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1. Introduction

This work deals with the numerical analysis of a quasistatic contact problem between an elastic body and a rigid obstacle,
the so-called foundation. The damage of the material, caused by the opening and growth of micro-cracks and micro-cavities,
is also taken into account since it leads to the decrease in the load carrying capacity of the body and, eventually, to the
possible failure of the system in which the body is situated.

Of course, when engineering structures are considered, such as tall buildings, bridges or dams, it is very important to
predict the evolution of their mechanical damage because it affects the mechanical integrity, functioning, life-span, safety,
and indirectly the warranty, of most engineering systems. There exists very large engineering literature dealing with the
many approaches and facets of material damage (see, e.g., [3,27-31,33,34]).

The novel idea of modelling material damage by the introduction of the damage field originated in the works of
Frémond [15-17] and was motivated by the evolution of damage in concrete structures. These ideas have been extended
recently in [1,2,5-7,11,14,18,20,26]. Additional results and references can be found in the recent monograph [32]. In this
approach the damage field ¢ varies between one and zero at each point in the body. When ¢ = 1 the material is damage-
free, when ¢ = O the material is completely damaged, and for 0 < ¢ < 1 it is partially damaged. The evolution of the
damage field is described here by a parabolic partial differential equation.

In this work, since the contact is assumed frictionless and with a rigid body, the classical Signorini contact conditions
are employed to model the process (see [23]). Therefore, the variational formulation of this problem is written as a coupled
system which consists of a first-kind variational inequality for the displacement field and a linear parabolic variational
equation for the evolution of the damage field. The existence of a unique weak solution to the problem is obtained using
similar arguments to those employed in [8,24] for elastic-viscoplastic materials and assuming contact with a deformable
obstacle. In this paper, we continue the investigation reported in [9], where the contact was not considered, and we notice
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Fig. 1. A frictionless contact problem between an elastic body and a rigid obstacle.

that the novelty of this work is the numerical algorithm, its error estimates, and its implementations which lead to numerical
simulations of the model.

The rest of the paper is structured as follows. The mechanical model and its weak formulation are presented in Section 2.
The assumptions on the problem data and the statement of the existence and uniqueness of the weak solution, Theorem 2,
are also given. In Section 3, a fully discrete scheme is introduced based on the finite element method to approximate the
spatial variable and an Euler scheme to discretize the time derivatives. Error estimates are provided in Theorem 6, from
which, under suitable regularity conditions, the linear convergence of the fully discrete approximation is deduced. Finally,
two-dimensional numerical examples are described in Section 4 in order to demonstrate the performance of the algorithm
and the behaviour of the solution.

2. Mechanical problem and variational formulation

Let S¢,d = 1, 2, 3, be the space of symmetric d x d matrices with the usual notation of inner product.

We consider an elastic body which occupies a domain £2 C R? with outer surface 32 = I' = I'p, U I'y U I'c which is
assumed to be sufficiently smooth. Also the boundary parts I'p, I'y and I'¢ are disjoint subsets and I'p and I have positive
surface measures. For each x € I, let v(x) denote the unit normal outward vector to I". Volume forces of density f; act in
2 x (0,T), for a final time T > 0, and tractions of density fy act on I'y. Finally, the body may come into contact with a
rigid obstacle over the boundary part I'¢. A gap g exists between the potential contact surface I'c and the obstacle, and it is
measured along v (see Fig. 1).

We denote by u the displacement field, o the stress tensor, and & (u) the linearized strain tensor given by

d 1 81,[,' 8uj
e(u) = (&i(W)); 1. &j(u) = 5 Bix] + )
We let ¢ denote the damage field, which is defined in £2 x (0, T) and measures the fractional decrease in the strength of
the material. The material is assumed elastic satisfying the following constitutive law (see, e.g., [13,32]),

0 =Ae(u),

d
where A = (aju)y; 1=

obtained when ¢ = 1.
Let us present briefly the contact model. The classical frictionless Signorini conditions are written as follows (see [23]),

; is a prescribed fourth-order tensor, and we notice that the classical linear elasticity theory is

o, =0, u,—-g=<0, 0,<0, o,(u,—g =0 onitx(0,T),

where u,, = u - v denotes the normal displacements, and 6, = ov - vand 6, = ov — o, v are the normal and tangential
stresses, respectively.

We now describe the damage process. As a result of the tensile or compressive stresses in the body, micro-cracks and
micro-cavities open and grow and this causes the load bearing capacity of the material to decrease. This reduction in the
strength of an isotropic material is modelled by introducing the damage field ¢ = ¢ (x, t) as the ratio

Eefs
= x»t =
{ =8k, 1) E
between the effective modulus of elasticity E.; and that of the damage-free material E. It follows from this definition that
the damage field is constrained to the values0 < ¢ < 1.



648 M. Campo et al. / Journal of Computational and Applied Mathematics 224 (2009) 646-657

Following the derivation presented in[15,16] (see [ 17] for full details), the evolution of the microscopic cracks and cavities
responsible for the damage is described by the following parabolic partial differential equation,

' — kAL = ¢(e(u), ) inf2 x (0,7).

Here, the prime denotes the time derivative, A is the Laplace operator, k > 0 is the damage diffusion constant and ¢ is the
damage source function whose properties will be described below.

We assume that there is no damage influx throughout the boundary I and therefore, ¢ /dv = 0 there. It is
straightforward to extend the results presented below to more general situations.

For technical reasons associated with the loss of coercivity in the elastic equation, and possible singularities in ¢ as
¢ — 0, we introduce the truncation operator 7, : R — R. This is a nondecreasing C(§2)-function which satisfies, for fixed
& >0,

1 if¢>1,
& IfE < &,

We note that as long as ¢ € [¢,, 1] it makes no difference whether we use ¢ or 1, (¢). The purpose of using 1, is to allow us
to obtain global regular solutions (see [25]).

Remark 1. We note that when the damage function is close to zero, i.e., the damage is substantial, the material is dense
with micro-cracks (it is likely to develop a crack) and modelling it as an elastic material ceases to make sense. Therefore, we
postulate the existence of such a lower limit for the damage, denoted by ¢, > 0. Moreover, this condition is also required
for the numerical analysis of the problem since it guarantees that the stiffness matrix is positive definite.

Thus, the mechanical form of the quasistatic contact problem between an elastic body and a rigid obstacle, including the
damage of the material, is the following.

Problem P. Find a displacement field u : £2 x (0,T) — RY a stress field ¢ : £2 x (0,T) — 9 and a damage field
¢ : 2 x (0,T) — Rsuch that,

—Dive =f; in£2 x(0,T), (1)
o =1n,()Ae ) in2 x(0,7), (2)
¢ —KkAL=¢(em),n.(§) in2x(0,T), (3)
a—(::O onl" x (0,T), (4)
av

u=0 onlpx(0,T), (5)
ov=fy only x (0,T), (6)
o, =0 on/l¢ x(0,T7), (7)
u,—g=<0, 0,=<0, oy(uy—g =0 onltx(0,T), (8)
£(0) =ty in . 9

We now present the variational formulation of the problem. To that end we introduce the following spaces and notation.
LetY = [%(2),E = H'(2), H = [L*(£2)]¢, and denote by Q the space of second order symmetric tensor functions,

Q = {z e [P v = 71} .

Let V be defined by
V={velH(2)]%v=00nTIp),

and define the admissible displacement convex set U as,
U={veV;v,=v-v<gonlg}

We now describe the assumptions on the problem data.
The fourth-order elasticity tensor A = (a,-jk,)?J_kJ=1 : 2 x 8 — s satisfies:

aijk,(x) = ak[,‘j(X) = aﬁk,(x) for i,j, k, = 1,... s d. (10)

AXT-T>myltl%, forallTes’. (11)

The mapping x — 4 (x) is measurable and bounded. (12)
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The damage source function ¢ : £2 x S¢ x R — R is Lipschitz and verifies:

|9 (%, €1, 14 (C1)) — & (X, €2, 0 (£2))| < Ly (|61 — €2] + 14 (§1) — 04 (£2)D)

foralle;, e, €S%, 1,5, €R, ae X€ £2. (13)
The function x — ¢ (x, €, ¢) is measurable. (14)
The mapping x — ¢ (x, 0, 0) belongstoY. (15)
¢ (%, &, 1, (£)) is bounded. (16)

)

¢(xa€!§)§0 lfé'Zl, ¢(Xv€7§)20 lf;s;* (17

Below, and in the rest of this work, we do not show the dependence of these functions on x in order to simplify the writing.
The density of body forces and the tractions are assumed to satisfy

foeC(0,TI;H),  fy € C ([0, T]; [L* (Tw)]f), (18)
and we define the element f € C([0, T]; V) by
F@©), w)y = (f(t), Wu + (v (), W)2(pye YW € V.
In addition, we assume that the gap function and the initial condition satisfy,
gel*(y), gx)>0 forae.xeI,,
Lo €E, Co(x) € (L, 1] foraexe 2.
To describe the variational form of the problem we need the bilinear forma : E x E — R given by

a(é,n):K/V$~Vndx V&, n €E.
o)

Therefore, using a Green’s formula, the variational formulation of the mechanical problem P is the following.

Problem VP. Find a displacement field u : [0, T] — U and a damage field ¢ : [0, T] — E such that £ (0) = ¢, and for a.e.
t €[0,T],

(5 () Ae(u(t)), e(v —u(t)))q = (F(t), v —u(®))y VveU, (20)
(&'(©), &)y +a ), &) = (@e@®), ¢ (1)), £)y V& €E. (21)

The following theorem, which states the existence of a unique solution to Problem VP, is obtained by using similar
arguments to those employed in [24,25].

Theorem 2. Assume that (10)-(19) hold. Then, there exists a unique solution to Problem VP such that
¢ € [*(0, T; HX(£2)) NH'(0, T; Y),
C(x, t) € [L4, 1] forae. (x,t) € 2 x (0,T),
u e L*0,T; U).

The proof of the theorem was based on the regularization of the variational problem and a priori estimates.
3. Fully discrete approximations: Error estimates

In this section we introduce a finite element algorithm for the solution to Problem VP and we obtain an error estimate
on the approximate solutions.

The discretization of Problem VP will be done in two steps. First, we consider two finite-dimensional spaces V" C V and
E"  E which approximate the spaces V and E, respectively. Here, h > 0 denotes the spatial discretization parameter. The
discrete admissible displacement convex set is then defined as U" = U N V",

Remark 3. In the numerical simulations described in the following section, V" and E" consist of continuous and piecewise
affine functions; that is,

V=" e [C()]% v € [PI(T)]'VTr € 7" v" =0 on Ip}, (22)
E'"={" € C(2): & e Py(Tr)VTr e 7"}, (23)

where £2 is assumed to be a polygonal domain, 7" denotes a finite element triangulation of £2 and P;(Tr) represents the
space of polynomial functions of global degree less than or equal to 1 in Tr. Therefore, we notice that the discrete convex
set U" is defined as,

Uh=@"evho'=v". v <gonry). (24)
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To discretize the time derivatives, we consider a uniform partition of the time interval [0, T], denoted by 0 = t; < t; <

- < ty = T and let k be the time step size, k = T/N. For a continuous function f(t), let f;, = f(t,) and for a sequence
{wn}ﬁ:0 we let Sw, = (w, — wy_1)/k be its corresponding divided differences.

The fully discrete approximation of Problem VP, based on a hybrid combination of the backward and the forward Euler
schemes, is as follows.

Problem VP"™. Find a discrete displacement field u™ = {u/*}N_ C U" and a discrete damage field ¢"* = {¢*}N_ < E"

such that {* = ¢/ and for all é" € E", v" e U"andn=1,2,...,N,

B EMy +a(@l E") = (@l ). 5% ), EMy, (25)
() A, e (V" —ul*))g > (Fo, v — )y, (26)

where ;g‘ is an appropriate approximation of the initial condition ¢y, and ug" € U" is the unique solution to the following
problem,

(&) AeUG), (V" —ug))q = (o, v" —ug)yy W' e UM (27)
Using standard arguments for variational inequalities (see [19]), we deduce the existence and uniqueness of the solution
to Problem VP, which we state as follows.

Theorem 4. Let the assumptions of Theorem 2 hold. Then, there exists a unique solution to Problem VP"™ such that u"™ c U"
and ;™ c EM.

Remark 5. We notice that the above discrete problem is a decoupled system composed of a linear variational equation
for the discrete damage field and a first-kind variational inequality for the discrete displacements. First, the discrete initial
displacements are obtained solving the discrete variational inequality (27). A penalty-duality algorithm, introduced in [4]
and already applied in other contact problems, is used for its numerical resolution.

Then, we rewrite (25) in the form

G € B (G 8y +ka(g" N = k(e ). £, ENy + (458, £y VE" € BN (28)

Eq. (28) is a linear system that is solved using Cholesky’s method.

Once ¢ is calculated, it is introduced into (26). In practice, ¢ > ¢, (since the program stops when the value ¢, is
reached) and therefore, Eq. (26) leads to a first-kind variational inequality which is again solved by using the above penalty-
duality algorithm.

Our interest here lies in estimating the numerical errors ||u, — u* ||y and ||, — ¢/*]|y. Thus, let us assume the following
regularity conditions on the continuous solution,

ueC(0,TI; V),

() € L®(0, T; [L ()19, (29)

¢ € C([0,T; E)NC'([0, T]; V).
First, we take variational inequality (20) at time t = t, forv = uﬁ" € U" c U to obtain,

((En) AE (), €Y — ))g = (fo, Uy — wn)y.
Then, we rewrite the discrete variational inequality (26) in the following form,

(&) A @), ety — uy))g = (o, V' — W)y + 05" A ), ey —v))q W' € U,
and adding the above two inequalities we find that

(74 (n) AE(Un) — 1. (E ) AEWY), €y —up))g < (o s — VY + (1. (L) AU, eV —wa))g WY € U,
Let us bound the left-hand side of the above inequality. Writing it as follows,

(1 (Gn) A€ (Un) — 1. (6" AU, £y — U)o = (0.8, ) Aoy — U), ety — u7))g

+ (1 (Gn) = 1)) AE (), £y — 1))q.

keeping in mind that

(14 (6, ) A ), € (V" — ) = (1 (6, ) A& W), €V — n))g + (1:(5y" ) AU — 1), €(V" — 1n))g,
applying several times the inequality

1
abgea2+4—b2, a,b,e eR, e >0, (30)
€
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and using the regularity e(u) € L(0, T; [L*°(£2)]9*?) and the properties 1, (£n), 7« (£M) > 14, 14(Zn), 74 (E*) < 1, we find
that
ly — w115 < cClgn — &5 + llun — V™l + g = vI3) W e U €1)

Here and below, c is a constant which depends on the problem data and the continuous solution, but it is independent of k
or h.

We turn now to obtain an error estimate for the damage field. It was already done in [9] and we refer the reader there
for further details. We sketch below the proof.

Let us denote by ¢, = ¢ (e(un), &) and ¢ | = p(e(™ ), ¢ ). Writing Eq. (21) at time t = t,, forall § = £" € E" and
subtracting it from Eq. (25), it follows that

G =880, Ca = CYy + aCn — &, Ca — &) — (bn — D40 Lo — 1)y
= =88 = ENy + a(Gn — ) 0 — EM) — (B — D1 0 — EMy,
for all " € E". Then, after some manipulations, we get
(8n — 8C1, ¢a — £y + V(& — &IE < clltn — u™ v + 1160 — &4 I 112 — &¥ly
12 = 82ally (120 — E2¥lly + 120 — E™1v) + 1V @ = &2 lallen — &Ik
+cllun —ut v + 180 — e )80 — E"lly + (88w — 85)%, &0 — EM)y.
where §¢, = (& — &n—1)/k. Since

1
(8% — 8C, 0 — ¢y > * (120 — & 15 — Ign—1 — &M, 117]

using inequality (30) several times, by induction it leads to the following estimate,
120 — &*15 + ’<an IV —¢™IE < can: (i — ™ 115 + G- — 115
j=1 j=1
F1g = 8GI12 + g — w1+ 1G5 — G2 + 11 — EM12)
+c2n:(§; =" = (G = 5D, G = &y + 100 = &I,
j=1
for all " = {£"}!) C E". Taking into account that

D@ — g™ = G = ™D G — &y < €llta — G + cllgn — EN1IF + cligo — oIy + cllg — £V
j=1

n—1 n—1
1
kY NG =G + 7 215 = & — G — gl
=1 =1
where € > 0 is assumed sufficiently small, we have the following error estimate, for all £" = {é;‘j”};-\':1 C EN,

1gn — &1 + kD IV (G — &™)

=

n
<c (kZ Uy — ™15 + g2 — g™ 17 + 18 — 8g11 + g — w1y + 11 — G113
j=1

1 n—1
1185 = &3} + g — 01 + 160 — 8315 + e — &1 + 2 D15 = &' = G s,-il)ui) . (32)
=1
Combining (31) and (32) and using a discrete version of Gronwall’s inequality (see [21]), it leads to the following.

Theorem 6. Let the assumptions of Theorem 2 and the regularity conditions (29) hold. There exists a constant ¢ > 0, independent
of hand k, such that for all {¢"}}_, C E" and {(v/}}, c U™,

N
[max (= w1 + 6 = &30 + k; IV & = &)1
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N
c (kz (1G] = 8517 + lwy —wa I + 15 — & 11F + 1 — &1}

j=1
+ max [||;n EMG + llun — Vil + g — VEIT] + 1120 — 22115

N—l
+ lluo — uf I} + Z g — &' — (g1 — ,+1>||y)
j:l

These error estimates are the basis for the analysis of the convergence rate of the algorithm.

As an example, let £2 be a polyhedral domain and denote by 7" a regular triangulation of £2 compatible with the partition
of the boundary I" = 352 into I'p, I'y and Ic. Let the finite element spaces V" and E" and the discrete convex set U" be
defined by (22), (23) and (24), respectively, and assume that the discrete initial condition {(’} is obtained by ;g = "¢,
where 7" : C(£2) — E" is the standard finite element interpolation operator (see, e.g., [12]). Moreover, we recall that the

discrete initial displacements ug" are the unique solution to the discrete variational inequality (27).

The following error estimates establish some convergence orders of the algorithm, with respect to the discretization
parameters h and k, under suitable regularity conditions.
Corollary 7. Let the assumptions of Theorem 6 hold. Under the following regularity conditions

u e C([0, T]; [H*($)]) N C'([0, T]; V),
¢ € ([0, T]; H3(22)) NH?(0, T; Y) NH'(0, T; E),

there exists ¢ > 0, independent of h and k, such that,

[max {fluy - |y + 1120 — ¢y} < c(h? + k). (33)

Moreover, if we also assume that

oy € C([0, T1; L*(I7)),  uy € C([0, TT; HA(I)), (34)

the numerical algorithm introduced in Problem VP"™ is linearly convergent; that is, there exists ¢ > 0, independent of h and k,
such that,

[max ([l — Ny + l1gn = &3"llv} < cCh + o). (35)

Proof. First, we need to estimate the errors provided by the approximation of the finite element spaces V" and E". Since
u e C([0, T]; [H2(£2)]%) and ¢ € C([0, T]; H%(£2)), we have (see [12]),

max inf |u, —v,|lv <ch|u 2oy s
R llv < chllullcgo,rimzae)

h
Oana<XN glllnf 180 — &L llE < chllllcqomnzc2)),

and, from (31) and the definition of the operator 7" we immediately obtain (see again [12]),
o — Iy, < c(h 10122 g + P11t 2 oy + lltoll 2 c2yya)
150 — ;“Slly < ch? ||§0||1~12(_Q)-

Sinceu € C'([0, T]; V) and ¢ € H%(0, T; Y), it is easy to check that

1[0
5;7:,/ / £ (s)dsdt,
kS Jy

w—ui_q = ku'(t) t et gl
G — g1 =ki'(0) t et bl

and therefore,

N
kY [1g = G115 + llwy — wia 1§ + 11 = G117 < kA2 o py00) + 18172 0 ray)-
j=1
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Fig. 2. Example I: Physical setting and mesh for n = 8.

Finally, in [20] the following estimate was obtained,
1 N—-1
2 2 NG =5 = G = GEDIT = P IE IR 1oy
j=1

which concludes the proof of (33).
The linear convergence (35) is now obtained proceeding as in [21], integrating by parts the equilibrium equation
(1), using regularity conditions (34) and the following error estimate (see again [12]),

. h 2
max inf ||[(u, —v))-v|;2 < ch?||lu g2 . O
1=n=N Jheyh Il (a n) ”L (Ic) = I v”C([O,T],H (Ie))

4. Numerical results

To exhibit the performance of the numerical scheme we present some numerical results of its implementation.
In all the examples & (u) was chosen as the two-dimensional plane-stress elasticity tensor,

Er E
(AT)aﬁ = m(fll + '522)5af3 + 17“ B>

wherea, 8 = 1, 2, E and r are Young’s modulus and Poisson’s ratio, respectively, and 8,4 denotes the Kronecker symbol.
The finite element spaces V" and E" and the discrete convex set U" given by (22), (23) and (24), respectively, were
employed and we also considered the damage source function ¢ defined as,
1—¢ 1
plem), &) =— | Ap N + ikulllq*(e(u)) —iw )
+

where Ap, Ay and Ay are process parameters and the truncation function ¥ : ¢ — R is given by

2 . 2 *
W (1) = {|5|Sd if |73 < q",

q otherwise,

and |r|§d = Z?J:] rij? forallt = (rij)ﬁjzl e 9. Value g* = 1000 was employed in the simulations.

4.1. Example I: Numerical convergence

In order to verify the asymptotic behaviour of the numerical method presented in the previous section, a sequence of
numerical solutions was computed following the physical setting described in Fig. 2. Uniform partitions were considered of
both the time interval and the spatial domain (each side of the square [0, 1] x [0, 1] was divided into n equal parts), and the
corresponding solutions were compared with the “exact solution” obtained with k = 0.0001 and n = 256. The boundary
I'p = {0} x [0, 1] was supposed to be fixed, I = [0, 1] x {0} was in frictionless contact with a rigid foundation and I'y was
divided into two parts: {1} x [0, 1], on which a density of surface tractions fy acted, and [0, 1] x {1}, which was traction-free.
No volume forces were supposed to act on the body.

The following data were used in this example:

T=1s, g=0m, fy=0N/m? fy=(—10, —10)N/m?,
E=80N/m?, r=03, Ap=0.1, Ay =100, Ay =0,
£ =0.01, ¥=001 ¢=1.
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Table 1
Example I: Numerical errors obtained with different n and k
k
n 0.02 0.01 0.005 0.002 0.001
4 0.03027 0.02931 0.02884 0.02856 0.02856
8 0.01934 0.01803 0.01739 0.01701 0.01688
16 0.01594 0.01167 0.01003 0.009247 0.008794
32 0.007324 0.005391 0.004471 0.003956 0.003794
64 0.005254 0.003095 0.002029 0.001441 0.001269
Asymptotic behaviour
0.033
0.03 +
0.025
= 0.02
£ /
= o015
0.01
0.003
0
0 005 01 015 02 025 03 035 04

k+h

Fig. 3. Example I: Evolution of the numerical error with respect to k + h.

f

i

LIy

L
Ly

Rigid
obstacle

Fig. 4. Example II: Contact problem of an L-shaped domain.

The numerical errors given by

hk hk
max u, —u —
max (s =y + 15— 5"l )

are shown in Table 1 (here, h =

NG

n

and u, and ¢, denote, as previously noticed, the discrete solutions obtained with

parameters h = V2 /256 and k = 10™%). As can be seen, the numerical convergence of the algorithm is obtained. Moreover,
its linear convergence with respect to h + k, stated in Corollary 7, is almost observed in Fig. 3.

4.2. Example II: Damage in an L-shaped body

As the second example, we consider an L-shaped body which is subjected to the action of traction forces on its upper
horizontal boundary. The body is clamped on its lower horizontal boundary and an obstacle is assumed to be in contact,
i.e.g = 0, on the boundary part I'¢ (see Fig. 4).

The following data have been used in the simulations:

T = 157 fBZON/m37 fN(X11X27t) = (07 _SOt) N/m27
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Fig. 5. Example II: Deformed mesh (amplified by 10) and initial configuration.
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Fig. 6. Example II: Von Mises stress norm (left) and damage field (right) at final time.

k=1 E=10°N/m? r=0.3, ¢ =0.01,
Ap=5x005 i;=10% iy =0, =1

The deformed mesh (amplified by 10) at final time and the initial configuration are plotted in Fig. 5. As we expected, the
body bends because of the obstacle and we also observe that no penetration has been produced. Moreover, in Fig. 6 the von
Mises stress norm (left-hand side) and the damage field (right-hand side) are depicted at final time. As can be seen, the most
damaged areas coincide with the highest stressed ones, which are located near the contact areas.

4.3. Example IlI: Damage in a U-shaped domain

As the third example, our aim is the simulation of a simplified masonry bridge (see, for instance, [22]). Here, we use our
model to obtain the most damaged areas which we identify with the possible breaking zones. Therefore, we consider the
physical setting described in Fig. 7. A vertical force fy (x1, o, t) = (0, —80t) N/m? is acting on a part of the upper horizontal
boundary, while the lower horizontal ones are assumed to be in contact with a rigid obstacle (again, g = 0 m).

The following data have been employed in the simulations:

T=1s, fy=0N/m’, fy(x1,x,1t)=(0,—80t) N/m?,
k=1 E=10°N/m? r=0.3, ¢ =0.01,
Ap=5%005 iy=10% Ay =0, =1
The deformed mesh (amplified by 10) at final time and the initial configuration are plotted in Fig. 8. As we expected, the
body bends because of the applied forces. We also observe that no penetration has been produced and there was a sliding
effect on the contact areas. Moreover, in Fig. 9 the von Mises stress norm (left-hand side) and the damage field (right-hand

side) are depicted at final time. As can be seen, the most damaged areas coincide again with the highest stressed ones, which
are located near the contact areas and where the body bends.

5. Conclusions

The paper dealt with the numerical analysis and simulations of a contact problem between an elastic body and a rigid
obstacle. The evolution of the material damage, which led to the development and growth of micro-cracks, was also taken
into account. A numerical algorithm for the model, based on finite elements and a hybrid combination of the backward
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Fig. 7. Example III: Simulation of a U-shaped domain.

Fig. 8. Example III: Deformed mesh (amplified by 10) and initial configuration.
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Fig.9. Example III: Von Mises stress norm (left) and damage field (right) at final time.

and the forward Euler schemes, was proposed and error estimates on its solutions were obtained, from which the linear
convergence, with respect to the discretization parameters, was derived.

We must notice that the error estimates provided in Corollary 7, which states the linear convergence of the algorithm
for the case of continuous piecewise affine functions, were derived under an additional assumption on the regularity of
the solution which was not proved. However, since for the case of contact with a deformable obstacle this regularity was
improved (see [8]), we hope to address it in the near future.

The algorithm was implemented and three examples were computed. In the first one, the setting was chosen in such a
way as to show the numerical convergence of the algorithm. As can be seen in Fig. 3, the linear convergence of the algorithm
was achieved. In the second example, the aim was to study the location of the most damaged areas in an L-shaped body
subjected to the action of surface forces. Finally, in the third example, a U-shaped body, representing a simplified masonry
bridge, was simulated. In these last two examples, we observed that the most damaged areas coincided with the highest
stressed ones.

Finally, we notice that the results presented in this paper could be easily extended to other contact problems including,
for instance, friction, by using similar arguments to those employed in [10] in the case of viscoelastic materials. Moreover,
although the computer implementation could be done in a similar way, the dynamical version of this problem (i.e, including
the full dynamical mass term) will have additional mathematical issues such as the existence and uniqueness of weak
solutions or developing useful error estimates that cannot be considered yet.
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