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Abstract

We extend some results on existence and approximation of solution for a class of first-order functional
differential equations with periodic boundary conditions. We show the validity of the monotone iterative
technique under weaker hypotheses and present some examples.
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1. Introduction

Functional differential equations of first-order with periodic boundary conditions are considered by
different authors [1-11]. In this paper, we study the periodic boundary value problem:

' (t) = g(t,u(®),u(0(1))), €l

u(0) = u(T) (1)
with g:1 x R> — R continuous, and 0:/ — R continuous verifying

0<0()<t tel
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We say that o, are lower and upper solutions of (1) if there exist M, N > 0 such that

o (1) < g(t, (1), 2(0(2))) — a(t), te€l
where
0 if 2(0) < o(T),
= %(am) —(T)) if «(0)> o(T)
and

B'(t) = g(t, B(t), BO())) + b(t), tel
with
0 if p(0) = B(T),

b(t) = 0
MO (pry — poyy it po) < 1),

The definition of classical lower and upper solutions makes reference to the case a(0) < «(7) and

p(0) = B(T).

In [10, Theorem 5.1] we have proved the following result.

Theorem 1.1. Suppose that g€ C(I x R*,R) and that there exist o, c C'(I) lower and upper
solutions of problem (1), respectively, satisfying that oo <  on 1. Moreover, assume that for the
constants M,N given above, the following hypotheses are verified.

(H3) NTeMT < 1.
(Hy) N <M.
(HS) g(faan’) - g(t,u,v) = —M(X - M) _N(y - U)
for every tel, a(t) <u<x < (), (0(t)) <v<y<po)).

Then there exist monotone sequences {a,}1p, {Pn}ly uniformly on I with oy =o < o, < f, <
Po=p for every ne N. Here p,y are, respectively, the minimal and maximal solutions of problem

(1) in
[o, Bl = {u€ C(U):a(t) S u(t) < B(r), €1},
that is, if u is a solution of (1) on [a, p], then u€[p,y].

In this paper, we extend this result by showing that hypothesis (H3) can be improved and that
condition (Hy) can be eliminated in the development of the monotone method for problem (1).

We start our study by recalling, in Section 2, some helpful results from [10] and then proving
some comparison theorems that will be very useful later in our procedure. In Section 3, we give
a different proof for the existence theorem related to a linear problem associated to Eq. (1) which
yields to the development of the monotone iterative technique for (1) under more general conditions
(Section 4). In Section 5, we make some remarks on the possibility of obtaining periodic lower and
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upper solutions given nonperiodic lower and upper solutions. Finally, in Section 6, we give some
examples to illustrate the applications of the new results.

2. Preliminaries

Theorem 2.1 (Nieto and Rodriguez-Lopez [10, Theorem 2.1]). Let M >0, N >0, and 0:1 — [
continuous with

0<0()<t, tel
Then, the problem
W' () + Mu(t) + Nu(0(t)) = a(t), t€1,

u(0) = uo (2)

has a unique solution for each uy € R. In addition, the solution has continuous dependence on o
and on the initial condition uy.

Remark. This theorem is an extension of the well-known result for linear ordinary differential equa-
tions (N =0) and can be obtained as a consequence of a more general result from [5, Theorem
1.4].

In what follows, we assume that 0:/ — R is continuous and verifies

0<0(i)<t tel

Theorem 2.2 (Nieto and Rodriguez-Lépez [10, Theorem 3.1]). Let uc C'(1), M >0, N > 0, such
that:

(1) u'(t) + Mu(t) + Nu(6(1)) <0, tel.
(i) u(0) < u(T).
(iii) NTeMT < 1.

Then u <0 on I

If (i1) does not hold, the conclusion is not valid in general. In the case u(0) > u(7) we have the
following maximum principle.

Theorem 2.3 (Nieto and Rodriguez-Lopez [10, Theorem 3.2]). Let ucC'(I), M >0, N >0,
u(0) > w(T) and NTeM" < 1. If
Mt 4+ NO(t) + 1

u'(t) + Mu(t) + Nu(0(t)) + T

[u(0) —u(T)] <0, tel
then, u(t) <0, tel.

We now present a comparison result.
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Theorem 2.4. Let uc C'(I), M >0, N =0, such that

(i) o' (t) + Mu(r) + Nu(0(1)) <0, t€l.
(ii) u(0) < 0.
(iii) N f] eM—00 dr < 1.

Then u <0 on I

Proof. The result is valid for N = 0. In consequence, we assume that N > 0.
Let v(t) = eMu(t),t € [0, T]. Then, using (i),

V() =MeMu(t) + M’ (1) < — NeMu(0(r)), tel
or, equivalently,
V(1) < — NMU0Dy(0(r)), tel (3)

The functions u and v have the same sign, so we have to prove that v < 0 on /. If this was false,
there would exist #; €/ such that v(¢;) > 0. Since v(0) =u(0) <0, then #, €(0,T]. Let r, €[0,¢)
such that

v(t,) = min o(¢
(&)= min (1) <

Now, if we integrate expression (3) between #, and #;, we obtain that

141
v(t1) —v(ty) < =N / eMU=0Dy(0(1)) dt
5]

T
< —v(t)N / M=) 4y < — u(ty),
0

where we have taken into account that 0 < 6(¢) < ¢, for r €7 and condition (iii). Thus, we obtain
v(t;) < 0, which is absurd. This proves that v < 0 on /, and so, u <0 on /. [J

If we consider the estimate N(eM” — 1)/M 1, then (iii) of Theorem 2.4 is true, since
MT _ 1)
N/ M= 9(’))dt<N/ eMdr = <L

Thus, this hypothesis (iii) improves that on Theorem 5 in [8] for this kind of inequalities.
It is obvious that we can replace the condition NTeM” < 1 in Theorems 2.2 and 2.3 by condition
(iii) of Theorem 2.4.

Theorem 2.5. Let uc C'(I), M >0, N >0, such that

(1) u'(t) + Mu(t) + Nu(0()) <0, tel, if u(0) <u(T).

(i) u (t) + Mu(t) + Nu(0(t)) + (Mt + NO(¢t) + 1)/T[u(0) —u(T)] <0, t€l, if u(0) > u(T).
(iii) N fo M0 dr < 1.

Then u <0 on I
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Proof. In the case of (i), if # >0 on I, then #/(¢) <0 on I, so u is a nonincreasing function.
This fact joint to u(0) < u(T) produces that u is a constant function, so that #' = 0 and also
u=0.

Thus, we can consider that u takes some negative value. The proof consists on demonstrate that
u(0) < 0 so that we could apply Theorem 2.4 and affirm that u < 0. If u(0) > 0, also w(7T) > 0,
and considering again the function v defined by v(z) = eMu(t), t€[0,T], we obtain that v(0) > 0,
(T) >0 and v(tx) = ming v <0, with £4 €(0,7). The integration of (3) between ty and T
yields

T
—v(tx) <u(T) —v(tx) < — N / v(0(t))eM =0 q¢

T T
< — No(ty) / M=) dr < — No(ty) / M=) dr < — v(ty),
[ 0

which is absurd. Then #(0) < 0 and the conclusion follows.
In case (ii), we consider the function m(t) = u(t) + t/T(u(0) — u(T)), that verifies m(0) = m(T)
and is included in case (i). Thus, m < 0 on / and obviously u <O on /. O

3. Existence of solution for the linear problem

Now, we are going to prove the result given in Theorem 4.1 [10], using a sharper estimate on the
constants and eliminating the assumption N < M, which is replaced by the existence of appropriate
lower and upper solutions.

Theorem 3.1. Let 6 € C(I), M >0, N = 0 and consider the problem:

u'(t) + Mu(t) + Nu(0(t)) = a(t), te€l,

u(0) =u(T). (4)
Suppose that there exist o, € C'(I) such that:

(hy)) a<pon L

(hy) o/(2) + Mo(t) + Na(0(2)) < a(t) — a(t), tel,
() + MB(t) + NB(O(t)) = a(t) + b(¢), t€l,
where

0 if a(0) <oT),

at) =4 Mt + NO(t) + 1

T (2(0) —o(T)) if (0) > (T),
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0 if p(0) = B(T),

b(t)= 0
MO (pery - oy if o) < e

(hy) N [} eM=0 dr < 1.
Then, there exists a unique solution u for problem (4). Moreover, u € [a, f3].

Proof. We first prove the uniqueness of solution for this problem. If uy,u, are solutions of (4), set
Uy = Uy — Uy and Uy = Uy — Uj. ThUS,

v1(0) = vi(T), v\(¢)+ Mvi(t) + Nvy(0(t)) =0, t€l,

02(0) = vy(T), h(¢)+ Mvy(t) + Nva(0(2)) =0, tel

By Theorem 2.5, we have that vy =u; —u; <0 and v, =u, —u; <0, and hence u; = us.
Now, we show that if u is a solution to (4), then o < u < . Define m; = o —u and my =u — f.
We can write that

m}(t) + Mmy(t) + Nmi(0(¢)) <0, tel if m(0) < m(T),

Mt + NO(t) + 1

mi(t) + Mm(t) + Nmy(0(t)) + T

(m1(0) —mi(T))
<0, tel if m(0)>m(T),

mh(t) + Mma(t) + Nmy(0(2)) < 0, tel if my(0) < my(T),

Mt + NO(t) + 1

my(1) + Mm(t) + Nmy(0(t)) + T

(m2(0) — ma(T))
<0, tel if my(0) > my(T).

Now, Theorem 2.5 allows to assure that m; =« —u <0 and my =u — f <0.
To prove the existence of solution, we consider the functions

o(t) if 2(0) <o(T),
(1) = { t . (s)
o(t) + 7((0) —o(T)) if 2(0) > o(T')
and
_ t if $(0) = B(T),
ﬂ([):{ﬁ() t 1 p(0) = B(T) ©)
p(t) = 7(B(T) = p(0)) if B(0) < B(T).

It is evident that « < & and < f§ on I. Also, 4(0) = a(0) < &(T) and S(0) = B(0) = B(T). Note
that, if o(0) > o(7'), & is T-periodic, and the same for B, if f(0) < B(T).
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We can check that & and f§ are classical lower and upper solutions, respectively, for problem (4)
and that & < f, so that [, f] C [0, f]. Indeed,

&(t) + Ma(t) + Na(0(t))

=0o/(t) + Mo(t) + Na(0(2)) < o(2), tel if a(0)<a(T),

&(t) + Ma(t) + Na0(t))

Mt + NO(t) + 1

=0/ (1) + Ma(t) + No(0(t)) + T

(a(0) — a(T)) < a(t), tel if w(0)> u(T)
and
B'(6) + MB(2) + N B(0())
= B(t) + MB(1) + NB(O(t)) = o(t), t€l if B(0) = B(T),

B (6) + MB(e) + NB(O(t))

Mt + NO(t) + 1

=p'(1) + MB(t) + NB(O(t)) — T

(B(T) = p(0)) = a(r), tel if B(0) < B(T).

Thus, & is a classical lower solution and p is a classical upper solution for (4). Now, consider the
function m = & — B € C'(I). It is easy to prove that

m'(t) + Mm(t) + Nm(0(t))
=3/(1) + Ma(t) + Na(0(1)) — f (1) — MB(1) — NB(6(1))
<o(t)—o(t)=0, teL

Also, m(0) = a(0) — B(0) = «(0) — f(0) < 0. Using Theorem 2.4, we obtain that m < 0 on [ or,
equivalently, & < f on /. In [7, Theorem 3.1], it was proved that if we have well-ordered classical
lower and upper solutions y and { for (4) and (M 4+ N)T < 1, there exists a unique solution for (4)
and it lies between y and (. It is not difficult to show that, in this result, the hypothesis (M +N)T < 1
can be replaced by condition (hs). The proof consists on obtaining a periodic solution for the initial
value problem

u' () + Mu(t) + Nu(0(t)) = o(t), tel,
u(0)=a (7)

for some value of a. We know that this problem has a unique solution (denoted by u(-;a)) and
that the solution continuously depends on the initial data ¢ and a. If y(0) < {(0), we define the
continuous function ¥ :[x(0),{(0)] — R by ¥(a) = u(T;a) and prove the existence of a fixed
point for . Using Theorem 2.4, it is not difficult to check that if a €[%(0),{(0)] then u(-;a) lies
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between y and (. Setting m(t) = y(¢t) — u(t;a) and my(t) = u(t;a) — {(t), we obtain that
my,m, € C'(I) and

m' (t) + Mmy(t) + Nmy(0(¢))
=7/ (t) + My(t) + Ny(0(¢)) — u'(t;a) — Mu(t;a) — Nu(0(1); a)

<o(t)y—o(t)=0, tel,
my(0) = x(0) — u(0;a) = 1(0) —a <O,

miy(t) + Mmy(t) + Nmo(0(1))
=u'(t;a) + Mu(t; a) + Nu(0(t); a) — {'(t) — M{(t) — N(0(2))

<o(t)—o(t)=0, tel,

m(0) = u(0;a) — {(0) =a — {(0) < 0.

Using assumption (h;) and applying Theorem 2.4, we get that m; <0 and m, <0 on /, so that
1 <u(a)<{onl

Thus,  applies the interval [x(0),{(0)] into [x(7),{(T)] € [x(0),{(0)] and it has a fixed
point ¢. So we have obtained a periodic solution u(-;c) to (7), that is, a solution to (4).

In the case y(0) = {(0), u(-; x(0)) is a solution to (4).

Applying this result to lower and upper solutions & and f8, we show that there exists a solution
to (4) between & and f and, therefore, in [o, f]. This completes the proof. [

This result could have been proved considering different cases depending on how the values of «
and f at the boundary of / are related and taking into account Theorem 2.5. But, in some cases,
the proof we have made provides a better localization of the solution. Also, this result improves
Theorem 3.1 [7].

4. Monotone method

Theorem 4.1. Assuming that M > 0, it is possible to develop the monotone iterative technique as
in Theorem 1.1 [10, Theorem 5.1] without the hypotheses (H3) NTeM' <1 and (Hy) N <M and
considering the estimate (h3) N fOT eMt=00) 4t < 1 instead.

Proof. If o and f§ are lower and upper solutions for (1), then the functions & and f defined by
(5) and (6) verify that a@(0) < &(T), p(0) = B(T), a(t) < a(t), f(t) < P(¢), for t €l and & < f. To
prove the last assertion, take m=a— i € C'(I). Then m(0)=a(0)—B(0) < 0. In the case «(0) > a(T)
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and f(0) < B(T), we have, according to (Hs), that
m'(t) + Mm(t) + Nm(0(t))

0
w ((0) — o(T))

Mt 4+ NO(¢t) + 1
T

=o/(t) + Mo(t) + Na(0(2)) +

—p'(1) — MB(t) — NB(O(1)) +
< g(1,0(0), 2(0(1))) + Mo(2) + Nou(0(2))
—g(t, B(0), f(0(2))) — MP(2) — Np(0(1)) <0, 1€l

The validity of this inequality in other cases can be proved analogously. Now, using (h;) and
applying Theorem 2.4, we obtain that m < 0 on I and then &(¢) < f(¢) for t€ 1.

Moreover, & and f§ are, respectively, classical lower and upper solutions for (1). Indeed, if
o(0) > o(T"), then

#(6) = /(1) + 7 ((0) — ()

Mt + NB(t)

(B(T) = f(0))

< gt (1), o(0(1))) — (a(0) — o(T)).
Since o < & < f, according to (Hs), we get that
g(1,8(1),5(0(2))) — g(t, (1), a(0(1))) = — M(a(r) — o(t)) — N(a(0(2)) — a(0(2)))
for t €1, so that
&' (1) < g(t,6(1),6(0(1))) + M (&(t) — (1)) + N(@(0(t)) — 06(9(0))

w( (0) — o(T)) = g(t, (), a(0(1))) + - (“(0) —T))

0 0
+LU)( (0) — o(T)) — w( (0) — o(T)) = g(t,a(t), &@(0(t)))

and it is trivial when o(0) < (7). Thus, & is a classical lower solution for (1). Analogously for
p €[, ] and using (Hs), we get, for the case $(0) < (T), that

F6) = F0)— 7 ()~ O))

t+N0(t)

= (¢, p(1), p(0(1))) + (B(T) — p(0))

> g(t, B(1), B(O(1))) — M(B(t) — B(t)) — N(B(O(t)) — B(O(t)))

N w (B(T) — B(0)) = g(t, (1), B(O(t))) — % (B(T) = p(0))

NO(t) Mt + N0(t)

———— (B(T) = p(0)) + (B(T) = B(0)) = g(1, B(1), B(O(1)))
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and obviously for $(0) = B(T). So that f is a classical upper solution for (1). In [7, Theorem 3.2] it
was developed the monotone iterative technique for problem (1) under the restriction (M +N)T < 1.
Following a similar proof that takes into account Theorem 2.5 instead of Theorem 2.1 [7], it can
be proved that there exist two monotone sequences that approximate the extremal solutions of (1)
between the lower and upper solutions. This improved version of Theorem 3.2 [7], can be applied
to obtain p, y the minimal and maximal solutions in [&, S].

Otherwise, the whole proof of Theorem 5.1 in [10] would serve if we use Theorem 2.5 as our
maximum principle and if we justify that the operator .o7 is well defined.

For each 7 €[4, ], we consider the problem:

u'(t) + Mu(t) + Nu(0(1)) = (1), t€I

u(0) = u(T), (8)
where ¢, is a continuous function given by a,(#)=g(t,n(t),n(0(t))) +Mn(t)+ Nn(0(t)). If we show
that the hypotheses of Theorem 3.1 are verified, we will get that there exists a unique solution u for
(8) and that & < u < . In this case, we could define .7 :n€[d, f] — o/n=uc[& p] and complete
the proof in the same way as in the cited theorem. We only have to prove that the functions o
and f§ are lower and upper solutions for problem (8), respectively. This is easy to check, since
a<as<ny< ﬁ < f§ and hypothesis (Hs) implies that

& (t) + Ma(t) + Na(0(t))
< g(t,a(t),a(0(t))) + Ma(t) + Na(0(t))
< g(6,n(2),n(0(2))) + Mn(2) + Nn(0(2))
=o,(t), tel
and analogously for f.

So we can apply Theorem 3.1 and the proof is complete. [J

This result improves Theorem 3.2 [7]. Note that the monotone sequences that we obtain approxi-
mate the extremal solutions between & and f.

5. Notes on the definition of lower and upper solutions

Thus, as we have seen above, the existence of o, f according to the definition of lower and
upper solutions given in the introduction, makes it possible to find &, p classical lower and upper
solutions, respectively, with [&, f] C [, f]. So it suggests that it will be enough to consider classical
lower and upper solutions. We also have checked that, if «(0) > «(7) and (0) < (T), then & and
p are T-periodic functions. The question now is to know if we are able to find, beginning with
a lower solution o with a(0) < «(7), another lower solution & with o < & < f§ and &(0) = a(7T).
Analogously, if f§ is an upper solution for (1), with $(0) > S(T'), we ask for the existence of another

upper solution ﬁ such that o < ﬁ < f and ﬁ(O) = B(T ). With this purpose, we set
t
(T) —(0)), rel %)

(1) = oa(t) + r-
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and

~ T—t

p(t) = p(t) — —— (B(0) = A(T)), 1€ (10)
We will prove that these functions are appropriate to our requirements if we impose some restrictions.
Theorem 5.1. Under hypotheses (Hs) and (M +N)T < 1, if o and B are classical lower and upper
solutions for (1) with «(0) < a(T) and [(0) > H(T), then the functions & and [§ defined by (9)
and (10)_are T-periodic classical lower and upper solutions, respectively, for problem (1) and
v <8< B<PBonl so that [4, ] C [o, B].
Proof. Obviously, o < @ and B<pBonl, (0)=uT)=3a&T) and B(0)=B(T)=B(T).

To prove that & < ﬂ, set m =4 — ﬁe C'(I). Then, using (Hs), we get that
m'(t) + Mm(t) + Nm(0(t))
= o/(t) + Mo(t) + Nou(0(¢)) — B'(t) — MB(t) — NB(0(2))

- 0y — 1
$ MEZDE =B =L o7y — a0 + 10) — (1)

< 96,0, 20(1))) — gt B(1), BCO))) + Mat) + Na(0(1)) — MB(1)
MT =) NI =0 =Ly 00y 4 p0) - R(T))

T
< %(a(T) —2(0) + f(0) ~ H(T)) <0, 1€l

Also, m(0) = a(0) — /?(0) =o(T) — p(T) < 0. Using Theorem 2.4, we obtain that m <0 on
I or, equivalently, & < B on I. Note that (M + N)T < 1 implies that NTeM” < 1 and, therefore,

(h3) N fOT eM=0")dr < 1 is true, so that the applicability of Theorem 2.4 is justified.

Finally, we will show that & and f are, respectively, lower and upper solutions for (1). Using
that o < & < f and (H5) we get

& (1) = (1) + — (Ot(T) — (0)) < g(t,%(t), 1(0(1))) + — (OC(T) —(0))
(T )

—Np(0(2)) +

< g(1,0(2), 8(0(1))) + ————

N(T — 0(t))
T

((T) — (0))

(«T) = «(0)) — f (T) — 2(0))

= 930 200)) + (AT — 1)+ N(T — 0(0y) — 2220
< g(t,a(t), 3(0(1))) + %
< g6, 2(000)), €

since (M + N)T < 1. Therefore, & is a T-periodic lower solution for (1).

(T — 2(0))
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Following an analogous reasoning for ﬁ,

F) = B0+ (BO) — BT)) > 906 B0 OO + (O) — BT

> 900 fo) feocy) - L=

N~ 9(t))

(B(0) — B(T))

(B(0) = B(T)) + f(ﬁ(o) — B(T))

= g(t, B(0), BO()) + (—=M(T — 1) = N(T — e(t))ﬂ)w

> g(1, B(1), (O(1))), €L
And so, /;’ is a T-periodic upper solution for (1). [

6. Examples

Consider the equation
u'(t) = g(t,u(t),u(6(t))) = cos u(t) — 2u(%t) +¢, rel=]|0, %],
u(0) = u(3). (11)
In this case,
g(t,x,y) — g(t,u,v) = cosx — 2y + €' — (cosu — 2v + ¢€')
=cosx —cosu—2(y—v)=—(x—u)—2(y—v)

for all €1, x, y,u,v€R, x = u, y = v. Then, condition (Hs) is valid for M =1 and N =2, while
condition (Hy) fails. The hypothesis (h3) holds, since 4(e'/® — 1) < 1.

It is not difficult to find lower and upper solutions consisting of constant functions. Indeed, let
ot) = %, t €l is a lower solution for (11). We have

1 4 8 1
d =0 — = - — -+ ! c = — .
O((l) 0 g<t,oc(t),oc<2 t)) COS5 3 c, t I, OC(O) 0(<3>

The function f(z) =1, t [0, %] is an upper solution for (11):
1
B(t)=0=g (t,ﬁ(t),ﬂ (21‘)) =cosl—2+¢, tel

Using Theorem 4.1, there exist monotone sequences converging uniformly to the extremal solutions
of (11) in the functional interval [o, f] (Fig. 1).

Consider the function {(¢)=¢' —n/100, t € I, and { is an upper solution for problem (11). Indeed,
{(0)=1-7/100 < e'* — 7/100 = {(3), and

- t_L>_ ((1/2)z ) 13
U@y=¢ cos(e 100 2(e 100 +e +3Q2t+1)(e 1), tel



J. J. Nieto, R. Rodriguez-Lépez | Journal of Computational and Applied Mathematics 158 (2003) 339-353 351

1.2 T T T

11r R

0.9

0.8

0.7} i

0 0.1 0.2 0.3

Fig. 1. Functional interval [o, f].

To see the validity of this inequality, let
T i
) =cos(e — T ) =2 (M= B) 4300+ D) - 1), rel
o(1) cos(e T e 100 +3Q2t+1)(e )

and note that ¢ has in the interval [0, %], a negative maximum value.

Therefore, applying again Theorem 4.1, we obtain the existence of monotone sequences that
approximate the extremal solutions of (11) in a functional interval contained in [a, {].

Observe that we cannot find a constant upper solution in the set [, {].

The function y(¢) =e¢~' — /20, t €1, is also a lower solution for (11). Note that y(0) > X(%).

Thus, there exist extremal solutions for problem (11) in a functional interval contained in the set
shown in Fig. 2,

{ucC'(I) : y(t) <u(t) <), tel}.

Obviously, there is no constant lower nor constant upper solution between y and (.
Now, consider

;T %(0) — x(1/3) -+ T —1/3
ERLAIYAS S ASTA RS L T , tel
20 13 ¢ g P me el

that is a periodic lower solution for (11) on [0, %].
The function

xi(t)=¢e"

gl(t)_ef—1&)—5(1/31)/;5(0);_&—170‘0—3(e1/3—1)t, tel

is a periodic upper solution for (11).
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Fig. 2. Functional interval [y, ].

1.4 T T T

13 E

12+ B

11 B

0.7 | B

0.6 |- B

0 0.1 0.2 0.3

Fig. 3. Functional interval [y1,{;].

In fact, y; = 7 and {; = { defined by (5) and (6). What Theorem 4.1 provides is the existence of
monotone sequences to approximate the extremal solutions of (11) in the functional interval [y, {;]

(Fig. 3).
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In this example, given a lower and an upper solutions we are always able to construct periodic
classical lower and upper solutions, since (M + N)T = 1.
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