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Abstract

By using Krasnoselskii’s fixed point theorem and upper and lower solutions method, we find
sets of positive valuesλ determining that there exist positiveT -periodic solutions to the highe
dimensional functional difference equations of the form

x(n + 1) = A(n)x(n)+ λh(n)f
(
x
(
n− τ(n)

))
, n ∈ Z,

whereA(n) = diag[a1(n), a2(n), . . . , am(n)], h(n) = diag[h1(n),h2(n), . . . , hm(n)], aj ,hj :Z →
R+, τ :Z → Z areT -periodic,j = 1,2, . . . ,m, T � 1, λ > 0, x :Z → Rm, f :Rm+ → Rm+ , where

Rm+ = {(x1, . . . , xm)T ∈ Rm, xj � 0, j = 1,2, . . . ,m}, R+ = {x ∈ R, x > 0}.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

The existence of positive periodic solutions of functional differential equations
been studied extensively in recent years [1–5]. However, relatively few papers hav
published on the same problem for functional difference equations. In [6], Raffou
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studied the existence of positive periodic solutions for the following functional differ
equation:

x(n+ 1) = a(n)x(n)+ λh(n)f
(
x
(
n− τ (n)

))
, (1.1)

wherea(n), h(n) andτ (n) areT -periodic forT is an integer withT � 1, λ, a(n), f (x)

andh(n) are nonnegative with 0< a(n) < 1 for all n ∈ {0,1, . . . , T − 1}.
LetRm+ = {(x1, . . . , xm)

T ∈ Rm, xj � 0, j = 1,2, . . . ,m}, R+ = {x ∈ R, x > 0}, letZ
be the set of all integers andN be the set of all nonnegative integers. Givena < b ∈ Z, let
[a, b] = {a, a + 1, . . . , b}. Our aim in this paper is to study the existence and nonexist
of positive solutions of the following higher-dimensional functional difference equatio

x(n+ 1) = A(n)x(n)+ λh(n)f
(
x
(
n− τ (n)

))
, n ∈ Z, (1.2)

where A(n) = diag[a1(n), a2(n), . . . , am(n)], h(n) = diag[h1(n),h2(n), . . . , hm(n)],
aj ,hj :Z → R+, τ :Z → Z areT -periodic,j = 1,2, . . . ,m, T � 1,λ > 0,f :Rm+ → Rm+
is continuous. We denoteBC the normed vector space of bounded functionφ :Z →
Rm with the norm‖φ‖ = ∑m

j=1 supn∈[0,T−1] |φj (n)|, whereφ = (φ1, φ2, . . . , φm)
T and

[0, T − 1] := {0,1,2, . . . , T − 1}. Particularly, for eachx = (x1, x2, . . . , xm)
T ∈ Rm, we

define the norm|x|0 = ∑m
j=1 |xj |.

In the sequel, we say thatx is “positive” wheneverx ∈ Rm+ , we denotef = (f1, f2,

. . . , fm)
T , and denote the product ofx(n) from n = a to n = b by

∏n=b
n=a x(n) with the

understanding that
∏n=b

n=a x(n) = 1 for all a > b.
In Section 2, we make some preparation. In the first part of Section 3, by using

noselskii’s fixed point theorem, we obtain sufficient conditions for the existence of at
one positiveT -periodic solution of (1.2); in the second part of Section 3, whenf satisfies
other conditions, we show that there existsλ∗ > 0 such that (1.2) has at least one posit
T -periodic solution forλ ∈ (0, λ∗] and does not have any positive periodic solutions
λ > λ∗ by using the upper and lower solutions method [7].

2. Some preparation

In this paper, we always assume that

(P1) 0< aj (n) < 1, n ∈ [0, T − 1], for j = 1,2, . . . ,m.

For convenience, we introduce the definition of cone and the well-known Krasnos
fixed point theorem.

Definition. Let X be a Banach space andK be a closed, nonempty subset ofX. K is a
cone if

(i) αu + βv ∈ K for all u,v ∈ K and allα,β � 0;
(ii) u,−u ∈ K imply u = 0.
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Theorem 2.1 (Krasnoselskii [8]).LetX be a Banach space, and letK ⊂ X be a cone inX.
Assume thatΩ1,Ω2 are open bounded subsets ofX with 0 ∈ Ω1, Ω̄1 ⊂ Ω2, and let

ϕ :K ∩ (Ω̄2 \ Ω1) → K

be a completely continuous operator such that either

(i) ‖ϕy‖ � ‖y‖, ∀y ∈ k ∩ ∂Ω1 and‖ϕy‖ � ‖y‖, ∀y ∈ k ∩ ∂Ω2; or
(ii) ‖ϕy‖ � ‖y‖, ∀y ∈ k ∩ ∂Ω1 and‖ϕy‖ � ‖y‖, ∀y ∈ k ∩ ∂Ω2.

Thenϕ has a fixed point inK ∩ (Ω̄2 \ Ω1).

3. Main results

Let

X = {
x :Z → Rm, x(n+ T ) = x(n)

};
then it is clear thatX ⊂ BC, endowed with norm‖x‖ = ∑m

j=1 ‖xj‖0, where‖xj‖0 =
supn∈[0,T−1] |xj (n)|.

Similar to the proof of Lemma 2.2 in [6], one can get the following lemma.

Lemma 3.1. x(n) ∈ X is a solution of Eq.(1.2) if and only if

x(n) = λ

n+T −1∑
u=n

G(n,u)h(u)f
(
x
(
u− τ (u)

))
, (3.1)

where

G(n,u) = diag
[
G1(n,u), . . . ,Gm(n,u)

]
(3.2)

and

Gj(n,u) =
∏n+T −1

s=u+1 aj (s)

1− ∏n+T −1
s=n aj (s)

, u ∈ [n,n+ T − 1], j = 1,2, . . . ,m.

By (P1), we know that the denominator inGj (n,u) is not zero forn ∈ [0, T − 1]. Note
that due to (P1), we have

N̄j ≡ Gj(n,n) � Gj(n,u) � Gj(n,n + T − 1)= Gj (0, T − 1)≡ Mj ,

j = 1,2, . . . ,m,

for u ∈ [n,n+ T − 1], and

1 � Gj(n,u)

Gj (n,n + T − 1)
� Gj(n,n)

Gj (n,n+ T − 1)
= N̄j

Mj

> 0, j = 1,2, . . . ,m.

Let

γ = min

{
N̄j

, j = 1,2, . . . ,m

}

Mj



L. Zhu, Y. Li / J. Math. Anal. Appl. 290 (2004) 654–664 657
and

N̄ := min
1�j�m

N̄j , M := max
1�j�m

Mj .

Thenγ ∈ (0,1).
Next, define a cone by

P = {
x ∈ X, xj (n) � γ ‖xj‖0, j = 1,2, . . . ,m

}
,

meanwhile, we define an operatorF :P → P by

(Fx)(n) = λ

n+T −1∑
u=n

G(n,u)h(u)f
(
x
(
u− τ (u)

))

for x ∈ P , n ∈ Z, whereG(n,u) is defined by (3.2). We denote

(Fx) = (F1x,F2x, . . . ,Fmx)
T .

Lemma 3.2. F :P → P is well defined.

Proof. For eachx ∈ P , since it is clear that(Fx)(n + T ) = (Fx)(n), Fx ∈ X. For any
x ∈ P , we have

(Fj x)(n) = λ

n+T−1∑
u=n

Gj (n,u)hj (u)fj
(
x
(
u− τ (u)

))

� λ

n+T−1∑
u=n

Gj (0, T − 1)hj (u)fj
(
x
(
u− τ (u)

))
.

Thus

‖Fjx‖0 = sup
n∈[0,T−1]

∣∣(Fj x)(n)
∣∣ � λ

T−1∑
u=0

Gj(0, T − 1)hj (u)fj
(
x
(
u− τ (u)

))

and

(Fj x)(n) = λ

n+T−1∑
u=n

Gj (n,u)hj (u)fj
(
x
(
u− τ (u)

))

� λN̄j

T−1∑
u=0

hj (u)fj
(
x
(
u− τ (u)

))

= λN̄j

T−1∑
u=0

Gj(0, T − 1)

Mj

hj (u)fj
(
x
(
u− τ (u)

))

� γ ‖Fjx‖0, j = 1,2, . . . ,m.

Therefore,(Fx) ∈ P . This completes the proof.✷
Lemma 3.3. F :P → P is completely continuous.
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Proof. We first show thatF is continuous. By the continuity off , for any giveny ∈ P

andε > 0, there existsδ > 0 such that for anyx ∈ P with ‖x − y‖ < δ, we have

sup
n∈[0,T−1]

∣∣fj (x(
n − τ (n)

)) − fj
(
y
(
n− τ (n)

))∣∣ < ε

λMjqjTm
.

Hence∣∣(Fj x)(n)− (Fj y)(n)
∣∣

� λ

n+T −1∑
u=n

Gj (n,u)hj (u)
∣∣fj (x(

u− τ (u)
)) − fj

(
y
(
u− τ (u)

))∣∣

� λMjqjT sup
n∈[0,T−1]

∣∣fj (x(
n− τ (n)

)) − fj
(
y
(
n − τ (n)

))∣∣ < ε

m

for all n ∈ [0, T − 1], whereqj = maxn∈[0,T−1] hj (n). This yields∥∥(Fj x)(n)− (Fjy)(n)
∥∥

0 <
ε

m
.

Thus,

‖Fx − Fy‖ < ε.

Hence,F is continuous.
Next, we show thatF maps bounded sets into relatively compact sets. Indeed, letd be

a constant andD = {x ∈ X, ‖x‖ < d} be a bounded set. We prove thatF(D) is compact.
To do this, we must show that any sequence inF(D) contains a convergent subsequen
Thus, let{xk}k∈N be a sequence inD. Let us show that{Fxk}k∈N has a convergent sub
sequence. Sincef is continuous onRm, the sequence{f (xk(0))}k∈N is bounded, then
the sequence{f (xk(0))}k∈N contains a convergent subsequence. So, let{xk,0}k∈N be the
subsequence of{xk}k∈N such that{f (xk,0(0))}k∈N is convergent.

Now, {f (xk,0(1))}k∈N contains a convergent subsequence. So, let{xk,1}k∈N be the sub-
sequence of{xk,0}k∈N such that{f (xk,1(1))}k∈N is convergent. Observe that{xk,1}k∈N is
a subsequence of{xk}k∈N and that{f (xk,1(0))}k∈N , {f (xk,1(1))}k∈N are convergent.

Again, {f (xk,1(−1))}k∈N contains a convergent subsequence. So, let{x−1,k,1}k∈N
be the subsequence of{xk,1}k∈N such that{f (x−1,k,1(−1))}k∈N is convergent. Ob
serve that{x−1,k,1}k∈N is a subsequence of{xk}k∈N and that {f (x−1,k,1(−1))}k∈N ,
{f (x−1,k,1(0))}k∈N , {f (x−1,k,1(1))}k∈N are convergent.

Continuing in this fashion we find, for eachl ∈ Z, a subsequence{x−(l+1),k,(l+1)}k∈N
of {x−l,k,l}k∈N such that{f (x−(l+1),k,(l+1)(l+1))}k∈N, {f (x−(l+1),k,(l+1)(−(l+1)))}k∈N
are convergent. Observe that also the sequences{f (x−(l+1),k,(l+1)(−l))}k∈N, . . . ,

{f (x−(l+1),k,(l+1)(l))}k∈N are convergent.
Consider now the sequence{x−s,s,s}s∈N . Observe that it is a subsequence of{xk}k∈N ,

and also that{f (x−s,s,s(n))}s∈N is convergent for alln ∈ Z. Let us show that{Fx−s,s,s}s∈N
is a Cauchy sequence.

Therefore, for anyε > 0, there exists̄k ∈ N such thate, g ∈ N with e, g � k̄,

sup
n∈[0,T−1]

∣∣fj (x−e,e,e
(
n − τ (n)

)) − fj
(
x−g,g,g

(
n− τ (n)

))∣∣ < ε

λMjqjTm
,

j = 1,2, . . . ,m.
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Consequently, ife, g ∈ N with e, g � k̄, for all n ∈ [0, T − 1], we have∣∣(Fj x
−e,e,e)(n) − (Fj x

−g,g,g)(n)
∣∣

� λ

n+T −1∑
u=n

Gj (n,u)hj (u)
∣∣fj (x−e,e,e

(
u− τ (u)

)) − fj
(
x−g,g,g

(
u− τ (u)

))∣∣

� λMjqjT sup
n∈[0,T−1]

∣∣fj (x−e,e,e
(
n− τ (n)

)) − fj
(
x−g,g,g

(
n − τ (n)

))∣∣ < ε

m

and

∥∥(Fx−e,e,e)(n)− (Fx−g,g,g)(n)
∥∥ =

m∑
j=1

∥∥(Fjx
−e,e,e)(n)− (Fj x

−g,g,g)(n)
∥∥

0

<m
ε

m
< ε.

This proves that{Fx−s,s,s}s∈N is a Cauchy sequence, and with this the proof is c
plete. ✷

From now on, by using different methods, we will obtain different results. So we
continue in two parts.

(I) In this part, whenf satisfies certain conditions, we obtain some conditions d
mined byλ under which there exists at least one positive periodic solution of (1.2
using fixed point theorem.

Theorem 3.1. Suppose that(P1), (P2)and the conditions

(H1) lim
xj→0+0

fj (x)

xj
= lj , 0< lj < ∞, j = 1,2, . . . ,m,

(H2) lim
xj→+∞

fj (x)

xj
= Lj , 0<Lj < ∞, j = 1,2, . . . ,m,

hold. Then, for eachλ satisfying

1

γ N̄ q̄T L′′ < λ<
1

MqT l′
(3.3)

or

1

γ N̄ q̄T l′′
< λ<

1

MqTL′ , (3.4)

whereq = max1�j�m qj , q̄j = minn∈[0,T−1] hj (n), q̄ = min1�j�m q̄j , l′ = max1�j�m lj ,
L′ = max1�j�mLj , l′′ = min1�j�m lj ,L′′ = min1�j�mLj , (1.2)has at least one positiv
T -periodic solution.

Proof. Suppose (3.3) holds. Letε > 0 be given such that

1
¯ ′′ � λ � 1

′ .

γNq̄T (L − ε) MqT (l + ε)
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By (H1), there existsĒ1 > 0 such thatfj (x) � (lj + ε)xj � (l′ + ε)xj for 0< xj � Ē1.

Define

Ω1 = {
x ∈ P, ‖xj‖0 < Ē1, j = 1,2, . . . ,m

}
,

then, ifx ∈ P ∩ ∂Ω1,

(Fj x)(n) = λ

n+T−1∑
u=n

Gj (n,u)hj (u)fj
(
x
(
u− τ (u)

))

� λMq(l′ + ε)

n+T−1∑
u=n

xj
(
u− τ (u)

)
� λMqT (l′ + ε)‖xj‖0 � ‖xj‖0.

Thus,

‖Fjx‖0 � ‖xj‖0

and

‖Fx‖ =
m∑

j=1

‖Fjx‖0 �
m∑

j=1

‖xj‖0 = ‖x‖ for all x ∈ P ∩ ∂Ω1.

Next, we constructΩ2. By (H2), there existsĒ2 such thatfj (x) � (Lj − ε)xj �
(L′′ − ε)xj for all xj � Ē2. LetE′

2 = max{2Ē1, Ē2/γ }. Define

Ω2 = {
x ∈ P, ‖xj‖0 <E′

2

}
.

Sincex ∈ P , if x ∈ P ∩ ∂Ω2, then minn∈[0,T−1] xj (n) � γ ‖xj‖0 and

(Fj x)(n) = λ

n+T−1∑
u=n

Gj (n,u)hj (u)fj
(
x
(
u− τ (u)

))

� λN̄q̄(L′′ − ε)

n+T−1∑
u=n

xj
(
u− τ (u)

)
� λN̄q̄T (L′′ − ε)γ ‖xj‖0 � ‖xj‖0.

Thus,

‖Fjx‖0 � ‖xj‖0

and

‖Fx‖ =
m∑

j=1

‖Fjx‖0 �
m∑

j=1

‖xj‖0 = ‖x‖ for all x ∈ P ∩ ∂Ω2.

By Theorem 2.1,F has a fixed point inP ∩ (Ω̄2\Ω1), that is, (1.2) has at least one positi
periodic solution. Similarly, we know that the conclusion still holds whenλ satisfies (3.4)
The proof is completed. ✷

(II) In this part, we show that there existsλ∗ > 0 such that (1.2) has at least one posit
T -periodic solution forλ ∈ (0, λ∗] and does not have any positive periodic solutions
λ > λ∗ whenf satisfies other conditions.
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Lemma 3.4. Suppose that

lim
xj→+∞

fj (x)

xj
= +∞, j = 1,2, . . . ,m. (3.5)

Let I be a compact subset of(0,+∞). Then there exists a constantCI > 0 such that
‖x‖ <CI for all λ ∈ I and all possibleT -periodic positive solutionsx of (1.2)associated
with λ.

Proof. Suppose to the contrary that there is a sequence{xi}i∈N of T -periodic positive
solutions of (1.2) associated with{λi} such thatλi ∈ I for all i and‖xi‖ → +∞ asi →
+∞. Sincexi ∈ P ,

min
n∈[0,T−1]x

i
j (n) � γ

∥∥xi
j

∥∥
0, j = 1,2, . . . ,m.

By (3.5), there existsHf > 0 such thatfj (x) � σxj for all xj � Hf , and there existi0, j0

such thatγ ‖xi0
j0

‖0 � Hf , whereσ satisfies

λi0σγ N̄q̄T > 1.

Thus, we have

∥∥xi0
j0

∥∥
0 � x

i0
j0
(n) = λi0

n+T −1∑
u=n

Gj0(n,u)hj0(u)fj0

(
xi0

(
u− τ (u)

))

� λi0σN̄q̄

n+T −1∑
u=n

x
i0
j0

(
u− τ (u)

)
� λi0γ σN̄q̄T

∥∥xi0
j0

∥∥
0 >

∥∥xi0
j0

∥∥
0.

This is a contradiction. The proof is completed.✷
Lemma 3.5. Suppose that

if ‖x‖ � ‖y‖ thenfj (x) � fj (y) and fj (0) > 0, j = 1,2, . . . ,m. (3.6)

Let (1.2) has aT -periodic positive solutionx(n) associated with̄λ > 0. Then(1.2) also
has a positiveT -periodic solution associated withλ ∈ (0, λ̄).

Proof. In view of (3.1) and (3.6), we have

xj (n) = λ̄

n+T −1∑
u=n

Gj (n,u)hj (u)fj
(
x
(
u− τ (u)

))

> λ

n+T −1∑
u=n

Gj (n,u)hj (u)fj
(
x
(
u− τ (u)

))

and

λ

n+T −1∑
Gj(n,u)hj (u)fj (0) > 0.
u=n
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Let

x̄0
j (n) = xj (n),

x̄k+1
j (n) = λ

n+T −1∑
u=n

Gj (n,u)hj (u)fj
(
x̄k

(
u − τ (u)

))
, k = 0,1,2, . . . ,

x0
j (n) = 0 and xk+1

j (n) = λ

n+T−1∑
u=n

Gj (n,u)hj (u)fj
(
xk

(
u− τ (u)

))
,

k = 0,1,2, . . . .

Clearly, we have

x̄0
j (n) > x̄1

j (n) � · · · � x̄k
j (n) � xkj (n) � · · · � x1

j (n) > x0
j (n).

If we let xj (n) = limk→∞ x̄k
j (n), thenxj (n) satisfies (3.1), and we have

xj (n) > x1
j (n) > x0

j (n) = 0.

This completes our proof.✷
Lemma 3.6. Suppose that(3.5)and(3.6)hold. Then there existsλ∗ > 0 such that(1.2)has
a T -periodic positive solution.

Proof. Let

βj (n) =
n+T−1∑
u=n

Gj (n,u)hj (u), Mfj = max
n∈[0,T−1]

fj
(
β
(
n− τ (n)

))
,

j = 1,2, . . . ,m,

and

λ∗ = 1

max1�j�mMfj

.

Then

βj (n) =
n+T−1∑
u=n

Gj (n,u)hj (u) � λ∗
n+T −1∑
u=n

Gj (n,u)hj (u)fj
(
β
(
u− τ (u)

))

and

λ∗
n+T −1∑
u=n

Gj (n,u)hj (u)fj (0) > 0.

Let

x̄0
j (n) = βj (n),

x̄k+1
j (n) = λ∗

n+T −1∑
Gj(n,u)hj (u)fj

(
x̄k

(
u − τ (u)

))
, k = 0,1,2, . . . ,
u=n
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e

x0
j (n) = 0 and xk+1

j (n) = λ∗
n+T−1∑
u=n

Gj (n,u)hj (u)fj
(
xk

(
u− τ (u)

))
,

k = 0,1,2, . . . .

Clearly, we have

x̄0
j (n) � x̄1

j (n) � · · · � x̄k
j (n) � xkj (n) � · · · � x1

j (n) > x0
j (n).

If we now letxj (n) = limk→∞ x̄k
j (n), thenxj (n) satisfies (3.1), and we have

xj (n) � x1
j (n) > x0

j (n) = 0.

This completes our proof.✷
Theorem 3.2. Suppose that(3.5)and(3.6)hold. then there existsλ∗ > 0 such that(1.2)has
at least one positiveT -periodic solution forλ ∈ (0, λ∗] and does not have anyT -periodic
positive solution forλ > λ∗.

Proof. Suppose to the contrary that there is a sequence{xk}k∈N of T -periodic positive
solutions of (1.2) associated with{λk} such that limk→∞ λk = ∞. Then either we have
‖xki‖ → +∞ asi → ∞ or there isQ > 0 such that‖xk‖ � Q. Assume the former cas
holds. Note thatxk ∈ P and thus

min
n∈[0,T−1]x

k
j (n) � γ

∥∥xk
j

∥∥
0, j = 1,2, . . . ,m.

By (3.5), we may chooseHf > 0 andσ > 0 such thatfj (x) � σxj when xj � Hf ,

and there existi0, j0 such thatγ ‖xki0
j0

‖0 � Hf . On the other hand, there exists{nki0j0
} ∈

[0, T − 1] such thatx
ki0
j0

(n
ki0
j0

) = ‖xki0
j0

‖0. By (1.2), we have

aj0

(
n
ki0
j0

)∥∥xki0
j0

∥∥
0 = aj0

(
n
ki0
j0

)
x
ki0
j0

(
n
ki0
j0

)
= x

ki0
j0

(
n
ki0
j0

+ 1
) − λki0

hj0

(
n
ki0
j0

)
fj0

(
xki0

(
n
ki0
j0

− τ
(
n
ki0
j0

)))
�

∥∥xki0
j0

∥∥
0 − λki0

hj0

(
n
ki0
j0

)
σx

ki0
j0

(
n
ki0
j0

− τ
(
n
ki0
j0

))
�

∥∥xki0
j0

∥∥
0 − λki0

hj0

(
n
ki0
j0

)
σγ

∥∥xki0
j0

∥∥
0

= ∥∥xki0
j0

∥∥
0

[
1− λki0

hj0

(
n
ki0
j0

)
σγ

]
,

we have

λki0
�

1− aj0(n
ki0
j0

)

hj0(n
ki0
j0

)σγ
.

Note that(1− aj (n))/hj (n) is bounded. Thus, we obtain a contradiction.
Next, suppose that the latter case holds. In view of (3.6), there existsσ1 > 0 such that

fj (0)� σ1Q. Then, as above, we will obtain
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nnu-
aj
(
nkj

)∥∥xk
j

∥∥
0 = aj

(
nkj

)
xk
j

(
nkj

) = xk
j

(
nkj + 1

) − λkhj
(
nkj

)
fj

(
xk

(
nkj − τ

(
nkj

)))
�

∥∥xk
j

∥∥
0 − λkhj

(
nkj

)
σ1Q �

∥∥xk
j

∥∥
0 − λkhj

(
nkj

)
σ1

∥∥xk
j

∥∥
0

= ∥∥xk
j

∥∥
0

[
1− λkhj

(
nkj

)
σ1

]
for all k. A contradiction will again be reached. Thus, there existsλ∗ such that (1.2) has a
least one positiveT -periodic solution forλ ∈ (0, λ∗) and noT -periodic positive solutions
for λ > λ∗.

Finally, we assert that (1.2) has at least oneT -periodic positive solution forλ = λ∗.
Indeed, let{λi} satisfy 0< λ1 < λ2 < · · · < λk < λ∗ and limk→∞ λk = λ∗. Sincexi is
T -periodic positive solution of (1.2) associated withλi and Lemma 3.4 implies that the s
{xi} of solutions is uniformly bounded inP , moreover,xi is the fixed point of the operato
equationFx = x andF is completely continuous, the sequence{xi} has a subsequenc
{xig } converging tox ∈ P . Thus, we have

xj (n) = lim
g→∞x

ig
j (n) = lim

g→∞λig

n+T −1∑
u=n

Gj (n,u)hj (u)fj
(
xig

(
u− τ (u)

))

= λ∗
n+T −1∑
u=n

Gj (n,u)hj (u)fj
(
x
(
u− τ (u)

))
, j = 1,2, . . . ,m.

Hencex is a T -periodic positive solution of (1.2) associated withλ = λ∗. The proof is
complete. ✷
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