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Abstract

We consider identity excluding groups. We first show that motion groups of totally disconnected
nilpotent groups are identity excluding. We prove that certain class ofp-adic algebraic groups which
includes algebraic groups whose solvable radical is typeR have identity excluding property. We
also prove the convergence of averages of representations for some solvable groups which are not
necessarily identity excluding.
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1. Introduction

Let G be a locally compact,σ -compact metrizable group with a right invariant
Haar measurem. Let P(G) be the space of regular Borel probability measures onG.
The convolution of any two measuresµ and λ in P(G) is defined byµ ∗ λ(f ) =∫∫

f (xy) dµ(x) dλ(y) for all continuous bounded functions onG. Let Lp(G), 1 � p <

∞, be the space of all measurable functionsf with
∫ |f |p < ∞ andL∞(G) be the space

of all (essentially) bounded measurable functions onG.
For µ, λ ∈ P(G) andx ∈ G, µλ, xµ andµx denoteµ ∗ λ, δx ∗ µ andµ ∗ δx andµn

denotes thenth convolution power ofµ.
Forµ ∈P(G) andf ∈ L1(G), we define the convolution operatorµ ∗ f by µ ∗ f (x) =∫

f (xy) dµ(y) for all x ∈ G.
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We now recall that a measureµ in P(G) is calledergodic if 1
n

∑
µk ∗ f → 0 for all

f ∈ L1(G) with
∫

f = 0 andµ is calledweak mixingif 1
n

∑ |〈µk ∗ f, g〉| → 0 for all
g ∈ L∞(G) and allf ∈ L1(G) with

∫
f = 0.

It is known that any weak mixing measure is ergodic and also strictly aperiodic. The
converse of this is known asweak mixing problem. Lin and Wittmann show that strong
convergence ofµn-averages of unitary representation gives affirmative answer to weak
mixing problem (Theorem 3.1 of [7]). Thus, the relationship between ergodic and weak
mixing is closely related to the representation theoretic property, called identity excluding.
Here we investigate the class of identity excluding groups. We first observe that for groups
whose connected component of identity is compact, trivial representation is not weakly
contained in any non-trivial irreducible representation implies identity excluding. Using
this observation we prove that (i) motion groups of totally disconnected nilpotent groups
are identity excluding and (ii) a class ofp-adic algebraic groups which includes groups
whose solvable radical is typeR and the general affine group has identity excluding
property. We also show the convergence of averages of unitary representation for splitable
solvable Zariski-connectedp-adic algebraic groups.

2. Preliminaries

We introduce notions and prove lemmas that are needed to prove the main results.

Definition 2.1. A unitary representation of a locally compact groupG in a Hilbert space
H is a homomorphismT : G → Bu(H), the space of unitary operators onH such that
for eachv ∈ V , the mapg 	→ T (g)v is continuous. For any subgroupH of G and any
representationT of H , T |H denotes the representation ofH obtained by restrictingT
to H . Let I be denote the trivial irreducible representation.

Throughout this article by a group we mean a locally compact,σ -compact metric group
and by a representation we mean an unitary representation.

Definition 2.2. We say that a representationT of a groupG weakly contains the trivial
representationor I ≺ T if there exists a sequence(vn) of unit vectors inH such that
‖T (g)vn −vn‖ → 0 for all g ∈ G: such sequence(vn) of unit vectors is calledapproximate
fixed point.

Remark 2.1. The standard definition of weak containment of trivial representation requires
the convergence‖T (g)vn − vn‖ → 0 to be uniform on compact subsets ofG. It may be
seen as follows that our definition is equivalent to the standard definition: if there exists a
sequence(vn) such that‖T (g)vn − vn‖ → 0 for all g ∈ G, then for anyf ∈ L1(G) with
f � 0 and

∫
f = 1, we have‖T (f )‖ = 1 and hence by 1.3, Chapter 3 of [12],T weakly

contains the trivial representation according to the standard definition.
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Definition 2.3. We say that a groupG hasidentity excluding propertyif there is no non-
trivial irreducible representationT for which there is a dense subgroupD of G such that
ID ≺ T |D .

Definition 2.4. For anyµ ∈ P(G) and any representationT of G, the µ-averageTµ is
defined asTµ(v) = ∫

T (g)v dµ(g) for any vectorv. It is easy to see that||Tµ|| � 1.

We now recall two non-degeneracy conditions for measures on groups which are
necessary for weak mixing.

Definition 2.5. A µ ∈ P(G) is calledadaptedif the closed subgroup generated by the
support ofµ is G andµ is calledstrictly aperiodicif there is no proper closed normal
subgroup a coset of which contains the support ofµ.

Identity excluding groups was introduced in [5] and also considered in [7] and [15].
It is shown in [7] that nilpotent groups are identity excluding. Also, Lin and Witmann
proved that for adapted, strictly aperiodic measureµ on a groupG with identity excluding
property,

(1) ‖T n
µ‖ → 0 for any non-trivial irreducible unitary representationT ,

(2) (T n
µ ) converges strongly for any unitary representationT , and

(3) in addition ifµ is ergodic, thenµ is weak mixing.

We now prove some lemmas which are needed in the sequel.

Lemma 2.1. Let G be a group andH be a closed abelian normal subgroup ofG such
that G/C(H ) is finite whereC(H ) is the centralizer ofH . SupposeT is an irreducible
representation ofG such thatI ≺ T . ThenT is trivial on H .

Proof. Let T be an irreducible representation ofG in a Hilbert spaceH. SupposeI ≺ T .
For any characterχ of H , defineVχ = {v ∈ H | T (h)v = χ(h)v for all h ∈ H }. Then
it is easy to see thatVχ is a C(H )-invariant closed subspace ofH. Let χ be such that
Vχ is a non-trivial subspace. Letg0C(H ), g1C(H ), . . . , gkC(H ) be a system of coset
representative ofC(H ) in G with g0 = e. Now for each 0� i � k, define χi(h) =
χ(gihg−1

i ) for all h ∈ H . Then eachχi is a character ofH andT (gi)Vχ = Vχi = Vi , say.
Then the orthogonal sum

⊕
Vi is aG-invariant closed subspace ofH. Thus,H = ⊕

Vi .
SinceI ≺ T , there exists ai � 0 such thatI ≺ Ti whereTi is the representation ofH in Vi

given byχi . This shows thatχi is trivial and henceχ is trivial. Thus,T (H ) is trivial. ✷
Lemma 2.2. LetG be a group whose connected component of identity is compact andT be
an unitary representation ofG in a Hilbert spaceH. Suppose there is a dense subgroupH

of G and a sequence(vn) of unit vectors inH such that‖T (g)vn − vn‖ → 0 for all g ∈ H .
Then‖T (g)vn −vn‖ → 0 for all g ∈ G. In particular,I ⊀ T for any non-trivial irreducible
representation ofG impliesG is identity excluding.
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Proof. Let G0 be the connected component of identity inG. Then G/G0 is totally
disconnected and has compact open subgroups, see Theorem II.7.7 of [3]. SinceG0 is
compact,G itself has compact open subgroups. LetK be a compact open subgroup ofG.
Let HK = {v ∈ H | T (K)v = v}. Now for eachn � 1, there exists aan ∈ HK and a
bn ∈ H⊥

K such thatvn = an + bn. It can be easily seen thatH⊥
K is alsoT (K)-invariant.

This implies that forg ∈ H ∩ K, ‖T (g)vn − vn‖ = ‖T (g)bn − bn‖ → 0. SinceH is dense
in G, H ∩K is dense inK. We may assume thatH is a Borel subgroup ofG. Thus,H ∩K

is a Borel subgroup ofK. SinceK is metrizable, we can choose a countable dense subsetE

of K such thatE ⊂ H ∩ K. Let µ = ∑
x∈E rxδx whererx > 0 for all x ∈ E and

∑
rx = 1.

Thenµ is an adapted, strictly aperiodic probability measure onK such thatµ(H ∩K) = 1.
Let ρ be the representation ofK in H⊥

K such thatρ(g) is the restriction ofT (g) to H⊥
K for

anyg ∈ K. Then‖(ρk
µ − I)bn‖ → 0 asn → ∞. Supposeρk

µ − I is not invertible for any
k � 1. Then‖ρk

µ‖ = 1 for all k � 1. SinceK is a SIN-group by Theorem 2.11 of [7],I ≺ ρ.
SinceK has property(T ), H⊥

K has a non-trivialT (K)-fixed vector. This is a contradiction.
This shows that(ρk

µ − I) is invertible for somek � 1. Thus,bn → 0. Now for anyg ∈ K,
‖T (g)vn − vn‖ = ‖T (g)bn − bn‖ � 2‖bn‖ → 0. Thus,{g ∈ G | ‖T (g)vn − vn‖ → 0} is
a dense subgroup containing an open subgroupK and hence‖T (g)vn − vn‖ → 0 for all
g ∈ G. ✷

3. Motion groups

We first prove the identity excluding for motion groups of totally disconnected nilpotent
groups.

Theorem 3.1. LetG be a split compact extension of a totally disconnected nilpotent group.
ThenG has identity excluding property.

Proof. Let N be a totally disconnected nilpotent normal subgroup ofG such thatG/N is
compact. SinceG is a split compact extension ofN , it is easy to see that the connected
component ofG is compact. In view of Lemma 2.2, it is enough to show thatI ⊀ T for
any non-trivial irreducible representation.

Let T be an irreducible representation ofG such thatI ≺ T . Let Z be the center ofN .
We now prove thatT (Z) is trivial. Let K be a compact open subgroup ofZ and define
L = ⋂

g∈G gKg−1. ThenL is a compact normal of subgroup ofG. SinceI ≺ T , T (L) has
a non-trivial fixed point. SinceL is a normal subgroup ofG, space of fixed points forT (L)

is a non-trivialT (G)-invariant subspace. Thus,T (L) is trivial. SinceK is a open subgroup
of Z, N(K), the normalizer ofK is an open subgroup ofG containingN . SinceG/N is
compact,N(K) is a open subgroup of finite index inG. Thus,L is a finite intersection of
conjugates ofK. SinceZ is a normal subgroup ofG, L is a open subgroup ofZ. Now
by replacingG by G/L, we may assume thatZ is discrete. Letx ∈ Z. There exists a
finitely generated normal subgroupF of G such thatx ∈ F ⊂ Z (we may chooseF to be
the group generated by the finite set{gxg−1 | g ∈ G}). It is easy to see that Aut(F ) is a
discrete group. SinceH ⊂ Z, the center ofN andG/N is compact, the centralizer ofF is
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finite. By Lemma 2.1,T (F ) is trivial. In particular,T (x) is trivial. Sincex ∈ Z is arbitrary,
T (Z) is trivial.

SinceN is nilpotent, by using the central series ofN , we conclude thatT (N) is trivial.
Since any compact group is identity excluding,T (G) itself is trivial. Thus,G is identity
excluding. ✷

We next prove that finite extension of nilpotent groups are identity excluding.

Theorem 3.2. LetG be a finite extension of a nilpotent group. ThenG is identity excluding.

Proof. Let N be a nilpotent subgroup ofG such thatG/N is finite. Then replacingN by
a subgroup ofN , we may assume thatN is a normal subgroup ofG (the subgroup may be
chosen to be

⋂
xNx−1).

Let T be an irreducible representation ofG in a Hilbert spaceH. Suppose there exists
a dense setD of G such thatI ≺ T |D. SinceG/N is finite, D ∩ N is dense inN . Let
N0 = N andNi = [N, Ni−1] for all i > 0. ThenNk is contained in the center ofN for
somek � 0. Also,D ∩ Nk is dense inNk .

We now claim thatT is trivial. For any characterχ of Nk , we defineHχ = {v ∈ H |
T (g)v = χ(g)v for all g ∈ Nk}. Let C be the centralizer ofNk in G. ThenC is a normal
subgroup of finite index inG. Also,Hχ is C-invariant closed subspace ofH. Letχ be such
thatHχ is a non-trivial subspace. Letg0C, g1, . . . , gkC be a system of coset representative
of C in G with g0 = e. Now for each 0� i � k, defineχi(x) = χ(gixg−1

i ) for all x ∈ Nk .
Then eachχi is a character ofNk andgiHχ = Hχi = Hi , say. Then the orthogonal sum⊕

Hi is aT (G)-invariant closed subspace ofH. Thus,H = ⊕
Hi . SinceI ≺ T |D, there

exists ai � 0 such thatI ≺ Ti |D∩Nk whereTi is the representation ofNk in Hi given byχi .
This shows thatχi is trivial and henceχ is trivial. Thus,T (Nk) is trivial. Using the central
series ofN , we may prove thatT (N) is trivial. Since finite groups are identity excluding,
T itself is trivial. ✷

We now deduce the following for groups of polynomial growth. We recall that a
compactly generated groupG (with Haar measurem) is said to be ofpolynomial growthif
there exists an integerl > 0 and a constantc > 0 such thatm(Un) � cnl for all n � 1 where
U is a compact neighborhood of identity generatingG: see [2,9] for results on polynomial
growth.

Corollary 3.1. Let G be a compactly generated group of polynomial growth. Suppose the
connected component of identity is compact. ThenG has identity excluding property.

Proof. Let G be a compactly generated group of polynomial growth. By Theorem 2
of [9], there exists a compact normal subgroupK of G such thatG/K is a Lie group of
polynomial growth. Suppose the connected component of identity inG is compact. Then
G has a compact open subgroup and henceG/K also has a compact open subgroup. Since
G/K is a Lie group, this implies that the connected component of identity is a compact
open normal subgroup. Thus,G has a compact open normal subgroup, let it beL. So for
any representationT , the space ofT (L)-fixed points are invariant underG and hence it is
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enough to show thatG/L has identity excluding property. SinceG/L is a discrete group
of polynomial growth, by Gromov’s theorem in [2], we get thatG/L is a finite extension
of a nilpotent group. Now the result follows from Theorem 3.2.✷

4. p-adic algebraic groups

We first make the following observation:

Proposition 4.1. Let T be an unitary representation of a groupG. Suppose for some
f ∈ L1(G) with f � 0, T (f ) is a compact operator. ThenI ≺ T impliesT has a non-
trivial fixed point.

Proof. Let f ∈ L1(G) such thatf � 0 andT (f ) is a compact operator. Then we may
assume that

∫
f = 1. SupposeI ≺ T . Then there exists a sequence(vn) of unit vectors

such that‖T (g)vn − vn‖ → 0 for all g ∈ G. This implies that‖vn − T (f )vn‖ → 0. Since
T (f ) is a compact operator,(T (f )vn) has a convergent subsequence. By passing to a
subsequence we may assume thatT (f )vn → v. Since‖T (f )vn − vn‖ → 0, vn → v. This
implies thatT (G)v = v and‖v‖ = 1. Thus,T has a non-trivial fixed point. ✷

Thus, the above result shows that totally disconnected CCR-groups have identity
excluding property (see [1] for details on CCR-groups). It is known that only algebraic
groups that are CCR are the direct products of a semisimple group and a group of typeR

([8] and [13]). Here we prove thatp-adic algebraic groups which are semidirect product
of semisimple groups and groups of typeR have identity excluding property, that is any
p-adic algebraic group has identity excluding property if the solvable radical is typeR.
By an algebraic group over a local fieldK of characteristic zero, we mean the group of
K-points of an algebraic group defined overK.

Definition 4.1. We say that a finite-dimensional vector spaceV over a local field of
characteristic zero is oftype RΓ where Γ is a group of automorphisms ofV , if the
eigenvalues of each element ofΓ are of absolute value one. We say that a Lie groupG

is of typeRΓ whereΓ is a group of Lie automorphisms ofG, if the Lie algebra ofG is
of typeRΓ and a Lie groupG is said to be oftypeR if G is of typeRAd (G) where Ad is
the adjoint representation ofG: see [4] for results on typeR real Lie groups and [14] for
results onp-adic Lie groups of typeR.

Theorem 4.1. Let G be any p-adic algebraic group. LetU be the unipotent radical
of G. Let U0 = U , Ui = [U, Ui−1] for i > 0. For any i > 0 and for anyG-invariant
subspaceW of Ui/Ui+1 defineφi,W : G → GL(W) by φi,W (g)xUi+1 = gxg−1Ui+1 for
all xUi+1 ∈ W ⊂ Ui/Ui+1. Suppose for eachi > 0 and W as above, eitherφi,W (G) is
non-amenable orW is of typeRφi,W (G). ThenG has identity excluding property.

Remark 4.1. SupposeG is an algebraic subgroup ofGL(W), for some finite-dimensional
vector spaceW . SupposeG is reductive. ThenG is amenable implies thatG has no non-
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trivial non-compact simple factors. Thus, for amenableG, W is of typeRG if and only if
the center ofG has no split torus, that is anisotropic.

Proof. Let S be a reductive Levy subgroup ofG andU be the unipotent radical ofG.
ThenG is the semidirect product ofS andU . Let Z be the center ofU . ThenZ contains
Uk wherek � 0 is such thatUk �= (e) but Uk+1 = (e). Let V = Uk .

We prove the result by induction on dimension ofU . It may be noted thatG/W satisfies
the hypothesis for any irreducibleG-invariant subspaceW of V . Suppose dim(U) = 0.
ThenG is a reductive group. SinceG is a CCR-group,G has identity excluding property.

If dim(U) > 0. ThenV is a non-trivial normal subgroup ofG. SupposeV contains a
irreducibleG-subspaceW such that the image ofG in GL(W) is non-amenable. It is easy
to see that the action ofG on Ŵ is also irreducible. By 4.15 and 5.15 of [16], we get
that (G, W) has strong relative property(T ) (see [16] for details). LetT be a irreducible
representation ofG such thatI ≺ T . Define a representationT1 of the semidirect product
of G andW by T1((g, w)) = T (gw). ThenI ≺ T1|G and henceT1(W) has a non-trivial
fixed point. So,T (W) has a non-trivial fixed point. SinceW is a normal subgroup,T (W)

is trivial. Now by induction hypothesisT (G/W) is trivial and henceT (G) is trivial.
Suppose, for any irreducibleG-subspaceW of V , the image ofG in GL(W) is

amenable. Then by assumptionW is of typeRφi,W (G). This implies that any split torus ofG,
centralizesW and sinceU centralizesW , φi,W (G) is compact. Thus,{gxg−1 | g ∈ G} is
compact inV for anyx ∈ V .

SupposeG is ap-adic algebraic group, thenV is a increasing union of compact normal
subgroups ofG. Let (Mi) be a sequence of compact normal subgroups ofG such that
V = ⋃

Mi andMi ⊂ Mi+1 for all i > 0. LetT be an irreducible representation ofG such
that I ≺ T . Then for eachi > 0, I ≺ T |Mi . For eachi > 0, sinceMi has property(T ),
T (Mi) has a non-trivial fixed point. For eachi > 0, sinceMi is normal inG, the space
of fixed points ofT (Mi) is a non-trivialT (G)-invariant closed subspace. Thus,T (Mi) is
trivial for all i > 0. This shows thatT (V ) is trivial. By applying induction hypothesis to
G/V , we get thatT is trivial. Thus, by Lemma 2.2,G has identity excluding property.✷
Corollary 4.1. SupposeG is ap-adic algebraic group whose solvable radical is of typeR.
ThenG satisfies the hypothesis of Theorem4.1andG is identity excluding.

Proof. Suppose for somei > 0, there is an irreducible normal subgroupW of Ui/Ui+1

such that the image ofG in GL(W) is amenable. Then any semisimple Levy subgroup ofG

has only compact orbits inW . Since the solvable radical is of typeR, Gx is compact for
anyx ∈ W . Thus,G satisfies the hypothesis of Theorem 4.1.✷

The following is easy to verify.

Corollary 4.2. The semidirect product of GLn(Qp) and Qn
p (for n > 1) verifies the

hypothesis of Theorem4.1but its solvable radical is not of typeR.

We now prove a partial converse to Theorem 4.1.
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Theorem 4.2. Let G be ap-adic algebraic group andU be the unipotent radical ofG.
Suppose the solvable radical ofG is not of typeR and U is of typeRL whereL is a
semisimple Levy subgroup ofG. ThenG is not identity excluding.

Proof. It is enough to prove the result for a quotient group ofG. Let S be the solvable
radical ofG. SinceS is not of typeR, let U ′ = [U, U ], thenS/U ′ is also not of typeR.
Thus, replacingG by G/U ′, we may assume that unipotent radical is abelian. SinceS is
not of typeR, there exists an elementx ∈ S such that the subspace{v ∈ U | xnvx−n → e}
is non-empty and it isG-invariant. Thus, again replacingG by a quotient ofG, we may
assume that the split torusAs of S is one-dimensional and for anyx ∈ As \ (e), x or x−1

contractsU .
Now, letχ be a non-trivial character ofU . Let H be the stabilizer ofχ in the reductive

Levy part ofG. Defineρ on H U by ρ(hu) = χ(u). Thenρ defines an irreducible unitary
representation ofH U . Now by Mackey’s normal subgroup analysis (see [10] and [11]),
the induced representationT of G from ρ is irreducible. We now claim thatI ≺ T . Let
G1 = AsH U . By assumption, the non-compact simple factors ofL centralizesU . This
implies thatG/G1 is compact. LetT1 be the induced representation ofG1 from ρ. Then
T is the induced representation fromT1, by Chapter III, 1.11 of [12], it is enough to show
thatI ≺ T1. As in example of [5], we can prove thatI ≺ T1. ✷

5. Convergence of representation averages for some solvable algebraic groups

Lin and Witmann show that the convergence of(T n
µ ) in the strong operator topology

implies that any strictly aperiodic ergodic measure is weak mixing. We now consider
convergence of(T n

µ ) for measures on any solvable groups. We have proved that solvable
p-adic algebraic groups are identity excluding if and only if it is of typeR, here we prove
that µn-averages of representations on split solvablep-adic algebraic groups (which are
not necessarily identity excluding), are strongly convergent. We recall that a solvablep-
adic algebraic group is calledsplit if maximal torus is splitting.

Theorem 5.1. Let G be a split solvable Zariski-connectedp-adic algebraic group which
is not of typeR. Letµ be an adapted and strictly aperiodic probability measure onG. Let
T be a representation ofG. Then(T n

µ ) converges in the strong topology.

Proof. In view of Theorem 2.2 of [7], we may assume thatT is irreducible. LetU be the
unipotent radical ofG. Let A be a maximal of torus ofG. SinceG is split, A is a split
torus. SinceG is not of typeR, both U andA are non-trivial. Then the center ofU is
non-trivial. LetZ be the center ofU . ReplacingG by G/ ker(T ), we may assume thatT is
a faithful representation. We also assume thatT has an approximate fixed point, otherwise
T n

µ converges. SinceT is faithful, G has no non-trivial center.
Let Ẑ be the dual ofZ. We now claim that the stabilizer of a non-trivial point in̂Z is a

proper subgroup ofG. Suppose there is a non-trivial pointχ in Ẑ whose stabilizer is the
whole group. Then there exists a one-dimensional subspaceW of Z, which is a normal
subgroup ofG. ThenW is either typeRG or W is contracted by an element ofA. Suppose
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W is type RG. Then sinceG is a split solvable group,G action onW is trivial. Since
center ofG is trivial, this is a contradiction. So, we may assume that there is an elementg

of A contractingW . Thenχ(x) = g−n · χ(x) = χ(gn · x) → 1 for anyx ∈ Z. This is a
contradiction. Thus, the stabilizer of any non-trivial point ofẐ is a proper subgroup ofG.

By Mackey’s theorem (see 13.3, Theorem 1 of [6]), there exists a proper subgroupH

containingU and an irreducible representationρ of H in a Hilbert spaceE such that the
induced representation ofG from ρ is T (up to equivalence).

We now claim thatG is a semidirect product of an abelian group andH . Let A0 =
A ∩H . ThenA0 is subtorus ofA. SinceA splits inG, there exists a subtorusA1 of A such
thatA is the direct productA0 × A1. SinceA0 is a proper split torus,A1 is a non-trivial
split torus.

Hence, we identifyG/H with A1. Let m be Haar measure onA1. Then under the
identification,m is aG-invariant measure onG/H .

Let L2(G, H, ρ) be the space of all measurable functionsf : G → E such that

(i) f (xh) = ρ(h)f (x) for all x ∈ G andh ∈ H ,
(ii)

∫
A1

‖f (x)‖2 dm(x) < ∞.

Since the induced representation fromρ is T , T is defined onL2(G, H, ρ) by T (g)f (x) =
f (gx) for all f ∈ L2(G, H, ρ) and allx, g ∈ G (see Chapter I, 5.2 of [12]).

Now for anyg ∈ G, there exists uniques ∈ A1 and uniqueh ∈ H such thatg = sh.
Thus, forf ∈ L2(G, H, ρ), we have

‖Tµf ‖2 =
∣∣∣∣
∫
A1

〈
Tµf (x), Tµf (x)

〉
dm(x)

∣∣∣∣
�

∫
A1

∫
G

∫
G

∣∣〈f (g1x), f (g2x)
〉∣∣dµ(g1) dµ(g2) dm(x)

�
∫
A1

∫
G

∫
G

∣∣〈ρ(
x−1h1x

)
f (s1x), ρ

(
x−1h2x

)
f (s2x)

〉∣∣dµ dµ dm

where g1 = s1h1 and g2 = s2h2

�
∫
A1

∫
G

∫
G

∥∥f (s1x)
∥∥∥∥f (s2x)

∥∥dµ dµ dm.

Let λ be the image ofµ in A1 under the canonical mapg 	→ s andR be the regular
representation ofA1 in L2(A1). Then from the above calculations we get that‖T n

µ f ‖ �
‖Rn

λF‖ whereF (x) = ‖f (x)‖ for all x ∈ A1. Since nilpotent groups are identity excluding
andA1 is non-compact, we get that‖T n

µ f ‖ → 0. ✷
We now consider any split solvable group.
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Theorem 5.2. Let G be any split solvable Zariski-connectedp-adic algebraic group
and µ be an adapted and strictly aperiodic probability measures onG. SupposeT is a
representation ofG. Then(T n

µ ) converges strongly.

Proof. SupposeG is of type R. Then G is a nilpotent group and hence it is identity
excluding. SupposeG is not typeR, then strong convergence of(T n

µ ) follows from
Theorem 5.1. ✷
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