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1. INTRODUCTION

Impulsive delay differential equations may express several real-world
simulation processes which depend on their prehistory and are subject to
short-time disturbances. Such processes occur in the theory of optimal
control, theoretical physics, population dynamics, biotechnologies, eco-
nomics, etc. In the last few years, the qualitative theory of solutions of
impulsive ordinary differential equations and the oscillation of delay
differential equations have been studied by many mathematicians, respec-
tively. We refer to the monographs [8, 11]. However, not much has been
developed in the direction of impulsive delay differential equations. Most
of the publications are devoted to oscillation of differential equations with
coefficients of definite sign (see [1-7, 12, 13]). The purpose of this paper is
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to study oscillatory properties and asymptotic behaviour of solutions of
impulsive delay differential equations and inequalities with oscillatory
coefficients. To the best of our knowledge, this paper is probably the first
publication on the above mentioned equations and inequalities. In the
particular case where equations with coefficients of definite sign, our
results improve and generalize some known results in the recent literature.

Let N ={1,2,...,}. Consider the first order impulsive delay differential
inequalities

y'(2) +a()y(e) +p()y(t —7) <0, 1+, )
y(4") —y(t) = bey(t), k €N,
y'(t) +a(t)y(t) +p()y(t—7) 20,  1#1, @)
y(t8) —y(t) = bey(), k €N,

and the corresponding impulsive delay differential equation
y'(t) +a()y(e) +p(t)y(t —7) =0,  t#y 3)
y(4) —y(t) = bey(t), k €N,

under the following conditions:

(A)D0 <ty <t; <ty < -+ <t < - are fixed points with lim, _, .t,
= 00;

(A4,) a, p € ([t;,»), R) are locally summable functions and 7 is a
positive constant;

(A,) b, € (—», —1) U (=1, ) are constants for k € N.
Remark 1. 1t is obvious that all solutions of (3) are oscillatory if there

exists a subsequence {n,} of {n} such that b,,k < —1lfork=12,....In
the sequel we assume —1 < b, < = for k € N.

For any o > ¢, let PC_ denote the set of functions ¢: [0 — 7,0] = R
which are real-valued absolutely continuous in [#,,¢,,,) N (o — 7, o) and
at ¢, situated in [0 — 7, o] they may have discontinuity of the first kind.

DErFINITION 1. For any o >t, and ¢ € PC_, a function y € ([0 —
r,), R) is said to be a solution of (3) on [ o, ) satisfying the initial value
condition

y(t) =¢(1), tefo-1,0] (4)
if the following conditions are satisfied:

(1) y(#) is absolutely continuous on each interval [¢,,1,,,) N [, ),
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(ii) for any ¢, € [o,»), y(#7) and y(¢;) exist and y(¢;) = y(z,);

(iii) y(¢) satisfies (3) a.e. (almost everywhere) in [0, %) and at impul-
sive points ¢, situated in [0, %) may have discontinuity of the first kind.

DEFINITION 2. A solution of (3) is said to be nonoscillatory if it is either
eventually positive or eventually negative. Otherwise, it is called oscilla-
tory.

Remark 2. The definition of solution of (1) or (2) is analogous to
Definition 1.

We also consider the following delay differential equations and inequali-
ties

x'(t) +a(t)x(t) +P(t)x(t—7) <0, ae.t>t,+r7, (1%

x'(t) +a(t)x(t) + P(t)x(t —7) =0, aet>t,+7, (2%
and

x'(t) +a(t)x(t) + P(t)x(t — 1) =0, ae.t>ty+ 7, (3%

where P(t) =T1,_,_, . (1 + b)~'p(t), t = t, + 7, and a, p and {b;} sat-
isfy (4,)-(A4,). Here and in the sequel we assume that a product equals
unit if the number of the factor is equal to zero.

By a solution x(¢) of (3*) on [0, ®) we mean an absolutely continuous
function on [0, ) which satisfies (3*) on [o,®) and satisfies condition
x(t) = ¢(2), t € [0 — 7, 7]. Similarly the solutions of (1*) and (2*) can be
defined respectively. A solution of (3*) is said to be oscillatory if it has
arbitrarily large zeros. Otherwise the solution is called nonoscillatory.

Recently, for the first order impulsive delay differential equation (3),
under appropriate hypotheses, the oscillation criteria are established in [1],
but some [1, Theorem 3, Corollary 2, and Theorem 4] of the results are
incorrect. Now, let us introduce the following

Assertion [1, Theorem 3]. Let the following conditions (H,)—-(H;) hold:

(H)) a, p € C(0,©),(0,%)), 7> 0 is a constant;

(Hy))0 <t <t, < -+ <t < -, are fixed points with lim _, .z, = o
and there exists a positive constant 7" such that ¢, ., —¢t, > T > 7, k =
1,2,...;

(H,) {b,} is a sequence of real numbers and b, # —1 for all k € N.

Suppose that

a(t) + p(t) >0, te€][0,0), kEN. (5)

1+ b,
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Then all solutions of

x'(t) +a(t)x(t) +p(t)x(t —7) =0, t# 1,
x(t) = x(t) = bex(1,), k&N

with the initial condition x(¢) = ¢(t), —7 <t < 0, where ¢ €
C([—7,0], R), are oscillatory.
Consider the counterexample

x'(t) + ax(t) + Bx(t —7) =0, t# 1,
{X(f;?) —x(t;) = bex(t;), keN. (6)

where {#,} and {b,} satisfy (H,) and (H,) with b, > 0, k € N, and «, B, 7
are positive constants satisfying Bre®” < 1. Clearly (6) satisfies (H,)—(H;)
and (5). The transformation x(¢z) = e~ *'y(¢), which is oscillation-invariant,
reduces (6) to

67
Y0) ~¥(8) =by(t),  KEN. (©)
By Corollary 3 in [5] the first order impulsive delay equation (6’) has a
nonoscillatory solution y(z), that is, (6) has a nonoscillatory solution x(z),
which implies that the Assertion is incorrect.

{y’(t) + Be¥y(t— 1) =0, L+t

Remark 3. Reference [1, Theorem 4] is also an incorrect result. Its
counterexample is given in [13, p. 462].

2. MAIN RESULTS

In this section, first we establish a fundamental theorem that enables us
to reduce some properties of solutions of (1) (or (2) and (3)) respectively to
corresponding properties of (1*) (or (2*) and (3%)).

THEOREM 1.  Assume that (A,)—(A;) hold. Then
(1) Inequality (1) has no eventually positive solution if and only if (1%)
has no eventually positive solutions.

(i) Inequality (2) has no eventually negative solution if and only if (2%)
has no eventually negative solutions.

(iii) All solutions of (3) are oscillatory if and only if all solutions of (3*)
are oscillatory.

Proof.  Clearly, it is sufficient to prove (i), since (ii) and (iii) follow from

@).
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Let y(z) be an eventually positive solution of (1). Then there exists a
T > 0 such that y(#) > 0 and y(+ — 7) > 0 for ¢ > T. From Remark 1,
by > =1,k €N.Set x(t) =TI, _, . (A + b)) "y(r). Hence x(¢) > 0 and
x(t—71)>0fort>T.

Since y(¢) is absolutely continuous on each interval (z,,¢,,,], and in
view of y(¢;) = (1 + b,)y(¢,), it follows that for ¢t > T

()= TT (1+8) 'y(r5) = T1 (1+5) 'y(t) =x(1),

T<t;<ty T<t;<ty

and for all £, > T,

x(r)= TI (+b) 'y(r)= TI (1+b) 'y(t) =x(1),

T<ti<tp_, <t; <ty

which implies that x(¢) is continuous on [T, ) and it is easy to prove that
x(¢) is also absolutely continuous on [T, %). Moreover, we obtain that for
almost everywhere ¢t € [o, )

x'(t) +a(t)x(t) + P()x(t — 7)
H (L+0b,) 1y’(f)+a(t) 1_[ (1+bk) (1)

+PU%J1_O+MYWU—ﬂ
=T£Lgl+mr%wu>+aﬂﬂo+puwu—7»so

which implies that x(¢) is a positive solution of (1*).

Conversely, let x(¢) be an eventually positive solution of (1*) and
x(1) > 0and x(t — 7) > Ofor t > T > t,. Set y(¢) =1, _, . (1 + b)x(?)
where b, > —1. As x(¢) is absolutely continuous on [7, ), y(2) is abso-
lutely continuous on each interval (¢,,7,,,], #, > T and for almost every-
where ¢ € [0, ®),

y'(t) +a(t)y(t) +p(t)y(t—7)
= IT (0+b)x'(r) +a(r) TT (1+b)x(r)

T<t, <t T<t <t

+p(t) TT (A+b)x(t—1)

T<t,<t—rt

IA

[T (A +b)(x'(¢) +a(t)x(t) + P(t)x(t — 7)) <0. (7)

T<t, <t
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On the other hand for every ¢, > T

y(tr)y=1lim [T (1+b)x(e)= TI (1+b)x(t,)

t*ﬁ'ng<t T<tj<ty

and

y()= T1 (1+b;)x(t).

T<t;<t
Thus for every t, > T, k € N, we have

y(7) = (1 +b)y()

which together with (7) implies that y(z) is a positive solution of (1). The
proof of Theorem 1 is complete.

Remark 4. 1t is obvious that the conclusion (iii) of Theorem 1 improves
and generalizes noticeably Theorem 1 in [5].

The following results provide several explicit sufficient conditions for the
oscillation of all solutions of (3). For delay differential equations without
impulses similar results have been established (see [9, 10]). Furthermore,
by Theorem 1 we note that Theorems 2, 3 and Corollaries 1, 2 below of
this paper can be formulated in a more general form as follows.

If a set of conditions holds, then

(1) Inequality (1) has no positive solutions.
(i) Inequality (2) has no negative solutions.
(iii) All solutions of (3) are oscillatory.
THEOREM 2. Assume that (A,)—(A;) hold and that there exists a se-
quence of intervals {(£,, m,)} with lim,, , (&, — m,) = . Suppose that

oo

p(t) >0  forallre | (&,,m,),where N > 1
n=N

and forall t € U%_y(€, + 7,m,)

1
ds > z (8)

lim infftt_ T -+ bk)lp(s)exp(/:

(o TS—T<I[;<s

Ta(o-) do

Then all solutions of (3) are oscillatory.

Proof.  Suppose that y(¢) is a nonoscillatory solution of (3). By Theo-
rem 1 there exists a nonoscillatory solution x(¢) of (3*) and suppose that
x(#) > 0and x(t — 7) > 0forall t > T > ¢,. Set

z(t) = 1Oy (r),  t>T.
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Thus (3*) reduces

z'(t) + P(t)z(t —7) =0, aefort>T 9)
where
Py(1) = P(t)ef @ =TT (1 +b,) " p(r)el=%. (10)
t—T<; <t

From (8) and (10) there exists y > 1 and N, > T such that
1 oo
[ P(s)ds=y>=, e U (&+7m). (11)
=7 e n=N,

Moreover, since lim,_, (n, — £,) = «, we can choose N, > N, and an
integer m such that n, — 7> &, + (m + 2)7 and

£

From (9) we find that z'(z) < 0 a.e. for t € U7,_,.(£, + 7, 7m,) and that
z(t) <z(t — ) fort € U%_,.(&, + 7,m,) where £. + 7> T. Hence

< (ey)™. (12)

z2'(t) + P(t)z(t) <0, ae.forre | (& +1,1m,),
n=N;

where N; = max{N,, n*}. Thus from (11) we have

1 () 0 f §
—— 4+ y< te + 7,
ETEE RS A
or
eyz(t) <evz(t) <z(t— 1) forre |J (& +7.m,).
n=Nj;

Repeating the above procedure, it follows by induction that

(ey)"z(t) <z(t—7) forte | (& + (m+ D7,m,). (13)

n=Nj;

Now fix # € U}, _y(§, + (m + D7, 7,). Then because of (11) there exists
at*e@t+ 1)U, _y(& + (n+ Dr,m,) such that

t* Y i+ Y
f;P,(s)dszz and f, P(s)d = . (14)
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By integrating (9) on intervals [7, 1*] and [¢*,7 + 7] we find

2(1%) ~2() + ["Pi(s)2(s — 7) ds = 0,
forr e (3 (& + (m+ )7, m,) (15)

and

2(i+7) —2(t%) + [P (s)z(s = 1) ds = 0
t*
for te |J (¢, + (m+1)r,m,). (16)
n=N;
But using the decreasing nature of z(¢) on U5 _y(&, + 7,m,) we have
from (15) and (16) that
- Y 7
—z(t) +z(t* — 7)5 <0 and —z(t*) +z(t)§ <0

or
y
z(t*) > Ez(t) > Tz(t* - 7).
This implies that
z(t* = 71) 4
z(1%) v’

which contradicts (12) and completes the proof of Theorem 2.

IA

(ey)" <

THEOREM 3.  Assume that (A,)—(A;) hold and there exists a sequence of
intervals {(£,,m,)} such that lim,_, & =xand nm, — & > 7 foralln > N
> 1. Ifp(t) > 0 forallt € U%_y(&,m,) and forallt € U7 _ (&, + 7,m,)

limsup/;t_ IT a+ bk)lp(s)exp(fs Ta(a) da') ds > 1, (17)

> TS—T<1;<§ s—

then all solutions of (3) are oscillatory.

Proof. From Theorem 1 we only prove that (3*) has no nonoscillatory
solutions. Let x(¢) be a nonoscillatory solution of (3*). Without loss of
generality we suppose that x(¢) >0 and x(¢+ — 7) >0 for t > T. Set
z(t) = exp(— [fa(s) ds)x(¢) > 0 for ¢ > T. Thus we obtain (9). Hence
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z'(1) < 0 ae. in U’ _y(&, + 7,m,) which implies z(¢) is nonincreasing in
Us,y(&, + 7,m,). Integrating (9) from ¢ — 7 to ¢ we have that

2(t) —z(t — 1) + ftt_TPl(s)z(s —7)ds <0,

=]

forallte |J (¢, + 7.m,).
n=N

From the nonincreasing character of z(z), we derive that

o

z(t) +z(t — 7)(fttTP1(s) ds — 1) <0 forallt e EJN(gn +7,m,)

which contradicts (17). The proof of Theorem 3 is complete.

In particular, when p(¢z) > 0, by Theorem 2 and Theorem 3, we obtain
the following results.

THEOREM 2'.  Assume that (A,)—(A;) hold and p(t) > 0 fort > t,. If

liminf'/tt IT (1+bk)1p(s)exp(/;s Ta(a)do-)ds> %,

t—>x —TSs—T1<t;<s

then all solutions of (3) are oscillatory.

Remark 5. 1t is obvious that Theorem 2’ improves and generalizes
Theorem 3.2 in [7] and Theorem 5 in [1]. Moreover, since

[T a+ bk)lp(s)exp(fssfa(a) do-) ds

t—7s—7<1;<s

> inf {T I1 (1+bk)1p(s)exp(/:_fa(0')do)}

t—7<s<t s— TSt <s

and

[T sy psen([ ato)do]d

t—1s—71<1;<s s—

> inf [T (+b)" j;iTp(s)exp(fs Ta(a) da') ds,

I—7<s<l§—7<1;<s s—

Theorem 2’ improves and generalizes respectively Corollary 7 in [3] and
Theorem 2 in [13].
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THEOREM 3.  Assume that (A,)—(A3) hold and p(¢t) > 0 fort > t,. If

limsupft IT (1+bk)_'p(s)exp(fs a(cr)do)ds>1

t— I—Ts—7<1;,<s§

then all solutions of (3) are oscillatory.

Remark 6. Theorem 3’ improves and generalizes Corollary 2 and
Corollary 3 in [13].

We introduce the following conditions.

(AP0 <ty <t; <ty < -+ <t < -, are fixed points with lim, _, ¢,
= o and there exists an integer m such that m(zt,,, —t,) > 7 for all
k € N.

(A%5) There exists a constant M > 0 such that 0 < b, <M for all
k € N.

The following two results are respectively immediate corollaries of
Theorem 2’ and Theorem 3'.

COROLLARY 1. Assume that (A)), (A,), (A}) hold and p(t) = 0 for
t >ty If
(1+M)"

lim inf p(s)exp(fs_ a(o) do-) ds > 5

t— oo
then all solutions of (3) are oscillatory.

Remark 7. Corollary 1 improves and generalizes respectively Theorem
5 in [1], Theorem 3.2 in [7], and Theorem 2 in [13].

COROLLARY 2. Assume that (A)), (A,), (A;) hold and p(t) > 0 for
t>t,. If

llmsupf p(s)exp(f a(o) dcr) ds > (1+M)"

> >
then all solutions of (3) are oscillatory.

The following result provides a sufficient condition for the existence of a
nonoscillatory solution of (3).

THEOREM 4. Let (A,)—(A;) hold and p(t) > 0 for t > t,. Assume that
there exists T > t, such that for all t > T

[ T1 (+by p(S)eXp(fs

TS—T<1;<S§

1
a(o)da')dssz. (18)

Then (3) has a nonoscillatory solution on [T, «).
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Proof. By Theorem 1, we only need to prove that
zZ'(t) + P()z(t—7) =0

has a nonoscillatory solution z(¢) on [T, ), where P,(¢) is defined by (10).
We define a sequence of functions as

P(t), t>T,
() = { 0
0, T—17<t<T,
P ! d ST
upo (1) = | PO [ w(s)ds). o= T, (19)
0, T—r<t<T,keN.

It is easy to show that forall t > T > 7 and k € N
0 < u (1) <t (1). (20)
For u,(¢) we have u,(t) < P(t)e, t > T — 7. Suppose that for some k
u(t) <P(t)e,t>T— 1.

Thus, by (18) and (19) we obtain that for ¢t > T

up, (1) = Pl(t)exp(/;t_Tuk(s) ds) < Pl(t)exp(e/;t_TPl(s) ds) < P(t)e.

Hence by induction we prove
u(t) <eP(t), t=T-7,keN (21)

which with (20) implies {u,(#)} is a nondecreasing bounded sequence of
functions on [T — 71,%). Thus {u,(¢)}, t = T — 7, has a pointwise limiting
function u(¢), that is, lim, _, ,u,(#) = u(¢). Furthermore, (21) implies {u,(¢)}
is uniformly bounded on [¢# — 7,¢] for all # > T. Consequently, by applying
the Lebesgue’s dominated convergence theorem, we obtain

u(r) = [P u(s) ds). =T,
0, T—-—717<t<T.

Set
z(t) = exp(—f;u(s) ds), t=>2T—r.

It is easy to check that z(¢) is a positive solution of (9) on [T, ). The proof
of Theorem 4 is complete.
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The following corollary is an immediate result of Theorem 4.

COROLLARY 3. Let (A)), (A,), (A3) hold and p(t) > 0 for t > t,.
Assume that there exist T > t, and a constant & with —1 < 8 < b, for
t, = T such that

ft_Tp(S)eXp(f:_Ta(cr)dcr)dssﬂ fort>T. (22)

t
Then (3) has a nonoscillatory solution.

Remark 8. In particular, by applying Theorem 4 to the differential
equation,

x'(t) +px(t —7) =0, t# 1,

23

x(t7) —x(t) = byx(ty), k€N, (23)
where p > 0, 7> 0, and b, > 0 for k € N. It is easy from (18) to see that
if

pre <1

then (23) has a nonoscillatory solution. From which we find that Theorem
4 is a substantial improvement of Theorem 3.3 in [7] and it generalizes and
improves Theorem 3 and Theorem 4 in [13].
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