
Discrete Mathematics 57 (1985) 297-299 
North-Holland 

297 

C O M M U N I C A T I O N  

ORBITS ON VERTICES A N D  E D G E S  OF FINITE 
G R A P H S  

Dominique BUSET 

Universit~ Libre de Bruxelles, D~partement de Math~matique, B-1050 BruxeUes, Belgium 

Communicated  by J. Doyen 
Received 18 June 1985 

Given two integers v > 0 and e/> 0, we prove that there exists a finite graph (resp. a finite 
connected graph) whose automorphism group has exactly v orbits on the set of vertices and e 
orbits on the set of edges if and only if v ~< 2e + 1 (resp. v ~< e + 1). 

1. Introduction 

In this paper ,  we shall answer two questions raised by J. Doyen.  All graphs are 
supposed to be undirected, without loops and multiple edges. 

Let P (resp. Pc) be the set of all ordered pairs (v, e) of integers v > 0 and e I> 0 
for which there exists a finite graph (resp. a finite connected graph) whose 
automorphism group has exactly v orbits on the set of vertices and e orbits on the 

set of edges. We shall prove the following theorems: 

Theorem 1. (v, e) is in P if and only if v <~ 2e + 1. 

Theorem 2. (v, e) is in Pc if and only if v <~ e + 1. 

For every integer k t> 2, Ck will denote the k-c law,  that  is the graph with k 
edges and k + 1 vertices, one of which is adjacent to all others. Note that the 

automorphism group Aut Ck has two orbits on vertices and one orbit on edges. 

2. Proof of Theorem 1 

(i) If (v, e) ~ P, then v ~< 2e + 1. Indeed, let G be any graph. Since very edge of 
G has two vertices, every edge orbit of Aut  G gives rise to at most two vertex 
orbits. Moreover ,  if there is an isolated vertex (that is a vertex belonging to no 
edge), the set of all such vertices is another orbit of Aut  G. Hence v <~ 2e + 1. 

0012-365X/85/$3.30 (~) 1985, Elsevier Science Publishers B.V. (North-Holland) 

CORE Metadata ,  c i ta t ion  and s imi la r  papers  a t  core .ac .uk

P r o v i d e d  b y  E l s e v i e r  -  P u b l i s h e r  C o n n e c t o r  

https://core.ac.uk/display/82539793?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


298 D. Buset 

(ii) We first show that  (1, e) ~ P for every e I> 0. Le t  n = 3e + 1 and let G(1, e) 

be the graph whose  vertices are the elements  of the addi t ive group Z ,  = 
{ 0 , . . . ,  n - 1} of integers modulo  n (so that  G(1,  0) has one  ver tex and no edge) 

and whose edges (for e i> 1) are all subsets {i, i + i} of Z~ with i ~ Z ,  and 1 ~< i ~< e. 

Since a : Z ,  --~ Z , :  x --~ x + 1 is an au tomorphism of G(1,  e), all vertices are in one  

orbit.  Since the edge {i, i +  j} is in the same orbit  as {0, j}, which is contained in 

exactly 2e - ] -  1 triangles, we conclude that  Aut  G(1,  e) has e orbits on edges. 

It  remains to p rove  that  (v, e) ~ P whenever  2--- < v ~<2e + 1. If v = 2 t +  1 is odd,  

let G(v, e) be the  graph whose t + l  connected componen t s  are isomorphic 

respectively to C2, Ca . . . .  , C,+1 and G(1,  e - t )  (note tha t  e - t > ~ 0  since 

v<~2e+ 1). Clearly,  Aut  G(v, e) has 2 t +  1=  v vertex orbi ts  and t+(e - t )=  e 
edge orbits. If v = 2t  is even, let G(v, e) be the graph ob ta ined  by adding one new 

vertex and no new edge to G(v-  1, e). It is easy to check tha t  G ( v -  1, e) has no 

isolated vertex. There fo re  Aut  G(v, e) has (v - 1)+ 1 = v vertex orbits and e edge 

orbits. []  

3. Proof of Theorem 2 

(i) If (v, e) e Pc, then  v ~< e + 1. Indeed,  let  G be a finite connec ted  graph such 

that  Aut  G has v vertex orbits O1, • • •, Or and e edge orbits.  Le t  G '  be the graph 
whose vertices are O 1 , . . . ,  Or, where  Oi and O i (i ~ j) are ad jacen t  in G '  if and 

only if there are two vertices v~ ~ Oi and v j e  Oj such that  vi and  v i are adjacent  in 

G. The  connectedness  of G implies the connectedness  of G ' .  As a finite 

connected graph with v vertices, G '  has at least v -  1 edges. On  the o ther  hand,  if 

we associate with each edge {Oi, Oj} of G '  an edge {vi, vj} of G, where  vi ~ Oi and 

v j e  O i, the edges of G associated with two distinct edges of G '  are necessarily in 

distinct edge orbi ts  of Aut  G. Hence  the number  of edge orbits  of Au t  G is not  

less than the n u m b e r  of edges of G ' ,  and so e > / v -  1. This  inequal i ty  has been  

proved in a different  way by Siemons [1, Theo rem 3.3]. 

(ii) For  every integer  v >I 1, the au tomorphism group of a pa th  of length 2 v -  2 

has clearly v ver tex  orbits and v -  1 edge orbits, so that  (v, v -  1 )e  Pc. 

It  remains to p rove  that  (v, e ) e  Pc whenever  1 ~< v ~< e. If v = 1, the connected 

graphs G(1, e) descr ibed in the proof  of Theo rem 1 show tha t  (1, e) ~ Pc for every 

e i> 1. If v>~2, le t  Go(v, e) be the connected graph whose  vertices are the 

e lements  of Z ,  x Z~ with n = 3(e - v + 1) + 1, and whose edges are 

(1) the edges of a graph G(1,  e -  v +  1) constructed on  the  n vertices (i, 0), 

where i ~ Z~, and  
(2) all subsets {(i, r), (i, r + 1)} of Z~ x Z~ where i ~ Z ,  and 0 <~ r <~ v - 2. It is no t  

difficult to show tha t  Au t  Go(v, e) has v vertex orbits and e edge orbits. 

Therefore  (v, e) ~ Pc whenever  1 ~< v ~< e + 1. []  



Orbits on vertices and edges of finite graphs 299 

4. Remarks 

It is an easy exercise to adapt the above proofs in order to get the correspond- 
ing results for finite directed graphs. 

However, as far as we know, similar problems arising in a natural way for other 
classes of undirected graphs (for example infinite graphs, finite regular graphs, 
finite planar graphs, e tc . . . )  are still unsolved. 
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