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On Relations Between Detection and Estimation
of Discrete Time Processes*
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Information and Control Sciences Center, Southern Methodist University,
Institute of Technology, Dallas, Texas 75222

It is shown that, for discrete-time processes, both the causal minimum
variance estimate of an arbitrary random signal process corrupted by additive
white Gaussian noise, and the associated error covariance matrix, may be
obtained, by simple formulas, from the likelihood ratio which arises in the
optimum detection of the same signal. As a consequence of this result, the
optimum detector is amenable to a causal estimator—correlator type inter-
pretation. An example is worked out to illustrate the relations obtained.

1. INTRODUCTION

The problems of detection, as well as estimation, of signals in the presence
of noise have been studied extensively in the literature. However, very few
results have been established concerning explicit relations between the
processing procedures of detection and estimation. For continuous-time
processes, Kailath (1969, 1970) obtained the likelihood ratio for the optimum
detection of an arbitrary signal process corrupted by additive Gaussian noise
as a causal estimator—correlator type operation (involving the Ito integral)
and in (Kailath, 1968) obtained a converse relation. Esposito (1968) obtained
related results for discrete-time processes; however, his analysis necessitated
the use of the noncausal estimator. Some nontrivial differences between the
discrete-time and continuous—time analyses, including the use of the noncausal
estimator in Esposito’s discrete-time analysis, have been pointed out by
Kailath (1968).

In this context, the purpose here is to show that, for discrete-time processes,
both the causal minimum variance estimate of an arbitrary signal process
corrupted by additive white Gaussian noise and its associated error covariance
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matrix, may be obtained from the sequential likelihood ratio by means of
simple formulas. The signal and noise processes need not be statistically
independent; a certain kind of “one-sided” dependence is permitted. It is
also shown that, as a consequence of these results, the likelihood ratio detector
is amenable to a causal estimator-correlator type interpretation. The special
case where the signal process is Gauss—Markov is worked out as an example
and serves to illustrate the relations obtained.

2. ReLATIONS INVOLVING EsTIMATE AND EsTiMATION ERROR COVARIANCE
Martrix wiTH LIKELIHOOD RATIO

Consider the following problem of deciding between two hypotheses H*
and H°:

H':zp = x; + vy,

(1)

0. _
H 2y = Vi,

where {v,} is an #n-dimensional vector, white zero-mean Gaussian noise process
with covariance E[v,v7] = R;3,; and {x;} is an arbitrary (not necessarily
Gaussian) n-dimensional vector random process. {v;} and {x;} need not be
mutually independent but only such that the present measurement noise is
independent of present and past signal and past noise, i.e.,

Fve | Xe, Viy) = f(vi), (la)

where X, 2 {%X{, Xy ,..., Xy and V, 2 {v;, v, ,..., v;.}.
It is well known that the Bayes optimum test for deciding between
hypotheses H* and H° is the following:

choose H!

Ay % 7 (2)
choose H?

where A, & f(Z, | HY)/f(Z; | H° is the likelihood ratio, 5 is a threshold
which depends upon the cost assignments and the a priori probabilities of
the hypotheses, and Z, is the observation sequence {z, , Z, ,..., Z;}-

Let %,(Z,) denote the causal minimum variance estimate of the signal x,
under the assumption that hypothesis H! is true, and P, the associated
estimation error covariance matrix. Then the main results of this paper are that
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%(Z;) and P, may be obtained from the sequential likelihood ratio 4, by the
following formulas:

n 17

P, — R,Caizk [;Tk In Ak]Tg R,, (3b)

where 6/0z; denotes the n#~dimensional column vector of partial derivatives
with respect to the components of z, . To prove (3a) and (3b), first note that
Ay, can be expressed as

_ f | Zyy , HY) f(Zyy | HY)
A = (22| Zp—y s HY) f(Zyy | HY)’ @

or
I
Ay = A - Ay
where

A :f(zk|zk—1’H1)
b S Zen, HY

From (1) and the fact that {v,} is a “‘white” Gaussian sequence, we see that
Sz | Zyy , H) is zero-mean Gaussjan with covariance R, , that is,

f(zk 1 Zlc—d ’ HO) = Nzk(oy Rk) (5)
Also,

i Zay s HY) = [ (i | %0, Zooa » HY) f5e | B s HY Ay (6)

Now, from (1)},
fE %, Zyy , HY) = kalxk,Zk_l,Hl(zk — Xy | X% Zpq , HY). (62)

Since, under H?, Z,_, is a function of X;_; and V,_,, then application of
condition (1a} to the right-hand side of (6a) yields

f(ze | Xy, Zgpy , HY) = ka(zlc — Xy)
= Ny, (%1 Ry). ()
1 Where no confusion is liable to arise the conditional density of a random variable x

given random variable v is specified as f(x | y); otherwise, the more explicit notation
Sz | B) is used where o and B are dummy variables.



RELATIONS BETWEEN DETECTION-ESTIMATION

Thus

p J exp[— ¥z — xRz — %)) f (= | Zipay » HY) dxy,
A = 1, TR-1
eXp[ zzk Rk zk]

— [ explx Rz — bx R3] f (% | Ziy , HY) di
Taking the partial derivative of 4, with respect to z; ,

oAy
0z,

— R | % explxRi'z, — 3R £ (% | Zoy , HY) dxe

49

(8)

©)

(10)

The causal minimum variance estimator under the assumption that the
signal process {xX,} is surely present in the observation interval, has the

expression
& = | xf (x| Zo, HY) dxy,,
or
®, = -J'ka(zk | X s Zo—y s HY) [ (%3, | Zp—y , HY) d%4
* f(z2 | Zyy s HY) ’
or
2 — J XS (2 | Xn s Zpg» HY) f(xp | Zypoy , HY) dxy
. Ay f (2 | Zg—y , HO) )
Hence

4 — =i exp[x, TRz, — 3%, R %, ] £ (%, | Zk_lf, HY dx,,
E = .

Akl
On comparing (14) with (10), we immediately deduce that

A Rk . 3/1k'

X, — S
BT A, oz,

o ,

0
=Ry EZ [In A, —In 4, 4],
or

A 0
% =Ry oz, [In A,],

643/20/1-4

(11)

(12)

(13)

(14)

(15)
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which proves the first of the two relations. Equation (3a) is a stronger version

of Esposito’s result for the noncausal estimator [see Esposito (1968), Eq. (6)].
The estimation error covariance matrix P;, is defined by

P, = f (xp — Rel[x — R ) (% | Zyp, HY) dx, (16)
or

P. = [ xexf (x| Z, HY) iy — %7 (17)

A second differentiation of the expression [(8/0z,)(In A, with respect to z;
gives

a%ﬁ[a% (lnAk’)] § 8zk [/Ik EN A’“'] (18)
1
/1,c 8zk [8zk ]
i 0 1 e re T
o [a — (In 4,)] ng :A_,;Rka_zzg[éz_/l’“]
B ae b
or

21

Ri o o 0 4] | R = o R [y

as a consequence of (15). Partial differentiation of (10) with respect to z,
allows the first term on the right side of (21) to be written as

leRk - ;[62,6 Ak]

_ f pon CXP[XkTREIZk - %XkTR%IXk] J(&p | Zgp—y » HY) dxy,
= i .

22)

Comparison of the right-hand sides of (11) and (14) immediately establishes
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that the right-hand side of (22) may be written as | x,x,"f (s, | Zy, , HY) dx; .
Thus (21) simplifies to

R

° T ‘
Ru o gy (0 40)] [ R = [ xono | 20, 10 i,

— %57 =P, (23)

by virtue of (17).
The final result, Eq. (3b), follows on noting that

0 N
Additionally, it may be readily verified from (15) that
In 4y = [ R dz + CulZas) (24)

where Cy(Z;_;) is not a function of z; . Now let z,_ denote the last or final
observation vector. The likelihood ratio 4, (Z; ) based on all past data Z_,
which is used in the decision rule (2) for choosing H* or H°, has the expression

kf
Indy, = Y lndy. (25)

k=1

Substitution of (24) into (25) yields

ky kg
In 4y, = 3, | Re'% dz -+ 3, CulZa-) (26)

On integrating by parts, (26) can be written as
ky ky ky
In Ay, = Y zTRg%, — Y f 2R d%, + Y CuZyy).  (27)
k=1 k=1 k=1

Thus the computation of the likelihood ratio is basically an estimator—
correlator operation (represented by the first term in (27)) with additional
operations for evaluating the bias terms (which are a function of the estimate
and the data). Note that use of the causal estimator permits on-line compu-
tation of the likelihood ratio.

The actual evaluation of the term [z R;'d%, in (27) is difficult, in
general, since X, is not usually a known analytic function of z, . For the
special case of a Guass-Markov sequence {x;}, however, &; is an explicit
linear function of z; [see (44)] and the integral can be calculated.
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3. AN ExampLE

To illustrate the relations (3a) and (3b), we consider here the special case
where x; evolves as a Gauss—Markov process according to the equation

Xp = Op p1Xpq T Wi (28)

¢ 1_1 I8 a 7 X n one-step transition matrix and {w,} is a zero-mean white
Gaussian process with Efw,w,7] = Q;8,, . {w,} and {v;} are assumed to be
mutually independent.

The causal minimum variance estimate of x;, under H* has been obtained
in the literature by several methods (Kalman, 1960; Ho and Lee, 1964) and
is given by the familiar Kalman estimator algorithms:

Ry = P 1Ry -+ N[N, + Ry z% — d,e-1%s-1)» (29)
N, = covixy | Zyq , H'} = ‘?bk,lc—lpk‘f’;,kﬂ + Qx, (30)
P, = cov{x;, | Z; , H'} = N; — NiJN;, + RN, 31

or equivalently
Pl = N;' + R (32)
We propose to rederive the Kalman filter algorithms (29)-(32) by com-

puting the likelihood ratio and using (3a) and (3b). It may be easily shown
(Ho and Lee, 1964)

f@n | Zyy, HY) = Nzk(¢k,k—1§k—1 , N + Ry), (33)
and
f(zx | Zpy , H) = N, (0, Ry).

Thus the logarithm of the likelihood ratio A4, is

Ind, =Ind, +Ind,,,
or
In A = — 32,7 [Ny + R] 7z, + ﬁ£—1¢£,k—l[Nk + Ryl ™z

AT T _ o
— 3Ry 1PN + Rul 7 bp rafig

- 32,"R;;'z;, - terms which are not a function of z;, . (34)
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Taking the partial derivative of (34) with respect to z;, gives

i ,\ _
oz, [In 4] = —[Ng + Rz, + [Np + Rl b iRiy + R’z (35)
= [REI — (N +Rp) ™Mz + [Ny + Ryl dppaFry . (36)
By the matrix inversion lemma (Sage, 1968),

(N: +Ry) ™ = R — RY'TRY, (37)

where
T;' = Nt + R;L (38)

Substitution of (37) into (36) yields
o 1 -1 -1 -1 -1 A
P70 [In 4] = RyTiR 2z + [Ry — Ry TRy ] 1%y - (39)
Therefore, according to our relation (3a),

A 0 A _ A
% = Ry 3—Zk [In 4] = 55 1%5 + TeR% l[zlc — b aXe]-  (40)

Furthermore, partial differentiation of (39) with respect to z, and use of
relation (3b) yields

o 10 r
R, 5 [E In /lk] R, =T, =P,, (41)

where P, = covix, | Z; , H'}. Also, from (38) and (41),
PkRﬁl =1 —P;N; Y (42)

where I is the identity matrix. Application of the matrix inversion lemma to

(38) yields
P, = N, — NiN; + R, N; . (43)

Use of (42) and (43) allow (40) to be rewritten in the more familiar form:

%, = bupaaRi—1 + NeNe + Rl [z — by p—1%ea, (44)

where

Ny = ¢451Pr1970-1 + Qi » (45)
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and
Pl = Ni' + R;. (46)

Equations (44)-(46) are, however, precisely the Kalman filter algorithms
(29)-(32). ‘

Hence our relations (3a) and (3b) are verified for the special case of a
Gauss~Markov signal process. -

ReceveD: February 19, 1971
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