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ABSTRACT Nt
<S¢l
Let G be a finite abelian group. We investigate those graphs § admitting G as a
sharply 1-transitive automorphism group and all of whose eigenvalues are rational. The
study is made via the rational algebra &(G) of rational matrices with rational
eigenvalues commuting with the regular matrix representation of G. In comparing the
spectra obtainable for graphs in @(G) for various G’s, we relate subschemes of a
related association scheme, subalgebras of @(G), and the lattice of subgroups of G.
One conclusion is that if the order of G is fifth-power-free, any graph with rational
eigenvalues admitting G has a cospectral mate admitting the abelian group of the
same order with prime-order elementary divisors.

1. INTRODUCTION

Let G be a finite abelian group of order n represented by n X n permuta-
tion matrices A, [A(h, k)=1 if and only if gh =k]. The complex algebra
C[G] generated by these matrices is self-centralizing, and hence a graph § on
n vertices admits G as a regular (sharply 1-transitive) automorphism group if
and only if its adjacency matrix A is in C[G]. We are concerned here with
such graphs all of whose eigenvalues are rational, and to that end we consider
the algebra @(G) over the rational field of those matrices in C[G] with
rational entries and rational eigenvalues. Notice the matrices in C[G] may be
simultaneously diagonalized, so this is indeed an algebra. We are primarily
interested in this study in comparing the spectra realizable by graphs in @(G)
for various groups G. In particular we concentrate on the question of when
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every graph in @(G) has a cospectral “mate” in @(H). When this happens
we say H spectrally dominates G. We prove for example:

Turorem 1.1.  If n is fifth-power-free, the abelian group with prime-order
elementary divisors spectrally dominates every abelian group of order n.

The general question of spectral domination appears intractible with the
present techniques, and our results come by considering the embeddability of
the algebra @(H) into €(G). These algebras are, in fact, association algebras
(over the rational field), and the issue relates to the question of subschemes of
the corresponding association scheme for @(G) as well as to the issue of
embedding the lattice of subgroups of H in that of G. All of these in turn
relate to appropriate column tactical decompositions of the eigenmatrix for
the scheme underlying &(G).

The applications to graphs with rational eigenvalues reveal some special
consequences of this spectral restriction. For example, we can show the
following.

TreOREM 1.2. If a graph § with rational eigenvalues admits the cyclic
group of order n as a regular automorphism group, it admits any abelian
group of order n.

2. BACKGROUND

In this section we review briefly the techniques developed in [1,2] for the
study of @&(G). Throughout, G denotes an abelian group of order n written
additively. By a symmetric table for G we mean a function A: G X G- Z
(the cyclic group whose order is the exponent of G) with (1) A(g, k) = A(h, g),
(2) Ag,hy+hy)=Ag, h))+A(g, hy), (3) A(g,h)=0 for all h only for
g = 0. Normally A will be the obvious function corresponding to the “natural”
isomorphism of G with its character group. If { is a complex mth root of
unity, the unitary matrix U with U(g, h)=(1/y/n){M& " is a diagonalizing
matrix for C[G]. One then observes the (Fourier) transform ~ defined by for
A=3 a A

g g g’

A= 3 (2 apen)a, (2.1)

is a linear isomorphism. Moreover A = nA’ (the transpose), so interchanges
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entries and eigenvalues. Denoting the Hadamard (componentwise) product of
two matrices A and B by A # B, we have

AB=AxB,
— 1 - -
A*B:-r—lAB. (2.2)

This shows that @(G) is an algebra with respect to * also, a so called
association algebra [3]. Let 7(G) be the number of cyclic subgroups of G, and
let d(G, H) be the maximum d such that both G and H have elements of
order d. Let us further put g for the subgroup generated by g, and use ® for
the tensor product. The following is established in [2]:

TreoreM 2.1. The rational algebra @(G) is the association algebra of
dimension 17(G) for the association scheme with relation matrices

R;= 2 A,
h=g

If d(G, H)< 2, then @(G X H) = @(G)® & (H) and the eigenmatrices satisfy
E(G X H)= E(G)®E(H).

It will be useful to keep in mind that the algebra @(G) is the linear span
not only of the relation matrices R; but also of a corresponding family of
orthogonal idempotents F; =(1/n YR > summing to I [the common Frobenius
covariants of @(G)] and that the 7(G)X 7(G) eigenmatrix E(G) expresses
these bases in terms of each other. That is,

R;= zeé’h‘Fh‘.
3

From another point of view, since R i= Fg—, E is the matrix of the transform ~
on @; and since A =nA (A= A'in @), we have E2=nl for example. The
rows of E give the spectra of the R [multiplicity in the hth column being the
rank of Fy;, ¢(|h|) (Euler’s function)).

Dually, the rows of (1/n)E reveal the entries of F;, the hth column entry
being the coefficient of R

The graphs in @(G) are essentially the (0,1) matrices here, and these are
sums of relation matrices with spectrum given by the corresponding sum of
the rows of E.
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We require one more result from {2]. Let G be a p-group. The eigenmatrix
E(G) is given by

¢(l2]) if A(g,h)=0,

E(g,h)= ﬁ if Ag,h)#0, A(g,ph)=0,

0 otherwise.

Finally, some additional notation. C(G) will denote the poset of cyclic
subgroups of G and S(G) the lattice of all subgroups. For KE 5(G) we use
K+ = {g|A\(g, k) =0 for every k€ K}. If G is a p-group, we use h* for the
predecessor ph of h.

3. SUBSCHEMES AND SUBALGEBRAS

A sub-association-algebra of @(G) corresponds to a sub-association-scheme,
which essentially is an appropriate partition of the relation matrices R;. In
general let 7 ={X,,...,X,,} be a partition of C(G), and let R(xw)=
{Zzex Bz| X, €7} and F(7)=(Z;c x F;| X, € 7}. The linear span of R (7) is
a Hadamard product algebra, and the span of %(7) is an ordinary product
algebra. The orthogonal idempotents for the (ordinary) algebra generated by
%R (7) are sums of the idempotents F; over the cells of an appropriate induced
partition, 7*, defined as follows. The cyclic subgroups g and k are in the
same cell X;" of #* if and only if

72 eng= 2 €nk

hEX, hex,
for all X, € 7. We then put

}\;i,x,‘:_z ez (any gex,*). (3.1)

he X,

If 77 has ¢ cells, the m Xt matrix A =(AY, x;) records the column sums of
the blocks in the block decomposition of E given by the partition 7 on the
rows and 7" on the columns. If indeed the &R (7) define a subscheme, A will
be its eigenmatrix and necessarily m =t (A is square). Surprisingly this is also
sufficient.
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TueoreMm 3.1. Let w={X,,...,X,,} be a partition of C(G) with corre-
sponding induced partition n* = {X{,...,X]} as above. Then the following
are equivalent;

@i t=m,

i) m=atT,

(iii) R(7) defines a subscheme (with association algebra spanned by
F(at).

Proof. Consider the vector space V() of 7(G )-tuples [indexed by C(G)]
which are constant on the cells of #. Then E maps V(#) into V(7 ™"),
dimensionV(#) = m, dimensionV(7 " ) =1, and thus m <¢. Equality holds if
and only if V(7) is mapped onto V(7 %), which is then mapped again by E
onto V(7 ")=V(x), since E2=nl. (Note that in general here 7** is a
refinement of 7.) As to (iii), observe

S Re= 3 M| 3 E).

= + = +
g€ X; Xfen g€ X]

whence the span of A,(7) is contained in the span of (7" ), and ¢t = m if and
only if they are equal and so an association algebra. [ ]

As mentioned in the introduction, we wish to investigate spectral domina-
tion from the point of view of algebra (and scheme) embeddings. Hence we
proceed to investigate when the algebra corresponding to R.(7) is, in fact,
@(H) for some abelian group H.

4. EMBEDDING AND COLLAPSING

We begin with some remarks concerning embeddings of the lattice S(H)
of subgroups of the abelian group H into $(G). These lattices are well known
[4] to be products of corresponding lattices for the Sylow subgroups. Further,
if T:S(H)— 5(G) is a lattice embedding where G and H are of the same
order, then the condition |T(K)|=|K| for all KES(H) (ie., T is size
preserving) is equivalent to T sending Sylow p-subgroups to Sylow p-sub-
groups. There are lattice embeddings not of this sort, but we shall be
concerned only with size preserving maps. Before proceeding to clarify the
relevance of this, we establish a lemma. Note that for p-groups of the same
order any lattice embedding is size-preserving.
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LemMma 4.1. Let G and H be finite abelian p-groups of the same order,
and T: 5(H) — §(G) be a lattice embedding. For any g € G there is a unique
he€ C(H) such that g <T(h) and g XT(h*).

Proof. If U(h)=({g|g<T(h)}, then V zeyi@=T(h) and Zzc

&(|g|)=|T(h)|=|h|. Now if P(h)=U(h)— U(h*), the lemma claims {P(h)|
he C(G)} is a partition of €(G). Disjointness is clear. Now

S e(leh= 2 I (&)= 3 (Ihl-1h*)

geUpri) heC(H) g€ P(h) he@(H)
= 2 o(lh)=1H|=IG|= Z (&)
heC(H) 2€C(G)
Hence UP(h)=C(G). [ |

Now for abelian G and H of the same order we say that G collapses to H if
and only if there is a partition 7 of €(G) such that # =« * and the collapsed
matrix A(3.1) is E(H). We refer to such a partition 7 as a collapsing partition.

TueoreM 4.2. Let G and H be finite abelian groups of the same order.
Then there is a one-to-one correspondence between any two of the following
sets:

(i) the association-algebra embeddings of €(H) into G(G),
(ii) the size-preserving lattice embeddings of S(H) into S(G),
(iii) the collapsing partitions of G to H.

Proof. If 7: @(H)— &(G) is an algebra embedding, we see that for any
K<H, if Ay =2,cxA,, then 7(Ag) is a (0,1) matrix and A% =|K|Ag, so
T(Ag) = Ap, for some subgroup T(K)<G with |T(K)|=|K|. The map-
ping T: 5(H) — 5(G) thus defined is clearly 1-1 and size-preserving. From
Ak, *Ag, = Ag,nk, We have Apg* Ay = Ankpork,) = Arknkyy
Hence T is meet-preserving. That Ay Ay, = |K,NKy|Ag g, gives the corre-
sponding result for joins, and T is a lattice embedding. Conversely, let
T: S(H) - &(G) be a size-preserving lattice embedding. We assume here that
G and H are p-groups, which is sufficient from our earlier remarks. We define
a linear transformation 7: @(H)— @(G) by 7(A;)= Apy). Now for any
K< H we claim 7(Ag)= Ay, Note that in fact R; = A;— A, so Ag =
Z; <Ry, and thus 7(Ag) =27k 7(R)) = i< k(Aqny) = 2za;R; for suit-
able a;€Q. If a;#0 then R;< Ay = Agny, S0 g€ T(h)<T(K) and
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a;=1.If g<T(K), then by Lemma 4.1, a;=1. This establishes the claim,
and the remaining details are stra.lghtforward The correspondence between
collapsing partitions « is covered by Theorem 3.1. [ ]

CoroLLARY 4.3. Any abelian group of order n collapses to the cyclic
group Z. In particular Z,, is spectrally dominated by any abelian group of
order n.

This corollary is clear, since 3(Z,r) is a chain. Actually more than spectral
domination occurs here. For any graph in @(Z,,) there is an isomorphic graph
in &(G). That is,

THEOREM 4.4. If a graph § with rational eigenvalues admits the cyclic
group Z, as a regular Singer group, then G admits every abelian group G of
order n.

Proof. What actually happens here is that the embedding of @(Z,) in
@(G) can be accomplished with a fixed permutation similarity X — P‘XP.
The cyclic scheme underlying @(Z,,) associates (relates) g and h according to
the order of g — h. Hence it suffices to prove that for any abelian group G of
order n there is a bijection, f: Z_ — G, such that f(x)— f(y) determines the
order of x —y. [Then for any graph in &(Z,) one obtains an isomorphic
graph in @(G) by joining f(x) and f(y) if and only if x is joined to y.]
Furthermore, from Theorem 2.1 we may restrict ourselves to p-groups. For
n = p" we proceed by induction on r, r = 1 being clear. For n = P**!, let fbe
the bijection from the subgroup p in Z, onto a subgroup H of G of index p.
The elements of A, have a unique representation in the form k + Ip, where
0<k<p-—1and 0<I<P*—1. If g+ H generates the quotient G/H, the
elements of G have a unique representation in the form kg +h where
0<k<p—1land h€H. Put f:Z -G by

flk+1p)=kg+ f(Ip).

This is easily a bijection, and if fx)— f(y) lg + h, either I+ 0, whence
x—y is a generator of Zn, or =0 and f(x) f(y)—f(x} fly) for
x’,y’€p with x —y’=x"—y’, and thus by induction the order of x —y is
determined. |

In order to obtain our main result on collapsing (and consequent spectral
domination) in the next section, we need the following technical equivalent of
collapsing. As we need only one direction of the equivalence, we state and
prove only that.
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THEOREM 4.5. Let G and H be p-groups of the same order. Let m and ®
be partitions of C(G), each with 7(H) classes: 7 = {X;;lh€ C(H)}, ® = (Y]
h € C(H))}. Suppose the following hold:

(i) For each h€ C(H), Sz - #(8) = ¢(h).

(ii) If h, k€ C(H) and A(h, k) =0, then N(g, f)=0 for any §€ X~ and
fexg

(iii) If h, kEL(H) and there is some fE Y7 with N(f,g)=0 for all
g€ X, then A(h, k)=0.

Then G collapses to H (with 7 as a collapsing partition and ®=7").

Proof. We construct an embedding of >(H ) into 5(G) in stages. Start by
defining To(ﬁ) =V zex;£ for he€ C(H). We show T,(h*)<Ty(h). Suppose
not; then there exists g€ X such that g X T, (h). Then there exists f such
that f<Ty(h)* but A(f g)+ 0. But then A(f,[)=0 for every [€ X, so if
fE Yy, by (iii), A(h, k) =0, so A(h*, k) = 0 so by (ii), A( f, ) = 0, a contradic-
tion.

Next, for A€ S(H), define T(A)= V ,,<AT0(h) We have shown above
that T(h)= O(h) Note that by (ii) and (iii) if f€ Y, then T(h)< f = if and
only if A(h, k)=

We proceed to show T is the desired embedding. Clearly if A< A then
T(h)<T(A). Conversely, suppose T(h) < T(A). Then for any k<At fE Y.,
we have T(A)< f*, so T(h)<f*, so Mh,k)=0, so At <h', so h<A.
Then easily, for A, BE 5(H), A< B if and only if T(A) < T(B). In particular
|A| =|T(A)|. Next we show that g=<T(A) if and only if g€ X;; for some
h < A. The sufficiency is clear. Assume g <T(A). Then by (i),

EX ¢(g)= 2 o(h)=|A|=|T(A)[= 3T o(a),
gEX, h<A Z<T(A)
h<A

so the two sets must be equal. That T preserves intersections follows easily.
Also clear is that T(A v B)=T(A)v T(B). Let g<T(A vV B). Then g€ X;; for
some h<AV B, so h<h, vh, for some h,<A, h,<B. Let f<[T(h Vv

T(h2)] . Then if f€ Y;, we have >\(h1, k)= )\(hz, k)=0, so h, v hy < S0
Ah,k)=0, so Mg, f)=0, so g<T(h,)vT(h, )<T(A)\/T(B), and we are
finished. ]

5. APPLICATIONS AND EXAMPLES

In this section we apply the previous development and in particular
Theorem 4.5 to establish the theorem mentioned in the introduction.
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THEOREM 5.1.  If n is fifth-power-free, the abelian group with prime-order
elementary divisors spectrally dominates every abelian group of order n.

The theorem follows from the following three collapsing results (together
with Corollary 4.3), where we use Theorem 4.5 with 7 = ®. We prove only
the first one, the proofs of the other two being similar.

THEOREM 5.2. Let p be a prime.

(i) Forn=1, 23" collapses to Z o XZ .
(ii) Z} collapses to Z 2 XZ ..
(iii) Z 2 XZ,XZ, collapses to Z ;s XZ,.

Proof of (i). The nonzero cyclic subgroups of Z;“ are given by the
n +1-tuples (ay,ay,...,a,) with a,€Z , and leading nonzero term 1. The
nonzero cyclic subgroup of Z . ><Z;_1 are given by (1,a,,...,a,),
(p.as,....a,), where ay,....a,€Z,, and (0,a,,...,a,) with a,€EZ, and
leading nonzero term 1. For Z ><Z;*l let A be standard: A((x, a,,...,a,),
(4, by,....b,))=xy+p(a,by+ - -- +a,b,) mod p?, and for Z7*1,

AM(ag,ay,...,a,),(by, by,....b,)) =aoh,+aby+asb,+ ... +a,b, mod p.
We shall use [h] for X Let
[(La,,....a,)] = {(L,a),a,,...,a,)|a,EZ,},
[(prageeesa,)] = {(0, L, agy-0a,)},

[(0,a,,...,a,)] = {(0,0,a,,...,a,)}.

The verification of conditions (i), (ii), and (iii) is straightforward. ]

We continue with some negative results.

ReMark 5.3. Let p be a prime. Then Z,.XZ,XZ, never collapses to
Z ;2 XZ >. The nature of the difficulty is the cyclic subgroup (p,0,0), which
by Lemma 4.1 has to be in the image of any embedding: it is covered by too
many elements, and no comparable element exists in C(Z 02 XL 2).

Remark 5.4. Although Z, XZ,XZ, does not collapse to Z, XZ ,, one
can nevertheless prove, by exhaustion of cases, that the former group does
spectrally dominate the latter—which in turn does not dominate Z 4 XZ,,
since the following bipartite graph with spectrum 5, — 5,3, —3,19, —1® s in
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@(Z 4 X Z,) but has no cospectral mate in ¢(Z , XZ ,):

1 1.0 1 0 1 0 1

1 1106 1 0 1 O

01 1 1 0 1 0 1

(0 1)®101 1 1 0 1 0
1 0 01 0 1 1 1 0 1
1 01 01 1 1 O

01 01 0 1 1 1

1 01 0 1 0 1 1

More surprising is the fact that the elementary p-group does not in general
collapse to any other group of the same order.

REMARK 5.5.  Z§ does not collapse to Z3. One indeed proves that there is
no lattice embedding, but the proof is rather technical, so we omit it.

ReEMARK 5.6. As the case of n =16 seems to indicate, it may be conjec-
tured that for two groups of order p’, G, and H, if the elementary divisors of
G are a finer partition than the elementary divisors of H, then G dominates H.
This would of course imply that the elementary group dominates any other

group.

Finally, a conjecture of a more general sort is
CONJECTURE. Let 7 be a partition of C(G); then 7t 4+ =77,
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