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ABSTRACT

Let A be an n-square (0, 1)-matrix, let ; denote the i~th row sumof 4, i =1, ..., n,
and let per(4) denote the permanent of 4. Then

per(4) < ﬁ M Sl

el 1—!—'\/2

where equality can occur if and only if there exist permutation matrices P and Q such
that PAQ is a direct sum of 1-square and 2-square matrices all of whose entries are 1.

If A = (ay;) is an n-square matrix then the permanent of A is defined
by '

per(d) = X ﬁ Qig(i) - (n

oeS, i=1

An up-to-date survey of the theory of permanents was given in [2].
Many properties of the permanent function are similar to those of the
determinant. In particular, there is the following analog of Laplace ex-
pansion by the k-th column

per(A) = zak per(A(ilk)), @

* This work was supported by the Air Force Office of Scientific Research under
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where A(i | k) denotes the (n — 1)-square submatrix of 4 obtained by
deleting the i-th row and the k-th column of A.

Permanents and particularly permanents of (0,1)-matrices are of
combinatorial significance. Various bounds for permanents have been
proved and conjectured [1, 2]. In [3] I have conjectured that

n
per(4) = II (D)7, 3
i1
where r; = X}, a;; is the i-th row sum of 4. I also proved that

r; —|— 1
. @)

==

per(4) <

|
-

with equality if and only if 4 is a permutation matrix. In [1] Jurkat and
Ryser proved that

n . (n—r;}/n
per(a) < T (¥ (L) )

which is better than the bound given by (4). In the present paper I prove
the following improvement of (4).

THEOREM. If A = (a;;) is an n-square (0, 1)-matrix then

per(4) < [T LtV ©)
=1 1+\/‘2_

Equality in (1) occurs if and only if there exist permutation matrices P
and Q such that PAQ is a direct sum of l-square and 2-square matrices
all of whose entries are 1.

The bounds in (5) and (6) are not comparable. In fact, the inequality
(5) becomes equality for matrices all of whose entries are 1, while (6)
is equality in case A is a direct sum of 2-square matrices all of whose
entries are 1.

We first prove two combinatorial lemmas.

LemMma L. If A = (ay;) is an n-square (0, 1)-matrix without a zero row
then
n
min ¥ a;/r; <1 )

i=1
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PROOF:
n n n 1 n
> (Z aij/ri) = 3 — 2 a;
=1 \ i=1 i=1 Fi j=1
|
= = I
i=1 T
= p,
Thus

n
min E aij/r,» S 1.
Jj =1

Clearly, Lemma 1 implies that we can permute the rows and the
columns of a (0, 1)-matrix without a zero row so that

Mo

— =<1, ®)

173

.
[

where c is the first column sum and r; the i-th row sum of the permuted
matrix. Note that both sides of inequality (6) are invariant under per-
mutations of rows and columns.

LeMMA 2. Let A = (ay;) be an n-square (0, 1)-matrix without zero rows
Sfor which (8) holds. Then

— ¢ 1 e 1
W2+ E———=<II (1+-——_—>- ©)
1=1ri+'\/2—1 =1 r7'+’\/2"‘1
Equality holds in (9) if and only if either c =ry = 1,0r ¢ = 1, = 1, = 2.
Proor: Let d = I, (r; +2¥2 — 1). Then

1 :\/2d+1§1ﬁ(rt+\/—2—_1)

W2+ 3 —
Sy 2-1

o~ T
-

£

B3

(10)
_ % (W72 + 1E, , + 2E, ,

+ z t/3—1)E, _},

where E; denotes the k-th elementary symmetric function of r;, ..., r, ;
EO == 1. Thus
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[ 1 [+ _
W2+ 3 ——— < S {W2+DE s +2E o+ 3 V2E, ()
l—1r1+V2_1 ‘ =3
— L @ —E)+ L SV,
d d 2
(11)
1 . 1 ¢
== (E,y— E)+— T (n +42)
d d i
e 1
=1 ri+42-—1

since

which is nonpositive, by Lemma 1. If either c=r,=1o0orc=r =r,
= 2, then clearly (9) is equality. Conversely, if (9) is equality then (11)
is equality which, together with (10), implies E,_; = 0, ie., ¢ <<2. It
easily follows, by direct computation, that either ¢; = r, = l or ¢ = 1,
=Fy = 2,

ProOOF OF THE THEOREM: If 4 has a zero row then (6) is a strict ine-
quality. Suppose now that 4 has no zero rows. Since both sides of (6)
are invariant under permutations of rows and columns of 4, we can as-
sume without loss of generality that

A=+ =0ay =1, Aop11 = **° :an,lzo

and that (8) holds. We shall prove (6) by induction on n. Assume there-
fore that (6) holds for all k-square (0, 1)-matrices, k¥ < n. Then

per(4) = 3} per(A(il1))

Si(ﬁ rj+\/2—1)<’ﬁ rj+\/f)
EAF- B ERVERNA S

-,
i'Mao
L

14+4/2 (If'[ r,~+\/7—1) (ﬁ r,-+\/§)
riFA2—1 \7 a2

14 4/2
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But
ﬁ 1+K2 (ﬁq+v@:})
i=1 _ Jj=1 .
ri4+4/2-1 ri+4/2 (12)
:U+V5i_—_%f—//ﬁb+_*l ~J31
=/ 2—1 =t 42— 1

by Lemma 2. Hence

pera) < 1 ZEY2
4 4/2

If equality holds in (6), the inequality (12) must be equality and thus,
by Lemma 2, either ¢ = ry = 1 or ¢ = r; = r, = 2. In the first case it
follows immediately from the induction hypothesis that 4 is of the form
described in the theorem. If ¢ = r; = r, = 2 then, by the induction
hypothesis, both A(1]1) and A(2[1) must be of the required form. It is
easily seen that in this case PAQ must be a direct sum of E i] and an
(n — 2)-square (0, 1)-matrix and the result again follows from the in-
duction hypothesis. Conversely, if PAQ is the direct sum of k 2-square
and n — 2k 1-square matrices all of whose entries are 1, then

e Mol

This completes the proof of the theorem.
Since per(AT) = per (4) we have

per(4) < min { futy2 fpes ‘/2} (13)
1 44/2 TN 62
where ¢; denotes the i-th column sum of 4. However, the inequality

i Si"*"\/f

per(4) < I1

1442

where s; = min(r;, ¢;), i = 1, ..., n, is false. For example, if

I

per(4) = 2% = (
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1 10
A=11 11
I 11

then per(4) = 4, while

5tV2_ . 334V2 5 4r—a<a
”1+\/' 1442
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