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cycles in G. In other words, for every pair of distinct colours i and j, the subgraph induced in
G by all the edges which have colour i or j, is acyclic. The smallest number k of colours, such
that G has an acyclic edge k-colouring is called the acyclic chromatic index of G, denoted by

Keywords: Xa(©). . .
Acyclic edge colouring In 2001, Alon et al. conjectured that for any graph G it holds that x,(G) < A(G) + 2;
Planar graph here A(G) stands for the maximum degree of G.

In this paper we prove this conjecture for planar graphs with girth at least 5 and for
planar graphs not containing cycles of length 4, 6, 8 and 9. We also show that x/(G) <
A(G) + 1if G is planar with girth at least 6. Moreover, we find an upper bound for the
acyclic chromatic index of planar graphs without cycles of length 4. Namely, we prove that
if G is such a graph, then x,(G) < A(G) + 15.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

All graphs, which we consider, are finite, without loops or multiple edges. For a graph G, we denote its vertex set, edge
set, maximum degree and minimum degree by V (G), E(G), A(G) and §(G), respectively. For undefined concepts we refer the
reader to [10].

As usual [k] stands for the set {1, ..., k}.

A mapping C : E(G) — [k] is called an acyclic edge k-colouring of a graph G, if any two adjacent edges have different
colours and there are no bichromatic cycles in G, it means, for every pair of distinct colours i and j, the subgraph induced
in G by all the edges which have colour i or j, is acyclic. The smallest number k of colours such that G has an acyclic edge
k-colouring is called the acyclic chromatic index of G, denoted by x,(G).

The acyclic chromatic index has been widely studied over past twenty years. The first general linear upper bound on
X.(G) was found by Alon et al. in [1]. Namely, they proved that x,(G) < 64A(G). This bound was later improved to 16 A(G)
by Molloy and Reed [5].

In 2001 Alon et al. [2] stated the Acyclic Edge Coloring Conjecture (AECC for short), which says that x,(G) < A(G) + 2
for all graphs G. In [2] this conjecture was proved to be true for random d-regular graphs and for graphs having sufficiently
large girth. (The girth of a graph is defined as the length of its shortest cycle.)

The AECC was also verified for some special classes of graphs, including subcubic graphs [9], outerplanar graphs [8] and
grid-like graphs [7]. Recently, Basavaraju and Chandran proved in [3] that any nonregular connected graph of maximum
degree 3 is acyclically 4-edge colourable.

Since the problem of solving the AECC in general seems to be very difficult, it is interesting to prove it for some special
classes of graphs or at least to give an upper bound for the acyclic chromatic index of a graph from a given class. In [4] such
bounds for the class of planar graphs are given. Namely, the authors proved that the acyclic chromatic index of a planar
graph G does not exceed 2A(G) + 29 and that for a planar graph G with girth at least 4 it holds that x,(G) < A(G) + 6.
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In this paper we prove that the AECC is true for planar graphs with girth at least 5 and for planar graphs not containing
cycles of length 4, 6, 8 and 9. For the class of planar graphs with girth at least 6 we have a better bound. Namely, we show
that if G is such a graph, then G is acyclically edge colourable with at most A(G) + 1 colours. Moreover, we prove that if G
is planar and without cycles of length 4, then x,(G) < A(G) + 15.

The paper is organized as follows: in Section 2 necessary notations are given. Section 3 contains the proofs concerning
planar graphs with girth at least 5. The classes of planar graphs without specific short cycles are considered in Section 4.

2. Notations

In this section we introduce some necessary notations. Let G be a graph. For a vertex v € V(G), its degree is denoted by
d¢(v), or simply d(v) when no confusion can arise. We call v a k-vertex if d(v) = k. Similarly, v is called a k™ - or a k*-vertex
if its degree is at most k or at least k, respectively. We denote by [, (v) (respectively, [,- (v), [+ (v)) the cardinality of the set
of these neighbours of v, which are k-vertices (respectively, k™ -vertices, k™ -vertices).

Let G be a plane graph. We denote its face set by F(G). Let f € F(G). We say that f is incident to a vertex x (or an edge
e), if x (or e) belongs to the boundary of f. By the degree ds(f) (or simply d(f)) of a face f we mean the number of incident
edges. A face of degree 3 will be called a triangle.

3. Planar graphs with girth at least 5

In this section we prove that the AECC is true for planar graphs with girth at least 5. Moreover, we show that if we have
a planar graph G with girth at least 6, then its acyclic chromatic index does not exceed A(G) + 1.

Theorem 1. (a) If the girth of a planar graph G is at least 6, then
X%2(G) < AG) + 1.

(b) If the girth of a planar graph G is at least 5, then
X:(G) < A(G) + 2.

In order to prove Theorem 1, we recall the notion of the maximum average degree of a graph. Following [6], let us define
for a given graph G the maximum average degree of G, denoted by Mad(G), as follows:

|[E(H)|
:HCGy.
[V(H)I

At the beginning we provide some structural properties of graphs with bounded maximum average degree in Lemmas 1
and 4. Next, we use these properties to obtain tight bounds for the acyclic chromatic index of such graphs. Finally, we prove
Theorem 1, using the following basic observation, mentioned in [6], which shows the connection between the maximum
average degree and the girth of a given planar graph. The proof of this observation is straightforward and follows easily from
Euler’s formula.

Mad(G) = max {2

Proposition 1 ([6]). If G is a planar graph with girth g, then Mad(G) < ;ng.

In the proof of Lemma 1 a notion of a weak 3-vertex plays an important role. A vertex of degree 3 is called weak, if it has
a neighbour of degree 2. For a vertex x, we denote by l5(x) the cardinality of the set of weak 3-vertices in its neighbourhood.

Lemma 1. Let G be a graph such that Mad(G) < 3 and §(G) > 2. Then G contains at least one of the configurations:

Al: a2-vertex adjacent to a 2-vertex,

A2: a3-vertex adjacent to a 2-vertex y, and a 3~ -vertex ¥,, y1 # Y2,
A3: a4-vertex adjacent to a 2-vertex and three weak 3-vertices,

A4: a 4-vertex adjacent to at least two 2-vertices and a weak 3-vertex,
A5: a4-vertex adjacent to at least three 2-vertices,

A6: a 5-vertex adjacent to four 2-vertices and a weak 3-vertex,

A7: a5-vertex adjacent to five 2-vertices.

Proof. We use the discharging method to prove the lemma. Let G = (V, E) be a graph such that Mad(G) < 3 and 6(G) > 2.
Initially, we define a mapping f on the set of vertices of G as follows: for each x € V let f (x) = d(x). From the definition of
Mad(G) it follows that

2 dx Y f
2|E| xeVv xeV
Mad(G) > —— = = : (1)
14 14 14
In the discharging step, we redistribute the values of f between adjacent vertices, according to the rules described below,
to obtain the function f’.

e If x is a 2-vertex, then x does not give anything to its neighbours;
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e if x is a 3-vertex, then x gives % to each 2-vertex in its neighbourhood;

o ifxisa4t-vertex, then x gives % to each 2-vertex in its neighbourhood and % to each weak 3-vertex in its neighbourhood.
After this procedure, each vertex x has a new value f’(x), but the sums of values of the functions f’ and f, counting over

all the vertices, are the same.

We show that if G does not contain any of the configurations 4 1-47, then for each vertex x the value f’(x) is greater
than or equal to 3, contrary to the inequality (1). To calculate the value f’(x) we consider a number of cases, depending on
d(x).

o Ifd(x) =2,thenf'(x) =2 + % - I3+ (x) = 3, because 41 does not hold.

e If d(x) = 3 and x is not weak, then f'(x) = f(x) = 3, therefore we can assume that x is a weak 3-vertex. Thus
f/®) =3 =3 LX) + 3 - lg+(x). From the fact that 42 does not hold we have that l,(x) < 2 and that if (x) = 1,
then I3(x) = 0. Hence, I+ (x) = 2and f'(x) =3 — 1 + ;-2 =3,

o Ifd(x) = 4,thenf'(x) = 4 — % chx) — % - 5(x). We can conclude, from the fact that A5 does not hold, that [ (x) < 3.
Moreover, from the fact that A4 cannot occur we have that if l,(x) = 2, then I5(x) = O and thenf'(x) =4 — 2 - % = 3.
If L(x) = 1, then l5(x) < 2, because A3 does not occur and therefore f'(x) > 4 — % -2 % = 3.If L(x) = 0, then
ffx)=4—4-7=3.

e Ifd(x) =5,thenf'(x) =5 — % -h(x) — % - l5(x). From the fact that both 46 and A7 do not occur we have that [,(x) < 5
and that if I, (x) = 4, then l5(x) = 0. Hence, if l,(x) = 4, thenf'(x) =5 — % -4 = 3, 0n the other hand, if I, (x) < 3, then
ff®)=5-3-3—2.2=3.

o Ifdix) =d>6,thenf'X) >d— 3 - L(x) —; - EX) >d—3-d=3-d>3. m
From now on, if we say a colouring, we always mean an edge colouring.

In what follows we frequently use the following notations. Let C be an acyclic k-colouring of a graph G. By C(v), for any
vertex v € V(G), we denote the set of colours assigned by C to the edges incident to v. f W C V(G), then we define

cw) = | J cw).
weW

If v and u are two distinct vertices of G, then let
Ws(v, u) = {w € Ng(v) : C(vw) € C(u)}.

Notice that the order of v and u is important here and that the set W (v, u) could be empty.
The next useful lemma was stated in [4], as a modification of the Extension Lemma presented in [8].

Lemma 2 ([4]). Let G be a graph, vu € E(G) and let C be an acyclic k-colouring of G — vu. If
IC(v) UCw) UCWe_pu(v,u)| <k,
then the colouring C can be extended to an acyclic k-colouring of G.

To shorten the proof of the next lemma we use a recent result on acyclic edge colourings of subcubic graphs.
Theorem 2 ([3]). If G is a nonregular connected graph of maximum degree 3, then x/(G) < 4.

Lemma 3. If G is a graph such that Mad(G) < 3, then x,(G) < A(G) + 1.

Proof. Suppose H is a counterexample to the lemma with the minimum number of edges. Without loss of generality we can
assume that H is connected and A(H) > 3. Moreover, since each connected graph of maximum degree at most 3, but with
maximum average degree less than 3, has a vertex of degree 2 or 1 and therefore, by Theorem 2, has the acyclic chromatic
index at most 4, we can assume A(H) > 4.Lett = A(H) + 1.

We use Lemma 2 to prove that if for some edge vu € E(H) the graph H — vu has an acyclic t-colouring, then the graph
H also has an acyclic t-colouring, which contradicts its choice.

It is easy to see that H cannot contain vertices of degree one. Hence, we can assume §(H) > 2. According to Lemma 1 we
have that H contains at least one of the configurations A 1-47.

A1: If H contains a 2-vertex x, adjacent to a 2-vertex y;, then let y, be the remaining neighbour of x. Let H' = H — xy;.
Since H’ has less edges than H, by the minimality of H, we have that H’ has an acyclic t-colouring C. Clearly,
[C(x) U C(y1) UC(Wy(x,y1))] <t — 1, therefore, by Lemma 2, we conclude that the colouring C can be extended
to an acyclic t-colouring of H, a contradiction.

A2: If H contains a 3-vertex x adjacent to a 2-vertex y; and to a 3~ -vertex y,, then let y3 be the remaining neighbour of x.
Let H' = H — xy;. Similarly as above, from the minimality of H, we have that H’ has an acyclic t-colouring C.

Let u be the neighbour of y; in H'. If C(yqu) # C(xys), then observe that |C(x) U C(y;) UC(Wy (x,y1))| <t — 1,
therefore, by Lemma 2, the colouring C can be extended to an acyclic t-colouring of H, a contradiction.

In the opposite case, if C(y;u) = C(xy3), then we can recolour, in H’, the edge y,u with a colour o & C(u) U{C(xy3)},
obtaining in this way an acyclic t-colouring C’ of H’, and we are back in the previous case.
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A3:

A4

A5:

A6:

AT:
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If H contains a 4-vertex x which is adjacent to a 2-vertex y; and to three weak 3-vertices y,, y3 and y4, then let z; be the
neighbour of degree 2 of y;, fori = 2, 3, 4. Moreover, let H' = H — xy;. From the minimality of H, it follows that H" has
an acyclic t-colouring C.If C(y;) NC(x) = @, then clearly the colouring C can be extended to an acyclic t-colouring of H.
Therefore we can assume that C(y;) NC(x) = {a}. There is no loss of generality in assuming that C(xy,) = a,C(xy3) = b
and C(xy4) = c. Let z; be the neighbour, in H’, of y;. We can assume that |C(x) U C(z;)| = t and |C(x) U C(y2)| = t,
since otherwise the colouring C can be extended to an acyclic t-colouring of H.

One can observe that |C(x) UC(y,)| can equal t only if t = 5, because dy (y,) = 3 and dy (x) = 4, hence we can now
assume A(H) = 4.

Clearly, one of the colours b, c, say b, cannot belong to C(z;). Moreover, it is easy to observe thatif |C(x) UC(y3)| < 5,
then we can recolour, in H’, the edge y,z; with the colour b, obtaining in this way an acyclic 5-colouring of H’, which
can be extended to an acyclic 5-colouring of H.

Hence we can assume |C(x) U C(y3)| = 5. Let u be the neighbour of z, different from y,. One can observe that

C(zpu) = a, since otherwise the colouring C can be extended to an acyclic 5-colouring of H. Let d = C(y,2;). Clearly
d ¢ {a, b, c} and we can recolour, in H’, the edge y,z, with the colour b and then we can colour the edge xy; with the
colour d, obtaining an acyclic 5-colouring of H, a contradiction.
If H contains a 4-vertex x which is adjacent to two 2-vertices y; and y,, and to a weak 3-vertex ys, then let y, be the
remaining neighbour of x. Moreover, let z; # x be the neighbour of y; and let z, be the neighbour of y; of degree 2.
Let H = H — xy,. Since H' has less edges than H, by the minimality of H we have that H’ has an acyclic t-colouring C.
Assume that C(xy,) = a, C(xy3) = band C(xys) = c.If C(x) N C(y1) = @ or C(y1z1) = q, then clearly the colouring C
can be extended to an acyclic t-colouring of H, a contradiction. Hence there are two cases to consider: one if C(y1z1) = b
and another if C(y1z1) = c.

At the beginning we assume that C(y;z;) = b. One can observe that if |C(x) U C(y3)| < t or |C(x) U C(z;)] < t or
b & C(z;), then the colouring C can be extended to an acyclic t-colouring of H, a contradiction.

Therefore, similarly, as in the case #3, we can assume thatt = 5 and A(H) = 4, since otherwise |C(x) UC(y3)| < t.

Thus |C(x) U C(y3)] = 5and |[C(x) U C(z7)] = 5and b € C(z;). Moreover, a € C(zy), since otherwise we can
recolour, in H’, the edge y,z; with a, obtaining in this way an acyclic 5-colouring of H’, which can be extended to an
acyclic 5-colouring of H. Therefore, we can assume that C(z;) = {a, b, d, e} and C(y3) = {b, d, e}, and there is no loss
of generality in assuming C(y3z;) = d, with {a, b, c} N {d, e} = .

Clearly, if C(y;) # {a, b}, then we can recolour, in H’, the edge y3z, with g, obtaining in this way an acyclic
5-colouring of H’, which can be extended to an acyclic 5-colouring of H. Hence C(y;) = {a, b}.

It is also easy to see that if d & C(y,4) (or, similarly, e & C(y4)), then we can recolour, in H’, the edge y,z; with c and
then we can colour, in H, the edge xy; with d (or e), obtaining an acyclic 5-colouring of H, a contradiction.

Hence we can assume d, e € C(y4). Moreover, a € C(y4), since otherwise we can recolour, in H’, the edge y,z; with
c, Xy, with ¢ and xy, with a, obtaining in this way an acyclic 5-colouring of H’, which can be extended to an acyclic
5-colouring of H, a contradiction.

Therefore, C(y4) = {a, c, d, e} and we can recolour, in H’, the edge y3z, with c to obtain an acyclic 5-colouring of
H’, which clearly can be extended, a contradiction.

In the opposite case, if C(y1z;) = c, then we can recolour, in H', the edge y,z; with a colour & & C(z1) U {C(xy4)},
and we are in the previous case.

If H contains a 4-vertex x adjacent to three 2-vertices: yi, y, and ys, then let y4 be the remaining neighbour of x.
Moreover, let HY = H — xy;. Since H' has less edges than H, by the minimality of H we have that H' has an acyclic
t-colouring C. Let z; be the neigbour, in H’, of y;. One can observe that if C(y;z;) # C(xy,4), then the colouring C can be
extended to an acyclic t-colouring of H, a contradiction. Hence we can assume that C(y1z;) = C(xy4). Clearly, we can
recolour, in H’, the edge y,z; with a colour @ ¢ C(z;) U {C(xy4)} to obtain an acyclic t-colouring of H’, which can be
extended to an acyclic t-colouring of H, a contradiction.

If H contains a 5-vertex x adjacent to four 2-vertices: y1,¥,, y3 and y4 and to a weak 3-vertex ys, thenlet i’ = H —xy{. As
above, from the minimality of H, we have that H' has an acyclic t-colouring C. Let z; be the neigbour, in H’, of y;. One can
observe that if C(y1z1) # C(xys), then the colouring C can be extended to an acyclic t-colouring of H, a contradiction.
On the other hand, if C(y1z;) = C(xys), then we can recolour, in H’, the edge y,z; with a colour & ¢ C(z1) U {C(xys)},
and we are in the previous case.

If H contains a 5-vertex x adjacent to five 2-vertices, then let y be any of them. Moreover, let H' = H — xy. Since H’
has less edges than H, by the minimality of H we have that H" has an acyclic t-colouring C. It is easy to observe that, by
Lemma 2, the colouring C can be extended to an acyclic t-colouring of H, a contradiction. H

Lemma 4. Let G be a graph such that Mad(G) < 2 and §(G) > 2. Then G contains at least one of the configurations:

B1:
B2:
B3:
BA4:
B5:

3
a 2-vertex adjacent to a 3~ -vertex,
a 3-vertex adjacent to at least two 3~ -vertices,
a 4-vertex adjacent to a 2-vertex y1 and a 3~ -vertex ¥, ¥1 # Y2,
a 5-vertex adjacent to at least three 2-vertices,
a 5-vertex adjacent to two 2-vertices y1, y, and three 3™ -vertices y3, Y4, ys, i # ¥;, for i # j,
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B6: a 6-vertex adjacent to at least four 2-vertices y1, . .., y4 and a 3~ -vertex ys, y; # yj, for i # j,
B7: a7-vertex adjacent to at least six 2-vertices,
B8: an 8-vertex adjacent to seven 2-vertices y1, ..., y7 and a 3™ -vertex ys, y; # y;, for i # j,

B9: a9-vertex adjacent to nine 2-vertices.

Proof. Let G = (V, E) be a graph such that Mad(G) < % and §(G) > 2. We proceed similarly as in the proof of Lemma 1
using the discharging method. In the first step, we define a mapping f on the set of vertices of G as follows: for eachx € V
let f(x) = d(x).

In the discharging step, we redistribute the values of f between adjacent vertices, according to the rules described below,
to obtain the function f’.

e If x is either a 2-vertex or a 3-vertex, then x does not give anything to its neighbours;
e if d(x) > 4, then x gives % to each 2-vertex in its neighbourhood and % to each 3-vertex in its neighbourhood.

After this procedure, each vertex x has a new value f’(x), but the sums of values of the functions f’ and f, counting over
all the vertices, are the same.

Now we check that if G does not contain any of the configurations 81-89, then f'(x) > %0 for each vertex x, which is an
obvious contradiction with the inequality (1).

e Ifd(x) =2, thenf'(x) =2+ £ - Ig+ (x) = 2, because B1 does not hold.

e Ifd(x) = 3, then f'(x) = 3+ 7 - l4+ (x) > 22, since B2 does not occur.

o Ifd(x) = 4,thenf'(x) = 4 — % s h(x) — % - I3(x). We can conclude, from the fact that 83 does not hold, that l,(x) < 1
and moreover, that if I, (x) = 1, then I3(x) = 0. Therefore, f'(x) = 4 — % = %0. On the other hand, if I,(x) = 0, then
ffx)=4-3.1=1.

o Ifd(x) =5,thenf’'(x) =5— % h(x) — % -I3(x). From the fact that 84 does not occur we have that l;(x) < 2.1f;(x) = 2,
then I3(x) < 2, since 85 cannot occur, and therefore, f'(x) > 5 — % 22— é -2 = ? If we assume that [,(x) < 1, then
ffp>5-%2—-1.4=1.

o Ifd(x) = 6,thenf'(x) =6 — % ~hL(x) — % - I3(x). From the fact that 86 does not occur we have that I, (x) < 4 and that if

ly(x) = 4, then I3(x) = 0, and therefore, f'(x) = 6 — 2 - 4 = 10 Finally, if L(x) < 3,thenf'(x) >6—2-3— 1.3 =1,

o Ifd(x) =7,thenf'(x) =7 — % clh(x) — % - I3(x). From the fact that 87 does not hold we have that I, (x) < 5 and hence

2 1 _ 10
f®=7-2.5-1.2=1

e Ifd(x) = 8,thenf'(x) =8 — % chL(x) — % - I3(x). From the fact that 88 does not occur we have that l,(x) < 7 and that if
l(x) =7, thenl3(x) =0andf'(x) =8 — 2.7 = L. Ifl,(x) <6, thenf'(x) >8 - 2.6 —1-2=1.
o Ifd(x) = 9,thenf'(x) =9 — % sh(x) — é - I3(x). From the fact that 89 does not occur we have that I;(x) < 8. Hence

ffeo=9-2%2.8—¢> 1.

o Ifd(x) =d > 10,thenf'(x) =d—% - L(x) — 3 - bx) >d—%.d=1-d>

3 |

«l3

Lemma 5. If Mad(G) < <, then x,(G) < A(G) + 2.

Proof. First suppose H is a counterexample to the lemma with the minimum number of edges. Without loss of generality
we can assume that H is connected. Let t = A(H) + 2. We will use Lemma 2 to prove that if for some edge vu € E(H) the
graph H — vu has an acyclic t-colouring, then the graph H also has an acyclic t-colouring, which contradicts its choice.

It is easy to see that H cannot contain any vertex of degree one. Therefore, we can assume §(H) > 2.We can also assume
A(H) > 4, because the proof in the case A(H) < 3 follows from the fact that the acyclic chromatic index of any subcubic
graph is at most 5, see [1,9].

From Lemma 4 we have that H contains at least one of the configurations 81-89.

B1: If H contains a 2-vertex x, adjacent to a 3~ -vertex y;, then let y, be the remaining neighbour of x. Moreover, let
H' = H — xy;. H' has less edges than H, hence, by the minimality of H, we have that H" has an acyclic t-colouring
C.Clearly, |C(x) UC(y1) UC(Wy/(x,y1))| < t— 1.By Lemma 2, we can extend the colouring C to an acyclic t-colouring
of H, a contradiction.

B2: If H contains a 3-vertex x, adjacent to two 3~ -vertices y; and y,, then let y3 be the remaining neighbour of x. Moreover,
let H = H — xy;. As above, by the minimality of H, we have that H’ has an acyclic t-colouring C. If |C(y;) NC(x)| < 1,
then, by Lemma 2 and since t > 6, we can extend the colouring C to an acyclic t-colouring of H, a contradiction. Hence
|C(y1) NC(x)] = 2.Let C(y1) = {a, b} and C(xy;) = a, C(xy3) = b.

Let us initially assume that |C(y3) UC(y,)| = t.Ifa &€ C(y3), then there is a colour o & C(y3),® # asuch that we can
recolour, in H', the edge xys with @ and obtain in this way an acyclic t-colouring C’ of H’ in which |C'(y;) N C'(x)| < 1.
This colouring can be extended to an acyclic t-colouring of H, a contradiction.

Therefore, we can assume that a € C(y3). Hence b & C(y,) and there is a colour @ & C(y,), @ & {a, b} such that we
canrecolour, in H', the edge xy, with « and obtain in this way an acyclic t-colouring C’ of H in which |C’ (y1)NC' (x)| < 1.

On the other hand, if |C(y3) U C(y2)| < t, then there is a colour & & C(y1) U C(y,) U C(y3) and we can extend the
colouring C to an acyclic t-colouring of H, a contradiction.
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B3: IfH contains a 4-vertex x adjacent to a 2-vertex y; and to a 3™ -vertex y,, then let y3, y4 be the remaining neighbours of x
and let H' = H —xy;. H' has less edges than H, hence, by the minimality of H, we have that H" has an acyclic t-colouring
C. Assume that C(y;) = {b}. One can observe that if b & {C(xy3), C(xy4)}, then |C(x) UC(y;) UC(Wy (x,y1))| <t —1
and, by Lemma 2, the colouring C can be extended to an acyclic t-colouring of H, a contradiction.

Hence we can assume that b = C(xys) (or, similarly, b = C(xy,4)). Let u be the neighbour of y; in H'. We can recolour,
in H', the edge y,u with a colour & ¢ C(y;) U C(u) U {C(xy3), C(xy4)} to obtain an acyclic t-colouring C’ of H which
we can extend to an acyclic t-colouring of H, a contradiction.

B4: If H contains a 5-vertex x adjacent to three 2-vertices y1, y, and ys, then let y4, y5 be the remaining neighbours of x and
let H = H — xy;. H' has less edges than H, and, by the minimality of H, it follows that H’ has an acyclic t-colouring C.
Assume C(y;) = {b}.Ifb & {C(xy4), C(xys)}, then it is easy to observe that |C(x) U C(y;) UC(Wy (x, y1))| < t—1,and,
by Lemma 2, the colouring C can be extended to an acyclic t-colouring of H, a contradiction.

Hence we can assume that b = C(xy,) (or, similarly, b = C(xys)). Moreover, let u be the neighbour of y; in H'.
Clearly, we can recolour, in H’, the edge y,u with a colour @ & C(y;) U C(u) U {C(xy4), C(xys)} to obtain an acyclic
t-colouring C’ of H' and we are back in the previous case.

B5: IfH contains a 5-vertex x adjacent to two 2-vertices y; and y,, and to three 3™ -vertices ys, V4, ¥s5, thenlet H' = H — xy;.
H’ has less edges than H, hence, by the minimality of H, we have that H” has an acyclic t-colouring C. It is easy to observe
that |C(x) UC(y1) UC(Wy (x,y1))| <t — 1, therefore, by Lemma 2, we conclude that the colouring C can be extended
to an acyclic t-colouring of H, a contradiction.

B6: If H contains a 6-vertex x adjacent to four 2-vertices y1, ¥2, ¥3, ¥4 and to a 37 -vertex ys, then let ys be the remaining
neighbour of x and let HY = H — xy;. Similarly as above, H" has an acyclic t-colouring of C. We can assume that
C(y1) = {b}.If b & {C(xys), C(xye)}, then it is easy to observe that |C(x) U C(y1) U C(Wy (x,¥1))| < t — 2, therefore,
by Lemma 2, the colouring C can be extended to an acyclic t-colouring of H, a contradiction.

On the other hand, if b = C(xys) (or, similarly, b = C(xys)), then let u be the neighbour of y; in H’. We can recolour,
in H', the edge y,u with a colour o & C(y;) U C(u) U {C(xys), C(xys)} to obtain an acyclic t-colouring C’ of H' and we
are back in the previous case.

B7: If H contains a 7-vertex x adjacent to six 2-vertices y1, y», ..., Y and to a vertex y7, then let H' = H — xy;. H' has
less edges than H, hence, by the minimality of H, we have that H’ has an acyclic t-colouring C. We can assume that
C(y1) = {b}.

If b # C(xy,), then clearly |C(x) UC(y1) UC(Wy (%, y1))| <t —2, and, by Lemma 2, the colouring C can be extended
to an acyclic t-colouring of H, a contradiction.

In the opposite case, if b = C(xy,), then let u be the neighbour of y; in H'. We can recolour, in H’, the edge y,u with
a colour ¢ ¢ C(y1) U C(u) U {C(xy,)} to obtain an acyclic t-colouring C’ of H’, which can be extended to an acyclic
t-colouring of H, a contradiction.

$B8: If H contains an 8-vertex x adjacent to seven 2-vertices y1, ¥, ..., Y7 and to a 3~ -vertex yg, then let H' = H — xy;.
Clearly, from the minimality of H, it follows that H' has an acyclic t-colouring C. It is easy to observe that |C(x) U
C(y1) UC(Wyr(x,y1))| <t — 1, therefore, by Lemma 2, the colouring C can be extended to an acyclic t-colouring of H,
a contradiction.

$B9: If H contains a 9-vertex x adjacent to nine 2-vertices, then let y be any of them and let H = H — xy. H’ has less
edges than H, and, by the minimality of H, it follows that H' has an acyclic t-colouring C. It is easy to observe that
[C(x) UC(y) UC(Wy/(x,¥))| <t — 2.Hence, by Lemma 2, the colouring C can be extended to an acyclic t-colouring of
H, a contradiction. H

Proof of Theorem 1. It follows from Lemmas 3, 5 and Proposition 1. H

4. Planar graphs without short cycles

In this section we prove that the AECC is true for planar graphs not containing cycles of length 4, 6, 8, 9 and also present
new upper bound for the acyclic chromatic index of planar graphs not containing cycles of length 4.

We start with the following lemma which presents structural properties of 2-connected planar graphs without cycles of
length 4, 6, 8, 9.

Lemma 6. Let G be a 2-connected planar graph not containing cycles of length 4, 6, 8, 9. Then G contains at least one of the
configurations:

C1: atriangle incident to at least two 3~ -vertices,

C2: a2-vertex adjacent to a 3~ -vertex,

C3: a 3-vertex adjacent to at least two 3~ -vertices,

C4: a4-vertex x adjacent to a 2-vertex y, and a 4~ -vertex y,, y1 # Y2, and such that there is a triangle which is incident to both
x and y,, but not to y;,

C5: a4-vertex x adjacent to a 2-vertex y and such that there is a triangle which is incident to both x and y,

C6: ad-vertex, with d > 4, such that at least d — 2 of its neighbours are 3~ -vertices and at least one of them is of degree 2.
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Proof. We use the discharging method to prove the lemma. Let G = (V, E) be a 2-connected planar graph without cycles of

length 4, 6, 8, 9. We fix a plane embedding of G. Let F be the face set of G. At the beginning, we define a mapping f on V UF
as follows: foreachx € V let f(x) = gd(x) — 4 and foreach x € F let f(x) = gd(x) — 4. Clearly,

dfw=Y <gd(") - 4) +3 (gd(x) - 4)

xeVUF xeV xeF
6 4
= 22400 —4lVI+ 2 3 do — 4IF| = 4(IE| - |V| = F)) = -8,
xeV xeF

which follows from Euler’s formula and the fact that ) ", _, d(x) = Y, d(x) = 2|E|. In the next step we will distribute the
values of f between adjacent vertices, faces and between incident vertices and faces, according to the rules described below,
to obtain the function f’.

e If x is either a cycle of length less than 10 or a 3™ -vertex, then x does not give anything;

e if x is a cycle of length at least 10, then x gives % - l(x, y) to each adjacent triangle y, where [;(x, y) is the number of
common edges (of the cycle x and the triangle y);

e if x is a 4-vertex, then x gives % to each incident triangle, provided the triangle is not incident to two 51 -vertices;

e if xis a 5T-vertex, then x gives % to each incident triangle;
o if x is a 4T -vertex, then x gives g to each adjacent 2-vertex and % to each adjacent 3-vertex.

Now we calculate the values of the function f’. We show, that if the graph G does not contain any of the configurations
C1-C6, then the value f’(x) is nonnegative for each x € V U F, contrary to the fact that the sums of values of the functions
f" and f, counting over all the vertices and faces, remain the same.

At the beginning we calculate the value f’(x) for each vertex x. Let us start with the following straightforward, but very
useful, observation.

Proposition 2. If G is a 2-connected planar graph without cycles of length 4 and v is a d-vertex, then v is incident to at most g
triangles.

We consider a number of cases, depending on the degree of the vertex x. Let I;(x) stand for the number of triangles
incident to x. Let Iz(x) denote the number of such triangles incident to x, which are not incident to two 5" -vertices. Clearly,

F(x) < ().

o Ifd(x) =2,thenf'(x) =2 -2—4+ g - 14+ (x) = 0, since €2 does not hold.

o Ifd(x) =3,thenf'(x) =2 -3 —4+ % - 14+ (x) > 0, because I4+ (x) > 2, from the absence of C3.

o Ifd(x) =4, thenf'(x) = £-4—4— % -L(x) — 1 - I3(x) — 1 - I(x). From Proposition 2 it follows that [;(x) < 2. From the
fact that €6 does not hold it clearly follows that I, (x) < 2 and that if [,(x) = 1, then I5(x) = 0.

If we assume that L, (x) = 1, [3(x) = 0 = I[z(x), then clearly f'(x) = 0. Hence we can assume that if [(x) = 1, then
Iz(x) = 1orlz(x) = 2.

In the case when L,(x) = 1and l;(x) = 1, let y; be the 2-vertex adjacent to x and let T be the triangle incident to x.
It is easy to observe that y; cannot be incident to T, because €5 does not occur. Hence there must be another 4™ -vertex,
say y,, which is adjacent to x and incident to T, but this situation is also impossible, since ¢4 does not hold.

It is easy to observe that the case l;(x) = 1 and lz(x) = 2 is also impossible, since €5 does not occur.

Hence we can assume I, (x) = 0. If moreover lz(x) = 0, then clearly f’(x) > 0.1t is also easy to observe that if l3(x) = 4,
then I;(x) = 0, because C1 does not hold. Moreover, from the absence of €1, we have that if s = 3, then [;(x) < 1and
f'x) =o.

Hence there is only one case left to consider, namely, when 0 < l;(x) < 2 and [3(x) < 2, but in this case we also have
f'x) =o.

o Ifd(x) =5thenf'(x) =2.5-4—2 - L(x)— 1 X -1 Lk

Observe at the beginning that from the absence of €6 it follows that if I;(x) > 0, then L,(x) + l5(x) < 2. Moreover,
from Proposition 2, we have [;(x) < 2.

If we assume that I;(x) = 2, then clearly I3(x) = 0 and f'(x) > 0. It is also easy to calculate that if [,(x) = 1, then
f’(x) > 0, since I3(x) < 1in this case.

In the opposite case, when I, (x) = 0, then it is easy to observe that f'(x) = 2 — % I3(x) — % -I;(x) > 0,sincel3(x) <5
and I, (x) < 2.

o Ifd(x) =d>6,thenf'(x) =% -d—4—2.L(x) — 1 13(x) — 1 I(x). As above, we have [ (x) < 4.To calculate the
value f’(x) we need to consider two cases.

If I,(x) > 0, then from the fact that €6 does not hold we have I, (x) + I5(x) < d — 3. Hence f'(x) > % -d—4-— % .

@-3-1.49=2.d-%>0
6 d

In the opposite case, when l(x) = 0,wehave f'(x) > ¢ -d—4—-1.d—1.9=2.d—4>0.

SIS [T 11<)
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To finish the proof it is enough to show that for each face x the value f’(x) is nonnegative. It is easy to observe that from
the absence of cycles of lengths 4, 6, 8 and 9, we have that a triangle cannot be adjacent to a cycle of length less than 10.
Hence for each triangle x there are three adjacent cycles of length at least 10. Moreover, from the fact that €1 does not hold,
it follows that there are at least two 4™ -vertices incident to x. Hence, f(x) > ‘51 -3 -4+ % -3+ % -2=0.

Clearly, for each cycle x of length 5 or 7, the value f'(x) = f(x) and is greater than or equal to 0.

Moreover, if x is a cycle of length d > 10, then it is obvious that f'(x) > £ -d —4—2.d=%.d—4>0.

We have shown that for each x € V U F the value f’(x) is nonnegative, which completes the proof. =

Theorem 3. If G is a planar graph not containing any cycle of length 4, 6, 8 and 9, then
Xa(G) < A(G) + 2.

Proof. Let H be a counterexample to Theorem 3 with the minimum number of edges. There is no loss of generality in
assuming that H is connected. We fix a plane embedding of G. As in the prove of Lemma 5, we can assume A(H) > 4. Let
t = A(H) + 2.1t is easy to observe that H is 2-connected, since otherwise we can obtain an acyclic t-colouring of each its
2-connected component and combine them (by permuting some colours, if needed) to get an acyclic colouring of the entire
graph. Hence, by Lemma 6, we have that H contains at least one of the configurations ¢1-C6.

By Lemma 2, it is sufficient to show that there exists an edge vu and an acyclic t-colouring C of H — vu such that
|[C(v) U C(u) UC(Wy_y(v,u))] < t. We consider a number of cases, depending on which of the configurations €1-C6
occurs in H. In each case we point out such an edge which we can use with Lemma 2 to obtain a contradiction.

C1: If H contains a triangle incident to the vertices x1, X, X3, such that d(x;), d(x) < 3, thenlet H = H — x;x,. From the
minimality of H it follows that H" has an acyclic t-colouring C. Let y; # x5 be the neighbour, in H’, of x; and let y, # x3
be the neighbour, in H’, of x,. We need to consider two cases.

Let us assume at the beginning that C(x1y1) # C(X2Y2).

If C(xpx3) = C(x1y1) and C(x1x3) = C(x,y>), then clearly |C(x1) U C(x;) U C(x3)| < t — 2 and we can extend the
colouring C to an acyclic t-colouring of H, a contradiction.

If we assume that C(x,x3) = C(x1y1) and C(x1x3) # C(xay,) (or, similarly, C(x2x3) # C(x1y1) and C(x1X3) =
C(x2y2)), then |C(x1) U C(x2) U C(x3)| < t — 1 and, similarly as above, we can extend the colouring C to an acyclic
t-colouring of H, a contradiction.

In the case when C(x;x3) #% C(x1y1) and C(x1x3) % C(x2y-) it is also easy to observe that the colouring C can be
extended, a contradiction.

In the opposite case, namely, when C(x1y,) = C(x2y2), then if C(x1x3) € C(y,) (or, similarly, if C(x,x3) € C(y2)),
then, from the fact that |C(x;) U C(x;) U C(y)| < t — 1, we clearly have that the colouring C can be extended to
an acyclic t-colouring of H, a contradiction. On the other hand, if C(x1x3) € C(y,) and C(x,x3) & C(y,), then we can
recolour, in H’, the edge x,y, with a colour C(x;x3) and we are back in the previous case.

C2: This case is equivalent to the case $1 in the proof of Lemma 5.

C3: This case is equivalent to the case $B2 in the proof of Lemma 5.

C4: If H contains a 4-vertex x adjacent to a 2-vertex y; and a 4~ -vertex ¥y, y1 # Y2, and such that there is a triangle xy,ys
which is not incident to y, then let y4 be the remaining neighbour of x. Let H' = H — xy;. From the minimality of H it
follows that H’ has an acyclic t-colouring C. Let z be the neighbour, in H’, of y;. We need to consider three cases.

At the beginning, we assume that C(y1z) = C(xy-).

Moreover, if C(xys3), C(xys4) & C(y2) and C(xy,) & C(y3), then we can extend C by colouring the edge xy; with the
colour C(y,y3). On the other hand, if C(xy3), C(xy4) & C(y2), but C(xy,) € C(y3), then we can recolour, in H’, the edge
y1z with a colour o & C(z) U {C(xy,), C(xy4)}. It can happen, that the only one possible « = C(xy3), but in this case we
can colour the edge xy; with the colour C(y,y3) to extend the colouring C to an acyclic t-colouring of H, a contradiction.
In the opposite case, if such an & # C(xys3), then, by Lemma 2, we can also extend the colouring C, a contradiction.

If C(xy3) € C(yy) or C(xy4) € C(y2), then it is easy to see that |C(x) U C(y;) U C(y)| <t — 1and, by Lemma 2, we
can extend the colouring C, a contradiction.

In the second case we assume that C(y;z) = C(xy3) (or C(y1z) = C(xy4)). It is obvious that we can recolour, in H’,
the edge y,z with a colour @ ¢ C(z) U {C(xy3), C(xy4)}, and we are either in the first case or in the next case.

At the end, we assume that C(y;z) & C(x), butin this case it is obvious that the colouring C can be extended, because
Wy (xy1) = @, a contradiction.

C5: IfH contains a 4-vertex x adjacent to a 2-vertex y; and such that there is a triangle xy1y-, then let y3, y4 be the remaining
neighbours of x. Consider H = H — xy;. From the minimality of H it follows that H’ has an acyclic t-colouring C.
If C(y1y2) € C(x), then clearly the colouring C can be extended. In the opposite case, when C(y;y;) € C(x), then
|C(x) UC(y1) UC(y2)| <t — 1and, by Lemma 2, the colouring C can be extended, again a contradiction.

C6: Let us assume that H contains a 4*-vertex x which has a neighbour y; of degree 2 and is adjacent to at most two
4*_vertices. It is easy to observe that the worst case is when x is adjacent to exactly two 41 -vertices, say y», y3. Let
H' = H — xy;. Similarly as above, H’ has an acyclic t-colouring C. Let z be the neighbour, in H’, of y;. We need to
consider two cases.
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Let us assume at the beginning that C(y1z) ¢ {C(xy,), C(xy3)}. Clearly, |C(x) U C(y1) U C(Ww (x,y1))| <t — 1.
Hence, by Lemma 2, we can extend the colouring C to an acyclic t-colouring of H, a contradiction.

In the opposite case, if C(y1z) € {C(xy2), C(xy3)}, say C(y1z) = C(xy,), then it is easy to observe that we can
recolour, in H’, the edge y;z with the colour « & C(y;) U C(z) U {C(xy,), C(xys)}, obtaining in this way an acyclic
t-colouring C’ of H’, and we are back in the previous case. H

For the class of planar graphs without cycles of length 4 we have the following upper bound for the acyclic chromatic
index.

Theorem 4. If G is a planar graph without cycles of length 4, then
x.(G) < A(G) + 15.

Before we prove Theorem 4, we show some structural properties of 2-connected planar graphs without cycles of length 4.

Lemma 7. Let G be a 2-connected planar graph without cycles of length 4. Then G contains at least one of the configurations:

D1: atriangle incident to at least two 3~ -vertices,

D?2: a2-vertex adjacent to at least one 9~ -vertex,

D3: a 3-vertex adjacent to at least two 9~ -vertices,

DA4: a4-vertex adjacent to at least three 7~ -vertices,

D5: ad-vertex, with d > 10, such that at least d — 5 of its neighbours are 4~ -vertices and at least one of them is of degree 2.

Proof. We use the discharging method to prove the lemma. Let G = (V, E) be a 2-connected planar graph without cycles
of length 4. We fix a plane embedding of G. Let F be the face set of G. At the beginning we define a function f on V U F as
follows: for eachx € V UF, let f (x) = d(x) — 4. Clearly,

D F =) dX) —4) + Y (dx) —4) = 4(E| — |V| — ) = -8, 2)

xeVUF xeV xeF

which follows from Euler’s formula and the fact that )", _, d(x) = >, ; d(x) = 2|E|. In the next step we will distribute the
values of f between adjacent vertices, faces and between incident vertices and faces, according to the rules described below,
to obtain the function f’.

If x is a 37 -vertex, then x does not give anything;
if x is a 4-,5-,6-,7-vertex, then x gives % to each incident triangle;

if x is a 8-,9-vertex, then x gives % to each incident triangle and % to each adjacent 4-vertex;

if x is a 10" -vertex, then x gives % to each incident triangle, & to each adjacent 4-vertex, % to each adjacent 3-vertex and
1 to each adjacent 2-vertex;

e each non-triangular face x gives % -l (x, y) to each adjacent triangle y, where I, (x, y) is the number of common edges (of
the face x and the triangle y).

Now each x € V UF has a new value f’(x), but the sums of values of the functions f” and f, counting over all the vertices
and faces, remain the same.

We show that if G does not contain any of the configurations HD1-D5, then f’(x) is nonnegative for eachx € V U F,
contrary to the equality (2).

First we show that for each vertex x the value f'(x) is nonnegative. We consider a number of cases depending on the
degree of x. Let [;(x) stand for the number of triangles incident to a vertex x.

o Ifd(x) = 2,thenf'(x) = —2 + 1 l1o+ (x) = 0, because D2 does not hold.

o Ifd(x) = 3,thenf'(x) = -1+ % sl (x) > —1+ % -2 = 0in all cases, because 3 does not occur.

o Ifd(x) =4, thenf'(x) =0+ 1 - lg+(x) — 2 - I.(x) = 1 -2 — 1.2 =0, which follows from the facts that [g+ (x) > 2, by
the absence of £4, and that I; (x) < 2, by Proposition 2.

e If5<dx)=d<7thenf'x) =d—4— s hx)>d—4- % . % > 0, once again from Proposition 2.

e If8 <dx)=d <9 thenf'x) =d—4—1-1L40—1 -l (x) >d—4—1.d— 1.4 >0, because obviously l4(x) < d
and [, (x) < g, by Proposition 2.

o Ifd(x) =d > 10,thenf'(x) =d—4—1-hLx) — 3 - X — 1 - LX) — 1L x).

Ifl,(x) = 0thenf'(x) =d—4—1 LX) — 1 L) —1-1.(0) > d—4—1- (LX) +L&)—1 L (x) =d—4—1.d—1.4 =
{io -d — 4 > 0, because I3(x) + I4(x) < d and, similarly as above, [;(x) < %.

Therefore, we can assume I, (x) > 0. Moreover, one can observe that since both £ 1 and £2 do not hold it follows that
in each triangle which is incident to x there can be at most one 3~ -vertex. Hence I (x) + I3(x) < d — Il;(x). We consider
two cases.

First assume that [(x) > ;- l4(x) + 5. Clearly, f/(x) = d —4 — L) — 3 - LX) — 1 - LK — 1 L& >
d—4—LE+5X) =1 LE -3 L@ =d—4—d—=LX) — 3 LE -3 L& =3 L& — 1 L& -4=0.

—_
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In the opposite case, if [((x) < 1 -14x) + 5 thenf'®X) = d—4— 5L — 3 -LX -1 L& -1 L& >

d=4-L(X)— 35X = -l =1 (- LE®+5) =d=5-bE — 1-bX® —1-LK) > d=5-(LE+5E +LE) > 0,
the last inequality follows from the fact that I, (x) + I3(x) + I4(X) < d — 5, by the absence of D5.

To finish the proof it is enough to calculate the value f’(x) for each x € F.

If x is a triangle, then f'(x) > —1 + é -2+ % - 3 = 0, because the triangle has to be incident to at least two 4™ -vertices,
since P 1 does not hold and, moreover, the triangle x cannot be adjacent to any other triangle, by the absence of 4-cycles in G.

On the other hand, if x is a cycle of degree d > 5, then clearly, f'(x) > d — 4 — % -d > 0, since the cycle x can have with
adjacent triangles at most d common edges.

Hence for each x € V U F we have f'(x) > 0 and the proof is complete. H

Proof of Theorem 4. Let H be a counterexample to Theorem 4 with the minimum number of edges. There is no loss of
generality in assuming that H is connected. Let us fix a plane embedding of G. As in the prove of Theorem 3, we can assume
that H is 2-connected. Hence, by Lemma 7, H contains at least one of the configurations D1-D5. Lett = A(H) + 15.

By Lemma 2, it is sufficient to show that there exists an edge vu and an acyclic t-colouring C of H — vu such that
|[C(v) UC(u) UC(Wy_yu(v, u))] < t. We consider a number of cases, depending on which of the configurations D1-D5
occurs in H. In each case we point out such an edge which we can use with Lemma 2 to obtain a contradiction.

D1: This case is equivalent to the case C1 in the proof of Theorem 3.

D2: If H contains a 2-vertex x which is adjacent to a 9~ -vertex y, then let ' = H — xy. From the minimality of H it follows
that H' has an acyclic t-colouring C.

One can easily observe that |C(x) UC(y) UC(Wy(x,y))| < A(H)+7,and, by Lemma 2, we can extend the colouring
C to an acyclic t-colouring of H, a contradiction.

D3: If H contains a 3-vertex x adjacent to two 9~ -vertices y; and y,, then let y3 be the remaining neighbour of x. Consider
H’' = H — xy,. As above, by the minimality of H, we have that H' has an acyclic t-colouring C. We need to consider two
cases.

If |C(x) N C(y1)| < 1,thenclearly |C(x) UC(y1) UC(Wy (x,y1))| < A(H) + 8 and, by Lemma 2, we can extend the
colouring C to an acyclic t-colouring of H, a contradiction.

In the opposite case, if [C(x) N C(y1)| = 2, then if we assume that C(xy3) & C(y,), then it easy to observe that we
can recolour, in H’, the edge xy, with a colour & ¢ C(x) U C(y;) U C(y1), and we are back in the previous case. On the
other hand, if C(xy3) € C(y,), then |C(x) U C(y;1) U C(Wy (x,y1))| < A(H) + 14 and, similarly as above, we can use
Lemma 2 to show that the colouring C can be extended to an acyclic t-colouring of H, a contradiction.

D4: If H contains a 4-vertex x adjacent to three 7~ -vertices y1, ¥, y3, then let y, be the remaining neighbour of x. Let
H’' = H — xy;. From the minimality of H it follows that H" has an acyclic t-colouring C. We consider two cases.

If we assume that |C(x) NC(y1)| < 2, thenitis quite easy to observe that |C(x) UC(y1) UC(Wy (x, y1))| < AH)+12
and, by Lemma 2, we can extend the colouring C to an acyclic t-colouring of H, a contradiction.

If |C(x) NC(y1)| = 3, then let us assume at the beginning that C(xys;) & C(y,) (or C(xy4) & C(y2)). It easy to observe
that in this case we can recolour, in H', the edge xy, with a colour @ ¢ C(x) U C(y;) U C(y1) U C(Wy (%, ¥2)), and we
are back in the previous case.

On the other hand, if C(xy3), C(xy4) € C(y2), then C(xy,) & C(y3), since otherwise |C(x) UC(y1) UC(Wy (X, y1))| <
A(H) 4+ 14 and, similarly as above, we can use Lemma 2 to show that the colouring C can be extended and obtain a
contradiction. But, if C(xy,) & C(y3), then we can recolour, in H’, the edge xy; with a colour @ ¢ C(x) UC(y3) UC(y1) U
C(Wy(x,y3)) and we fall in the first case.

D5: Let us assume that H contains a 10" -vertex x which has a neighbour y of degree 2 and is adjacent to at most five 5%-
vertices. Clearly, the worst case is when x is adjacent to exactly five 5" -vertices, say z, 2, . . ., Zs. Consider H' = H —xy.
As above, by the minimality of H, we have that H" has an acyclic t-colouring C. Let z be the neighbour, in H’, of y. We
need to consider two cases.

Let us assume at the beginning that C(yz) &€ {C(xz;), ..., C(xzs5)}.Clearly, |[C(x) UC(y) UC(Wy (x,y))| < A(H)+2.
Hence, by Lemma 2, we can extend the colouring C to an acyclic t-colouring of H, a contradiction.

In the opposite case, if C(yz) € {C(xz1), ..., C(xz5)}, say C(yz) = C(xzy), then it is easy to observe that we can
recolour, in H’, the edge yz with a colour ¢ ¢ C(y) U C(z) U {C(xzy), ..., C(xz5)}, obtaining in this way an acyclic
t-colouring C’ of H’, and we are back in the previous case. ®
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