rank m generated by xi,...,xm. Define a G-action on T so that the skew group
ring Am= T * G has the relations

t is central,
xyixi=y;  ifi#),
x yixi=tyi.

We note that A satisfies (i) of Theorem 3.1, and may be viewed as the group ring of
a polycyclic group, so is noetherian.

Theorem 3.3. A, has irreducible representations only in dimensions r™, for
r=1,2,... in characteristic 0, and for r relatively prime to char k otherwise. The
space Spec,n Am has dimension 2m, when it is non-empty.

Proof. Let I be the kernel of a finite-dimensional, irreducible representation. By
3.2, some power of each x; acts with finite order on 7//N T, so for some integer n,
every x{ centralizes T in An/I. But

x"yix(=1"yi,

so we must have t"=1in An/I. In particular, / contains ¢~ ¢ for some root of unity
c.



278 R.S. Irving

Consider, then, the algebra A./(¢—c¢) for ¢ a primitive rth root of unity. It
contains
S’= k[yiv yi- l)x;’xj:_ f]
as a commutative subalgebra of dimension 2m, and is obtained as a crossed product

with respect to the finite group G of size r™ generated by elements £; with =1
Observe that the G-orbit of any point in Spec S, has size r™, so that the cover

Spec Sr—'Spec(Sr)G
is unramified, and by 2.4,
Spec,m Am/(t— c¢) = Spec S?.

Thus Spec,~A m is a finite number of copies of spaces of the type above, one for each
primitive rth root of unity, and has dimension 2m.

This example was particularly simple because there was no ramification. In the
next one, ramification does occur, but we can still determine the representations.
We find that the sequence {d»} alternates between 1 and 3.

Example 2. We assume that the characteristic of k is not two. Let T=
k[t yi!, y3'] and let G be the infinite dihedral group generated by x and z with
z2=1and zxz=x"1. Form the skew group ring B = T+ G with G acting on T so that ¢
is central and

x“yix=ty;,  x"ax=t"ly,

yiz=y2, y22=)1.
Note that B is again finitely-generated noetherian, and is the group ring of a
polycyclic group.

Theorem 3.4. The space Spec B, is non-empty only for n relatively prime to char k,
in which case it contains one-dimensional components, and if n is even, a three-
dimensional component,

Proof. The group G satisfies (ii) of 3.1, so x acts with finite order on the image of T
in any finite-dimensional, irreducible representation. As in Example 1, this means
that + maps to a root of unity of some order », and we are reduced to examining
crossed products of S,=k[y;* ! x*7] by the dihedral group of size 2r.

To be precise, let D be the dihedral group generated by £ and z, with z>=1, #'=1,
and zfz=2£"1. Let S,* D be the crossed product with the relations

£ yik=cy, 2 ak=cl
for ¢ a primitive rth root of unity, and
wz=x"", Y1Z=y2, Xr=x"

The last relation defines the appropriate 2-cocycle.
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Any maximal ideal of Spec S is sent to r distinct maximal ideals by %, so its D-
orbit has size 7 or 2r. Therefore, a ramification point has orbit of size r, with some
conjugate fixed by z and having the form

My =(y1—a,y:-a,x"—¢)

with £ =1 or —1. The distinct elements M), ..., M, of the orbit have the form
Mi=(y1-c 'a,y2-cla,x"—¢€),

and the ideal m=S? N M, contains the elements
u=(y7-y5)* and ve=x"+x""-2¢.

It is easily checked that, conversely, the branch locus in Spec S consists of the two
closed sets

V(u, vi)U V(u,v_-)).

By 2.4, Specz-S-+* D is homeomorphic to the complement of this branch locus in
Spec S2, and it remains to find the maximal ideals of S,* D above the branch locus.
This is answered, and the theorem proved, by the following result:

Proposition 3.5. The irreducible representations of S, D have degree r or 2r, and
Spec,Sy* D is homeomorphic to two copies of the branch locus in Spec S°.

Proof. Let [ be the ideal of SZ vanishing on the branch locus. We know by 2.5 and
2.6 that for me V([), there are two prime ideals of S,* D containing m, each the
kernel of an irreducible representation of degree r. Assume m contains y|—a’,
y5>—a’, and x"+x~"—2¢. Then explicitly, the representations are the following:

(0 1, R (a ~
: . ca
ca
X 1], Y1~
e 0 L ¢ lg
Lo e 0
0 1
1
—0 : )

. 1
-0 1 J
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for =1 or —1. The subalgebra of M (k) generated by the images of x and y; acts
irreducibly, since it contains a diagonal matrix with distinct eigenvalues and a
monomial matrix acting transitively on the basis. Thus both representations are
irreducible, and they cannot be conjugate. For suppose a matrix w conjugates one to
the other. Since w commutes with the images of x and y;, it must be scalar, and
cannot conjugate one image of z to the other.

Thus we have located all the maximal ideals of S,#*D, and we know set-
theoretically that Spec,S,*D is two copies of the branch locus of SpecS2.
Intuitively, the set of primes corresponding to d =1 and —1 respectively should be
disjoint, and homeomorphic to the branch locus. We now show this.

The matrix y; maps to

ra . A

Consider the element

r-1

wr= [l (y2—x~x)  rodd,
i=1

r/2-1
=[] (y2—x"2p1x¥) reven.
i=1

For r odd, the image of w,is a diagonal matrix with non-zero entries only in row 1.
For r even, the image is diagonal with non-zero entries only in rows 1 and r/2 + 1.
Specifically, the entries are

r-1
a" 1 (1-¢%) if r is odd,
i=1

r/2 -

a”? f] l(1 —c¥) if ris even.
i=1

It follows that (z— d)w, maps to 0 and (z + J)w, does not. Thus we see that the two

closed sets V((z— 1)w,) and V((z+ 1)w,) are disjoint in Spec,S,* D, and each maps

bijectively to the branch locus of Spec SZ.

We want further to know that the maps are homeomorphisms. Let /5 be the ideal
of S,*D vanishing on WV((z—J)w,). Then every simple image of S,*»D/Is is
isomorphic to M.(k). It follows by Artin’s Theorem [2, p. 546] that this algebra is
Azumaya over its center, which is SP/IaﬂSf) . Since the spectrum of an Azumaya
algebra maps homeomorphically to the spectrum of the center, this proves the
theorem.
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We next discuss a related example, involving dihedral groups again, in which the
ramification is more complicated and we do not obtain a complete topological
description of the representation spaces.

Example 3. Assume that k does not have characteristic 2. Let T=k[y*!, w?!] for
i€ Z and let G be the infinite dihedral group generated by x and z as above. Form the
skew group ring C= T+ G with respect to the action

x ix=yi, x lwix=wi_,, Vi = Wi,

The algebra C is the group ring of a finitely-generated, solvable group, but is not
noetherian.

Theorem 3.6. For n even, Spec, C contains components of dimension n and n+ 1.
For n odd, Specn C has dimension n. Thus the sequence of dimensions has the form
1,3,3,5,5,....

Proof. Applying 3.2, we find that every finite-dimensional, irreducible repre-
sentation factors through a crossed product of the form S,*D, where

+1

Se=klyiE witl L yE wEl x)

and D is the dihedral group of size 2r generated by £ and z with the obvious
relations. Once again, we must investigate the representations of S,*D corres-
ponding to branch points of $2. Let M be a ramification point in Spec S, whose £-
orbit has < r elements. Then M contains y;— y;+; and w;— w;.;, where indices are
taken modulo r. But then so does every D-conjugate of M, and the proof of 2.4
shows that every prime ideal J of S, D containing MNS? must contain ﬂge p M.
Thus x’ acts identically on the image of S,in S,x D/I, and we may pass to a crossed
product of S, by the dihedral group of size 2¢.

What this means is that the irreducible representations of C which are omitted
when we look at the complements of branch loci in the various Spec S must arise
from ramification points of Spec S, with orbit of size r, where z fixes some ideal in
the orbit. This is analogous to the situation of the preceding example. Let M, be
such a ramification point, fixed by z, with

Mi=(y1—a,wi—a\,...,yr—ar,Wr—a, x" —¢).
By 2.5 and 2.6, we know that two primes of S,*D lie over M NS2, corresponding

to irreducible representations of degree r. The representations are equivalent to the
two below:
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(0 1 N ' B 07
’ ) 0 1
1
X 1, =0
. 1
\_ € 0 .0 1 )
f M
aiy
a
yir
dar
- J

As before, § is 1 or —1. The images of x and {y;,z;} generate an irreducible
subalgebra of M.(k), so the two representations are inequivalent and yield distinct
prime ideals.

In analogy to 3.5, we can find an element g with the property that g(z — J) maps to
0 in all these representations. However it is only the case that g(z + J) goes to a non-
zero matrix for a dense open subset of the branch locus of Spec SP. This open set
includes the points for which the a; are distinct. In the same way as in 3.5, we can
conclude that over this open set, Spec,S,*D breaks into two disjoint, homeo-
morphic copies of the open set, but we leave open the question of how Spec,S,*D
fits together overall. In any case, we have that Spec, S, *D has the same dimension
as the branch locus, which is . This proves the theorem.

Our final family of examples E» have the most poorly behaved dimension
sequences, for m> 1, while E| has the sequence 0, 3,4, ....

Example 4. Let T be the polynomial ring over k in variables {y3',..., y5m:i€Z}
and let G be the free abelian group of rank m generated by xi, ... ,xm. Form the skew
group ring T* G with the relations

X[ lyi,jX1=yi,j if j#1,

X; lyi,ij=)’i+ 1j.
Thus each x; moves one sequence of y’s up while leaving the rest alone. Define the
algebra En to be T+ G, with the inverses of {yi+1j—yij:i€Z,j=1,...,m} adjoined.

This is a finitely-generated algebra over &, since 7« G is the group ring of a finitely-
generated, solvable group, and the inverses are all x;-conjugates of {(y1,;~ yo, RS
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Theorem 3.7. E,, has irreducible representations of degree n only if n is the product
of m integers >1, in which case Spec, Em has dimension equal to the maximum of
m+Yil, q:, where gi>1and q\ - qm=n.

Proof. By 3.1(i), each x; acts with finite order on the image of T in a finite-
dimensional, irreducible representation. We thus are reduced to crossed products of
the polynomial ring S over k in variables {yfj' li=1,...,q;j=1..,m}U{x %} by
the abelian group G of size g -+~ ¢m generated by elements £; of order g;. The effect
of inverting the particular set of elements is to require that each g;is >1. Let M be a
ramification point in Spec S,. Then some x; must send it to fewer than g, elements,
and we find that {yi;— y:+:,;} CM for some t<g;. But then this set of elements lies
in every G-conjugate of M. Since MN S$ must contain

[ M5,

geG
we have x/’-— 1 el. So the prime ideals containing a branch point of Spec SG arise
over the complement of the branch locus for a different S and G. Thus, as we range
over all sequences {(g1,...,qm): gi>1} and look at the complement of the branch
locus in the corresponding spaces Spec SC, we obtain all the finite-dimensional,
irreducible representations. The theorem now follows.

Remark. Let us consider the cases m=1 and 2. For m=1, the algebra 7+ G is the
group ring of the wreath product Z1Z. The theorem implies that £, has irreducible
representations of every degree n> 1, with Specn £; of dimension n + 1. The effect of
inverting yi—yo is to remove the 1-dimensional representations, so we see that
k[Z1Z] has the same irreducible representations as E;, plus the obvious one-
dimensional, irreducible representations obtained by sending x and yo to arbitrary
non-zero scalars, forming a 2-dimensional space. The sequence {d,} in this case is
2,3,4,....

In case m=2, the sum g+ g2 is maximized when g: or g2 are the least prime
divisors of n. Thus we find that d,=0 if n is prime, and otherwise dn=p+n/p+2,
for p the least prime divisor of n. This sequence will bounce back and forth between
1n+4 at even integers n and 2Vn + 2 at squares of primes, when it is not zero. The
sequences for m>2 can be analyzed similarly.

4. An observation for simple Lie algebras

The examples of Section 3 suggest that the dimension sequence {dnr} can behave in
varied ways for finitely-generated algebras. One might hope to say something about
the sequence in terms of the associated generating function Y dn¢”. This function is
not rational for the algebras A, of Section 3, as the trivial lemma below shows.

Lemma 4.1. A series p(t) =Y dnt" in which the set of indices n for which dn#0 has
arbitrarily large gaps is not rational.
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Proof. Suppose p(¢) is rational. Then p(f)g(¢) is a polynomial for some polynomial
g(?). But for any pair of indices dn, dm#0 with di=0 for n<i<m and
m ~n>deg g(¢), we obtain a non-zero term of p(t)g(¢) of degree m + deg g(¢). Thus
p(#)g(t) is not a polynomial.

Let £ be an algebraically closed field of characteristic 0. In this section we show
that for any simple Lie algebra besides slz, the polynomial ring U(L){t1, ..., tm] with
m >0 has a dimension sequence with non-rational generating function. This follows
from the following result, which may be well known, although we do not know a

reference. We refer to [4] for standard facts from Lie algebra theory which we use,

Proposition 4.2. Let L be a simple Lie algebra other than sl;. Then the set of
degrees of finite-dimensional, irreducible representations of L has density zero in
the set of positive integers.

Corollary 4.3. Let A be the enveloping algebra of a simple Lie algebra other than
sl2, and let m>0. Then the dimenion sequence {dn} = {dim Specn A[¢), ..., tm]} does
not have a rational generating function.

Proof. By 4.2, d»=0 except for a set of numbers of density 0, so the sequence of
indices for which d.# 0 has arbitrarily large gaps. The Cartan—Weyl theory of the
highest weight implies that L has infinitely many irreducible representations of finite
degree, and the Weyl degree formula implies that there are finitely many in any
degree. Thus, infinitely many of the d,’s are non-zero.

The approximations and estimates in the proof below were suggested by D.
Harbater.

Proof of 4.2, Let a1, ..., . be a set of simple roots for L, with dual roots ay, ..., @n,
and let A1,...,Ax be a dual basis to @;. For any positive root a, decompose
n

a=y C?di.
i=1

i=

The numbers ¢ are non-negative integers. Define a polynomial

Xty e, xn)= 11 <£ c}’x;). 3

a>0 \i=1

Then Weyl’s degree formula states that the irreducible representation of highest
weight A = Y m;A; has degree

1
Np(ml+l,...,m,.+l),
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where N=p(1,...,1). Thus the set of degrees is the set

1 .
bv p(x1, ..., Xn) 1 Xi @ positive mteger}.

Let D=(Z*)". We claim that the inequality

‘jlvp(xl,...,xn)Zn(xl...xn)l+|/n @

holds for (x;) € D.

Observe first that since the ¢f are non-negative integers, at least one of which is
non-zero for a fixed o, the ath term in the product (3) must take on values =1 on D.
Thus

% PXty .o, Xn) = a}'}h‘?(igl c?x.')

on D, where we take the product over the simple roots @; and the unique root § of
greatest height in the dual root system. Of course, the terms corresponding to &; are
simply x;. The maximal root § involves every simple root non-trivially, so c‘ig =1 for
all i. Thus we find

1
~ DXLy ey Xn) Z (X1 Xn)(X1+ -+ + Xn)

on D. But since the arithmetic mean of a set of positive numbers is greater than the
geometric mean, we have

(X1+ - +xn) =101 - X)),

which yields (4).
Therefore, for a fixed number >0, we have

#{(xo)eD:%}—p(x,-)srn}s#{(xi)eD: n(xy - xn)'*V"=rn},

and it suffices to prove that

lim #{(x)eD: (x| - xn)'*"<r} _

r—oo r

0.

The numerator is bounded by the volume under the hypersurface (x; - xq)! */2=r
with x;= 1, and this volume is no more than

r r rn/(n+l)
sj —————-dxl-°-dx,._1=r"/("+”(lnr)"".

1 1 X1+ Xn-1
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The resulting limit

. _(Inr)y"-!
hmu__
painpy ,.l/n+l

is 0, as n—1 applications of L’Hospital’s rule show,
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