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1. Motivation

Algorithms for polynomial real root isolation are an important part of computer algebra but
few lower bounds are known for their maximum computing time functions. One exception is the
continued fractions method (CF-method) due to Vincent (1836) and recommended by Uspensky
(1948). Collins and Akritas (1976) proved that the maximum computing time of the CF-method is at
least exponential in the length of the coefficients of the input polynomial. That lower bound motivated
two algorithmic innovations, the bisection method by Collins and Akritas (1976) and the CF-method
with root bounds. The computing time of the bisection method has a polynomial upper bound. The
CF-method with root bounds was proposed by Akritas (1978, 1980). Sharma (2007, 2008) modified
Akritas’s method by employing different root bounds in order to obtain a polynomial upper bound for
the computing time. To this day no non-trivial lower bounds are known for the maximum computing
time functions of the bisection method and the CF-method with root bounds.

We show that, when classical computation is used, the maximum computing time of the
CF-method with root bounds dominates n> where n is the degree of the input polynomial. Our result
applies to Akritas’s original method (1978, 1980) and to variants that use other root bounds. Such
variants were recently considered by Akritas et al. (2007), by Tsigaridas and Emiris (2008), and by
Sharma (2008).

There is no conjecture in the literature that the CF-method with root bounds can require
computing times as large as n> when classical computation is used. The computing times reported
by Akritas (1978, 1980) for Chebyshev polynomials and for polynomials with random roots seem to
be dominated by n*. Also the computing times reported by Tsigaridas and Emiris (2008, Table 1) seem
to be dominated by n* or perhaps by n* log n; Tsigaridas and Emiris consider Laguerre polynomials,
Chebyshev polynomials of the first and second kind, Wilkinson polynomials, Mignotte polynomials
and also the reducible polynomials

(" — 2(101x — DA (" — 2((101 + 1/101)x — 1)), (1.1)

whose computing times seem to be dominated even by n®. Tsigaridas and Emiris then assert that larger
computing times can be obtained using the reducible polynomials

(" = 2(ax — D) (" — (ax — 1)) (1.2)

which were introduced by Eigenwillig et al. (2006) in a paper on the bisection method. The reducible
polynomials in lines (1.1) and (1.2) could be called double-Mignotte polynomials since their two
factors were introduced by Mignotte (1981, 1982, 1995). Sharma (2007, Section 5) conjectures that,
for the polynomials in line (1.2), the number of nodes in the recursion trees of the CF-method with
root bounds dominates n log a.

In the present paper we consider input polynomials for which the CF-method with root bounds
operates identically to the CF-method. We prove for the polynomials

Ap(®) = x" — 2(x* — 3x + 1)? (1.3)

that the tree height of the CF-method is | n/2]+2 if nis different from 6 and 10. Unlike the polynomials
in line (1.2), the polynomials A, are irreducible. We completely describe the recursion trees for those
polynomials. We then investigate the coefficients of the polynomials that are associated with the
nodes of the recursion trees. This allows us to show that the computing time of the CF-method with
input A, dominates n°.

Johnson (1991, Theorem 57) claimed to have proved in just a few lines that the maximum
computing time of the bisection method by Collins and Akritas (1976 ) also dominates n°. But Johnson’s
original result and also a slightly revised version (1998, Theorem 17) are seriously flawed. Johnson
considers the polynomials

Sp(x) = X" — 2(ax — 1)° (1.4)

where a > 3 and n > 3. Johnson argues that either the polynomials S, (x) or the polynomials
Sqa(—x + 1) require a computing time that dominates n°. The polynomials S,(x), introduced by
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Fig. 2.1. Composition of root matchings.

Mignotte (1981, 1982), have a pair of close real roots, one on either side of 1/a. The distance between
either root and 1/a is less than a~"/>~1. Johnson concludes that the number of bisections required
to separate the two roots dominates n, a fallacy in case 1/a is a bisection point. The polynomials
Sn(—x+1) have a pair of close real roots, one on either side of 1— 1/a. This solves a perceived number-
theoretical problem: If the binary expansion of 1/a does not contain sufficiently many digits 1, then
the expansion of 1 — 1/a will. Johnson asserts without proof that the bisection method will call itself
for polynomials that are dense and have long coefficients. How dense? How many of the coefficients
are long? Do their signs matter? There is no proof here, just speculation. Some statements do not make
any sense, for instance the assertion that the length of an arbitrary level number in the recursion tree
of the bisection method is codominant with the height of the tree. A few more errors can be discerned
but much of the presentation is unclear.

Eigenwillig et al. (2006) show that the height of the recursion tree of the bisection method for
the double-Mignotte polynomials in line (1.2) dominates n log a. This is the only lower bound those
authors prove for the maximum computing time of the bisection method. So it is still an open
question whether the maximum computing time of the bisection method dominates n®. Experimental
evidence (Johnson, 1991, 1998; Rouillier and Zimmermann, 2004; Akritas et al., 2006) suggests
that Mignotte polynomials with a suitable choice of a perhaps require a computing time that
dominates n°.

In Section 2 we present the CF-method and characterize the intervals that can appear in its output.
We also define the universal CF-tree, a notion we use in Section 3, “A Road Map”, to construct difficult
input polynomials. That section also provides an overview of the remainder of the paper.

2. The CF-method

Our statement of the CF-method uses only the reciprocal transformation and translation by one.
But our results carry over to versions of the method that use root bounds and translations by integers
greater than one.

2.1. The algorithm

Definition 1. The translation transformation transforms a polynomial A into the polynomial T(A) (x) =
A(x+ 1). The translation mapping t : C —> Cis defined by t(z) = z + 1. The reciprocal transformation
transforms a polynomial A into the polynomial R(A)(x) = x%¢@A(1/x). The reciprocal mapping
r : C— {0} — C — {0} is defined by r(z) = 1/z. Let M be a polynomial transformation and I
and J bounded or unbounded intervals and m : I — J a bijective mapping. We call the pair (M, m) a
root matching for (I, ]) if, for all real polynomials A and all elements a € I, a is a root of M(A) if and
only if m(a) is a root of A.

Note that the pair (T, t) is a root matching for ((0, c0), (1, o0)) and that (R, r) is a root matching
for ((1, 00), (0, 1)). Root matchings can be composed as shown in Fig. 2.1: If I, ] and K are intervals
and (P, p) is a root matching for (I, J) and (Q, q) is a root matching for (J, K) then (PoQ, gop)isa
root matching for (I, K). In particular, (ToR, r o t) is a root matching for ((0, c0), (0, 1)). Thus, if, for
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any polynomial A and any interval I, Z(A, I) designates the set of roots of A in I then

Z(A, (0, 00)) = t(Z(T(A), (0, 00)))
U Z(A {1}) U (rot)(Z(ToR)(A), (0, 00))). (2.1)

Eq. (2.1) allows us to isolate the roots of A in (0, oo) by isolating the roots of A; = T(A) and
A; = (ToR)(A) in (0, 00). We will now state the Descartes rule of signs which will serve as a
terminating condition.

Definition 2. Leta = (ay, .. ., a,) be a finite sequence of real numbers. The number of sign variations
in g, var(a), is the number of pairs (i, j) with0 < i <j <nandag < Oand g1 = --- = gj_1 = 0.
Let A be the polynomial ag + a1x + - - - + a,x". The number of coefficient sign variations in A, var(A), is
var(a).

Theorem 3 (Descartes Rule of Signs). For any nonzero real polynomial the number of coefficient sign
variations exceeds the number of positive real roots - counting multiplicities - by a nonnegative, even
integer.

The Descartes rule of signs is well known; Krandick and Mehlhorn (2006) provide a proof and historical
remarks. Only two special cases are needed for the CF-method: if a polynomial has no coefficient sign
variations then it has no positive roots, and if it has exactly one coefficient sign variation then it has
exactly one positive root. Otherwise, Eq. (2.1) can be applied where the roots of A; and A, are isolated
recursively as shown in Algorithm 1. Line 17 of the algorithm maps the isolating intervals for A; and
A, back to isolating intervals for A.

Algorithm 1 Continued fractions algorithm (CF-method). The expressions m(CF(B)) in line 17 stand
for {m(I) | I € CF(B)}.
1: procedure CF(A)

2: Input: A, a squarefree integral polynomial.
3: Output: L, a set of isolating open or one-point positive intervals for the positive roots of A.
4 v < var(A)

5: if v = 0 then

6: L0

7 else if v = 1 then

8 L < {(0, o0)}

9: else

10: Ay < T(A)

11: A, < (ToR)(A)

12: if A(1) = 0 then

13: K < {{1}}

14: else

15: K<

16: end if

17: L < t(CF(A1)) U (r o t)(CF(A2)) UK
18: end if

19: return(L)
20: end procedure

Definition 4. We call the recursion tree that Algorithm 1 associates with an input polynomial A the
CF-tree of A. The root of the tree is the original invocation of the algorithm for the input polynomial
A. The left child of each internal node is the call CF(A,), the right child is the call CF(A,). We represent
each node of the tree by a string of 1’s and 2’s. The root of the tree is represented by the empty string
€. If a parent is represented by the string s then the left child is represented by s1, and the right child
by s2. In contexts where a string might be misconstrued as an integer we will enclose the string in
quotation marks; for example, we may say that node “2” is the parent of node “21”. The level of node
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s is the length of s; the height of the tree is the maximum level of any node. We associate each node s
with a root matching (M, my) as follows.

M¢, me) = (Id, id)

(Mg1,mg1) = (ToM, mgot)

My, mgy) = ((ToR) o Mg, mgo (rot)).
Furthermore we define

A; = Ms(A) and [ = mg((0, 00)).

As Algorithm 1 descends from the root of the tree to a node s, it transforms the input polynomial
A into the polynomial A by successively applying transformations T and T o R. The composition of
these transformations is the transformation M. When the recursive calls return, the interval (0, co)
is mapped onto the interval I; by successive application of mappings t and r o t. The composition of
these mappings is the mapping ms.

Whenever Algorithm 1 terminates, the results are correct; this can be shown by induction on the
height of the CF-tree. It is not obvious that Algorithm 1 will always terminate, but Vincent (1836)
proved that it will. Alesina and Galuzzi (1998, 1999) provide an insightful discussion of Vincent's
result.

In our computing time analysis we will, for given input polynomials A, track the real and nonreal
roots of the polynomials A on the basis of the following theorem.

Theorem 5. Let A be a nonzero polynomial that does not have any rational root, and let (M, m) be a
composition of root matchings (T, t) and (R, r). Then M(A) is a nonzero polynomial that does not have
any rational root, and the linear fractional mapping m bijectively maps the roots of M(A) onto the roots
of A, preserving the multiplicity of each root, the relation of complex conjugacy, the property of being real
and the property of being nonreal.

Proof. It suffices to consider compositions of length 1. Write A as the product of its linear factors over
C, and verify the assertions for each of the two root matchings. O

2.2. The universal CF-tree

We now define a tree that does not depend on any particular input polynomial. The tree will contain
all the nodes and all the intervals that might arise in the CF-tree of a given polynomial. Each node will
have exactly two children, so the tree will be infinite.

Definition 6. The universal CF-tree is defined as follows. The set of nodes is the infinite set {1, 2}* of
the strings of 1’s and 2’s. The empty string, ¢, is the root of the tree. Each node s has a left child, the
node s1, and a right child, the node s2. The level of node s is |s|, the length of s. Each node s is associated
with a root matching (Ms, m;) using the recursive formulas of Definition 4. Moreover, each node s is
associated with the interval Iy = m((0, 00)).

One can show that, in the universal CF-tree, every finite, full subtree that contains the root arises as
the CF-tree of some input polynomial.

Let s be a node of a CF-tree or of the universal CF-tree. Then the mapping m; is a composition
of translations t(x) and reciprocal mappings r(x). Each of these mappings can be written as a linear
fractional mapping,

ax—+b

—_——,

cx+d

In the literature, linear fractional mappings are sometimes called Mdbius transformations, but here
we reserve the word “transformations” for operations on polynomials. It is well known that the
coefficients of a composition of linear fractional mappings can be obtained by multiplying the

corresponding matrices (Knopp, 1952, for example). We use this fact to define a representation of
the mapping m; by a matrix mg with coefficients as, bs, cs, d;.

and be represented by the matrix |:g Z] .
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Definition 7. Let

me — as1 bsl _ as bs 1 1 _ as as+b5
ST e da| |6 ds||0 1|7 | o +ds

bs a5+ bs
d ¢ +ds|”

is a non-empty product of matrices

1 1 0 1
m =, 4 and my = 11
ifand only if a, b, c, d are integers such that 0 < a < band 0 < ¢ < d and |ad — bc| = 1; in that case,

the factorization of m into matrices m; and m, is unique, and ad — bc = (—1)" where h is the number of
times the matrix my, occurs as a factor in the product.

Proof. The “only if’-part and the assertion concerning h can be shown using the multiplicativity of
the determinant function and complete induction on the length of the total number of matrices in the
product. Uniqueness: Let S = (sq,...,s) and T = (ty, ..., t;) be sequences of matrices m; and m,
such that S # T. Each sequence defines a path from the root of the universal CF-tree. Let s and t be
the respective end nodes. Then ms = s1--- S, m; = t;---t, and s # t. It is easy to see that Iy # I,
but that means m;((0, 00)) # m,((0, 00)) and, in particular, mg # m,. But then m; # m;.

To show the “if’-part, let

a,b,c,dintegersand 0 <a<band0 <c <dand |ad — bc| = 1. (2.2)

We will show that m can be factored into a product of matrices m; and my. It suffices to show that m
can be factored into a product of matrices

[(1) ﬂ and [‘1) }] (2.3)

where f takes positive integer values. Indeed, the first matrix equals m[1 and the second equals

m, - mfl_l. We will show that Algorithm 2 performs the latter factorization. We start by showing
that, whenever the loop condition in line 6 of the algorithm is tested,

a

line (2.2) holds and m = |:C

Z] -S1---S,whereS = (sq,...,Sg). (2.4)

Line (2.4) clearly holds when the loop condition in line 6 of the algorithm is evaluated for the first
time since, at that point,

m=[g Z} and S = ().

We now assume that line (2.4) holds, and thata % Oandc # 0.Then1 <a < band1 < ¢ < d,
the quotients in the assignment e <— min(|b/a], |d/c]) on line 7 of the algorithm are well-defined,
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Algorithm 2 The algorithm serves to characterize the intervals in the universal CF-tree. The proof of
Theorem 8 contains a correctness proof.

1: procedure FACTOR(m)

2: Input: m = |:(Cl Z:| where a, b, c, d are integers,0 < a <band0 < c < dand |ad — bc| = 1.

3: Output: S = (sq, ..., Sg), a list of matrices [(]) ﬂ or [(1) }] where f takes positive integer

values, such thatm = s; - - - s;.

@ S<0
5: (a, b, c, d) < the coefficients of m
6: whilea # 0andc # 0do
7: e < min(|b/a],|d/c])
8: b < b—ae
9: d «d—ce
10: insert [(1) ::| at the head of S
1. a bj (b a

: c d d c
12: end while
13: if c = 0 then
14: insert |:(]) 11):| at the head of S
15: else

. 0 1

16: insert [1 d:| at the head of S
17: end if
18: return(S)

19: end procedure

and e > 1. Moreover, the integers b’ = b — aeand d’ = d — ce in lines 8 and 9 of the algorithm are
nonnegative. Also, ad’ — b'c = a(d — ce) — (b — ae)c = ad — bc so that
lad —b'c| = 1. (2.5)
By the definition of e we have b’ < aord < c.Incaseb’ < awehave 0 < b’ < a — 1, so, using
Eq. (2.5),
1+bc 14+ (a—1)c 1—c
< < = +

a a

d/

<c.

The case d’ < c is analogous; we have 0 < d’ < ¢ — 1 and hence, again using Eq. (2.5),

14+ad 1+a(c—-1) 1—a
= = =a+ <a.

C C

b/

Combining the two cases, we havebothO < b’ <aand 0 < d' < corboth0 <d <cand0 <b <a.
Furthermore,

e B P

so that line (2.4) holds when line 6 of the algorithm is executed again. This proves that line (2.4) is a
loop invariant.

The loop condition will eventually become false. Indeed, we have seen that the loop body computes
new values for a and c that are each at most as large as the corresponding old value, and such that
at least one of the new values is strictly less than the corresponding old value. But since a and c are
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nonnegative, one of a and c will eventually become 0. Then line 13 of the algorithm will be executed.
At that point, a = 0 or ¢ = 0, and the loop invariant, line (2.4), holds.

If c = 0then |ad| = 1soa = d = 1. Therefore, if S = (s1, ..., s¢) then
_ [a b] . [ T
m= c d <818 =
Note that b > 1since 1 = a < b. If, however, ¢ # 0 when line 13 is reached thena = 0, so |bc| = 1
and hence b = ¢ = 1. Therefore, if S = (sq, ..., sy) then

S

-S1-+-Sg.

O
—_

m=|? b S-S = [0 1 S S
=l; gl sis=1{7 g5
Note that d > 1since 1 = ¢ < d. So, when line 18 of the algorithm is executed and S = (s, ..., Sk)

then m = s;---s. Since all the elements that were inserted into S are of the form described in
line (2.3), the proof is complete. O

We can now characterize the intervals in the universal CF-tree.

Theorem 9. Aninterval I occurs in the universal CF-tree ifand only if | = (b, co) where b is a nonnegative
integer orl = (a/c, b/d) where a, b, c, d are integers such that ad — bc = —1 and either bothO < a <b
and1 <c <dorbotha>b>0andc >d > 1.

Proof. An interval I occurs in the universal CF-tree if and only if I = m((0, c0)) where m(x) =
(ax + b)/(cx + d) is a mapping represented by a matrix

m=le

that occurs in the tree. By Theorem 8, the matrix m occurs in the tree if and only if m is the identity
matrix or a, b, c, d are integers suchthat0 < a <band0 <c <dand |ad — bc| = 1.Incasec = 0
both a and d must be equal to 1 so that m(x) = x + b and, hence, I = m((0, 00)) = (b, 00). In case
¢ >0andad — bc = —1wehaved > 0Oand a/c — b/d = —1/(cd) < 0sothatl = (a/c, b/d).In
casec > Oand ad — bc = 1we haved > Oand a/c — b/d = 1/(cd) > Osothatl = (b/d, a/c).
Letting (a’, b’, ¢/, d") = (b, a, d, c) we see that] = (a’/c’,b’'/d") and d'd’ — b’c’ = bc —ad = —1 and
d>b>0andc’ >d >1. O

Remark 10. Theorem 9 can be used to show that every nonnegative rational number occurs as an
interval endpoint in the universal CF-tree. One can further construct a level-preserving permutation
o on the set {1, 2}* of nodes s such that the function s > m, (1) defines the Stern-Brocot tree
described by Graham et al. (1994).

Lemma 11. The matrix coefficients as, bs, cs, d; have the following properties.
1. Ifs € {1}* then

me— |9 bs| _|1 sl
T le d]T [0 1]
2. Ifs ¢ {1}" then
b
m=[e &)

and as, bs, c,, dg are integers and 0 < a; < by and 1 < ¢; < d, and a,ds — bscs = (—1)" where h is
the number of times 2 occurs in s.

o

Proof. Assertion (1): Use induction on |s|, the length of s, starting with |s| = 0. Assertion (2): By
Theorem 8,0 < a; < b;and 0 < ¢; < d, and a,d; — bse, = (—1) forall s € {1, 2}*, so it suffices
to show that ¢; > 0 for all s ¢ {1}*. Note first that d; > 0 for any s € {1, 2}*. Indeed, if d; = 0 then
¢s = 0 and hence |asds — c;bs| = 0, a contradiction. So, for any s € {1, 2}*, ¢, = d; > 0. Also note
that, for all s € {1, 2}* and all v € {1}*, ¢, = ¢, by induction on |v|. Now lets ¢ {1}*. Thens = u2v
forsomeu € {1,2}*and v € {1}*,s0¢;, = Cyppy = Cp > 0. O
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Theorem 12. The intervals in the universal CF-tree have the following properties.
1. Ifs € {1}* then I is an unbounded interval,
IS = (|S|7 OO).

2. If s ¢ {1}* then I is a bounded interval with nonnegative rational endpoints. If the number of
occurrences of 2 in s is even then

I = (E,ﬁ).
ds ¢

If the number of occurrences of 2 in s is odd then

I, = (ﬁ, %)
¢ d
In either case, the width of Is is 1/(cds), and 0 < a; < bs, 1 < ¢; < ds ged(as, ) = 1,
ged(b, dg) = 1.

Proof. Use Lemma 11 and thatI; = m,((0, co)) foralls € {1, 2}*. Note in particular that |asds—cshs| =
1 implies gcd(as, ¢;) = 1and ged(bs, ds) = 1. O

3. Aroad map

We explain our construction of difficult input polynomials by comparing it to related work in the
literature, and we provide an outline for the remainder of the paper.

3.1. Constructing difficult polynomials

The universal CF-tree can be used to construct difficult input polynomials. Indeed, one can show,
using Definition 7 and Theorem 12, that the two widest intervals < 1atlevel h, h > 0, are the intervals
(0,1/h)and (1—1/h, 1).Let abe an integer, a > 2. Then the latter interval contains the roots 1 —1/a
and 1—1/(a+1) of the quadratic polynomial (ax— (a—1))((a+ 1)x—a) ifand only if h < a. Thus, the
height of the CF-tree of that polynomial is at least a. In particular, the height is not dominated by any
polynomial function of the maximum coefficient length. This observation is due to Collins and Akritas
(1976) who also assert that one can construct a similar example for every degree > 2. Note that, for
h > 2, the intervals (1 — 1/h, 1) appear in the universal CF-tree along the leftmost path that starts at
node 22; indeed, (1 — 1/h, 1) = I; where |s| = hand s = 221...1.

Akritas (1978) proposes to jump over leftmost paths in CF-trees by computing root bounds. Let s be
anode in the CF-tree of some input polynomial A, and let the integer h be a nonnegative lower bound
for the positive roots of the polynomial A;. Then the roots of A in the interval (0, co) are the roots of
A; in the interval (h, co), and those roots are the roots of T"(A;) in the interval (0, co), translated by
h. In the CF-tree, the polynomial T"(4;) appears on level |s| + h, at node s1. .. 1, and its computation
from A requires h translations by 1. Akritas proposes to perform a single translation of A; by h instead
to obtain the polynomial A;; ; = T"(A,), effectively jumping from node s to node s1... 1.

We will construct input polynomials whose CF-trees each contain a long rightmost path; this will
preclude the application of Akritas’s idea. Each rightmost path will be an initial segment of the infinite
rightmost path S that starts at node 21. Let s € S be a node on that path. Then s = 21t for some string
T € {2}, and

L=(rot)oto(rot)™) (0, c0)).

The intersection of the intervals I, s € S, consists of the point a = ((r o t) o t)(§) where & is the
positive fixed point of the linear fractional mapping r o t. We have £ = (/5 — 1)/2 and, hence,
a=3- ﬁ)/z. One can show, using Definition 7 and Theorem 12, that the intervals containing a or
& are the intervals of smallest width among the intervals on the same level of the universal CF-tree.
If an input polynomial has two real roots close to a, the CF-tree will contain an initial segment of the
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a b @ C . S

Fig. 3.1. (a) Applying Mignotte’s construction. The diagram shows the graphs of x> (dotted), —2(x*> — 3x + 1)? (dashed) and
As(x) = x° — 2(x2 — 3x + 1)? (solid) in the interval (a — 0.04, a + 0.04) C (0, 1) where a = (3 — +/5)/2; the horizontal line
represents the x-axis. (b) The CF-tree of the polynomials Ag, Ag and A¢; for each node, the number of sign variations is shown.
(c) The roots of - from top to bottom - By = Ay, B3 and By4. The horizontal lines represent the real axis, ¢ is the golden ratio.
The two close real roots, indistinguishable for By, are repelled from 1/¢ in the diagrams for B; and B4 while the other roots are
attracted to —¢.

path S. We obtain such input polynomials by exploiting an idea of Mignotte (1981, 1982) as shown in
Fig. 3.1(a).

Mignotte subtracts from x", n > 3, the square of a linear polynomial that has a root in the interval
(0, 1). Let the linear polynomial be bx— 1 where bis aninteger, b > 2. Then one obtains the polynomial
X" — (bx — 1)? which has two close real roots, one on either side of 1/b. As n increases, the distance
between the roots approaches 0. Finally, Mignotte inserts the factor 2, yielding x* — 2(bx — 1)?, so that
Eisenstein’s irreducibility criterion becomes applicable. But these polynomials are not difficult for the
CF-method. Indeed, by the first paragraph of this section, the two close roots are elements of disjoint
intervals on level b of the CF-tree, regardless of the value of n. Moreover, the node with the isolating
interval (0, 1/b) can be reached from node 2 using a leftmost path of length b — 1.

We modify Mignotte's construction by subtracting from x", n > 5, the square of a quadratic
polynomial with the root a € (0, 1). The quadratic polynomial is easily determined by noting that
a= (rot)(¢) where¢p = (1+ ﬁ)/Z is the golden ratio. Since ¢ is a root of the polynomial x> —x — 1,
the number a is a root of the polynomial (ToR)~!(x?> — x — 1) = x*> — 3x + 1. So we will consider the
polynomials X" — 2(x*> — 3x 4+ 1)? forn > 5.

3.2. Proof strategy

We now outline our plan for proving Theorem 87. We start with some notation. Let B(x) =
x*—3x+1andA,(x) = x"—2B(x)> withn > 5.Let ¢ = (14++/5)/2anda = 1/¢? = (3—+/5)/2.Then
a is a root of B(x). We will often use approximate values of ¢ and a, which are ¢ = 1.6180339887 ...
and a = 0.3819660113. ... We will also frequently use the equation ¢*> = ¢ + 1. Furthermore we
will use the Fibonacci numbers Fj, which are inductively defined for k > 0 by Fy = 0, F; = 1 and
Fiy2 = Fyy1 + Fx. On occasion we will extend the definition to all k < 0 by the same equation, used
in the form F; = Fi4o — Fiy1. We then have F_; = 1 and, for all integers k, F_; = (—1)**'F,. Table 1
lists more symbols that we will use.

The first half of the table lists symbols used in Sections 4 and 5 where we determine the CF-trees
of the polynomials A.

Section 4 We show that A, has two real roots that are very close to a.

Section 5.1 We describe the structure of the CF-tree of A, in terms of the tree height. This involves an
explicit determination of var(A;) for the nodes s = 1 and s = 2; in each case, var(As) does
not depend on n. For the other nodes s of the tree we use a property called “subadditivity” to
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Table 1
Symbols in order of their appearance.

B(x) =x* —3x+ 1.

An(X) = X" —2B(x)? =x" —2x* +12x> — 22x* + 12x — 2, n>5.

¢ =0+ \/5)/2 = 1.6180339887 ... ., the golden ratio, ¢*> = ¢ + 1.
a=1/¢> = (3 —+/5)/2 = 0.3819660113.. ., B(a) = 0.

ay, a; the roots of A, in (0, a) and (a, 1), respectively.

(M, my) root matching at node s = 21t where T € {2}*, |s| = kand k > 2.
My = (ToR)* 2 0 To(ToR), By = My(Ay).

Fo =0,F; = 1,F4» = Fy1 + F, for any integer n, the Fibonacci numbers.

— FeoxtFen 10y Frpax=Fen -1 -1 -1
me(X) = "m0 = m (ttor)omy ' fork > 2.

Rl % B
Co={zeC:|z—1/¢?| < 1/¢?} contains aj, a; and no other root of Ay.
Pe(x) = [](x — m,jl(a)) where « traverses the roots of A, except a; and a,
Pe(X) = X" + pn3x" > 4 - + Pro.

a; = (1+681)a,s06; <0.a; = (1+83)a,s08; > 0.

b1 = m; '(a1) and by, = m; ' (az) (Sections 10 and 11).

Q) = (X = b 1) (X = byz) = ¥* — cx + d.

Ri (%) = Pe(¥)Qi (%) = X" + n_1X"~! + - - - + 1o the monic associate of By (x).
Bi(x) = by nX" + - - - + by o (Sections 12 and 13).

reduce the determination of var(A;) to determining the number of roots of A, in the interval
Is. That number depends on the signs of A, on the endpoints of I;. Those endpoints are of the
form Fy_, /Fi. The height of the tree turns out to be one less than the least positive integer k
such that A, (Fy—,/Fx) > 0.

Section 5.2 We approximate A, (Fy_»/Fy) using a closed formula for the Fibonacci numbers. Since the
sign of F, — ¢*/+/5 alternates as k traverses the integers, we obtain one lower bound for
even heights of the CF-tree of A,;, and a different lower bound for odd heights. The minimum
of those bounds is a lower bound for heights of any parity; that bound dominates n.

Section 5.3 We approximate A, (Fy_,/F;) more precisely and determine the height exactly. This
completes the description of the CF-tree of A,. The CF-trees for Ag, Ag and A;q are identical;
the tree is shown in Fig. 3.1(b).

The symbols in the second half of Table 1 arise in the computing time analysis. Let S be the infinite
rightmost path defined in Section 3.1, but augmented by the nodes € and 2 so that S starts at the root of
the universal CF-tree. By Section 5.3, any node s € S is a node of the CF-tree of A,, n > 10, if and only if
|s| < |n/2] 4+ 2. For any nonnegative integer k, let (M, m;) denote the root matching associated with
the unique node s € S on level k. Table 1 gives a recursion formula for the polynomial transformations
M. For any nonnegative integer k, let By = M(A,).

The CF-method computes

Biy1 = (ToR)(By)

forallk,2 < k < |n/2] + 1. If the transformation T is computed by a classical algorithm, we can
obtain a lower bound for the cost of the transformation by showing that the high-order coefficients
of R(By) are large negative integers. We do that by showing that the low-order coefficients of By are
large negative integers. We keep track of the coefficients of By indirectly, by tracking all the complex
roots of the polynomials By. Separately, we track the leading coefficient of B. We then reconstruct the
coefficients of B, as sums of products of the roots, multiplied by the leading coefficient.

The roots of B, are images of the roots of A, under the mapping mk’l. Indeed, by Section 4, A, does

not have any rational roots. Hence, by Theorem 5, the linear fractional mapping m,:l bijectively maps
the roots of A, onto the roots of By, preserving the multiplicity of each root, the relation of complex
conjugacy, the property of being real and the property of being nonreal. We note in particular that
deg(By) = n.

Fork > 2 we havem !, = (t 71 or) o m; ' so that

m'=("or) 2om;".
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The linear fractional mapping t~! o r has the fixed points 1/¢ and —¢, and the normal form (Knopp,
1952, for example)
z—1/¢

(tor)@) —1/¢ — (—¢?) where — ¢? = @i,

(t7Tor)(@) — (—¢) z—(—¢)
so that the mapping is loxodromic. The fixed point 1/¢ is repulsive with the local repulsion rate
¢?> = 2.618... and counterclockwise rotation by 7, and the fixed point —¢ is attractive with the
local attraction rate 1/¢? = 0.381. .. and clockwise rotation by 7. As k increases, the images of the
roots of A, under mk_1 will move away from 1/¢ and towards —¢, see Fig. 3.1(c). We will track the
images of the two close real roots with respect to 1/¢, and the images of the other roots with respect to
—¢. It will be convenient to describe the mappings m,j1 using Fibonacci numbers as shown in Table 1.
The formulas can be verified using the matrix calculus of Section 2.2.

Section 6 We use Rouché’s theorem to show that the two close real roots of A, are the only roots of
A, inside the circle ¢, with center and radius a.

Section 7 Since the non-close roots of A, are outside of C,, their images under m; V=t 2067 are
in the left half-plane. But then their images under any mapping mk”, k > 2, are in the left
half-plane. In fact, those images converge to —¢.

Section 8 Let Pr(x) = pk,n,zx"‘2 + - - -4 pr.o be the monic polynomial whose roots are mk’] () where
o is aroot of A, that is different from the two close real roots. Since the m,j‘ (@) are close to
—¢, we expect P(x) to be approximately equal to (x + ¢)"~2. We note that A, is real, so the
nonreal roots of A, occur in complex conjugate pairs. But mk’1 preserves complex conjugacy,
so the nonreal roots of Py occur in complex conjugate pairs as well, hence Py is real, too. On
the other hand, the coefficients of P, are sums of possibly nonreal products of the mk_l(a).
We bound those sums from below by bounding the real part of each product from below. We
do that by considering both, the absolute value and the argument of each m,jl (o). In order
for those arguments to be small, we require k to be larger than a logarithmic function of n.
As expected, the coefficients py ,—»—; turn out to be close to ("?2)¢".

Sections 9-11 Let a; and a, be the two close real roots of A, let by ; and by, be their respective
images under mk’l, and let Q(x) = x> — cxx + di be the monic quadratic polynomial that
has by 1 and by, as roots. Then ¢, = by 1 + by and dy = by 1by 2. We determine lower and
upper bounds for ¢, and d;. We know that a; and a, are close to a = 1/¢2. So mz_1 (ay) and
m; ' (ay) are close to m; '(a) = (t2 o r)(1/¢?) = 1/¢. But 1/¢ is a fixed point of t ' o 1,
som '(a;) = (t7' o r)¥=2(m; ' (a1)) and m; ' (az) remain close to 1/¢. Hence c is close to
2/¢, and dy is close to 1/¢?; the respective distances increase as k increases.

Section 12 Let Ry(x) = Pr(x)Qx(x), and let by, be the leading coefficient of By(x). Then Bi(x) =
bi.n - Ri(x). So By (x) is approximately by, - (x + )" 2 - (x* — (2/¢)x + 1/¢?). We analyze
various coefficients of Ry (x) in three separate theorems. For example, letting Ry (x) = ry ,X"+
Teno X" 14 Tk.0, we show that the coefficients ry;, 0 < i < n/10, are greater than 1.
Concerning by , we prove at first only that by , is negative if 2 < k < n/2 — 2. Then, letting
Bi(x) = bynx" + - - - 4 by,o, we show, by induction on k, that the coefficients by ; are large
negative integers for all i, 0 < i < n/10. We also show that By (x) is primitive.

Section 13 We show that the time to compute the polynomial By,; from the polynomial R(By)
using classical translation by 1 dominates n®(k — k;) where k; is an integer that depends
logarithmically on n. The sum, over k, of those computing times yields the lower bound n’
for the computing time of the CF-method for the polynomials A;.

4. A set of input polynomials

Leta= (3 — ﬁ)/z be one of the roots of the polynomial B(x) = x> — 3x 4+ 1. Foralln,n > 5, let
An(x) = X" — 2B(x)?, see Table 1. We show that A, has two real roots that are very close to a.

Theorem 13. All roots of A, are simple, no root is rational.



1384 G.E. Collins, W. Krandick / Journal of Symbolic Computation 47 (2012) 1372-1412

Proof. By the Eisenstein irreducibility criterion (van der Waerden, 1949), A,(x) is irreducible. In
particular, all roots of A, are simple. Since A, is irreducible over the integers, A, is irreducible over
the rationals by Gauss’s Lemma (van der Waerden, 1949, Section 23). In particular, A, does not have
any rational roots. O

Theorem 14. A, (x) has exactly three positive real roots, namely one in each of the three intervals (0, a),
(a, 1) and (1, 2). If nis even, A, has exactly one negative real root; if n is odd, A, has no negative real root.

Proof. A,(0) = —2,A,(a) = da",A,(1) = —1and A,(2) > 0. So A, has a least one root in each of
the three specified intervals. The proof will be completed by showing that A, cannot have more than
three positive real roots. Consider the third derivative Aff) *) =nn — 1) —2)x"> — 48x + 72.1f
0 <x < 1thenAY (x) > —48x+72 > —48 +72 > 0.1fx > 1then A (x) > 60x" 3 — 48x + 72 >
60x> — 48x + 72, which is positive by the quadratic formula. So A,(f ) has no positive real roots, A,(f) has
at most one,A,(f) has at most two, and A, has at most three. If n is even, A, (—x) = x" —2(x> + 3x + 1)?
has one sign variation; if n is odd it has no sign variations. O

We will denote the root of A, in (0, a) by a; and the root in (a, 1) by a;.
Lemma 15. Let h > 0. Then B(a — h)?> > B(a + h)>.

Proof. Ba+h) = (a+h)? —3(a+h +1=h+Q@a—3)h+ (@ —3a+1) =h*>+ (2a—3)h
since a is a root of B(x). Therefore B(a + h)?> = h* + 2(2a — 3)h® + (2a — 3)?h? and so B(a — h)? =
h* — 2(2a — 3)h® 4+ (2a — 3)%h?. Therefore B(a — h)?> — B(a + h)> = —4(2a — 3)h® > 0 since
20—3<0. O

Lemma 16. If0 < h < athen A,(a — h) < A(a + h).

Proof. 0 <a—h < a+hso(a—h)" < (a+ h)"and, by Lemma 15, —2B(a — h)> < —2B(a + h)>.
Adding these two inequalities completes the proof. O

Theorem 17. Let h = a™/**'. Then A,(x) has a root in each of the intervals (a — h, a) and (a, a + h) if
n > 6. The polynomial As has a root in (a — h, a) and a root in (a + h, a + h + 0.002).

Proof. Assume first that n > 7. Since A,(a) > O it suffices to prove that A,(a — h) and A,(a + h)
are negative. Then, by Lemma 16, it suffices to prove that A,(a + h) < 0. We will prove that
(a+h)" < 2B(a+h)?. First note that (a+h)" = (a+a"**")" = a"(14a"/?)". That 1+-a"? < 14+1/(3n)
for n > 7 is easily proved by induction on n. So (a 4+ h)" < a"(1 + 1/(3n))" < e'3a" = e'*h?/a® <
1.3957h%/0.1458 < 9.573h?.Since a> —3a+1 = 0 we have B(a+h) = h*+(2a—3)h = (h+2a—3)h
and so B(a + h)> = (3 — 2a — h)*h®>. But 2a < 0.7640 and h = a"/**! < ¢ < 0.0132 so
(3 —2a — h) > 22228 and 2B(a + h)®> > 2(4.940h?>) = 9.880h> > 9.573h*> > (a + h)" so
Ay(a+h) <O.

Now assume that n = 6. Then h < 0.021287, (a + h)® < 0.004300 and 2B(a + h)? > 0.004445,
soA,(a+h) <O.

Now let n = 5.Then h > 0.034441, (a + h)®> > 0.012519 and 2B(a + h)?> < 0.011500 so that
As(a+h) > 0.Therefore As does not have arootin (a, a+ h). But h < 0.034442, (a —h)> < 0.005070
and 2B(a — h)> > 0.012230, so A,(a — h) < 0 and, hence, As has a root in (a — h, a). Furthermore,
a+h+0.002 < 0.418408, (a + h + 0.002)°> < 0.012824 and 2B(a + h + 0.002)? > 0.012850, so
As(a+ h+0.002) < 0and, hence, As has arootin (a + h,a+ h + 0.002). O

5. CF-trees
We now determine the CF-tree of A, for all n,n > 5.
5.1. Tree structure

Table 1 shows that var(A,) = 5. Hence the root, node ¢, is an internal node. We now compute the
number of sign variations at the children, nodes “1” and “2”.
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Theorem 18. The polynomial T(A,) has exactly one sign variation.

Proof. Let n > 5. Then T(A,) = T(x") + T(—2B(x)?) where

n

T(x") = Z( ’: )xi

and T(—2B(x)?) = T(=2x* + 12x> — 22x*> 4+ 12x — 2) = —2x* + 4x3 + 2x* — 4x — 2. So, if
T(Ay) = aux" + --- 4+ dpthena; > Ofori > 4 and also fori = 3 and fori = 2. Sincen > 5,
(3) = 5 and therefore a4 > 0. Since () > 5,d; > 0. And since (j) = 1, = —1. We have proved

more than necessary: All coefficients of T(A,) are positive except for the last, whichis —1. O
Theorem 19. The polynomial T R(A;) has exactly two sign variations.

Proof. Let n > 5. By Theorem 14, A, has exactly two positive roots < 1. Hence R(A;) has exactly two
roots > 1. Thus, TR(A;) has exactly two positive roots, and hence var(TR(A,)) > 2. To show equality
we will use induction on n. The assertion clearly holds for n = 5 since

TRAs) = —2%° + 2x* +6x° —2x* —6x — 1.
The induction step requires some preparation. For any n > 5,
Ap=x"—2x" +12x> —22x* + 12x — 2
and, hence,
R(A,) = —2x" 4+ 12x" 1 — 22x" 2 + 12x" 3 — 2" 4 + 1.
Thus,
R(An+1) = (R(A) — Dx + 1,
and hence
TR(An+1) = (TRA,) — D(x+1) + 1.
So, letting TR(A;) = byx" + - - - + bg and TR(Ay41) = Cop1 X" + - - - 4 co we have

Cht1 = b,
cx = by + by for2 <k<n,
1 = b1+b0—1,

Cp = b().
In particular, all polynomials TR(A,), n > 5, have the same constant term, by = —1, and the same
leading coefficient, b, = —2.

As an induction hypothesis assume now that var(TR(A,)) = 2 for some n > 5. Let (p, q) and (r, s),
0 <p < q <r <s < n,bethe index pairs that contribute to var(T R(A;)). Then the coefficient signs
of TR(A,) are as follows.

k=0]0<k<q|k=q|lg<k<r|k=r|r<k<n|k=n
by <0 <0 >0 >0 | >0 <0 | <0

Hence, in case q = r, the coefficient signs of TR(A;+1) are

k=0|0<k<q|k=q|k=q+1=r+1|r+1<k<n+1|n+1
| <o <0 ? ? <0 <0

where the question marks stand for undetermined signs. But regardless of the signs of ¢; and ¢441
we have var(TR(A;+1)) < 2.
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In case q < r the coefficient signs of TR(A, ) are as follows.

| k=0 | 0<k<q | k=q | g<k<r+1|k=r+1|r+1<k<n+1]|k=n+1
a | <0 | <0 |7 ] >0 \ ? \ <0 \ <0

So we have var(TR(A,+1)) < 2 in this case as well.
Since, by the first paragraph of the proof, var(TR(A,+1)) > 2, we obtain var(TR(A;+1)) = 2. This
completes the proof by induction. O

As the CF-method descends the CF-tree, the number of sign variations will decrease or stay the same
by the next theorem.

Definition 20. The polynomial A is subadditive in case
var(T(A)) + var((ToR)(A)) < var(A).
Theorem 21. All polynomials are subadditive.

Proof. Schoenberg’s proof (1934) uses Schoenberg’s theorem (1930) that states that the linear
transformations given by totally positive matrices are variation-diminishing. O

By Theorem 18, node “1” is a leaf node with 1 sign variation. By Theorem 19, node “2” is an
internal node with 2 sign variations; its associated interval, (0, 1), contains exactly two roots of A,
by Theorem 14. Moreover, by Theorem 13, A, does not have any rational roots. Hence the following
theorem applies withA = A, and s = 2.

Theorem 22. Let A be a polynomial that does not have any rational root. Let s € {1, 2}* represent an
internal node of the CF-tree of A. Let var(As) = 2, and let I; contain exactly two roots of A. Then, for any
descendant t of s, var(A;) equals the number of roots of A in the interval I;.

Proof. Due to subadditivity, Theorem 21, var(A;) < 2 for any descendant t of s. This can be shown by
induction on the length of the path from s to t. The proof that var(A;) equals the number of roots of A
inI; is similar. Indeed, if t = s then, trivially, var(A;) equals the number of roots of A in the interval I;.
Now assume that the assertion holds for some descendant s of s, and that t is a child of 5. Then var(As)
equals the number of roots of A in [; and, since 5 is an internal node, var(As) = 2; moreover, t = s1 or
t = s2. The bisection points in the CF-method are rational numbers and A does not have any rational
root. Hence each root of A in [; is either in I5; or in I5,. So, letting r; be the number of roots of A in the
interval I;;, i = 1, 2, we have

r4r=2. (5.1)
Let v; = var(Ay), i = 1, 2. Then, again by subadditivity,
v+ vy < 2. (5.2)

Also, by the Descartes rule of signs,
r < v and T, < v;. (53)

In case r; = 0 Eq.(5.1)yields r, = 2, lines (5.3) and (5.2) imply v, = 2 and Inequality (5.2) yields
v1 = 0.In case r; = 1 we similarly obtain r, = 1and v; = v, = 1. The remaining case is r; = 2; we
obtainr, = 0, vy = 2,and v, = 0. In all three cases, r; = vy and r, = v,, that is, var(A;) equals the
number of roots of A in the interval ;. O

Theorem 23. Let s be a descendant of node “2” in the universal CF-tree. Then s is an internal node in the
CF-tree of A, if and only if a € I; and A, is negative at the endpoints of I;.

Proof. First note that0 < a; < a < a, < 1 and that A is positive on (a, a,), zero at a; and at
a», and negative on the remaining parts of (0, 1). If s is an internal node in the CF-tree of A, then, by
Theorem 22, [; contains more than one root of A,. ButI; C (0, 1), and a; and a; are the only roots of
A, in (0, 1), so I contains both a; and a,. Hence I; contains a and A, is negative at the endpoints of I;.
Conversely, if s is such that a € I; and A, is negative at the endpoints of I then I; contains both a; and
a,. So, again by Theorem 22, s is an internal node in the CF-tree of A,. O
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We now describe the intervals in the universal CF-tree that contain a. As a preparation we prove a
Fibonacci identity that is well known for positive odd indices (Ledin, 1970; Carlitz, 1971) and has
recently been stated for all positive indices (Bouhamida, 2009).

Lemma 24. For all integers k,
Fory = 3FeaF+ Y = (=D

Proof. Let D(x,y) = x* — 3xy + y>. Then D(2a — b,a — b) = —D(a, b) for all a, b. In particular,
D(Fyy3, Fxr1) = D(2Fyq2 —Fk, Fxi2 —Fy) = —D(Fy12, Fy) for all integers k. Since D(F,, Fy) = D(1,0) =
1, we obtain by induction proofs on k that D(Fi,, Fx) = (—1)¥ for all integers k. This proves the
assertion. O

Lemma 25. Let k be a nonzero integer. Then B(F_/Fy) = (—1)¥/FZ.

Proof. Since k # 0, Fy # 0. Then, using Lemma 24, B(Fc—»/Fc) = (F?_, — 3F«_2Fx + F2)/F} =
(-D¥/F2. O

Theorem 26. Let s be a node in the universal CF-tree. Then a € I;ifand only ifs = e ors = 2 ors = 21t
where T € {2}*. Moreover, I. = (0, 00), I, = (0, 1) and, fors = 21t and © € {2}*, the interval I; has
the endpoints Fy¢|/Fjz|+2 and Fiz41/Fjz+3 and width 1/ (FsFjsj41).

Proof. Definition 7 associates each node of the universal CF-tree with a matrix. The matrices of nodes
€ and “2” are immediate from the definition; the matrices of nodes 217 are obtained using an easy
induction on |t|. We have

1 0 0 1 Fz; Foa
m, = , m, = , my, = .
¢ [0 1] 2 [1 1] 21 [F,,H Fiej43
The intervals I, I, I1, are obtained as the images of the interval (0, o) under the corresponding
linear fractional mappings

FieiX + Firj41

1
me(x) = x, my(x) = —, My (X) = .
‘ X ! Fiej12X + Fizp43

+1
The number a is contained in the interval . = (0, co) on level 0 and in the interval I, = (0, 1) on
level 1. The endpoints of the interval I;, onlevel |t|+ 2 are Fi|/Fj;4+2 and Fjz+1/Fr|4+3. By Lemma 25,
B is positive on one endpoint and negative on the other. Hence, a € I;1,. By Theorem 12, the width
of Iy is 1/ (Fjzj42Fjzj+3). Our list of intervals containing a is complete because it includes one interval
from each level of the tree. O

Corollary 27. The polynomial A, is positive on Fy_; /Fy for almost all positive integers k.

Proof. Let k > 2. By Theorem 26, F,_;/F is among the endpoints of the intervals 1, T € {2}*, and
those endpoints converge to a. But A, is a continuous function, and A,(a) = a" > 0. Hence A, is
positive on almost all Fy_, /F,. O

Theorem 28. Let s = 217, T € {2}* and let k be the least positive integer such that A, (Fy_2/F¢) > O.
Then k > 5. Moreover, A, is negative at both endpoints of I if and only if |t| < k — 4.

Proof. By Lemma 25, A,(F_»/F) = (F—/F)" — 2/Fj4 for all nonzero integers j, so we have
An(Fi—2/F;) < Oforj = 1,2,3,4sincen > 5. Hence k > 5. By Theorem 26, the endpoints of I;
are F;/Fj42 and Fizj41/Frj43. If [t| < k — 4, then |t| 4+ 3 < k, so, by the hypothesis on k, A, is
nonpositive at both endpoints. But A, is nonzero at the endpoints by Theorem 13, so A, is negative
at the endpoints. Conversely, assume |t| > k — 4. Then |t| > k — 3, so [y, is a subinterval of the
interval I,1,, 0 € {2}* and |o| = k — 3. By Theorem 26, the interval I, has the endpoints F,_3/F,_1
and F,_, /Fy and both intervals contain a. So one of the endpoints of I,1; is between Fy_,/F, and a. But
Ap is positive at a and, by hypothesis, at Fy_, /Fy. Moreover, by Theorems 13 and 14, the roots of A, in
(0, 1) are simple and lie on opposite sides of a. Thus, A, is positive at all points between F,_,/F; and
a, and, in particular, at one endpoint of I,1,. O
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Theorem 29. Let k be the least positive integer such that A,(Fy—2/F¢) > 0; recall that, by Theorem 28,
k > 5. Then the CF-tree of A, has height k — 1.

1. The internal nodes of the tree are the nodes €, “2” and all nodes 21t where T € {2}* and |t| < k — 4.
The number of sign variations is 5 at € and 2 at each of the other internal nodes.

2. The leaves with one sign variation are the nodes 1,21t 1 and 2172 where t € {2}* and |t| = k — 4.

3. The leaves with no sign variation are the node 22 and the nodes 21t1 where t € {2}*and 0 < || <
k— 4.

Proof. We already remarked that var(A,) = 5 by Table 1. Hence node ¢ is an internal node. The
assertions regarding nodes “1” and “2” follow from Theorems 18 and 19, respectively; in particular,
node “2” has two sign variations.

Let s be a proper descendant of “2”. Then, by Theorem 23, s is an internal node in the CF-tree of A,
ifand only if a € I; and A, is negative at the endpoints of I;. By Theorems 26 and 28, this is equivalent
tos =21t where t € {2}, |7| <k —4.

From |t| = 0 we obtain that “21” is an internal node. Hence, by Theorem 22, “21” has two
sign variations and “22” none. If |[7| < k — 4 then s2 is an internal node. Hence, by Theorem 22,
s2 has two sign variations and s1 none. From |t| = k — 4 we obtain that s1 and s2 are leaves.
Hence, again by Theorem 22, those nodes have one sign variation each. Those nodes are at level
[s1]=121t1| =2+ (k-4 +1=k—-1. O

5.2. A lower bound for the height

Theorem 29 describes the CF-tree of A, in terms of the height, and it reduces the determination of
the height to identifying the least positive integer k such that A, (F,_,/F) > O.
Lemma 30. Let k be an integer, k # 0 and k # 2. Then

) , . Fi
An<—>>0 ifandonlyif 4InF, >In2+nln —.
Fy Fr_»

Proof. Using Lemma 25,
Fy_ Fr_a\" Fr_2\2
Aﬂ(kz) :<k2> _23<k2)
Fy Fy Fi
_ (Fk_z)" 2
VR F
Hence, A, (Fy_2/F¢) > 0if and only if
(Fk,z)n 2
> —.
Fy F¢

Taking reciprocals and taking logarithms yields the assertion. O

In the proof of the next result — and also later — we will use the formula
Fo= (@ = /5 (5.4)

where ¢ = (1 + \/5)/2 and <2> =(1- \/5)/2. The formula holds for all integers k. Knuth (1968)
derives it for k > 0 using a generating function; Hardy and Wright (1938, Section 10.14) use the
theory of continued fractions; Benjamin and Quinn (2003, Identity 240) give a combinatorial proof.

Notethatp =1 —¢ = —1/¢ < 0.
Theorem 31. Let k be an even positive integer such that A,(Fy—2/Fy) > 0. Thenk > n/2 + 2.
Proof. By Theorem 28, k > 5. By Lemma 30,

Fy.
4InF, > In2+nln .
k—2



G.E. Collins, W. Krandick / Journal of Symbolic Computation 47 (2012) 1372-1412 1389

Since k is even, the formula for the Fibonacci numbers, Eq.(5.4), implies F, < ¢k/\/§- hence

F

4kln¢—4ln\/§>4lan>ln2+nln £
k—2

Since&&:—l/qﬁ and k is even,
B ¢*—¢* At VL AR C it VYL
E - ¢k,2_(i)k,2 - ¢k—2_]/¢k—2 - (¢2k—4_])/¢k—2
2% _ 1 k—2 %k _ gt q
_ 9 A i A N

pR—4 — 1 gk P24 —1 @2
Thus, 4kIn¢ — 4In+/5 > In2 + 2nln ¢ and, hence,
In+/5 In2 n
Ing + 41ln¢ + 2
ButIn+/5/In¢ > 1.672 and In2/(41n$) > 0.360, so k > 2.032 +n/2. 0O
Lemma 32. Ifk > 2 then
¢k72 < Fk < ¢k—3/2.
Proof. The assertion clearly holds for k = 2 and k = 3. Let j be an integer, j > 2, and assume that the
assertion holds for k = jand k = j + 1. Then
P SE B <@ Vg
Since 1+ ¢ = ¢?, the left-hand sum equals ¢, and the right-hand sum equals ¢*'/2. The sum in the
middle equals Fj,. Hence the assertion holds fork =j+2. O
Theorem 33. Let k be an odd positive integer such that A, (Fx—2/F¢) > 0. Thenk > (3/8)n + 2.
Proof. By Theorem 28, k > 5. By Lemma 30,
Fk
k—2
Since k is odd, the formula for the Fibonacci numbers, Eq. (5.4), implies F, = (¢* + qb”‘)/«/g =
¢*(14+¢2)//5.Hence, 4InF, = 4kIn ¢ +41n(1+¢ %) —21n 5. Substituting into Inequality (5.5),

k >

—nln

+4InF,—In2 > 0. (5.5)

F
—nln - ¥ 4 4king +4In(1+¢ %) —2In5—1In2 > 0. (5.6)
k—2
By Lemma 32,
Fk ¢k—2

¢3/2

So, by Inequality (5.6),

3
—5n1n¢+4kln¢>+4ln(l +¢ % —2In5—1n2 > 0.

Dividing by 4 In ¢ yields
3 In(1+¢ % In5 In2
k> —-n— a+é )—f— + . (5.7)
8 In¢ 2lng  4In¢

Since k > 5, In(1 + ¢—2) < In(1 4+ ¢~'°). Hence,
In(1+4 ¢~%) oI+ ¢

In¢ - In¢
Also,In5/(21In¢) > 1.672 and In2/(4In¢) > 0.360. So we obtain from Inequality (5.7)

> —0.017.

3 3
k > gn —0.017 4+ 1.672 + 0.360 = gn +2.015. O
By Theorems 29, 31 and 33, the height of the CF-tree of A, is greater than (3/8)n + 1.
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5.3. The height

We now determine the tree height precisely.

Lemma 34. Forallx, x > 1,

x—1 x—1 x—1

—<ln(x)<—(l—|— )

X X 2
Proof. For all x, x > 1/2, we have the well-known equation (Abramowitz and Stegun, 1965, (4.1.25))
x—1 1/x—1\2 1/x—1\3
I =~ +_ (=) +3(5-) +
X 2 X 3 X

In our case, x > 1, so all summands are positive, hence the first inequality is clearly true. Moreover,
[(x—1)/x| < 1,s0

x—1+1<x—1)2+1<x—1)3+
X 2 X 3 X

x—]+1(x—1)2+1<x—1)3
< Z Z
X 2 X 2 X
x—1 1/x—1\2 x—1 x— 1\2
= () (e ()
X 2 X X X
_x—1+1<x—1)2 1
X 2\ x 1-—x1
X
_x—1+1x—1)2x
X 2 X
_x—1(1+x—1)
B 2

X
which yields the second inequality. O

Lemma 35. Let n and k be integers such thatn > 0, k > 8 and k is even. Then

Fy
2nlng <nln —.
Fr2
If, in addition, n < 2k — 4 then

Fk

nln < 2nln¢ + 0.032.

k—2
Proof. For k > 4 let
¢72k+4(1 _ ¢74)

u(k) = 1_ 2kt

and
v(k) = (2k — 4) In(1 + u(k)).
We start by proving the following assertions.

1. In(Fy/Fr—2) = 2In¢ + In(1 4+ u(k)) for all even k, k > 4.
2. The function v (k) is a positive, decreasing function of k for k > 4.
3. Ifk > 8then0 < v(k) < 0.032.



G.E. Collins, W. Krandick / Journal of Symbolic Computation 47 (2012) 1372-1412 1391

We obtain Assertion (1) from the exact formula for F, Eq. (5.4). Indeed, we have for even k, k > 4,

Fi P —op*

¢—k+4 _ ¢—k

=+ g
¢7k+2 _ ¢7k72
= ¢2 (1 + ¢k72 _ ¢7k+2 )
1— —4

— ¢2 (-l +¢—2k+4ﬁ252k+4>
= ¢*(1+u(k).

Taking logarithms proves Assertion (1). Since u(k) is positive, In(1 4 u(k)) is positive. So, multiplying
the assertion by n proves the first assertion of the lemma. Also, again because In(1 + u(k)) is positive,
the function v (k) is positive. To complete the proof of Assertion (2) we show next that v(k+1) /v (k) <
1forall k, k > 4.

v(k+1)  (2k—2)In(1+u(k+1)) - 6 In(1+u(k+ 1))
v(k) —  2k—4)In(1+uk) 4 In(1 + u(k))

We remove the logarithms in the quotient on the right using Lemma 34 as follows. We let x =
1+ u(k+ 1) and apply the second inequality of the lemma to the numerator, and we let x = 1 + u(k)
and apply the first inequality of the lemma to the denominator. We thus obtain

6 In(1 + u(k + 1)) 6 utk + 1) . (1 N u(k + 1))/ u(k)
4 In(1 + u(k)) 4 14uk+1) 2 1+ u(k)
=§’ u(k+1) ’l—i—u(k)'( u(k—l—l))
4 1+uk+1)  uk) 2
6 uk+1) 1+ u(k) utk+ 1)
T4 ub '1+uw+1y(l 2 )
< 1.5-0.382-1.184 - 1.026

<1

where the constants in the fourth line are obtained as follows.
utk+1) 11— ¢ 2+

u(k) = & 1= P2k+2
1

¢*
0.382,

T+uk)  1—¢ 2 1—¢ 22
14+uk+1) T 1= ¢—2k+4 1— ¢—2k—2

1— ¢72k _ ¢72k+2 + ¢74k+2
1— ¢—2k+4 _ ¢—2k—2 + ¢—4k+2

A

1+¢—4k+2
< 1— ¢—2k+4 _ ¢72k72
—14
L1t
T 11—t 10

< 1.184,
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utk +1) 1 ¢%20-9¢7%
Ty =y T e
1 —601 _ 4
< 1+7.M
2 1—¢
< 1.026.

This completes the proof of Assertion (2). Assertion (3) follows from Assertion (2) by evaluation of
U(k%oa tpkrove&the second assertion of the lemma we multiply the equation in Assertion (1) by n,
obtaining

nin(Fy/Fr—2) = 2nln¢ + nin(1 + u(k)),
and we assume 1 < 2k — 4 so that

nin(1 + u(k)) < 2k — 4) In(1 + u(k)).
The right-hand side equals v(k) which, by Assertion (3), is less than 0.032. So,

nIn(F,/F,—2) < 2nln¢ + 0.032,
and the proof is complete. O

Lemma 36. Forallx,0 < x < 1,

1 1
x<—In(1—-%) <x(1—|—f X —)
2 1—x
Proof. For all x, —1 < x < 1, we have the well-known equation (Abramowitz and Stegun, 1965,
(4.1.24))
2,3
—In(l-x)=x+—+—+---.
Q- =x+-+o+

In our case, 0 < x < 1, so all summands are positive, hence the first inequality is clearly true.

Moreover, |x| < 1, so
x* ¥ X x* X x
X+—+—+—4+ <x+—4+=—4+=4--

2 3 4 2 2 2
L >
—x+ZX(L+x+x-+~J

yields the second inequality. O
Lemma 37. Let n and k be integers such thatn > 0, k > 8 and k is odd. Then

F;
nln —

< 2nln¢.
k=2
If, in addition, n < 3k — 5 then
Fy
2nln¢ — 0.051 < nln —.
k—2
Proof. The proof is similar to the proof of Lemma 35. For k > 4 let
—2kt4(1 _ fH—4
N )
14 ¢2k+4

and
v(k) = 3k — 5) In(1 — u(k)).
We start by proving the following assertions.
1. In(Fy/Fr—2) = 2In¢ + In(1 — u(k)) for all odd k, k > 4.
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2. The function v(k) is a negative, increasing function of k for k > 4.
3. Ifk > 8 then —0.051 < v(k) < 0.

We obtain Assertion (1) from the exact formula for Fy, Eq. (5.4). Indeed, we have for odd k, k > 4,

R _ ¢t

Fi_s - ¢k72 _|_¢7k+2
o, ¢7k+4 _ ¢7k
=9¢" - P2 4 pk+2

¢—k+2 _ ¢—k—2
-5 (1= o)
— ¢? (1 _ 2kt 1—¢~* )

1 + ¢—2k+4
= ¢* (1 — u(k)).

Taking logarithms proves Assertion (1). Since u(k) is positive, In(1 — u(k)) is negative. So, multiplying
the assertion by n proves the first assertion of the lemma. Also, again because In(1 — u(k)) is negative,
the function v (k) is negative. To complete the proof of Assertion (2) we show next that v(k+1) /v(k) <
1forall k, k > 4.

v(k+1)  Gk—2)In(1—uk+1)) 3 . In(1 — u(k+ 1))

vk Gk—5In(—uk) 2 In(l—u®k)

We remove the logarithms in the quotient on the right using Lemma 36 as follows. We let x = u(k+1)
and apply the second inequality of the lemma to the negated numerator, and we let x = u(k) and apply
the first inequality of the lemma to the negated denominator. We thus obtain

3 In(1—utk+1) 3 —In(1—uk+1)
2 In(1—uk) 2 —1In(1—u(k)
< E~u(k—|—1) <l+u(k+1) . ! )/u(k)
2 2 1—utk+1)
_ E.u(k—i-l) .(1_*_1' utk+1) )
2 uk) 2 1—utk+1)
< 1.5.0.415 - (14 0.5 - 0.048)
<1

where the constants in the fourth line are obtained as follows.
For the constant 0.415 consider that

uk+1) 1 14 ¢ 2
u(k) - ¢ 1+ p2k+2
is a decreasing function of k. Indeed, let w(k) = (1 + ¢=2*t*)/(1 + ¢=2+*2). Then w(k + 1) =
(] + ¢—2k+2)/(1 + ¢—2k) and
wk+1) (14 ¢=2+2)2
wlk) A+ A+
1+2¢72k+2 +¢74k+4
= 1+ ¢—2k + ¢—2k+4 + ¢—4k+4 :
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Therefore w(k + 1) < w(k) is equivalent to 2¢~%*+2 < ¢=2k 4 p~2+4 or, dividing by ¢, to
2¢? < 1+ ¢*, and therefore to (¢p> — 1)? > 0. Hence, for k > 4,
uk+1 _ 1 1+¢7*
uk) T 92 14+¢C
< 0.415.

For the constant 0.048 consider

u(k+ 1) B ¢72k+2(1 4)/( ¢ 2k+2(1 ¢ ))

1—uk+1) - 14 p—2k+2 14 p—2k+2
B ¢ 2k+2(1
- 14+ ¢~ 2/<+2_¢ 2k+2(1_¢ 4)
1—¢’4
= %2 f o4
1—¢*
- ¢>6+¢> -4

< 0.048.

This completes the proof of Assertion (2). Assertion (3) follows from Assertion (2) by evaluation of
v(k) atk = 8.

To prove the second assertion of the lemma we multiply the equation in Assertion (1) by n,
obtaining

nin(Fy/F,—2) = 2nln¢ + nin(1 — u(k)),

and we assume n < 3k — 5 so that
nin(1 — u(k)) > 3k — 5) In(1 — u(k)).

The right-hand side equals v (k) which, by Assertion (3), is greater than —0.051. So,
nIn(Fy/F,—2) > 2nln¢ — 0.051,

and the proof is complete. O

Lemma 38. Let n and k be integers, n > 5, k > 8. Then the following implications hold.

1. Ifkisevenand k — n/2 < 2.032 then A, (Fy—2/F¢) < 0.

2. Ifkisevenand k — n/2 > 2.052 then A, (Fy—2/Fy) > O.

3. Ifkisodd and k — n/2 < 2.004 and n < 3k — 5 then A, (Fi—»/F¢) < 0.
4. Ifkisodd and k — n/2 > 2.034 then A, (Fy—2/Fy) > 0.

Proof. For any k > 8 we have, by Lemma 30,
F
A(Fy_/Fy) > 0 ifandonlyif 4InFy —In2 —nln F—k > 0. (5.8)
k—2

We first consider the case that k is even. Then F, = (¢* — ¢ *)/+/5 = ¢*(1 — $2%)//5 and,
hence,

4InF, = 4kln¢ + 4In(1 — ¢~ %) — 21In>5.
Moreover, by Lemma 35,
nin(Fy/Fr—) = 2nln¢ + e,

where e; > 0 and, in case n < 2k — 4, e; < 0.032. Substituting into Equivalence (5.8) we obtain that
A(Fy—2/Fy) > 0if and only if

4king +4In(1 — ¢ %) —2In5—1In2 —2nln¢ — e; > 0.
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Dividing by 4 1n ¢, A(Fy_,/F¢) > 0 if and only if f (k, n) > 0 where

n In(1—¢=2) In5 In2 e
fl,n)=k— -+ - — - .
2 In¢ 2In¢g 4ln¢ 4lng

The numerical quantities can be bounded as follows; the first line uses k > 8.

—0.001 <In(1—¢"2%/In¢p < 0,
-1673 < —In5/2Iln¢) < —1.672,
—0.361< —In2/(4ln¢) < —0.360,
—0.017 < —0.032/(4ln¢) < 0.

So, given line (5.9), we have, on the one hand,
f(n, k) <k—n/2 —-1.672—-0.360 =k —n/2 — 2.032,

proving Assertion (1). On the other hand, in case n < 2(k — 2.052) < 2k — 4,
f(n, k) >k—n/2—-0.001—-1.673 —0.361 — 0.017 =k —n/2 — 2.052,

proving Assertion (2).

1395

We now consider Equivalence (5.8) in the case that k is odd. Then F, = (¢* + ¢*k)/\/§ =

#*(1 + ¢~%*)//5 and, hence,

4InF, = 4kln¢ + 4In(1 + ¢~ %) — 21n5.
By Lemma 37,

nin(F,/Fr—2) = 2nln¢ — e,

where e, > 0and, in case n < 3k — 5, e; < 0.051. Substituting into Equivalence (5.8) we obtain that

A(Fy—2/F) > 0if and only if
4klng +4In(1+¢ %) —2In5—1In2 —2nln¢ + e, > 0.
Dividing by 4 In ¢, A(F¢—/F¢) > 0if and only if g(k, n) > 0 where

In14+¢=2) In5 In2 e;

glk,n) =k —n/2 + Ing ~ 2ln¢g 4lng + 4lng’

The numerical quantities can be bounded as follows; the first line uses k > 8.

0 <In(14+¢%)/In¢ < 0.001,
—1673 < —In5/2In¢) < —1.672,
—0.361< —In2/(4ln¢) < —0.360,

0 < 0.051/(4ln¢) < 0.027.

So, given line (5.10) we have, on the one hand, in case n < 3k — 5,

g(k,n) <k—n/240.001 —1.672 — 0.360 + 0.027 = k — n/2 — 2.004,
proving Assertion (3). On the other hand,

gk,n) >k—n/2—-1.673 —-0.361 =k —n/2 — 2.034,

proving Assertion (4). O

(5.10)

Theorem 39. Let n > 16, and let k be the least positive integer that satisfies A, (Fx_2/F,) > 0. Then

k=1[n/2] +3.
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Proof. Since n > 16 and A, (Fy—2/F¢) > 0, we have k > 8 by Theorems 31 and 33; hence Lemma 38
applies.

We will first show that if k < |n/2] 4 2 then A,(Fy—2/F¢) < 0, contradicting the definition of
k. So assume that k < [n/2] 4+ 2. Then k — n/2 < k — |n/2] < 2. Therefore, if k is even then
An(Fye—2/F¢) < 0by Lemma 38(1); if k is odd then, by Lemma 38(3), A, (Fr—2/F¢) < O provided that
n < 3k — 5. 1If, however,n > 3k — 5thenk < n/3+5/3 < (3/8)n+ 2 so A,(Fx_2/F,) < 0by
the contrapositive of Theorem 33. Thus k < |n/2] + 2 implies A, (Fx—2/F¢) < 0, contradicting the
definition of k. As a result, k > |n/2] 4 3.

To complete the proof we show that k < [n/2] + 3. We do that by showing that A, (Fx_,/Fx) > 0
for K = [n/2] + 3. Note that K > 8 and K — n/2 > K — |n/2] — 1/2 = 2.5. Therefore, if K is
even then A, (Fx_,/Fx) > 0 by Lemma 38(2); if K is odd then A, (Fx_»/Fx) > 0 by Lemma 38(4). So,
An(Fx—2/Fg) > Oregardless of the parity of K. But then the minimality of kimpliesk < K = |[n/2]+3.

Since k > [n/2] +3and k < |n/2] + 3 we conclude k = |n/2] +3. O

Theorem 40. The height of the CF-tree of A, is 4ifn = 6, 6 if n = 10, and otherwise |n/2] + 2.

Proof. Let k, be the least of the positive integers k that satisfy A, (Fy_»/F¢) > 0.By Theorem 29, k, — 1
is the height of the CF-tree of A,. For n < 15, the assertion can be verified by calculating k, explicitly.
For all other values of n, the assertion holds by Theorem 39. O

Taken together, Theorems 29 and 40 completely describe the CF-trees of the polynomials A,.
6. The non-close roots
Following the plan of Section 3.2, we now consider the roots of A, that are different from a; and
a,. We show that those roots are outside of or on a circle @, with center and radius a = 1/¢2.
Lemma 41. The minimum absolute value of the polynomial B on Cq is 34/8a — 3.
Proof. Let z = x + iy where x and y are real. Then
Bz) =2 —3z+ 1= (x* —y* = 3x+ 1) + i(2xy — 3y).
If z lies on G, then (x — a)? + y* = d?. In particular, y* = 2ax — x? and 0 < x < 2a. Making the
substitution for y> we obtain
B(z) = (2x* — 2ax — 3x + 1) +i(2x — 3)y.
Squaring the real part and the imaginary part yields
IB(z)|> = (4x* — 8ax® — 12x> + 4a’x* + 12ax* + 13x*> — 4ax — 6x + 1) + (4x* — 12x + 9)y*.
Substituting again for y? and combining terms,
IB(2)|* = 4a°x* — 12ax® + 4x* + 14ax — 6x + 1 = 14ax — 6x + 1,
since a*> — 3a + 1 = 0. Thus the square of the norm on G is a linear function of x, x € [0, 2a], that

achieves its minimum at 2a, where the square of the norm is 28a®> — 12a + 1, which simplifies to
72a — 27 = 9(8a — 3), againusinga®> =3a—1. O

The following theorem is a specialization of Rouché’s theorem which is proven, for example, in
Marden’s book (1949, Theorem 1.3).

Theorem 42. If P and Q are polynomials, C is a circle, and |P(z)|] < |Q(z)| on @, then, counting
multiplicities, the polynomial F = P + Q has the same number of zeros interior to C as does Q.

Theorem 43. The only roots of A, inside G, are a, and a,.

Proof. By Lemma 41, the minimum absolute value of the polynomial —2B(z)? on G, is 18(8a — 3),
which is greater than 1. The maximum absolute value of the polynomial z" on G, is (2a)" < 1. Thus,
by Rouché’s theorem, Theorem 42, the polynomials —2B(z)? and z"* — 2B(z)? = A,(z) have the same
number of roots inside C,. But the only root of —2B(z)? inside G, is the double root a, so the polynomial
A, has exactly two roots inside C,. By Theorem 17, those roots must be a; and a,. O
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7. Linear fractional mappings of the non-close roots

We now track the images of the roots of A, that are different from a; and a, under the linear
fractional mappings mk’l as k increases. Those images turn out to be in the left half-plane and to
converge to —¢, the negative fixed pointof t ! o r.

Theorem 44. Let « be any root of A, other than a, and a,, and let k > 2. Then m,j‘(a) is in the left
half-plane.

Proof. Let o be aroot of A;, ¢ # a; and o # a,; note that @ % 0. We prove the theorem by induction
on k. We first show that m, ' (&) = (Fsa — F1)/(—Fa + Fo) = @' — 2 is in the left half-plane. Let r;
and r, be real numbers such that @ = ry + irp. By Theorem 43, « is not in the interior of circle G, with
center a and radius a. So, (r; — a)*> + r3 > a® which simplifies to

rZ +r3 > 2ar. (7.1)

Now let r5 and r4 be real numbers such that «~! = r3 + ir,. We need to show that r; < 2. In case
le] > 1/2 we clearly have |o~!| < 2 and hencer; < 2.Incaser; < 0 we use r3 = rl/(rl2 + r22)
to conclude r3 < 2. In all other cases, |¢| < 1/2 and r; > 0. Then Inequality (7.1) yields r; =
r1/(r]2 + r22) <ri/Qar) = 1/(2a) < 4/3 < 2.S0,1r3 < 2 in every case, and hence mz_l(a) is in the
left half-plane.

Now assume that, for some k, k > 2, mk_l(a) is in the left half-plane. Since the mappings r and
-1

t~! map the left half-plane to itself, also (t ' or o mk_l)(oc) = my (@) is in the left half-plane. Thus,
mk_l(“) is in the left half-plane forallk > 2. O
The following two lemmas are special cases of the well-known equality

Fn+th+k - FnFn+h+k = (_1)thFk

which is proved in a book by Vajda (1989, (20a)). For Lemma 45, let h = 1, k = —1 and then replace
n by k; for Lemma 46, let h = 1, k = 2 and then replace n by k — 2.

Lemma 45. For any integer k,
FipiFor — FF = (=D

Proof. Graham et al. (1994) call the equation “Cassini’s identity” and give a short proof by induction
onk. O

Lemma 46. For any integer k,
FFi 1 — FisaFia = (=D

Proof. The left-hand side equals FyFy_1 — Fy+1(Fx — Fye—1) = FxFi—1 — Fer1Fx + Fia1Fe—1 = FeFie1 —
(Fe1 + FOF¢ + Fiep1Feey = —F7 + Fi1Fiee1. Now apply Lemma 45. O

Lemma 47. Let k be an integer, k > 2. Then

Fepr (=D
Fy Fe(Fix — Fi—a)

m; ' (x) +

Proof. To mk_1 (%) = (—Fgy1x+Fy—1)/(Fxx — Fy—2) add Fy.1/Fy, and express the result with a common
denominator,
Fie(=Fet1X + Fe1) + Fepi(Fix — Feo)  FiFier — FeFies

F(Fex — Fi—3) Fy(Fex — F—2)

Apply Lemma 46 to the numerator to complete the proof. O

Lemma 48. Let k > 2. Then a is between Fy,_, /F}, and Fy_1/Fy+1, and ¢ is between Fy /F,_ and Fy1/Fy.
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Proof. The first assertion was shown in Theorem 26. The second assertion is a well-known fact in the
theory of continued fractions (Hardy and Wright, 1938, Sections 10.13, 10.14). Indeed, F,/F;_; and
Fi+1/Fi are successive convergents to ¢p. [0

Theorem 49. Let o be any root of A, other than a; or a,. Fork > 3let = mk_1 (). Then | B+ Fys1/Fx| <
5/F2.Ifk > 4 then |B + Fir1/Fel < 4/F2 Ifk > 5 then | B + Fiy1/Fi| < 3/F.

Proof. By Lemma 47,
Fiet1 1 1
B+ = |z ~
Fy Fy(Fea — F—») Fg(o — Fr—a/Fy)
By the triangle inequality,
le — Fe—a/Fel > |lo —a| — |a — Fe—a/Fl. (7.3)
By Theorem 43, | — a| > a. By Lemma 48, a is between F,_,/F and F,_1/F¢11, S0 |a — Fy_3/F¢| <
|Fe—2/Fx — Fx—1/Fk+1| = 1/F¢Fr+1 by Lemma 46. Substituting into Inequality (7.3) we have
lo — Fe—2/Fe| > a — 1/F¢Frqq.
Now ifk > 3thena—1/FF.1 > a—1/6 > 1/5so, fromline (7.2), |8+ Fx+1/Fi| < 5/Fk2.lfk > 4then
a—1/FFep1 > a—1/15 > 1/4s0|B+Fip1/Fil < 4/F,f.lfk > 5thena—1/FFyy1 > a—1/40 > 1/3
50 |B + Fes1/Fel < 3/F:. O
Theorem 50. Let « be any root of A, other than a, or a;. Fork > 3let 8 = mk_1 (o). Then |B+¢| < 6/Fk2.
Ifk > 4 then |B + ¢| < 5/F2.Ifk > 5 then |B + ¢| < 4/FZ.
Proof. By Lemma 48, ¢ is between Fy.1/F, and Fi15/Fi+1. We have
|¢ — Fir1/Fl < |Fe1/Fe — Fego/Fie1l
= 1/FFqq
< l/F,(2

(7.2)

where the equality on the second line is due to Lemma 45. The assertions now follow from Theo-
rem49. O

Theorem 51. Let o be any root of A, other than a; or a,. Let k > 5, and let 8 = mk_l(oc). Then
P(1— ¢~ %) < |B] < ¢p(1 4 ¢7249),

Proof. By Theorem 50 and Lemma 32, |8 + ¢| < 4/F2 < 4/¢p*~* < ¢=2*7 Therefore ¢ — ¢ ~2*7 <
|ﬂ| < ¢+¢—2k+7. O

Theorem 51 reflects the fact that —¢ is an attractive fixed point of t ' or with the local attraction rate

—1/¢2.
8. The non-close roots and the transformed polynomials

We investigate the contribution of the roots of A, that are different from a; and a, to the
transformations By of A;,. Let P,(x) = pk,n_zxr’*z + - - - 4 px.o be the monic polynomial whose roots are
those m,j] (o) such that « is a root of A, other than a; or a,. We show that, if k is large enough, px n—2—;
is approximately (";%)¢'.

Theorem 52. Let m be a positive integer, and let B1, ..., Bm be nonzero complex numbers with
larg(Bi)| < w/(4m) foralli, 1 <i<m.Llet B = B1--- Bm. Then Re(B) > |/3|/ﬁ.

Proof. let arg : C — {0} —> (—m, ] be the argument function (Knopp, 1952, for example),
and let z; and z, be nonzero complex numbers. Then arg(z;z;) = arg(z;) + arg(z;) provided that
—m < arg(z;) + arg(zz) < m. We clearly have —w < arg(B;) + --- + arg(By) < = for all k,
1 < k < m.Hence |arg(8)| = | arg(B1) + - - - + arg(Bm)| < larg(B1)| + - - - +|arg(Bm)| < 7 /4. Thus
—m /4 < arg(B) < /4 and, hence, Re(f) > |B|cos(w /4) = |ﬂ|/«/§. O
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Theorem 53. Let « be any root of A, other than a; or a,. Letk > 1.041n n+4.414,and let 8 = mk_1 ().
Then |8 4+ ¢| < 7 /(8n).

Proof. Since k > 5, Theorem 50 and Lemma 32, respectively, yield |8 + ¢| < 4/F? and Ff > ¢*~4.
Since the latter inequality implies 4/F2 < 4/¢*~4, it suffices to show that 4/¢p*~* < 7 /(8n) or,
equivalently, that ¢ =2*% < 5 /(32n). But that means showing (2k —4)In ¢ > In 324+ Inn — In 7.
Sinceln ¢ > 0.481,In 32 < 3.466and In & > 1.144, it suffices to show 0.481(2k—4) > In n+2.322
or, equivalently, 0.962k > In n+ 4.246. But the latter inequality can be obtained by multiplying both
sides of the hypothesis k > 1.041n n + 4.414by 0.962. O

Theorem 54. Let o be any root of A, other than a; or a,. Letk > 1.041n n+4.414,andlet § = —mk_l(oc).
Then |arg(B)| < 7 /(4n).

Proof. By Theorem 44, § is in the right half-plane. So, letting x = | arg(8)| we have 0 < x < 7 /2. By
Theorem 53, |8 — ¢| < 7 /(4n),so |Im(B)| < 7 /(4n). Moreover, || > |¢|— | —¢| > ¢ — 7 /(4n) >
¢ — /20 > 5/4. Hence,

o m@B) w f5  w
sin(x) = Bl < 4n/4 =& (8.1)

Since n > 5 we have, in particular, sin(x) < 7 /25 < 1/2 = sin(r/6). But the sine function on
(0, 7 /2) is monotonically increasing, so we have x < 7 /6.

Now note that, on (0, 7 /6], sin(§)/£ is a positive, monotone decreasing function: The function is
positive since both sin(¢) and & are positive; furthermore,

Sin<€>_1_(fz_€“)_(é6_fs)_...
£ 31 5l 719 ’

where the parenthesized expressions are easily shown to be positive and monotone increasing on
(0,1) D (0,m/6]. Hence &/sin(£) is a monotone increasing function on (0, 7 /6]. In particular,
x/sin(x) < (w/6)/sin(w/6) = w/3 < 5/4. S0, x < (5/4)sin(x), and thus, using line (8.1),
x < m/(4n). O

Theorem 55. Let m be a positive integer, and let ay, . . ., ay, be distinct roots of A, none equal to a, or
ay. letk > 1.04lnn 4 4.414. Forany i, 1 < i < m, let ; = —mk_l(oei). Let B = B1--- Bm. Then

Re(B) > |BI/~/2.

Proof. By Theorem 54, |arg(8;)| < 7w /(4n) < 7 /(4m) for allisincem < n—2 < n.Now the assertion
follows from Theorem 52. O

Theorem 56. Let k > 1.041In n + 4.414. Then
1 (n—2\ ; _ i n—2\ ; _ :
ﬁ( l. )¢'(1 — ¢ < prnai < ( l. )¢'(1+¢ 2ty

foralli,1<i<n-2.

Proof. The monic linear factors of Py are the polynomials x + 8; where g; = —mk_1 (o) and the o are

the n — 2 roots of A, other than a; and a,. Therefore py ,—»_; is the sum of all (”72) products py of i of
the ;. By Theorem 51,

p(1— 20 < |8 < ¢(1+ ¢~ 2*F)

for each j, so

¢l(1 _ ¢—2k+6)i < |Ph| < ¢)l(-l +¢—2k+6)i
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for each product pj,. By Theorem 55, Re(p) > |pn |/\/§ for each product py,. Therefore

Re(Pin—2-i) = RE(th) =) Re(pn)
h h
- Z¢l(] _ ¢—2k+6)i/ﬁ
h
= %( n 7 2 )¢1(1 _ ¢*2k+6)i-

Since the nonreal §; occur in conjugate pairs, Py is a real polynomial, that is, Re(px n—2—i) = Pr,n—2-i
proving the first inequality of the assertion. The second inequality follows from

Pin—2-i = |Prn—2-il < Z Ipn| < Z¢i(1 4 26y
h h

=( n:Z )¢i(l T O

9. More on the two close real roots

We already have an upper bound for the distances of a; and a, the two close real roots of A,,, from
a = 1/¢*. Now we derive a lower bound.
Theorem 57. Let h = a"/**', and let h = a'/>h = a"/**3/2. Thena —h < a; < a — hifn > 5, and
a+h<a <a+hifn>6;ifn=5thena+h < ay < a+ h+ 0.002.
Proof. We will prove thatA,(a—h) > 0forn > 5.To do this we will prove that (a—h)" > 2B(a— h)?
forn > 5.First notice that (a—h)" = a"(1—a"?*1/2)" Observe further that 1 —a"/?*1/2 > 1—1/(3n)
forn > 5 by induction. Moreover, (1 — 1/(3n))" is an increasing function of n that converges to e~ 1/3
and, forn = 5, (1 — 1/(3n))" > 0.708. So, (a — h)" > 0.708a" = 0.708h*/a® > 0.708 - 6.854 - h? >
4.852h%. On the other hand, B(a — h)> = (3 — 2a + h)*h* .Forn > 5, h < a* < 0.022; so,
B(a—h)* < (3—0.763+0.022)*h* < 5.104h? and 2B(a — h)* < 10.208h? = 10.208ah? < 3.900h%.
Thus, (a — h)" > 2B(a — h)? and A,(a — h) > 0. By Lemma 16, also A,(a + h) > 0. By Theorems 13
and 14,0 < x < land A,(X) > Oonlyifa; < x < ay. Therefore,a; < a— handa+ h < a,.By
Theorem 17,a — h < a;y and, for n > 6, a, < a + h. This proves the first conclusion. The second was
proved in Theorem 17. O

Remark 58. The theorem can be used to show that the height of the CF-tree of A, is at mostn/2 + 5
without using the results of Section 5 that follow Theorem 26.

Let 81, 8, be such thata; = (1 4+ 8;)aand a, = (1 + §;,)a. Note that §; < 0and 8, > 0.

Lemma59. Leti= lori=2,andletn > 6.Theng™""! < |§] < ¢~ ".

Proof. By Theorem 57, a+-a"/?"3/? < a, < a+a"/?*'.Equivalently, ¢ 2 +¢ "3 < a, < ¢ 249" 2.
By the definition of 85, a, = (1 + 8,)¢ 2. Substitution of this value for a, in the preceding inequality
reveals that "1 < 8, < ¢~". A similar argument for a; shows that¢ "' < —§; < ¢™". DO
Theorem 60. Ifn > 5then0 < §; 4 8,.Ifn > 6then§; + 8, < ¢~ "2,

Proof. By definition, a; = a+ §ya and A, (a;) = 0 so, by Lemma 16, A, (a — §1a) > 0.Since A,(x) < 0
for a; < x < 1, this implies that a — §;a < a, = a + &,a, which implies §; + §, > 0. Now
assume thatn > 6. Then, by Lemma 59, —8; and 8, are both in the open interval (¢ "1, ") so that
S48 = (=) <¢ =9 " =92 D

10. Linear fractional mappings of the close real roots

We now track the images of the two close real roots of A, under the linear fractional mappings m,:l
as k increases. So let by 1 = mk_](a1) and by, = mk_](az) in this section and in Section 11. The two
roots, a; and a,, are close to g, and it turns out that m,jl (a) is particularly easy to track.
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Table 2
Proving Theorem 61. As k increases, the close real roots of By are centrifuged around 1/¢,
the positive fixed point of t~! o r. In each of the last five rows, {i, j} = {1, 2}.

Level (k)  The images of a;, a; under mk"

0 1/3 < bo < 1/¢? < bo 2 < 1/2

1 1 < b1 < ¢ < b1 < 2

2 0 < by < 1/¢ < by, < 1

k ]/2 < bk_,‘ < l/¢ < bk.j < 1

k +1 0 < bk+1,j < 1/4) < bk+1j < 1

K 0 < by ; < 1/2 < 1/¢ < by, < 1

kK +1 0 < byyy < 1/¢ < 1 < brgri
K +2 byiai < O < 1/¢ < bryaj

Theorem 61. Let h be the height of the CF tree of A,, and let k be an integer, 0 < k < h. Then by ; and by »
are both positive.

Proof. We have by 1 = ay and by ; = ay, so, by Theorem 14,0 < by ; < a < by . Sincea = ¢ 2 and
n > 5,we have a”/?*! = ¢~"2 < ¢~7.Hence, by Theorem 17, by ; > a—¢~’ > 0.381—0.035 > 1/3
and by, < a+ ¢_7 + 0.002 < 0.382 + 0.035 + 0.002 < 1/2, and so

1/3 < bg1 < 1/¢* < boy < 1/2.

Those inequalities appear in row “0” of Table 2. Row “1” shows the images of by ; and by, under
m;' = t~' or; note that (t7' o r)(1/¢?) = ¢*> — 1 = ¢. Row “2” shows the images of b; ; and b; ,
under t~'; note that t~1(¢) = 1/¢.

Regarding the remaining rows of the table we will say that a row holds if the inequalities of the row
are satisfied for (i, j) = (1, 2) or (i,j) = (2, 1). For example, row “k + 1" holds for k = 1. But row
“k + 1” does not hold for all k > 1. Indeed, the row implies, by the Descartes rule, that var(B1) > 2
which, by hypothesis, does not hold for k = h — 1. So let k' be minimal such that row “k + 1" does not
hold for k = k’. Then k¥’ > 2, and row “k 4+ 1” holds for k = k' — 1. Hence,

there are i, j such that {i,j} ={1,2} and 0 < by; < 1/¢ < by; < 1. (10.1)
Now note that, for all k, k > 2, we have m;}}; = (t ™! or) o m; ', so that row “k” implies row “k -+ 1.
We conclude that row “k” does not hold for k = k’. Hence,

thereareno i,j s.t. {i,j} ={1,2} and 1/2 <by; < 1/¢p <bpj < 1. (10.2)

By (10.1) and (10.2) we have 0 < by ; < 1/2 and so, since by ; is not rational, 0 < by ; < 1/2. Hence
row k' holds and, consequently, rows k' + 1 and k' + 2.

The table shows that by ; and by, are positive for all k, 0 < k < k' 4+ 2. To complete the proof
we show k' + 2 > h by showing that var(By,;) = 1.Indeed, by row “k’ + 2” and Theorem 44, By, ,
has exactly one positive root, so var(By ) is positive and odd by the Descartes rule. Moreover, by
Theorem 19 and subadditivity, Theorem 21, var(By 1) < 2.Hence, var(By;2) = 1. O

The next two lemmas are well-known. Benjamin and Quinn (2003, Corollaries 33 and 34) state them
for positive k and use a different proof method.

Lemma 62. Let k be an integer. Then ¢* = Fy¢ + Fr_1.
Proof. Induction on k using ¢?> = ¢ + 1 and the Fibonacci recurrence. O
Lemma 63. Let k be an integer. Then (—=1)¥"'¢ % = Fp — Fipr.

Proof. Replace k by —k in Lemma 62 to obtain ¢ ¥ = F_y¢p + F_j_1 = (=D 'K + (=1 2F,.
Multiplying by (—1)**! completes the proof. O
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Theorem 64. Leti = 1o0ri = 2. Then, forallk, k > 2,
1 -1

¢ (D¢~ 4 Frgs;
Proof. Substituting a; = (1 + §;)a for x in the formula for mk_] (x) in Table 1,

b 1 —Fp(+8)¢ > +Fha 1 —Fu(14+8)+Fa¢® 1

i~ = _ L _ -

"¢ RO+8)9¢ 2 —FRo ¢  FROA+8)-—Fop® ¢
_ Fi1¢® — Fipn(1+ 8¢ — Fe(1+ 8;) + Fie_a¢?

Fe(1+8)¢ — Fp0®

by — ASRET

_ F¢® — Fp — Fienipdi — R(1+8) —Fi1¢ — Fi ‘
—F2¢? + Fr_1¢ + Fibig Fi_3¢ — F_y + Fepdi
—1 ¢k+18i

T (=1)kp K L+ Fegs;

where line 3 is obtained using F, = F,_; + Fy_» and ¢> = ¢ + 1, and the last line is obtained using
Lemmas 62 and 63. O

Lemma 65. Ifk > 12 then

F
1.17080 < ¢T"_2 < 1.17083.

Proof. The assertion clearly holds for k = 12 and k = 13. Now letj be an integer, j > 12, and assume
that the assertion holds for k = jand k = j + 1. Then
1.17080(¢/ > + ¢ ) < F;+ Fiq < 1.17083(¢/ 2 + ¢/ 7).

Since 1+ ¢ = ¢?, the left-hand side equals 1.17080¢/, and the right-hand side equals 1.17083¢’. The
sum in the middle equals F;,. Hence the assertion holds fork =j+2. O

Theorem 66. Letn > 28 and 12 < k < n/2 — 2 (and note that §; < 0 and &, > 0). Then, for even k,

1
— %728, < by — 3 < —1.0269%725,, (10.3)
1
—¢%728, < by — 3 < —0.975¢%2%5,. (10.4)
For odd k,
1
28 < by — y < 0.975¢%25,, (10.5)
1
$*728, < by — 3 < 1.026¢%25,. (10.6)
Proof. Leti = 1ori = 2. Then |Fy¢$;| > 0, so
S ——YE Y — (10.7)
¢~ + |Fepdi] ¢T3 — |Fei]

By Lemma 65, Fy¢ < 1.171¢* ! and, by Lemma 59, |8;| < ¢~". Therefore, |Fy¢8;] < 1.171¢* "1,
By hypothesis, —n < —2k — 4, so

IFeddi] < 1.171¢ 7> = 1.171¢ 3¢+ < 0.025¢ 3.
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In particular,

|Fep8i| < 0.025¢F+3 (10.8)
and hence
0.025
F.08: —k+3 10.9
|[Frpdi] < 0.975¢ ( )
By Inequality (10.8), ¢ ~**3 — |Fedi| > 0.975¢ %3 hence
1 1
d*3 < 10269 3. (10.10)

3 _ |Fepdi|  0.975
By Inequality (10.9), 0.975¢*3|Fedi| < 0.025, hence 0.975¢% 3 (¢ %3 + |F¢8i]) < 1and so
1
¢+ + |Fepdi|
Combining (10.7) and (10.10),
1
[T
Combining (10.7) and (10.11),
1
¢34 |Fg|
Now suppose that k is even. Then, by Theorem 64, and since §; = —|§1],
1 1
6 o - IRes]
so, multiplying line (10.12) by ¢*+1|8;| yields

0.975¢ 3 < (10.11)

< 1.026¢% 3. (10.12)

0.975¢¢ 3 < PF3. (10.13)

bi 11841,

_ 1 _
¢* 3" 81| < bt — 3= 1.026¢* 3¢5,

or, equivalently, Assertion (10.3). Again by Theorem 64, and since 8, = |43,
1 -1

¢ K3+ |Figdyl
so, multiplying line (10.13) by ¢**15, yields

k+1
P18,

by, —

1
0.975¢’<_3¢k+182 < — (bk,z _ g) < ¢k_3¢k+162,

or, equivalently, Assertion (10.4).
Next suppose that k is odd. Then, by Theorem 64, and since §; = —|§1],

i = % T ke - Fgn, 0T g +1 Fean® O

so, multiplying line (10.13) by ¢**18; yields Assertion (10.5). Again by Theorem 64, and since 8, = |55,
1 1

¢ ¢ — syl

so, multiplying line (10.12) by ¢*+'8, yields Assertion (10.6). O

bz — "8,

Theorem 66 reflects the fact that 1/¢ is a repulsive fixed point of t=! o r with the local repulsion
rate —¢?.
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11. The close real roots and the transformed polynomials

We investigate the contribution of the close real roots a; and a, of A, to the transformations By, of
Ap. Let Qi (x) be the monic quadratic polynomial that has by 1 and by , as roots and that is a divisor of
By (x). Theorems 67-69 serve to compare Qy(x) to the polynomial x> — (2/¢)x + 1/¢?.

Theorem 67. Letn > 28 and 12 < k < n/2 — 2. Then, for even k,
—¢ A b by — % < 0.051¢ 22,
For odd k,
0 < b1+ bys— % < 1.109¢ "4,
Proof. First let k be even. In Theorem 66, add lines (10.3) and (10.4) to obtain

— (81 +82)¢” % < b1+ bea —2/9
< (=1.0268; — 0.9758,)¢% %2 = —0.975(87 + 82)p>* "% — 0.0518;% 2.

By Theorem 60, 81 +8; < ¢""2,50 —¢p~"+2k~* < by 1 + by, —2/¢. By the same theorem, §; +8, > 0
and, by Lemma 59, —8; = |8;| < ¢". Hence, by 1 + byy — 2/¢ < 0.051¢"T%2,

Now let k be odd. In Theorem 66, add lines (10.5) and (10.6), again apply Theorem 60, and note
that, by Lemma 59, 8, = |§,| < ¢~"; this yields

0 < (81 +82)¢™ 2 < by1+ by —2/¢
< (0.97581 + 1.0268,)¢™ % < 0.975(81 + 82)¢** > + 0.0518,¢°* >
< (0.975 + 0.051¢%)¢p "% < 1.109¢ 4. O

Theorem 68. Letn > 28 and 12 < k < n/2 — 2. Then
1
—0.438¢ "3 < by by, — po < 0.424¢ 23,
Proof. By Theorem 66 and Lemma 59 we have, for even k,

1 1 1 1
— T < — 4 P8y < by < st 1.026¢* 15| < st 1.026¢ "2

é é

and
L PR I ¢, < by < 1 0.975¢%* 28, < I 0.975¢"+2k=3,
é é 9 é

For odd k,
I P2 I_ ¢*72181] < b1 < I 0.975¢%*2|8;| < 1 0.975¢ "+2k=3
é é 9 ¢

and

1 1 1 1
s 4 A3 3 + %28, < by < 3 + 1.026¢9%728, < 3 + 1.026¢ "2,

So, for any k,

(% n ¢7n+2k73) (% _ ¢—n+2k—2> < by 1bk2

1 1
— —0.975 —”+2"—3) (f +1.026 —”+2’<—2) .
B (¢ ¢ 6 ?
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The upper left side is equal to
¢72 _ ¢7Tl+2k73 + ¢—n+2k—4 _ ¢—2n+4k—5 — ¢72 _ ¢7Tl+2k73(»1 _ ¢71 + ¢—n+2k—2)
> ¢—2 _ ¢—Tl+2k—3(-l _ ¢—] +¢—6)
> ¢72 _ O.438¢7ﬂ+2k73
while the lower right side is strictly less than

&2+ ¢ 23(1.026 — 0.975/¢) < ¢ > + ¢ 3(1.026 — 0.602)
= ¢ 2 +0.424¢ "3 O

The polynomial Q; was defined as the monic quadratic polynomial with roots by ; and by ». Now let ¢
and dy be such that Qi (x) = x*> — cxx + di. Then ¢ = bi.1 + br2 and dy = by 1by 2.

Theorem 69. Let n > 28 and 12 < k < n/2 — 2. Then |cx — 2/¢p| < 1.109¢ "+~ and
|de — 2| < 0.438¢~"+2*=3_ In particular, 1.212 < ¢, < 1.261and 0.365 < d; < 0.398.

Proof. The first assertion is immediate from Theorem 67 if k is odd. It also follows from Theorem 67
if k is even since ¢ "t%~% < 1.109¢~"*2k=* and also

0.051¢"2%~2 — 0.051¢2¢ 24 < 0.134¢ 2k < 1.109p 24,

The second assertion is immediate from Theorem 68.
The hypothesis k < n/2 — 2 is equivalent to —n + 2k — 4 < —8 and to —n + 2k — 3 < —7.Thus
the two proven assertions imply

c > 2/¢p — 1.109¢ "4 > 2/ — 1.109¢% > 1.236 — 0.024 = 1.212,
G < 2/¢p +1.109¢ "4 < 2/ +1.109¢~% < 1.237 + 0.024 = 1.261,
di > ¢7% —0.438¢ "3 > =2 - 0.438¢~7 > 0.381—0.016 = 0.365,
di < 072 +0.438¢ "3 < »=2 4 0.438¢7 < 0.382+0.016 = 0.398. O

12. The transformed polynomials

The polynomial Q, represents the contribution of the two close roots of A, to the polynomial
transformation By of A,; the polynomial P, represents the contribution of the non-close roots of A,.
We combine those contributions by letting Ri(X) = e nX" + ren1X™ 1+ -+ + 1o = P(®)Qx(x) so
that R, (x) is the monic associate of the integer polynomial By (x). We show that the low-order and
high-order coefficients of the polynomial B, are large negative integers.

Theorem 70. Let n and k be integers such thatn > 28,12 <k <n/2 —2andk > 1.04Inn + 4.414.
Then rin_1 > (n —2)/~/2 and 1y n_p > 21(n — 2).
Proof. To show the first assertion note thatry 1 = pk.n—3 — ck. By Theorem 56, py n—3 > (n—2)(¢ —
¢ 27y /2 > (n— 2)(p — ¢'7)//2 > 1.14(n — 2). By Theorem 69, and since n — 2 > 26,
c < 1.261 < 0.05(n — 2).S0 Ty p_1 > 1.09(n — 2) > (n— 2)/+/2.

For the second assertion note that ry ,_2 = Pk.n—4 — CkPk.n—3 + dk. But, by Theorem 69, d;, > 0, so
Tkan—2 > Pk.n—4 — CkPk.n—3. We complete the proof with the sequence of inequalities

Pin—a — CkPkn—3 > % (” ; 2>¢>2(1 — ¢ — u(n — 2)p(1 + ¢~ 1)

0.999
> (n—2)¢ ( W (n—3)p — 1.001c,(>
> (n—2)¢ <@ .25.1.618 — 1.263)
2.829

> (14.284 — 1.263)¢(n — 2)
> 21(n—2)
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where the first inequality is due to Theorem 56. The second inequality holds since ¢ 2% < 0.0002
by the hypothesis that k > 12. For the third inequality we use n — 3 > 25 and, again, ¢, < 1.261. O

Lemma 71. Let u, v be real numbers, u > 0 and v > —1. Then the function
1—x\w"
X —> ( )
1+x

is monotone decreasing on (0, 1).

Proof. The function that maps x to

1—x
ux”ln( )
1+x

ux"(In(1 — x) — In(1 + x))

1 1 1 1
u’ ((—x— === — ) = [x— =X+ =X — ..
2 3 2 3

1 1
=2ux’ (x+ X+ =x+---
( + 3 + 5 + )

— —2Ju X1+v 4 1x3+v 4 1x5+v 4.
3 5
is clearly a decreasing function on (0, 1). But the exponential of a decreasing function is also a
decreasing function. O
Lemma 72. Letn > 1,and let k > 2.08 Inn + 3. Then
1 _¢72k+6 - 1— 1/n2
1+¢72k+6 — 14+ 1/n2'

Proof. We have In(¢>*~) = (k—3) In(¢?) > 0.962(k—3) > 0.962-2.08-In(n) > 2Inn = In(n?).
So ¢?*=3 > n? and, hence, ¢~%*% < 1/n?. Butn > 1, so both 1/n? and ¢—2**6 are in the interval
(0, 1), and Lemma 71 can be applied withu = 1andv =0. O

Theorem 73. Let n and k be integers such thatn > 28,12 < k <n/2 —2andk > 2.08Inn + 3. Then
Tkn—i > dkPi.n—iforalli, 3 <i < 0.45n.

Proof. Since Ry = PQy, we have 1y i = Prn—2—i — CkPk.n—1—i + dkPk.n—i, SO it suffices to show that

Pkn—2—i = CkDkn—1—i- We first note that, by Theorem 56, py n—1—i = Pkn—2-G—1) > 0. Indeed, the

hypotheses of the theorem are satisfied since k > 2.08Inn + 3 > 1.04Inn + (1.041n28 + 3) >

1.041nn + 4.414. So, after dividing by py n—1— it suffices to show that py n—2—i/pk.n—1-i > Ck.
Applying Theorem 56 again,

Dk,n—2—i - (n 7 2>¢i(1 _ ¢21<+6)i/ﬁ<?:12>¢i1(] +¢72k+6)i71

Die,n—1—i
_ n—i—1 ¢ (1 ¢72k+6) 1— ¢72k+6 i—1
- i NG 1+ ¢—2k+6 ’

We will analyze the four factors of the latter expression from left to right. Since i < 0.45n we have
(n—i—1)/i = (0.55n — 1)/(0.45n) = 0.55/0.45 — 1/(0.45n) > 0.55/0.45 — 1/(0.45 - 28) >
1.2222 — 0.0794 = 1.1428. Furthermore, qb/«/i > 1.144 and, since k > 12,1 — ¢~2+6 > 0.9998.
Usingi — 1 < n/2, Lemma 72, and Lemma 71 withu = 1/2,v = —1/2and x = n"2,

1—p—2k+6\ 11 o (1o n/2 o (1= n/2
1+¢72k+6 1+¢72k+6 = 1+1/n2

2\ 14
> (}ﬂﬁﬁz) > 0.9649.
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In summary,

Pin-2-1 1 1428 .1.144-0.9998 - 0.9649 > 1.261.

DPk,n—1—i
But 1.261 > ¢, by Theorem 69. O

Theorem 74. Let n and k be integers such thatn > 28,12 <k <n/2 —2and k > 2.08 Inn + 3. Then
rvi > 1foralli,0 <i<n/10.

Proof. We will apply Theorems 56 and 69. The hypotheses of Theorem 69 are clearly satisfied, and
the hypotheses of Theorem 56 are satisfied since k > 2.08Inn 4+ 3 > 1.04Inn 4 (1.041n28 + 3) >
1.041nn + 4.414. We begin by rewriting the inequalities given by Theorem 56 as follows.

i(n - 2)¢n—2—i(1 Sy (” - 2>¢n—2—i(1 4 @ 2k+Byn—2-i
J2\ i i

forallisuchthat0 <i<n—2.
We first discuss 1.9 = dypy.o. By Theorem 56 rewritten, pro > ¢"2(1 — ¢~2k+6)"=2 /2. Since
k > 12, (1 — ¢ 2*%) > 0.999 and therefore ¢(1 — ¢~2*%) > 1.616.So pro > 1.616%/4/2. By

Theorem 69, d; > 0.365, 50 ryo = dpro > 0.365 - 1.616%6/+/2 > 1.
Now we discuss 1y 1 = dgpr,1 — CkPk,0 and, for 2 < i < n/10, ry; = Pk.i—2 — CkPk.i—1 + dxDk.i- We
shall consider the ratio dypy ;/ckpk.i—1 foralli, 1 <i < n/10. By Theorem 56 rewritten,

d X —i=1/1- —2k+6 \ n—2—i
kDk,i > d n 1 ( ¢ ) /Ck\/i(b(] +¢72k+6).

CkPk,i—1 i 14 ¢—2k+6
Again, we have d, > 0.365. Using Lemma 72,n — 2 — i < n,and Lemma 71 withu = 1,v = —1/2
and x = n?,

T i o (1=ym? n=2-i o (1= "
1+¢—2k+6 = \1+1/n2 1+1/n2

11282\ 28
(1“;282) >~ 0.931.

v

By Theorem 69, ¢; < 1.261. Also, v/2 < 1.4143, ¢ < 1.6181,and 1 + ¢~ 2+6 < 1 4+ ¢~18 < 1.0002.
Evaluating,
dipi 0.365 - 0.931 n—i—1 n—i—1
— > : : >0.1177 - ————.
CkPri—1  1.261-1.4143-1.6181 - 1.0002 i i
Fori = 1 we obtain dypy 1/ckPro > 0.1177(n — 2) > 0.1177 - 26 > 2 and therefore 1y 1 > ckPk.o-

But cxpk,0 > pr.o by Theorem 69, and we already determined that py o > 1.Sor, 1 > 1.Forisuch that
2 <i<n/10 we have

n—i—1 n—i 1 1
—2>——=-29—--=38.5,
1 i 2 2
SO dipr.i/CkPki—1 > 0.1177 - 8.5 > 1. Therefore, dxpk; > ckPk.i—1 and, hence, ry; > pi.i—2. By Theo-
rem 56 rewritten, pri—» > (¢(1 — ¢p~2+6))"~1//2. We already determined that ¢(1 — ¢p~2+6) >
1.616. So,
1.616"F  1.616%°°"  1.54"
Dk,i—2 > = > > 1,

V2o T V2 V2

and thusr; > 1. O

In the remainder of this section, and in Section 13, let the polynomial By be given as By(x) = by nx"
+ -+ bro-

Theorem 75. Let n and k be integers,n > 5and 2 < k < n/2 — 2. Then by , and by o are both negative
and bk+1,n = bk,O'
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Proof. Using the entry for A, in Table 1 we obtain Bi(x) = (ToR)(A,(x)) = T(—2x" + 12x"! —
22x"2 4 12x"73 — 2x"* 4+ 1). Since T preserves leading coefficients, we have b; , = —2. Since by ¢
is the sum of the coefficients of R(A;), we have b; o = —1. The leading coefficient of B, is the same as
the leading coefficient of By since B, = T(B;).So by, = —2.

Now let 2 < k < n/2 — 2. Then the product of the negatives of the roots of By is positive. Indeed,
by Theorem 61, the two close real roots are positive. By Theorem 44, all the other roots of By are in
the left half-plane. Of those roots, the real roots are negative and the nonreal roots occur in conjugate
pairs. It follows that the product of the negatives of the roots of By is positive. Therefore, by , and by o
have the same sign whenever2 <k <n/2 — 2.

In particular, b, , and b, ¢ are both negative. This is the basis of a proof by induction on k. For the
induction step observe that, if by g < 0 for some k, 2 < k < n/2 — 3, then by11.n = bro < 0 since
Bi+1 = (ToR)(By) and T preserves leading coefficients. O

Theorem 76. Let n > 28, let kq be the least integer that is at least 12 and at least 2.08 Inn + 3, and let
k; be the greatest integer that is at most n/2 — 2. Let = ¢(1 — ¢~ '®). Then by; < —p@=D& =D for qll
k ki <k <kyandalli,0.55n <i<n.

Proof. Let k be such that ky < k < k,. Thenk > 2.08Inn + 3 > 1.04Inn + 1.04Inn + 3 >
1.04Inn + 1.04In28 + 3 > 1.041n n + 4.414, so Theorems 56, 70 and 73 are applicable. Since
Ry is monic and of degree n, r,, = 1. By Theorem 70, 1,1 > 1and ry,—, > 1. By Theorem 73,
Tkn—i > diprn—iforalli, 3 < i < 0.45n.By Theorem 56, pn—a—; > (";°)@'/+/2foralli,1 <i <n-2,
hence py n_i > (’;:;)é)i‘z/ﬁ foralli,3 <i<n.But¢ > 1and ('::22) >n—2foralli,3 <i< 0.45n,
andsory,_; > (n—2)d,/~/2 > 26d;/~/2. By Theorem 69, d; > 0.365.S0 7 ,_; > 26-0.365/+/2 > 1
foralli,3 < i < 0.45n. So far we have shown thatr,; > 1forallk, k; < k < ky, and for all i,
055n<i<n.

Let k again be such that k; < k < k. Since Ry is the monic associate of By we have by ; = by n - 1k,
foralli,0 < i < n.By Theorem 75, by, is negative. Since by , is also an integer, we have by, < —1.
Hence, by ; = by - 1ki < bxn < —1foralli, 0.55n < i < n. This proves the assertion for k = k.

We now perform an induction step. Assume that, for some k such that k; < k < k, we have
b < —¢" &=k for all i, 0.55n < i < n.Then, in particular, by, < —¢">*=k1) By Theorem 56,
Pro > ¢"2//2.Since R, = Py - Qi, we have 1.9 = prodi > ¢"2di/~/2. As before, d;, > 0.365, so
di/~/2 > 0.258 > ¢ > ¢ 3. Hence, 1.0 > ¢" >, and thus by g = by, - 1o < —p DD Gn=5 —
_é(n75)((k+1)7k1). By Theorem 75, bk-H,n = bk’(). So, we have bk-H.,i = bk+l,n Teg1,i = _é(n—S)((kal)—lq)
forall i, 0.55n < i < n, completing the induction step. Hence the assertion holds for all k, k; < k <
k. O

Theorem 77. Let n > 28, let kq be the least integer that is at least 12 and at least 2.08 Inn + 3, and let
k; be the greatest integer that is at most n/2 — 2. Let ¢ = ¢(1 — ¢~ '8). Then by; < —p@>&=*D for qll
kki <k<kyandalli 0 <i<n/10.

Proof. Let k be such that k; < k < k,. Foralli,0 <i < n/10, we have

bri = b - Tk
< bk,n
< _ Stk

where the equality holds since Rj is the monic associate of By. The first inequality holds since,
by Theorem 75, by, is negative and, by Theorem 74, ry; > 1. The second inequality holds by
Theorem 76. O

We note that the coefficients of B, cannot be reduced by extracting a common factor. Indeed, A, is
monic and, hence, primitive so that the following results apply.

Lemma 78. Let A be a primitive polynomial. Then T(A) is primitive.
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0o 0 0 0
bl

Qp —> dp,0 do,1 Qo2 Qo3
ap—1  — 10 @11 (12
ap—2 — 20 a2

ap—3 — 0430

Fig. 13.1. Computing T(A) using additions. The coefficients of A are in the leftmost column with the leading coefficient at the
top. Each element a; , (i,j) € I, is the sum of its upper and left neighbors. The antidiagonal contains the coefficients of T(A)
with the leading coefficient at the top, see Theorem 81.

Proof. For all polynomials A let T_;(A)(x) = A(x — 1). Note that, for all polynomials A and B,
T_1(A-B) = T_1(A) - T_1(B). Hence, if p is a real number and B is a polynomial then T_;(p - B) =
p - T_1(B). Assume now that T(A) is not primitive. Then there is an integer p, p > 1, and an integer
polynomial B such that T(A) = p - B.ThenA = T_{(p - B) = p - T_1(B). But T_{(B) is an integer
polynomial, so A is not primitive. O

Theorem 79. Let A be a primitive polynomial. Then all polynomials in the CF-tree of A are primitive.

Proof. Every polynomial in the CF-tree of A is obtained from A by applying a sequence of translations
T and reciprocal transformations R. Both transformations preserve primitivity, T by Lemma 78, and R
since R preserves the set of non-zero coefficients. O

13. Alower bound for the computing time

We define classical translation by 1 by prescribing the arithmetic operations that are to be
performed (Johnson et al., 2005). We then derive a lower bound for the time required to translate
the polynomials R(By). When the CF-method is applied to the polynomials A,, the total time for those
translations dominates n°.

Definition 80. Let n be a nonnegative integer, and let A be a polynomial, A(x) = a,x" +- - - +a,x+ao.
Letl, = {(i,j) : i,j>0and i+j <n}.Foranyk € {0, ..., n}and any (i, j) € I, let

a1k =0,
k,—1 = Un—k,
Gij = Gij-1+ Qi1

Fig. 13.1 illustrates the definition.

Theorem 81.
n
Ax+1) = Z an_h,hxh.
h=0

Proof. The assertion clearly holds for n = 0; so we may assume n > 0. For every k € {0, ..., n} let

Ar(x) = Zﬁ:o ak_h,hx”. The coefficients of the polynomial A reside on the k-th antidiagonal of the
matrix in Fig. 13.1 with the leading coefficient at the top. Then, for all k € {0, ..., n — 1}, we have

Ak1(x) = (X+1)A(X) +0an_+1)- Now an easy induction on k shows that Ay (x) = Zﬁ:o A (X 1)"
forallk € {0, ..., n}.In particular, A,(x) = > b _,an(x + D' = Ax + 1). O

By Theorem 81, the coefficients of T(A) can be computed from the coefficients of A using only additions.
No explicit additions are needed to compute the top row in Fig. 13.1, the elements ag o, . . . , Gg n-

Definition 82. A method that computes the coefficients of T(A) from the coefficients of A is called
classical translation by 1 if, in the notation of Definition 80, the method performs the additions
a;j = a;j—1 + a1 j for the pairs (i, j) suchthat 1 <i <nand0 <j <nandi+j <n

Note that Definition 82 calls for n(n 4+ 1)/2 additions.
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Theorem 83. Forall (i, j) € I,

aw:( Hj—] )a”+( H_]j_1 )a“*]+"'+<j' )a”*"'

Proof. The assertion follows from Definition 80 by inductiononi +j. O

We analyze computing times using the integer length function L and the dominance relation between
functions; both concepts are well known (Collins, 1974).

Theorem 84. Let c be a constant, 0 < ¢ < 1. For any nonnegative integer n, let b be a negative integer
and let A(x) = a,x" + - - - 4+ a1Xx + ag be an integer polynomial such that a,_; < b, foralli,0 < i < cn.
Then the time to translate A by 1 using the classical method dominates n? L(b).

Proof. Using Theorem 83, we have, for all (i,j) € I,,0 <i < cn,

aij :( l-i‘_] )an+( I+J'_1 )an71+"'+<_1i )anfi

J J
() (5 ) e ()
(5
< b,

and hence L(a;;) > L(b). According to Definition 82, the classical computation of T(A) requires the
computation of a;; = a;j—1 + a;_1 for all pairs (i, j) € I, such that 1 < i < cn. But the number of
those pairs dominates n?. So the total computing time for all those additions dominates n?> L(b). O
Theorem 85. Let n > 28, let k be the least integer that is at least 12 and at least 2.08 Inn + 3, and let k,
be the greatest integer that is at most n/2 — 2. Let k be such that k; < k < k,. Then the time to compute
the polynomial By from the polynomial R(By) using classical translation by 1 dominates n®(k — k;).

Proof. Let ¢ = p(1— ¢ ") and b = | —¢"~>**1) | By Theorem 77, by; < bforalli,0 <i < n/10.
But the coefficients of R(By) are the coefficients of By in reverse order. So the coefficient of "~ in R(By)
isless than b for 0 < i < n/10. Now Theorem 84, applied with c = 1/10, A = R(By), and b, yields that
the time to translate R(By) dominates n? L(b). But L(b) dominates n(k — k;). O

Theorem 86. Let n > 28, let k be the least integer that is at least 12 and at least 2.08 Inn + 3, and let k,
be the greatest integer that is at most n/2 — 2. Let k be such that k; < k < k,. Then the time to translate
the polynomial By, using classical translation by 1 dominates n>(k — ky).

Proof. Let § = ¢(1 — ¢ ®)and b = |—¢@™ & )| Foralli 0 < i < 0.45n, we have
0.55n < n —i < nand so, by Theorem 76, by ,_; < b. Now Theorem 84, applied with ¢ = 0.45,
A = By, and b, yields that the time to translate B, dominates n? L(b). But L(b) dominates n(k — k;). O

Theorem 87. The time required for A, by the CF-method with classical translation by 1 dominates n°.

Proof. We may assume n > 100. Then the height of the CF-tree of A, is |n/2] + 2 by Theorem 40. In
particular, the method computes the polynomials By for all k, k; < k < k, where k; is the least integer
greater than 2.08 Inn + 3 and k, = |n/2] — 2. Since n > 100 we have k; > 13 and k, > 48 and
(ky —ki1)/n > ((n/2 —5/2) — (2.081n n+ 4))/n
1/2 —-5/(2n) — (2.081nn)/n — 4/n
1/2 —5/200 — 0.0208 In 100 — 4/100
> 1/3

v

where the second inequality holds since the expression to the right of the equal sign is an increasing
function of n. Then, by Theorem 85, the total time to compute the polynomials By, from the

polynomials By for all k, k; < k < k,, dominates n> Z;?:k]“(k —ky) = n? Z}Z]_klj > n®|n/3]
(Ln/3] + 1)/2 which dominates n°. O
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The lower bound also applies when the CF-method uses root bounds in the way of Procedure CF in
Sharma’s paper (2008, Section 2). Table 2 and the proof of Theorem 61 show how that method will
work if one assumes the computation of ideal polynomial root bounds. The ideal polynomial root
bound is defined as the floor of the smallest positive root. According to the table, the ideal polynomial
root bound is 0 at nodes € and 21t where T € {2}* and 2 < |217] < h — 1. At node “2" the ideal
polynomial root bound is 1. Hence Procedure CF computes, for all k, 2 < k < h — 1, the polynomial
Bi+1 from the polynomial R(By) in the same way as the CF-method that we analyzed. Therefore,
Theorems 85 and 87 apply also to Procedure CF. The theorems also apply to earlier statements of the
CF-method with root bounds (Akritas, 1978, 1980; Akritas et al., 2007; Tsigaridas and Emiris, 2008)
for the same reasons.

The time required for A, by the CF-method is dominated by n” if classical translation by 1 s used. If
either of the asymptotically fast methods E and F in the paper by von zur Gathen and Gerhard (1997) is
used, the computing time is dominated by n*(log n)* for some positive integer k; it is not clear whether
such a function would be codominant with the computing time.

References

Abramowitz, Milton, Stegun, Irene A. (Eds.), 1965. Handbook of Mathematical Functions. Dover Publications.

Akritas, A., Strzeboriski, A., Vigklas, P., 2006. Implementations of a new theorem for computing bounds for positive roots of
polynomials. Computing 78 (4), 355-367.

Akritas, A.G., 1980. The fastest exact algorithms for the isolation of the real roots of a polynomial equation. Computing 24 (4),
299-313.

Akritas, Alkiviadis G., 1978. A new method for polynomial real root isolation. In: ACM-SE 16: Proceedings of the 16th Annual
Southeast Regional Conference. ACM, pp. 39-43.

Akritas, Alkiviadis G., Strzebonski, Adam W., Vigklas, Panagiotis S., 2007. Advances on the continued fractions method using
better estimations of positive root bounds. In: Ganzha, V.G., Mayr, E.W., Vorozhtsov, E.V. (Eds.), International Workshop on
Computer Algebra in Scientific Computing. In: Lecture Notes in Computer Science, vol. 4770. Springer-Verlag, pp. 24-30.

Alesina, Alberto, Galuzzi, Massimo, 1998. A new proof of Vincent's theorem. L'Enseignement Mathématique 44, 219-256.

Alesina, Alberto, Galuzzi, Massimo, 1999. Addendum to the paper A new proof of Vincent’s theorem. L’Enseignement
Mathématique 45, 379-380.

Benjamin, Arthur T., Quinn, Jennifer J., 2003. Proofs that Really Count. The Mathematical Association of America.

Bouhamida, Mohamed, 2009. Comment on Fibonacci numbers. In: Sloane, NJ.A. (Ed.), The On-Line Encyclopedia of Integer
Sequences. World-Wide Web.

Carlitz, L., 1971. Solution H-173: Fibonacci versus Diophantus. The Fibonacci Quarterly 9 (5), 520-521.

Collins, George E., 1974. The computing time of the Euclidean algorithm. SIAM Journal on Computing 3 (1), 1-10.

Collins, George E., Akritas, Alkiviadis G., 1976. Polynomial real root isolation using Descartes’ rule of signs. In: Jenks, R.D. (Ed.),
Proceedings of the 1976 ACM Symposium on Symbolic and Algebraic Computation. ACM Press, pp. 272-275.

Eigenwillig, Arno, Sharma, Vikram, Yap, Chee K., 2006. Almost tight recursion tree bounds for the Descartes method.
In: Dumas, J.-G. (Ed.), International Symposium on Symbolic and Algebraic Computation. ACM Press, pp. 71-78.

Graham, Ronald L., Knuth, Donald E., Patashnik, Oren, 1994. Concrete Mathematics, 2nd edition. Addison-Wesley.

Hardy, G.H., Wright, E.M., 1938. An Introduction to the Theory of Numbers. Oxford University Press.

Johnson, J.R., Algorithms for Polynomial Real Root Isolation. Technical research report OSU-CISRC-8/91-TR21, The Ohio State
University, Department of Computer and Information Science, 1991.

Johnson, J.R., 1998. Algorithms for polynomial real root isolation. In: Caviness, B.F., Johnson, J.R. (Eds.), Quantifier Elimination
and Cylindrical Algebraic Decomposition. Springer-Verlag, pp. 269-299.

Johnson, Jeremy R., Krandick, Werner, Ruslanov, Anatole D., 2005. Architecture-aware classical Taylor shift by 1. In: Kauers, M.
(Ed.), International Symposium on Symbolic and Algebraic Computation. ACM Press, pp. 200-207.

Knopp, Konrad, 1952. Elements of the Theory of Functions. Dover Publications.

Knuth, Donald E., 1968. The Art of Computer Programming. In: Fundamental Algorithms., vol. 1. Addison-Wesley.

Krandick, Werner, Mehlhorn, Kurt, 2006. New bounds for the Descartes method. Journal of Symbolic Computation 41 (1), 49-66.

Ledin Jr., George, 1970. Problem H-173: Diophantine equation. The Fibonacci Quarterly 8 (4), 383.

Marden, Morris, 1949. The Geometry of the Zeros of a Polynomial in a Complex Variable. In: Number Il in Mathematical Surveys,
American Mathematical Society.

Mignotte, M., 1982. Some useful bounds. In: Buchberger, B., Collins, G.E., Loos, R. (Eds.), Computer Algebra: Symbolic and
Algebraic Computation, 2nd edition. Springer-Verlag, pp. 259-263.

Mignotte, Maurice, 1981. Some inequalities about univariate polynomials. In: Proceedings of the ACM Symposium on Symbolic
and Algebraic Computation, pp. 195-199.

Mignotte, Maurice, 1995. On the distance between the roots of a polynomial. Applicable Algebra in Engineering, Communication
and Computing 6 (6), 327-332.

Rouillier, Fabrice, Zimmermann, Paul, 2004. Efficient isolation of polynomial’s real roots. Journal of Computational and Applied
Mathematics 162, 33-50.

Schoenberg, 1.]J., 1934. Zur Abzdhlung der reellen Wurzeln algebraischer Gleichungen. Mathematische Zeitschrift 38, 546-564.

Schoenberg, Isac, 1930. Uber variationsvermindernde lineare Transformationen. Mathematische Zeitschrift 32, 321-328.

Sharma, Vikram, 2007. Complexity of real root isolation using continued fractions. In: Brown, C.W. (Ed.), International
Symposium on Symbolic and Algebraic Computation. ACM Press, pp. 339-346.



1412 G.E. Collins, W. Krandick / Journal of Symbolic Computation 47 (2012) 1372-1412

Sharma, Vikram, 2008. Complexity of real root isolation using continued fractions. Theoretical Computer Science 409 (2),
292-310.

Tsigaridas, Elias P., Emiris, loannis Z., 2008. On the complexity of real root isolation using continued fractions. Theoretical
Computer Science 392, 158-173.

Uspensky, J.V., 1948. Theory of Equations. McGraw-Hill Book Company, Inc.

Vajda, S., 1989. Fibonacci & Lucas Numbers, and the Golden Section. Ellis Horwood Limited.

van der Waerden, B.L., 1949. Modern Algebra, vol. I. Frederick Ungar Publishing Co, New York.

Vincent, M[onsieur], 1836. Sur la résolution des équations numériques. Journal de Mathématiques pures et appliquées 1,
341-372.

von zur Gathen, Joachim, Gerhard, Jirgen, 1997. Fast algorithms for Taylor shifts and certain difference equations.
In: Kiichlin, W.W. (Ed.), International Symposium on Symbolic and Algebraic Computation. ACM Press, pp. 40-47.



	On the computing time of the continued fractions method
	Motivation
	The CF-method
	The algorithm
	The universal CF-tree

	A road map
	Constructing difficult polynomials
	Proof strategy

	A set of input polynomials
	CF-trees
	Tree structure
	A lower bound for the height
	The height

	The non-close roots
	Linear fractional mappings of the non-close roots
	The non-close roots and the transformed polynomials
	More on the two close real roots
	Linear fractional mappings of the close real roots
	The close real roots and the transformed polynomials
	The transformed polynomials
	A lower bound for the computing time
	References


