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1. Introduction

The integrability approach has been rapidly developed in the 
AdS/CFT correspondence during the last decade [1]. Quantum inte-
grability, as inspired by perturbative integrability [2–4], appeared 
in both gauge and string theory and has led to various exact results 
such as the S-matrix [5,6], the all-loop Bethe ansatz equations 
(BAEs) [7] and the Thermodynamic Bethe ansatz (TBA) [8–10]. 
Those have passed many nontrivial tests till now. Among these, 
TBA is a tool which allows us to determine the exact spectrum in-
cluding all finite size effects. However, it is practically difficult to 
obtain analytical and numerical results by solving directly the TBA 
equations.1

It is remarkable that the TBA can be reformulated in terms of 
the T -system (supplemented with analytic and asymptotic infor-
mation), which is mathematically more elegant. The (a, s) integer 
lattice (T-hook) structure of the T -system is closely connected to 
the psu(2, 2|4) symmetry of the model [12,13]. Interestingly, solu-
tions of the T -system can be obtained by generating functionals 
which follow from consistencies between different Bäcklund flows 
[12,14]. Especially, in the asymptotic limit, one can determine the 
finite form of these generating functionals as the entire T-hook is 
decoupled into left and right wings. Additionally, the classical limit 
of T -functions can be interpreted as the character in the highest 
weight representation of the symmetry group. Therefore, through 
the character formula, one can easily compute the eigenvalues of 
the classical transfer matrix in the scaling (asymptotic and strong 
coupling) limit and obtain the quasimomenta which characterize 
the integrability of classical strings. The quasimomenta are also 

E-mail address: minkyoo.kim@wigner.mta.hu.
1 See [11] for recent progress as fundamental solutions.
http://dx.doi.org/10.1016/j.physletb.2014.06.052
0370-2693/© 2014 The Author. Published by Elsevier B.V. This is an open access article 
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useful to analyze (quasi)classical strings and even exact quantum 
strings.

Based on evidences from previous investigations we assume 
that the T -system is universal for a given model. In other words, 
we use the same T -system equations and T-hook boundary condi-
tions for models which differ from each other but share the same 
bulk symmetry. The only differences are the asymptotic behav-
iour and the analytic structure as we move from one model to the 
other. For example, AdS5/CFT4 models with integrable boundaries 
and β deformation are exactly of this type [15–20].

Among examples of such universal T -systems, the β deformed 
AdS5/CFT4 is one of the most interesting ones. On the gauge theory 
side it is a specific marginal deformation of the N = 4 SYM with 
real β and h = 0 in the Leigh–Strassler superpotential [21].2 On 
the other hand, on the dual string theory side, the deformation 
could be done by T sT -transformations on the AdS5 × S5 back-
ground [23]. On both sides of the deformed duality, integrability 
seems to be unbroken because in the string theory regime the 
Lax pair structure is preserved under T sT -transformation [24,25], 
while in the gauge theory regime the deformation of the spin-
chain R-matrix is of the Drinfeld–Reshetikhin form [26]. Further-
more, the β deformation naturally has a three parameter family of 
generalizations (γi -deformation) on each side of the duality [24]. 
In the β-deformed and γi -deformed models, the N = 4 supersym-
metry is reduced to N = 1 or is totally broken, but conformal 
symmetry is preserved.3 In the γi -deformed duality, the all-loop 

2 Recently, it was demonstrated that the complex β-deformation on the string 
theory side is generally not integrable [22].

3 Very recently, non-conformality of the γi -deformation is analyzed in [27]. Nev-
ertheless, we will consider the γi -deformed case which can be easily reduced to the 
β-deformed case with γ1,2,3 = β in the final formulas. However, there still remains 
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BAEs, the exact S-matrix and the TBA equations were developed 
and it was shown that those are consistent with direct perturba-
tive computations [26,30,31]. The general twisted spectral curves 
were first studied in [32]. By setting carefully the twist parame-
ters, they could recover the Beisert–Roiban BAEs. Especially, it was 
found that the undeformed Y -system can be applied to the de-
formed model and the weak coupling limit of the Y -system is con-
sistent with perturbative computations [20]. This shows that the 
universality of Y and T -systems works well in the gauge theory 
regime of the γi-deformed duality. In this Letter we would like to 
analyze whether the T -system describes properly the results in the 
strong coupling regime.

This Letter is organized as follows. Based on the T -system in 
the deformed models, we consider the strong coupling scaling 
limit of the γi -deformed AdS5/CFT4. Actually, we analyze this limit 
of the twisted generating functionals given in [20]. In the proce-
dure, we introduce gauge functions for the T -system to ensure the 
correct middle node Bethe equation. Next, by comparing the ex-
pansion appearing in the scaling limit to the character of the high-
est weight representation of psu(2, 2|4), we compute the twisted 
quasimomenta for the γi -deformed AdS/CFT and analyze their an-
alytic and asymptotic properties. We also show that the twisted 
quasimomenta are consistent with the Beisert–Roiban BAEs and 
check their validity through classical string analysis.

2. T -system and spectral curve of γi-deformed AdS/CFT

The exact spectral information of the AdS/CFT correspondence 
could be computed from the Y -functions which are solutions of 
the Y -system equations:

Y +
a,sY −

a,s = (1 + Ya,s+1)(1 + Ya,s−1)

(1 + 1/Ya+1,s)(1 + 1/Ya−1,s)
,

Y ±(u) ≡ Y (u ± i/2), (2.1)

where the Y -functions are defined on an integer lattice called 
T -hook [8]. Then, the exact energy expression of a particle is giv-
en by

Δ =
∑

j

ε1(u4, j) +
∞∑

a=1

∫
du

2π i

∂εmir
a (u)

∂u
log

(
1 + Y mir

a,0 (u)
)
, (2.2)

where ε1(u) = 1 + 2ig(1/x+(u) − 1/x−(u)) is the energy of a fun-
damental excitation (magnon) in the physical branch and the in-
tegral term is the exact finite size correction.4 If we express the 
Y -functions in terms of the T -functions as

Ya,s = Ta,s+1Ta,s−1

Ta+1,s Ta−1,s
, (2.3)

then the Y -system equations can be rewritten into the T -system 
equations as [33]

T +
a,s(u)T −

a,s(u) = Ta+1,s(u)Ta−1,s(u) + Ta,s+1(u)Ta,s−1(u), (2.4)

where the T -functions (solutions of the T -system) can be obtained 
by generating functionals.

In [20], Gromov and Levkovich-Maslyuk proposed the twisted 
generating functional in the β-deformed AdS5/CFT4 duality and 
demonstrated that the deformation effect is captured only by the 
asymptotic solution with the same Y and T -systems. Then, the 
specific asymptotic solution of the Y -system could be expressed in 

many interesting points in the deformation context: see [28] for prewrapping phe-
nomena or [29] for a nice review.

4 x(u) is the function of u such as x(u) + 1
x(u)

= u
g .
terms of the T -functions which are given by the generating func-
tionals WR,L :

WR,L =
∞∑

s=0

Ds T R,L
1,s Ds, W−1

R,L =
∞∑

a=0

(−1)a Da T R,L
a,1 Da. (2.5)

In the decoupling limit the generating functionals for the left and 
right wings of the T -hook can be written in the following closed 
forms:

WR = 1

1 − 1
τR

D F R
B(−)− Q +

1
B(+)− Q −

1
D

(
1 − D F R

Q +
1 Q −−

2

Q −
1 Q 2

D

)

×
(

1 − D F R
Q ++

2 Q −
3

Q 2 Q +
3

D

)
1

1 − τR D F R
R(+)+ Q −

3
R(−)+ Q +

3
D

, (2.6)

WL = 1

1 − 1
τL

D F L
B(−)− Q +

7
B(+)− Q −

7
D

(
1 − D F L

Q +
7 Q −−

6

Q −
7 Q 6

D

)

×
(

1 − D F L
Q ++

6 Q −
5

Q 6 Q +
5

D

)
1

1 − τL D F L
R(+)+ Q −

5
R(−)+ Q +

5
D

. (2.7)

Here, D is the shift operator, D ≡ e−i∂u/2, and τR,L are twists for 
each wing such as5

τR = e−i(K4(δ1+δ2+δ3)+K5(−δ1−δ2−δ3)+K7(δ1−δ2)+K1δ3−Lδ3),

τL = e−i(K3(δ1+δ2+δ3)+K4(−δ1−δ2−δ3)−K7δ1+K1(δ2+δ3)+Lδ1). (2.8)

Also, the functions R(±)(u), B(±)(u), Q j(u) and the integers K j

( j = 1, . . . , 7) are defined as

R(±)(u) =
K4∏

i=1

(
x(u) − x∓

4,i

); B(±)(u) =
K4∏

i=1

(
1

x(u)
− x∓

4,i

)
;

Q j(u) =
K j∏

i=1

(u − u j,i), (2.9)

while δ j ( j = 1, . . . , 3) are constants characterizing the deforma-
tion. In the twisted generating functionals (2.6), (2.7), we intro-
duced the functions F R,L by using the gauge degrees of freedom of 
the T -functions as:

F R =
(

x−

x+

) L
2

K4∏
j=1

σ(u, u4, j)
R(−)+

R(+)+

√
Q ++

4

Q −−
4

B−
1 B+

3

B+
1 B−

3

, (2.10)

F L =
(

x−

x+

) L
2

K4∏
j=1

σ(u, u4, j)
R(−)+

R(+)+

√
Q ++

4

Q −−
4

B−
7 B+

5

B+
7 B−

5

, (2.11)

where Bl is defined as Bl = ∏Kl
j=1(1/x(u) − xl, j). Then, the middle 

node Bethe equation for the momentum carrying root from (2.3)
can be simply written as Ya,0(u4, j) � T L

a,1(u4, j)T R
a,1(u4, j) = −1 in 

the asymptotic limit.

5 Twists were introduced for general integrable deformation in [20]. Here, we 
defined τR,L as τ 1

R,L in [20] and ignored τ 2
R,L as those are irrelevant for the 

γi -deformed theory.
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2.1. Strong coupling scaling limit and twisted quasimomenta

In the undeformed AdS5 × S5 string σ model the classical 
T -functions can be represented by characters of the highest weight 
representations of the corresponding psu(2, 2|4) symmetry. Be-
cause deformation effects are only captured by the asymptotic 
solutions, we can still use the character formula in the deformed 
theory.6

In the strong coupling scaling limit we have the following ex-
pansion results:

R(+)+

R(−)+ � f (x) = eiG4(x),

Q +
j

Q −
j

� Q ++
j

Q j
� g j(x) = ei(H j(x)+H j(1/x)), (2.12)

B(−)−

B(+)− � f̃ (x) = e−iG4(1/x),

Q −
j

Q +
j

� Q −−
j

Q j
� g̃ j(x) = e−i(H j(x)+H j(1/x)), (2.13)

where G4(x) and H j(x) are the resolvents defined as

G4(x) =
K4∑
j=1

x2
4, j

g(x2
4, j − 1)

1

x − x4, j
,

H j(x) =
K j∑

k=1

x2

g(x2 − 1)

1

x − x j,k
. (2.14)

In this scaling limit, the gauge functions F R,L which were intro-
duced from the gauge degrees of freedom are reduced to

F R � exp

[
−i

(
Lx/(2g) − G ′

4(0)x

x2 − 1
− H1(1/x) + H3(1/x)

)]
≡ F S

R , (2.15)

F L � exp

[
−i

(
Lx/(2g) − G ′

4(0)x

x2 − 1
− H7(1/x) + H5(1/x)

)]
≡ F S

L . (2.16)

where G ′
4(x) is the derivative of G4(x) wrt. x and we used the 

strong coupling expressions of x± and logσ(u, u4, j) as follows:

x± � x ± i

2g

x2

x2 − 1
, (2.17)

logσ(u, u4, j) � i(x − x4, j)

g(−1 + x2)(−1 + x4, jx)(−1 + x2
4, j)

. (2.18)

Meanwhile, since the shift operator D becomes a formal expansion 
parameter in the scaling limit, the generating functionals for each 
wing can be reduced to

WR = (1 − F S
R g1(x)g̃2(x)D2)(1 − F S

R g2(x)g̃3(x)D2)

(1 − 1
τR

F S
R f̃ (x)g1(x)D2)(1 − τR F S

R f (x)g̃3 D2)
, (2.19)

WL = (1 − F S
L g7(x)g̃6(x)D2)(1 − F S

L g6(x)g̃5(x)D2)

(1 − 1
τR

F S
L f̃ (x)g7(x)D2)(1 − τR F S

L f (x)g̃5 D2)
. (2.20)

6 On the string side, the T sT -transformed AdS5 × S5 string model is equivalent to 
the undeformed string model with appropriate twisted boundary conditions. This 
fact is a clue for the universality of the T -system.
The above generating functionals in the scaling limit can be iden-
tified with the psu(2, 2|4) character formula [12]:

W = W R × W L

= (1 − μ1dL)(1 − μ2dL)

(1 − λ1dL)(1 − λ2dL)
× (1 − dR/μ3)(1 − dR/μ4)

(1 − dR/λ3)(1 − dR/λ4)

with D2 ≡ dR,L . (2.21)

Then, as the quasimomenta are defined by the eigenvalues λ j , μ j

of the classical transfer matrix T R,L
a,1 such as λ j ≡ e−i p̃ j , μ j ≡ e−i p̂ j , 

one can straightforwardly compute the quasimomenta as follows:

p̂1(x) = −p̂2(1/x) = + Lx/(2g) − G ′
4(0)x

x2 − 1
− H1(x) + H2(x) + H2(1/x) − H3(1/x),

p̂3(x) = −p̂4(1/x) = − Lx/(2g) − G ′
4(0)x

x2 − 1
− H5(x) + H6(x) + H6(1/x) − H7(1/x),

p̃1(x) = + Lx/(2g) + G4(0)

x2 − 1
− H1(x) − H3(1/x) + H4(1/x) + φ1̃,

p̃2(x) = + Lx/(2g) + G4(0)

x2 − 1
+ H1(1/x) + H3(x) − H4(x) + φ2̃,

p̃3(x) = − Lx/(2g) + G4(0)

x2 − 1
+ H4(x) − H5(x) − H7(1/x) + φ3̃,

p̃4(x) = − Lx/(2g) + G4(0)

x2 − 1
− H4(1/x) + H5(1/x) + H7(x) + φ4̃, (2.22)

where φ1̃ = −i logτR + G4(0), φ2̃ = i logτR , φ3̃ = −i logτL , φ4̃ =
i logτL − G4(0). Note that we used simple identities between the 
resolvents such as

− G ′
4(0)x

x2 − 1
= −H4(x) + G4(0)

x2 − 1
+ G4(x)

= H4(1/x) + G4(0)

x2 − 1
− G4(1/x) + G4(0). (2.23)

Here, −i logτR,L can be written as

−i logτR = π
(
(γ3 − γ2) J1 + (γ1 + γ3) J2 − (γ1 + γ2) J3

)
, (2.24)

−i logτL = π
(
(γ3 + γ2) J1 + (γ3 − γ1) J2 − (γ2 + γ1) J3

)
, (2.25)

because δ1,2,3 of (2.8) are written in terms of the deformation pa-
rameters γ1,2,3

7 as

δ1 = −π(γ2 + γ3), δ2 = −π(γ1 − γ2),

δ3 = −π(γ2 − γ3). (2.26)

We also used the relation between the numbers of the Bethe roots 
and the conserved Cartan charges such as8

L → J + K4 + (K1 − K3 − K5 + K7)/2, J → J1,

K1 + K3 + K5 + K7 − 2K4 → −2 J2,

K1 + K3 − K5 − K7 → −2 J3. (2.27)

7 The deformation parameters γ1,2,3 are introduced in deformed background [24]. 
If all γi are the same as β , the three parameter (non-supersymmetric) deformed 
theory reduces to the N = 1 β-deformed theory.

8 We choose these relations to make consistent with the results in the twisted 
transfer matrix formalism [34].
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Furthermore, we can impose the momentum quantization condi-
tion for the γi -deformed AdS/CFT as −G4(0) is identified with the 
1st conserved charge p, which is the momentum.

p = −i
K4∑
j=1

log
x+

4, j

x+
4, j

= 2π( J2γ3 − J3γ2). (2.28)

Then, we finally have the following expressions:

φ1̃ = +π
(
(γ3 − γ2) J1 + (γ1 − γ3) J2 + (γ2 − γ1) J3

)
,

φ2̃ = −π
(
(γ3 − γ2) J1 + (γ1 + γ3) J2 − (γ1 + γ2) J3

)
,

φ3̃ = +π
(
(γ3 + γ2) J1 + (γ3 − γ1) J2 − (γ2 + γ1) J3

)
,

φ4̃ = −π
(
(γ3 + γ2) J1 − (γ1 + γ3) J2 + (γ2 − γ1) J3

)
. (2.29)

These twists are closely related to the twisted boundary conditions 
(2.37) of the isometry angles of S5. Note that the twisted boundary 
conditions (2.37) can be understood as the twists of the world-
sheet fields Zαα̇ , Yaȧ , θaα̇ , ηȧα of the light-cone gauge string theory 
[34,35]. In the γi -deformed case, we just have αl = π( J1(γ3 −
γ2) + ( J2 − J3)γ1) and αr = π( J1(γ2 + γ3) − ( J2 + J3)γ1) [29]. 
Then, we get the following relations between αl,r of [29] and the 
twists of the quasimomenta:

φ1̃ = − p

2
+ αl, φ2̃ = − p

2
− αl,

φ3̃ = + p

2
+ αr, φ1̃ = + p

2
− αr . (2.30)

On the other hand, the twists of the quasimomenta (2.29) can be 
also expressed by using the twists of the isometry angles (2.37) as 
follows:

φ1̃ = +(δφ1 + δφ2 + δφ3), φ2̃ = +(δφ1 − δφ2 − δφ3),

φ3̃ = −(δφ1 − δφ2 + δφ3), φ1̃ = −(δφ1 + δφ2 − δφ3). (2.31)

We finally notice that these results are consistent with the eigen-
values Λ of the twisted monodromy matrix in [25].

2.2. Properties of twisted quasimomenta

In this subsection we analyze the analytic and asymptotic prop-
erties of the twisted quasimomenta (2.22). Firstly, the synchroniza-
tion of the residues at x = ±1 is automatically satisfied as in the 
deformed theory the twist parameters are just constants.

The inversion symmetries between p̂i are simply given as

p̂1,2(1/x) = −p̂2,1(x), p̂3,4(1/x) = −p̂4,3(x), (2.32)

because the AdS part does not change in the γi -deformation. On 
the other hand, the inversion symmetries between p̃i have non-
trivial deformation effects which came from G4(0):

p̃1,2(1/x) = −p̃2,1(x) − 2π( J2γ3 − J3γ2),

p̃3,4(1/x) = −p̃4,3(x) + 2π( J2γ3 − J3γ2). (2.33)

Also, one can analyze the large x asymptotics from the twisted 
quasimomenta:

p̂1(x) � 2π√
λx

(Δ − S1 + S2), p̂2(x) � 2π√
λx

(Δ + S1 − S2),

p̂3(x) � −2π√
λx

(Δ + S1 + S2), p̂4(x) � −2π√
λx

(Δ − S1 − S2),

p̃1(x) � 2π√
λx

( J1 + J2 − J3) + φ1̃,

p̃2(x) � 2π√ ( J1 − J2 + J3) + φ2̃,

λx
p̃3(x) � −2π√
λx

( J1 − J2 − J3) + φ3̃,

p̃4(x) � −2π√
λx

( J1 + J2 + J3) + φ4̃. (2.34)

Let us comment on the gradings. We used the su(2) grading as 
in [20]. If we repeat the same computations from the twisted gen-
erating functionals in the sl(2) grading, we could obtain the twist-
ed quasimomenta in the sl(2) grading. Those quasimomenta in dif-
ferent gradings are connected to each other through the duality 
transformation.

2.3. Comparison to BR BAEs

The all-loop Bethe ansatz equations for the general integrable 
deformation were constructed by Beisert and Roiban (BR) [26]. The 
explicit form of the deformation could be expressed by the prod-
uct of a phase matrix A and a column vector K for the excitation 
numbers.9 For the γi -deformed AdS/CFT, the AK column matrix is 
written as follows10:

AK =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2π( J2γ3 − J3γ2)

−π((γ3 − γ2) J1 + (γ1 − γ3) J2 + (γ2 − γ1) J3)

0
−π((γ3 − γ2) J1 + (γ1 + γ3) J2 − (γ1 + γ2) J3)

−2π((γ1 + γ2) J3 − ( J1 + J2)γ3)

−π((γ3 + γ2) J1 + (γ3 − γ1) J2 − (γ2 + γ1) J3)

0
−π((γ3 + γ2) J1 − (γ1 + γ3) J2 + (γ2 − γ1) J3)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(2.35)

For consistency, the specific differences between the twisted quasi-
momenta should be matched with the scaling limit of the BR Bethe 
equations.11 These can be checked simply by the following rela-
tions:

AK0 = −p, AK1 = −φ1̃, AK2 = 0, AK3 = φ2̃,

AK4 = φ3̃ − φ2̃, AK5 = −φ3̃, AK6 = 0, AK7 = φ4̃,

(2.36)

since the elements of AK appear in the scaled BR Bethe equations 
separately such as

p̂1 − p̃1 → AK1, p̂2 − p̂1 → AK2, p̃2 − p̂2 → AK3,

p̃3 − p̃2 → AK4, p̂3 − p̃3 → AK5, p̂4 − p̂3 → AK6,

p̃4 − p̂4 → AK7.

2.4. Classical string analysis

As a simple check for the twisted quasimomenta, let us de-
scribe the rigid circular strings in Lunin–Maldacena background 
with γi = β:

ds2
string/R2

= ds2
AdS5

+
3∑

i=1

(
dρ2

i + Gρ2
i dφ2

i

) + Gρ2
1ρ2

2ρ2
3

[(
3∑

i=1

β̂dφi

)]2

,

9 For the full expressions, see (5.39) of [26] and (6.2) of [30].
10 We used the relation (2.27) in the AK column matrix. Also, one can easily check 

that the AK-matrix elements are matched well with the twist factors of the three-
spin Bethe equations in [36]
11 In [37], twisted quasimomenta were obtained from the scaling limit of the BR 

BAEs and the giant magnon in the β-deformed case was studied from the quasimo-
menta.
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B2 = R2β̂G

× (
ρ2

1ρ2
2 dφ1 ∧ dφ2 + ρ2

2ρ2
3dφ2 ∧ dφ3 + ρ2

3ρ2
1dφ3 ∧ dφ1

)
,

G−1 = 1 + β̂2(ρ2
1ρ2

2 + ρ2
2ρ2

3 + ρ2
3ρ2

1

)
where the deformation parameter β̂ is defined as β̂ = √

λβ . In 
[24,35], it was shown that any string configuration on Lunin–
Maldacena background is equivalent to a string configuration on 
the undeformed AdS5 × S5 with the following twisted boundary 
conditions12:

δφi ≡ φi(2π) − φi(0) = 2π(ni − εi jkγ j Jk) (i, j,k = 1,2,3).

(2.37)

One can notice that the momentum p in the light-cone gauge 
strings which is identified with δφ1 is exactly matched with the 
cyclic condition (2.28) in the Bethe equations.

Then, let us consider the three spin rotating string ansätze 
such as

t = κτ , θ = θ0, α = α0, φi = ωiτ + miσ

(i = 1,2,3). (2.38)

These ansätze on Lunin–Maldacena background satisfy the Virasoro 
constraints and the equations of motions. On the other hand, one 
can clearly check that the twisted boundary conditions (2.37) in 
the rigid circular strings are nothing but shifts of the mode num-
bers as

m1 → m1 − 2πβ( J3 − J2), m2 → m2 − 2πβ( J1 − J3),

m3 → m3 − 2πβ( J2 − J1).

In other words, if we consider the same ansätze in the undeformed 
AdS5 × S5 with (2.37), the resulting Virasoro constraints and 
the equations of motion are exactly the same as those in Lunin–
Maldacena background.

Especially, all the constraints are simplified in case of the su(2)

rigid circular string with m1 = −m2 = m and J1 = J2 = J/2 be-
cause of m3 = 0 = J3. Let us consider the quasimometa of circular 
strings on the undeformed S5 [39] such as

p̃1 = 2πx√
λ(x2 − 1)

√
λm2/x2 + J 2,

p̃2 = 2πx√
λ(x2 − 1)

√
λm2x2 + J 2 − m,

p̃3 = −2πx√
λ(x2 − 1)

√
λm2x2 + J 2 + m,

p̃4 = −2πx√
λ(x2 − 1)

√
λm2/x2 + J 2.

The quasimomenta for the AdS5 are just given as p̂1,2(x) =
−p̂3,4(x) = 2πΔx√

λ(x2−1)
.

We can obtain the twisted quasimomenta from the untwisted 
quasimomenta by substituting m → m + πβ J . Then, we get the 
extra twist factors (0, −πβ J , +πβ J , 0) in p̃1,2,3,4 with the shifted 
m in the square roots of the quasimomenta. These are really con-
sistent with (2.29) for J1 = J2 = J/2 and J3 = 0. Therefore, the 
classical dispersion relation of the su(2) rigid circular string on 
Lunin–Maldacena background can be written as [40]

Δ =
√

J 2 + λ(m + πβ J )2. (2.39)

12 See [30,38] for different but equivalent integrable formulations.
3. Concluding remarks

In this Letter we have analyzed the strong coupling scaling 
limit of the γi -deformed AdS/CFT. We have assumed that one can 
still use the psu(2, 2|4) character formula in the deformed case 
and have obtained the twisted quasimomenta by comparing the 
character formula to the scaling limit of the twisted generating 
functionals. We have also analyzed the analytic properties of the 
twisted quasimomenta. Finally, we have shown that the twisted 
quasimomenta for the γi -deformation are consistent with both of 
the Beisert–Roiban BAEs and classical string analysis.

The integrability of the γi -deformed theory is mainly based 
on the fact that the deformation effects can be treated separately 
from the bulk symmetry or the T -system. On the gauge theory 
side, the deformed spin-chain Hamiltonian through the Drinfeld–
Reshetikhin twists of R-matrix can be replaced to undeformed 
Hamiltonian by specific changes of basis [41]. On the string theory 
side, the deformed background through T sT -transformation can be 
replaced to undeformed AdS5 × S5 by twisted boundary conditions 
of the isometry angles of S5. In [24,25], the quasimomenta are 
studied by considering the twisted Lax connections through the 
twisted boundary conditions. On the other hand, we used the uni-
versal T -system with the asymptotic solutions for the deformed 
theory and could check that our twisted quasimomenta are con-
sistent with direct results from the twisted monodromy matrix of 
the T sT -transformed AdS5 × S5.

Recently, it was argued that the quasimomenta which charac-
terize the classical spectral information are needed to read off the 
asymptotic information of the quantum spectral curve through the 
P –μ system [42,43] in the form

Pa � e
∫

p̃a(u)du .

Therefore, the twisted quasimomenta for the γi -deformation would 
be helpful when we would like to construct the P − μ system for 
the γi -deformed theory. This would be definitely one of the most 
important directions for future research.

In this Letter, we assumed the real deformation parameters 
in the γi -deformed theory. On the other hand, the complex 
β-deformed theory is known to be generally not integrable [22]. 
It would be interesting to understand the non-integrability in the 
T -system level.

There exists some other integrable deformed models where 
the techniques in this paper can be applied. For example, the 
marginally deformed model of ABJM [44,45] and the more inter-
esting quantum deformation called Q -deformation [46–49] were 
known as preserving integrability, even though the exact AdS/CFT
pictures are still unclear. Especially, as the generating functionals 
are known in case of the Q -deformation [47], it would be interest-
ing to construct the spectral curves through their classical strong 
coupling limit and compare those to direct constructions from the 
Lax connections in [48].
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