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The object of this paper is to give a unified and complete treatment of these
related cases of lacunary interpolation whose special cases can be found scattered
in the literature. We consider only the case when the nodes are the zeros of 7,(x)
whose derivative is —n(n—1) P,_(x), the Legendre polynomial of degree n— 1.
We find the fundamental polynomials and give the convergence results. © 1996

Academic Press, Inc.

Let
(—1<)x,<x,_;<--<x(<1) (1)

be an arbitrary system of nodes and 0=m,<m;<m,<--- <m,_; an
arbitrary sequence of integers. The (0, m,, .., m, ) interpolation on the
nodes (1) means that we are looking for a polynomial of degree at most
ng — 1 whose m;th derivatives (i=0, ..., ¢ — 1) at the nodes (1) are equal to
given values. If this problem is uniquely solvable for any set of given data,
then we say that the problem is regular. In this case there exist fundamental
polynomials L, ,,.(x) of degree at most ng — 1 such that
L) (x) =00 (kyv=1,..mi,j=0,.,g—1).
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A necessary condition for the regularity is known to be the Polya condition
viz. m;<nj (j=1,2,..,g—1) (see [6, Section 1.4]).

Usually, it is a difficult problem to find these polynomials. However, if
we assume that L, . (x) (v=1,..,n i=p+1,..,qg—1) are known, where
p is defined by the inequalities m,<g<m,,,, then the remaining
fundamental functions can be easily obtained by the formulae

qg—1 n

Lv, m_,-(x)sz,mj q Z Z Hi;mr;z)] q xk Lk m\(x)

s=p+1 k=1
(j=0,1, .. p) (2)

Here H,,, ,(x) are the corresponding fundamental functions of
(0,1, ..., g — 1) Hermite interpolation (of degree ng — 1). In this context two
problems arise. First, how do we find the Hermite interpolating polyno-
mials? The answer to this question is easy:

Li(x) Zf FLL )18

m;! s!

s+m;

Hv,mj,q(x)z (x_xv)

(v=1,.,nj=0,..,p), (3)

where /,(x) is the vth fundamental function of Lagrange interpolation
based on the nodes (1) (see [11, Lemma 1]).

The second problem, ie., to find L, ,,.(x) (v=1,.,mi=p+1,..,¢q) is
more difficult. In some cases it is possible to find the last fundamental func-
tions L, ,, _,(x) (v=1,..,n). Then in order to be able to find the other
fundamental functions by using (2), we must have one of the following
three situations:

(a) (0,1, ..,r—2,r) interpolation (r>=2),
(b) (0, 1,..,r—3,r) interpolation (r>=3),
(¢) (0,1,..,r—3,r—1,r) interpolation (r > 3).

The object of this paper is to investigate these case of lacunary interpola-
tion when (1) consists of the roots of

m(x)=—ntn—1) [ P, (n)d, 4)

the integral of the Legendre polynomial P, (7). Let us mention that
fundamental functions of lacunary interpolation in this generality have not
been investigated so far, except in Gonska [5] where Case (a) was
considered, but without explicitly presenting the fundamental polynomials.
We will show how to estimate the Hermite polynomials on the roots of (4),
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as well as the last fundamental functions L, (x) (v=1, .., n). In order to
find the polynomials L, .(x) (v=1, .., n), it is convenient to consider the
so-called modified lacunary interpolation problem where the requirement
of presenting the rth derivative at +1 is replaced by presenting some lower
order derivatives at +1. Thus, in the modified problem in Case (a) we
present the (r — 1)th derivative at +1 so that instead of L, (x) and L, .(x)
we obtain L, ,_,(x) and L, ,_(x). In cases (b) and (c), the (r—2)th
derivatives at +1 are presented and this gives rise to the polynomials
Ly, 5(x)and L, , 5(x).

Case (a). L\"(x;)=0,0,., where

0<gi<gsr-2 and 1<k<n
or i=r—1 and k=1, n; (5)
or i=r and 2<k<n—1,
and
0<j<r—2 and I1<v<n
or j=r—1 and v=1,n;
or j=r and 2<v<n—1.
Case (b).
0<i<r-3 and 1<k<n
or i=r—2 and k=1,n; (6)
or i=r and 2<k<n—1,
and
0<j<r-3 and I<v<nm
or j=r—2 and v=1,n;
or j=r nad 2<v<n—1.
Case (c).
i=0,.,r—3r—1 and 1<k<nm
or i=r—2 nad =1,n (7)
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and
j=0,...r—3r—1 and 1<v<n
or j=r—2 and v=1,n;

or j=r and 2<v<n—1.

Case (a) was investigated by Balazs—Turan [3], Freud [4], and Vértesi
[14] for r=2, Saxena and Sharma [ 8§, 9] for » =3, Saxena [10] for r=4;
Case (b) by Akhlaghi, Chak, and Sharma [2], Szabados and Varmo [12]
for r=3; and Case (c) by Akhlaghi, Chak, and Sharma [1] for r=3.

2. THE CASE OF (0, .., r—2,r) INTERPOLATION

THEOREM 1. In case n is even, the modified (0, ..., r — 2, r) interpolation
on the roots of (4) is regular, and the last fundamental function is given by

(I=xD) 7w, ") [ ¥ Puoalt) P,_(x)+1 0 PL_y(1)
rla(x,) |:~[1 t—x, di— 2 f—l t—x, dl}

L, (x)=
2<v<n—1).

Proof. For regularity, it is sufficient to show that if Q(x)ell,, _,
satisfies Q)(x,) =0 for indices i, k in case (a), then Q(x)=0. Evidently,
O(x)=nr"""(x) q(x) with ge T, _,, and ¢(+1)=0 by (5). A short calcula-
tion yields

0", =r! m(x,)" ™" ¢ ()

whence ¢'(x)=cP,,_(x), ie., g(x)=c[P,_
2¢=0, ¢=0 (n even!). This shows Q(x)=0.

To find L, (x), let L, (x)=n,""(x)q,(x) with ¢, €I, _,, q,(£1)=0.
Then instead of (8) we have

0 (2<k<n—-2), (8)

1(x) =P, (=1)] and ¢(1) =

LY(x) = m(x) " qix) =0y (2<k<n—2),

whence
1 w—1(X)
L (V=1 g () = nol 2<k<n—1).
r(x,)" " g (xg) p}’;l(xk)< xX—x, >x“. ( "l
This implies
ra(x)" o PLa(x) o,
g (x) = St eP, (),
— X X—X

| v
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whence by integration and observing ¢,(—1) =0 we get

V7 (x,)" x Py
PR g = ] et

i Py (x) + 1]

v

Hence by ¢,(1) =0 we have c= —3|" (P, _,(1)/t —x,) dt and the theorem
is proved. ||

We now turn to determining the other fundamental functions.

THEOREM 2. Under the conditions of Theorem 1 we have

R VR

LVs.f(x): i | (x_xv)s-*—j-"_(l_évl_évn)
J. s—0 Y
|
x < V.) (010 Ly () —
J >~ ()
()]0

st(xe—x,) =7/

<Y ) L) ¥

0<j<r—2and1<v<n,orj=r—1landv=1,n).

Proof. The (0,1, ..,r—1) Hermite interpolating polynomial can be
expressed in the form (see (3))

) T (0]

i S (r =), (9)

In order to apply (9) we have to calculate H', (x;) (2<k<n—1). To
simplify calculations we write

I'(x)(x—x,)° "/ <x%(xk)>" [3(x) (=),
nn(xv) (X Xv)r s
whence
(A=) T = A <n%m)>r (k #v).
(xk_xv) = ﬂn(x‘,)
On the other hand,
[106) =) 10 = 1) 1105,

(r—s=m!
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Substituting these values in (9) we obtain

Hir;’( I)ZF il [l ’( )](X). r! — j<n;1(xk)>r

s=0 S! (X/,—x,) T

r! 7!1,(>Ck)>”"l [, ()]
=— . k
TG0 L oweemare G
and by Leibniz’s rule
, LS00 A .
HY) Ax) =5 X - 7014

o s! (r—s—j)!

J
_ r L V—j —r K} r r—j—s
-(0) 2 (7 urene e

() e,

This proves Theorem 2. ||

3. THE CASE OF (0, .., r—3,r) INTERPOLATION

THEOREM 3. For all n’s, the modified (0, ..., r — 3, r) interpolation on the
roots of (4) is regular, and the last fundamental function is given by
6(1—x2)m,(x) *n(n—1)

rla(x,)”

— Zk_l) ( )P;cfl(xv)
§ Kk —1) 4y

Lv, r(x) =

2<v<n—1), (10

where
din=(r—=2)n(n—1)+3k(k—1)  (2<k<n-—1).

Proof. As in the proof of Theorem 1, we assume that for a polynomial
O(x)ell,_,,,_, wehave 0"")(x,) =0, where the indices i, k satisfy conditions
of Case (b). Let Q(x)=n!"2(x) q(x), where g(x)ell,_, and g(+1)=0.
We get (since /}(x;)=0)

()"
2

2<k<n—1), (11)

0"(xy) = Lq"(xp) + (r—=2) Ii(x) q(x,) ] =0
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that is,
3(1=x0) q"(x) —(r=2)n(n—1)gq(x,)=0  (2<k<n-—1).
This together with g( +1)=0 implies
3(1=x%) ¢"(x) = (r—2)n(n—1) g(x)=0. (12)

Now set g(x)=X7_}% a,m(x), then (12) takes the form

— Y [r=2)n(n—1)+3k(k—1)] aumy(x) = — 3 Aapmelx) =0,
k=2

k=2

Hence ¢, =0 (2<k<n—1), ie., g(x)=0. This proves the regularity.
Now if we look for the last fundamental functions in the form L, (x)=
n'~%(x) q,(x) with ¢, e IT,,_,, q,(+1)=0, then instead of (11) we will have
na(x) 2 ,
— 5 e+ r=2) li(xi) g(x )1 =0r,  (2<k<n—1),

since in this case 2 <v<n—1. Hence,

3(1—x7) ¢3(xe) — (r—=2) n(n—1) q,(x,)

—Ml(xk) 2<k<n—1)

Al (x,) 2

and by ¢,(+1)=0 this can be extended to k=1 and n. Thus,

" 6(1-x7)
3(1=x%) gl(x) = (r=2) n(n—1) q,(x) =———= 1,(x).
rl . (x,)
Again, we set ¢,(x)=Y"_} a,n(x) and use the decomposition

—1) o' 2k—1
L =" Y T 0 P ) (13)

nn(xv)z k=2

(see, e.g., Akhlaghi, Chak, and Sharma [1, (3.4a)]) to get

ot 6(1—x2) n(n—1) "< 2%k—1
_k:fk”ak”k(x)_ A (x,) 2 k(k—1)

k=2

T x) Pie_i(x,).
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Hence,

60— 1)@k~ 1) Py ()
T ) Kk 1) ksn=h.

whence (10) follows. ||

THEOREM 4. Under the conditions of Theorem 3 we have

1) L L (08 )
j' Z S' = (x_xv)AJr]—i_(l_évl_évn)
. s=0 .

L, ,(x)=

n—1
Yr e —1 z

k#v

RN UtV L 031

0<j<r—3andl <v<morj=r—2andv=1,n).

() ur e L~
J J:

s (x—x,) /¢

In the proof we use

L) T )

Hv,j,rfl(x)z ]| S!

(X X )S+j
s=0

instead of (9). Since the calculations are analogous, we omit the details.

4. THE CASE OF (0, ..,r—3,r—1,r) INTERPOLATION

THEOREM 5. For all n =2, the modified (0, ...,r — 3, r— 1, r) interpolation
on the roots of (4) is uniquely solvable, and the last fundamental function is
given by

6n(n—1)(1 —x3) 7, %(x) "¢ (2k = 1) 5,,/(x) P _1(x,)

L, (x)=

rlal(x,) ! =, k(k—1) A,
2<v<n—1), (14)
where
Sin(X) = 1,(xX) mi(x) —m(x) me(x)  (2<k<n—1) (15)

and

=+ 1) n(n—1)=3k(k—1) (2<k<n—1).
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Proof. Let Q(x)=n'"%x)q(x), qell,,_,, satisfy the homogeneous
interpolatory conditions. Q" ~?(+1) =0 implies g( +1) =0, while

0" Vxp) =7, ()17 " g(x) + (r = D7, 72(0) 18,72 ¢'(x4)
m(x) "L —x0) 2 A0 10T gl
+r =D —x) "2 201077 ¢'(k)}

=m(x) =1 q(x)=0  (1<k<n)

yields ¢'(x,)=0 (1 <k <n) (since /;(x;)=0). These conditions imply the
existence of a polynomial S(x)e I7, _, such that

q(x) =m,(x) §'(x) —m,(x) S(x) (16)

(see the proof of Theorem 1 in [1]). Among others, this implies g € I1,, _,
and S(+1)=0.

Now using the conditions on the rth derivative and recalling that
q'(x,)=0, k=1, .., n, we get

r

0" xp) = m (0] )+

) (272 1¢ 2 ¢ (xp)

=T

1
O (e e S NV CARE VAN,

1
= (5) =20 -2 ) ) 457 ) |

(r=2)n(n—1)
3(1—x3)

(2<k<n_1)9

S - o(x0)+4"x0)| =0
since [1(x,) = —n(n—1)/3(1 —x2). That is,

) ' (x) — =21 g(x) =0 @<k<n—1). (17
Substituting here

) = ) SCe). e =) S (x) — 7 x0) S(x,)
which we get from (16), we obtain

30— 7 50) 8"(v) — [3(0—x) 7 (x) — (= 2) n— 1)
(x;)] q(x,)=0 2<k<n-—1).
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"

Since 7)) (x;) = —(n(n—1)/(1 —x3)) 7,(x,), we get
3(1=x7) S"(x)+(r+1)n(n—1) S(x,)=0 2<k<n—1). (18)

Because of S(+1) =0, this extends to k=1 and n. Since Sell, _,, we con-
clude that

3(1—x3)S"(x)+(r+1)n(n—1) S(x)=0.

Using the representation S(x)=Y7_} a,7,(x) we obtain

n—1 n—1

Y [+ nn—1)=3k(k—=1)] apmi(x)= ) Aeapmi(x)=0,

j=2 k=2

whence a, =0 2<k<n—1, S(x)=¢(x)=0Q(x)=0 and the regularity if
proved.

In order to find the last fundamental functions we write L, .(x)=
7"~ 2(x) q,(x) and get, instead of (17),

n

3(1 = x) ¢(x) = (r—=2) n(n — 1) q,(x,)

2
_ =X Gy e<kn—l)
rtm,(x,)"
Introducing S,(x) by
q,(x) =7,(x) S'(x) — 7, (x) — 7,(x) S\ (x), (19)

instead of (16) we obtain

2 ” 6(1 —Xi)
31 —=xp) Sux )+ (r+)nn—1)S(x)=———""50u (1<k<n)
rlal(x,)
(compare (18)). Hence,
6(1 —x2
(1=x3)SUx)+(r+1)nn—1)S,(x) :147(z’(yc)")1 [,(x).
Using the representation S,(x)=Y"_}a,m,(x) and the formula (13) we

obtain

6(1 —x3)n(n—1)(2k—1) P} _(x,)
_ . 2<k<n—1),
i () T k(k—1) A, ( n=1)
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_6(1—=x))n(n—1)"g" (2k—1) mi(x) P y(x,)
Si(x) = o (x,) ! kgz k(k—1) ik" ’

_6(1—x‘2) n(n—1) "ot (2k = 1) 5;,,(x) Pre_y(x,)
qv(x) - (xv)f‘*'l kZ::Z k( - 1) /Lkn .

This together with (19) proves the theorem. ||

THEOREM 6. Under the conditions of Theorem 5 we have

L,;,(x)=H,; (x)+(1-0,,— (5,,1,)(;)[11,’(36)]2}”Lv,r(X)

r! n_1 r—j—1 [17"(x )](s)
Ty &, ) L (19
j!nﬁ,(xv)’ kgz 77:;7(xk) k,r(x) Xgo S!(xk—xv)’ s—j ( a)
k#v

0<j<r—3and 1<v<m;or j=r—2 and v=1, n), where

Hv,j, )(x) = :

Formally, this is the same formula as given by Theorem 2, but of course
the L, .(x) here are given by Theorem 5. We omit the obvious proof.

5. ESTIMATING THE HERMITE INTERPOLATING
POLYNOMIALS

Once we have the fundamental functions, the next natural question is to
estimate them. For this purpose we need estimates for the Hermite inter-
polating polynomials appearing in Theorems 2, 4, and 6. Let us introduce
the notations

int 1
An(x)=%+;, x=cost, xg=cost, (l<k<n). (20)

LEMMA 1. For the roots of (4) we have

0(4,(x,)™) if jiseven

) 2
On—24,(x)~")  if jisodd, (20a)

[0 = |

where m is an arbitrary fixed integer and the “O” signs refer to n — oo.
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Proof. First we estimate /\/)(x,). Evidently,

ey M) _
I7(x,) =G Tx) (=0, 1 ..). (21)

In order to calculate higher derivatives of x,(x) at x, we start from the
differential equation

(1=%) m)(x) = —n(n—1) 7,(x)
and differentiate (j— 1)-times:
(1= 2/ () = 2= 1) 3l (6) = (= D= 2) /()
= —n(n—1) 7Y~ (x).

n

Hence

nin—1)—(j—1)(j—2)
1—x2

U+ (x ):2(j—1)x‘,
! 1—x2

n

nilj)(xv) -

7y (x,). (22)

Since 7)(x,)=0 (2<v<n—1), we obtain

20— 1)1 2
2 (x,) =0 <”/”"(X‘)>’ 2%+ (x,) = 0 <;%(x)>

sin¥ ¢, sin* ¢,
2<v<n—1) (23)

which can be proved by induction and easily seen from (22) and 1/sin ¢, =
O(n). Also notice that by |z, ||=n(n—1) and Markov’s inequality
7 (+1)=0(n*) (j=1,2,..). This together with (23), using the notation
(20) yields

m, 1 (x,)=0(n~24,(x,) " m(x,)),  mFTN(x,)=0(4,(x,)"Y m,(x,))

(I<v<n).
Hence and by (21)

1) = 0(4,(x,) "), 17 (x,) = 024, (x,) ™)

(I<v<mj=1,2,..). (24)



206 SHARMA ET AL.

LEMMA 2. For the Hermite polynomial (9) we have
|7,,(x)]"
0 ‘
<n"An(xv)r/2 ! |X —X, |

if r—jisodd,
|Hv,j,r(x)|: (25)

|7,,(x)]" ( 4,(x,) 1 ))
(0] :
<nrAn(xv)r/2]l |x_xv| |x_xv| +n2An(xv)

if r—jiseven

for |t—t,|>c/n, and
|H, , (x)|=0(x=x,|")  for |t—t,|<c/n (26)

Here ¢>0 is a properly chosen absolute constant, v=1,..,n and j=0,
1,.,r—1.

Proof. 1If the constant ¢ in the lemma is large enough, then 4,(x,) <
|x —x,| whenever |t—¢,| > ¢/n. Thus applying Lemma 1, in case of r—j
odd, the last term in the sum (9) will dominate, and it can be estimated as
O(|x —x,|"~Y4,(x,)"~/~"). Hence,

B e 2
|Hv,j,r(x)|:0 |l\,(x)|ﬁ
x,)

|7, (x)|" >
-0 Y
<|7T:v(xv)|r lx —2x, | 4,(x,) /!

Here, using the well-known estimate

|n;1(xv)| 2 ClnAn(xv)71/2 (V = 1’ () n) (27)

(see Lemmas 12.3 and 12.5 in [6]), we obtain the first relation in (25).

Now if r—j is even then we use the second estimate in Lemma 1 (with
r—j—1 for j), to majorize the last term in the sum (9). Of course, in this
case the rest of the sum in (9) is majorized by the last term there, where
we can apply the first estimate in Lemma 1 (with r—j—2 for j). These
result in the second estimate in (25).

Finally, if |t —¢,| <c/n then we use |/,(x)|<1 and |[x—x,|=0(4,(x,))
to get (26). (In this case r —j even does not yield a better estimate.)

6. ESTIMATING THE LAST FUNDAMENTAL FUNCTIONS

It is obvious from the given representation of the fundamental poly-
nomials that besides the estimates obtained for the Hermite polynomials in
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the previous section, we have to estimate the last fundamental functions.
For the special values of r, this has been done before. For example, Balazs
and Turan [ 3] proved

n—1
2 L o(x)[=0(n"")  (Case(a),r=2);
v=2

Saxenna and Sharma [9] proved

n—1

Y L, s(x)[=0(n"%)  (Case(a),r=3);

v=2

Szabados and Varma [12] showed

n—1
|L, 5(x)] <logn> _
Y S0’ 7, =0 . (Case (b), r=3).

n

v=2

No estimate has been given in Case (c¢). Therefore, as a model example,
we shall estimate the last fundamental functions of modified (0, 2, 3) inter-
polation (Case (c), r=3).

THEOREM 7. For the modified (0, 2, 3) interpolation we have

< sin® 7, N sin’ 7, ifolt—1,1><
. . i — "
nsin(|t—1t,|/2)  n’sin®((t—1t,)/2) n
|Lv,3(x)| = sin? ¢ c
o(*") i -t <,

" n

where ¢ >0 is an absolute constant.

COROLLARY. 3775 (|L, 5(x)/4,(x,)*) = O(1).
Proof.

"ZVL, 5(x)] n’ sin” ¢, sin® ¢
2 y 2<C Z a3 5 o + 5 a1 2 -
= (4,(x,)° LT s e S L\ sIn |2 — 2, |/2 n” sin® ((1—1,)/2)

n®  sin’t,
+C—5- 3
sin®t, n
c 1 c
<5 ) . : +=
n? e e Sin g, sin([2—1,]/2) n?

1
X —— ¢
|171,Z\:> ¢/n Slnz((t - lv)/z)
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c 1 c 1
<L mti—vm T v !
—o(). 1

Proof of Theorem 7. We shall first prove the case when |t —1,| > ¢/n.
From Theorem 5 we get

_nn=1)(1—=x}) 7,(x) "&" (2k—1) 5,,(x) P _1(x,)

)

m(x,)* k=2 k(k—1) Ak,
2<v<n—1), (29)

L, 5(x)

where
Jn=4n(n—1)=3k(k—1)  (k=2,3,..).
Using Abel transform with the factors 1/4,, we get

nil (2k_ 1)skn(x) P;(_l(xv)
P k(k—1) 2,

LSt 2k —1) sp(x) Py ()

n—1l,n k=2 k(k_l)
n—1 1 1 k—1 2i—1 ) P '
+ 3 <—> C=D OB gy (30
K23 Nkt Arn) JjG—=1)
Here
’ 372
L T ) a1

/lnfl,nn(n_ 1)
This can be easily proved from (13) and its differential form

" (2k—1) mi(x) Py y(x,)  m(x,)? I)(x)
=, k(k—1)  n(n—1)

on recalling that s,,(x) =7x,(x) nj(x) — 7, (x) 7,(x) and using the identity
ﬂ:n(x) l/y(x) - ﬂ;,(x) Zv(x) = _n;(xv) l%(x)

(See [12, formula (19)].) Since by |r,(x)| = O(n'?sin'? ) and (27) and

. . .+t
max(sin ¢, sin ¢,) <2 sin 7
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we get

12 i 1/2 4 i 172 - 1/4
n Sin 7 sin t Sin t
|1\,<x>|=0( V>=o< . . >

n*?|x—x,| nsin(|t—t,|/2) sin/* ¢

(31) yields

02
A=0< 1 2 12 >
n*sin t,n*((t—t,)/2) sin'? ¢

1
] . 32
<n3/2 sin ¢, sin((¢ — ¢,/2) sin'/? t> (32)
As for B, we get by (15)

' k=1 S (27— 1) su(x) Pro(x,)
B=—6 =
k§3 )kal,n;{kn j=1 (]_ 1)

n—1 k—l k—1
=6m,(x) Y —— ), (2j—1)P —1(x) Pi_q(x,)

k=2 ik*l,n;"kn j=1

n—1 k—1 k—1 2]_1
—6m),(x)(1 — x?) —
kgz ikfl,nikn j=1 ](J_ 1)

1= 6m,(x) B, — 61,(x)(1 — x)B,.

Pi_i(x) Pj_i(x,)

Here we settle the estimate of B, first: Since |P,(x o(l//n sm
(Sansone [7]), and #'|(x)=n(n—1) P,_,(x), we have n ( (1—x7)=
O(n*?sin*? t). In order to estimate B,, we use the method of Lemma 4 of
[12] and apply Abel-transformation again to the double summation in B,.
In Lemma 3 of [12], it has been shown that

m
sin*? ¢sin'? ¢, sin(|t —1,|/2)

Z (25+1) Pl(x) P,(x )=0<

>. (32a)
Using this estimate and the method of Lemma 4 of [12], we get

1
n?sin®? tsin®? ¢,

><< 1 N sin'? ¢, >>
|x—x,|  sin'?¢sin((r—1,)/2)

a7 (x)(1 =x*)B,=0 < 32sin%2 ¢
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1
=0\ 553, cin <
n”*sin” ¢, sin /“ ¢t sin(|t —t¢,/2)

1
n*?sin'? ¢ sin ¢, sin?((t — t,,)/2)>

which is the same as the estimate for 4.
For B, we use the Christoffel-Darboux formula for the inner sum in the
form

Py ((X) P _o(y)—=Pr_(y) Pr_»(x)
X—=y

(k—1)

i (2/=1) P, () P, (7).

differentiate both sides with respect to y and set x, for y. Then we have

"G k=12 [ P 1(x) Pho(x,) = Pro(x) Pi(x,)

B, =
= x—x,
_Pk—l(x) P 5(x,) =Py _»(x) P _y(x,)
(x—x,)?
:zi_,_i_ (33)
X—X, X—X

v v

Here, in estimating C; we use the relation

(k—2)> (k1)2:8k+0<1>

P - P (33a)
Ik—2hi—1 A1 n*
and that

k—20%,) = Pilx,) = (2k = 1) Pr_y(x,)

(cf. Szegé [13, (4.7.29)]) to get

n—1 (k 1) ) )
Clzz y J) [Pr_1(x) Pi(x,) = Pr_»(x) P _1(x,)]
k=2 Mk—11k
=l (k—1
Sy D 1y b P
k=1 k—17k
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Applying again the Abel transformation to D,, we get

(n—1)*"
Y

D,= z [Pr_1(x,) Pix,) = Pr_o(x) Pr_1(x,)]

no k=3

(k=2 (k—1)*\*&!
+z <Ak e e A) L [P0 Pxy)

k= —

_ijz(x) P;'fl(xv)]'

Using the fact that P!, ,(x,)=0 and that P,(x)=O(k~"*sin="?¢),
Pj(x)=O(k'?sin ~*? ), we see that the first sum to the right in D, is

—1 2 n—1
()Ln ;{) Z [P, _1(x) Pi(x,)—Pr_»(x) P _1(x,)]
n—1"n =3
I N
B Do\ o Py(x) Py(x,) = O(n™7).

The second sum on the right in D, on unsing (33a) becomes

n—1 1
(n=") Z kP 1(x) Pi(x,)] =0<n2 sin'”2 7 si >

32
w3 tsin” ¢,

In order to estimate D, we again apply Abel transformation to D, and
thereby obtain

_ (n=2)? ! (k=22 (k—1)2
2= s & B D P Pl & Z {Ak et zklzk}
% (k_l)sz(x)Pkl(x;C)_:kl(x)sz(xv):|’

where we have used the Darboux—Christoffel formula in the second sum-
mation. This yields in view of (33a),

n—1

D,=0(n"?) Y (2k—1) P, (x) P i(x,)+0(n%)

k=2

" Py o(X) P y(x,)— Pry(x) Pro(x,)

x Yy k?
k=2

X=X,
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From Sansone [ 7, pp. 178-179], we know that

2n—1
P alx) = Pifx) = —(20=1) P(x) = s i)
which gives
2n—1
Pyal) = Py(x) = (). (+)
Also,
Pn—2(x) :xpn—l(x) +nlj nn(x)’ Pn—Z('xv) :van—l(xv)'

Then we can get from the Christoffel-Darboux formula and the above
relations that

1
= O - 12 S 12 . H
sin'/* ¢sin"/* ¢, sin |t —1¢,|/2

where we have used the estimates for P, ,(x), P,_,(x,), and 7, (x). It
remains to estimate S,, where

S,=0(n—* nil kzpk oX) P _1(x,) = Pr_1(x) Pr_s(x,)

X—X

vV

—4 n—1
:O<xn—x >{ ¥ KAPUx) P i(x,) = P y(x) Ps(x,)
v k=2

o k(2k—1)
s ey

k=2

T(x) Pr_i(x,)
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which is easily obtained on using (x). Again using the Abel-transform
on the sum Y {3 k*(Pu(x) Pi_(x,) — Pr_1(x) P,_5(x,)) and estimates on
the second summations, we get a little effort that

1
$,=0 <n3 sin'? ¢ sin'? ¢, sin((¢ —¢,)/2) sin((z + tv)/2)>

1
=0 <n3 sin ¢ sin 7, sin((z — tv)/2)>'

Thus we have

1 1
D,=0 - - ; - : - .
2 <n2 sin'? ¢tsin'? ¢, sin(|t —1,1/2) t P sin £ sin t,sin(|t—¢, |/2)>
Since C, in (33) is

(ki 1)2.Pk—2('x) Pk—l(xv) 7Pk—l(x) P/c—2(xv)
At 1 P X=X,

n—1
2
k=3

which is the sum in S,, it follows that

1
C,=0 - - - .
> <n2 sin'/? ¢ sin!/? tvs1n(|t—zv|/2)>
Collecting these estimates, we get

D,+D,+C,

5= 0,0 2E2

0l (1= x?) Bz)

1 1
=0 .
<n3/2 sin'? ¢sin? ¢, sin(|t —¢,]/2) t o sin' rsin ¢, sin?((t — tv)/2)>
(34)

Thus we obtain from (29), (30), (32), and (34)

sin* ¢, sin'/? ¢ 1
L, 3(x)=0 < 72 ><

n n*?sin'? ¢ sin? ¢, sin(|t —¢,|/2)

1
+ p p :
n>?sin'/? ¢ sin ¢, sin?((¢ — tv/2)>

< sin’ ¢, N sin® ¢, >
nsin(|t—1,|/2) n’sin*((t—1t,)/2)

which proves the first estimate in (28).
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The second estimate comes from (29), by estimating the terms of the sum
individually, and using the estimates

[8,,(x) = O(n**17?), sin t=O(sin ¢,) 2<v<n—1).

Thus when |7 —1¢,| <c¢/n, we have

n(n—1)(1—x2) m,(x) _0 <sm9/2 t, >

(m,(x,))* n’’?
and

"il (2k —1) 5p(x) P _1(x,)

P k(k =1) Ay,

1/2
n
o(1)
sin”/~ ¢
Combining them we get the required estimate when |f—¢,|<c¢/n. This
completes the proof. ||

THEOREM 8. For the modified (0, 2, 3) interpolation we have
= O(log n) (j=0 or 2).

Proof. From Theorems 6-7 and Lemmas 1-2 we get for |t —¢,|=>c/n
and 2<v<n—1,

sin®? ¢

— 2 j—4
Lv,j(x) =0 {nyzd,,(xv)(l/z)j x| +n"°4,(x,)

><< sin” ¢ N sin” ¢ >
n’sin(|t—1t,]/2) n’sin*(t—1t,)/2

3n2
sin? 1,
+ 3/2 A x —3/2 .
ké\ k n5 Sln(|t_tk|/2)
N sin® ¢, A,(x,) 2
n’sin®(t—1,)/2) |x,—x,]|
sin'? ¢ sin/ =) ¢ sin/ =% ¢, sin/~ !¢,
=0| TR s
n/*tlsin(|t—1¢,|/2) n/*3sin(|t—1,]/2) n/T3sin}((t—1t,)/2)

+sinf“/2’lvz< sin'? ¢, N sin*? ¢, > 1 }
n/*3 o 2 \sin(t—1,]/2)  sin®((t—=1,)/2)) |xp—x, |
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B sin/ ~ W2 ¢, n sin’ ¢,
T n sin2 (Jt—1,]/2)  n/ T sin(|r—1¢,]/2)

sin/ !¢, o lt—t L te—t, |\ sin/ WD g
+T Y l/<sm 5 sin—— + 3

k#v
|[t—tkl=c/n

t—t t,—1
x ) <1/Sin2| 2k|sin1/2| "2 k|>

k#v
|[t—tkl=c/n

. Ct—t, . |te—t,
+<sm‘/2tv/sm2 2"s1n|"2 |>}, (35)

that is,

IL, ;(x)] 1 . o =t =1, 1
B =0 — 1/sin"?¢, sin'?—2+1/sin —— + ——
sin’ ¢, n/t1 Y 2 + 2 + sin 7,

1 I el P . t—1t
e lDY 1 /sin> —=~sin'? tvsm”ZM
k#v 2 2
|[t—tkl=c/n

L t—t . |ti—t,
+1/s1n2 2/‘sm|k2 |>}

1 1 .=t 1
=0[nj+l<sintv+l/sm2 >+n-"+3

. l_tk . |tk_tv|
x oy <1/s.m2 sin ﬂ
k#v 2 2

lt—ti|=c/n

n

Summing up for v fields

n—1 n—1
[L, ;(x)] <log > <10gn> ( / . 2t—t,‘,>
Ez sin’ ¢, W )T\ kz‘z )
>. (36)

[t—tk|=c/n
If |t —¢,] < c¢/n, then sin t = O(sin ¢,) and using (26) and (28), we get

1
:0<0gn> <2<V<n—l,|t—tv|>

n'

e

2.3
‘ ~.sin®f, . .
Ll,,j(x)=0{|x—xv|f+(A,,(xv))f3n3 +sin*?¢, Y sin 2z,

k#v

y ( sin? ¢, sin® 7, > (A(Xv))jz}

sl —1,12) s —12)) |xp—x]
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osin/m g sin'’? 1, sin®? 1,
=0 (4(x)) + ‘
i) 2 (@

(r—1el/2) sin((1— 10/2)

i+ 3
n’/t

><<1/sin |6 —1,] sin ["+tk>}
2 2 '

Note that |x—x,|=2sin(|t—1,]/2)sin((t+¢,)/2)<(c¢/n)sint,<4,(x,)
when |t —1,| <c¢/n. Then we have

L, (x) 1 ) ) =t
iV ASGS 1 1 12 2, S le=1l
(An(xl,))'/ O( ) +0 <n3> ké:v < /Sll’l t,sin"’< t; sin 5

N sin'?¢, —sin'? ¢, 1 sin? b
. sin® +—~
sin'? ¢, sin®((t —1,)/2) n

1 1/2 k”2|v |

-0+ 0GHE (o)
V72 )k —v|? |k —v|?

2 (1 2 (/5]

=0(1).

In the above considerations, we had to exclude v=1 and n. In this
respect we note that

IL, (x)|=0(n"?) (v=1o0rmn,j=0 or 2). (37)
Namely, in this case (35) takes the form (say, v=1)

1 9/2

n?sin’ ¢ 1 n

Ll,j(x):0|:nz]+2(1 6 Z

sm3/ 2

sin” 1, sin® 7, > nt=%
X<n5sin(|r—zk|/2)+n5 Sin((1— 1)/2) (1—xk)}

O 1 1 n—1 1 . 3 . |l—t1‘|
= ﬁ+mk§2 sin®"” £ sin ———

t—1;
+ l/sinl/2 t, sin? 'ﬂ
2
1
-o()

This, together with (36), proves the theorem. ||
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Finally, we have

THEOREM 9. For the modified (0, 2, 3) interpolation we have
1Ly () =1L, 1 (x)] = O(n~2). (37a)

Proof. Let v=1, and use again Theorem 6:

Lot sin’ 1,
L =H 0| — S
1) =Hy () + [n" 2 s <n5 sin([7— 1,1/2)
sin® 7, 1 n?
t s VY
wsin((1—1)2) )\ —x)?  1—x,
n*sin* ¢ N n’sin’t 1
n®(1—xc)® n*(l—x) n°?

n—1

. Ct—t . =1
x Y <1 sin*? ¢, sm| k|+1 sin'/? ¢, sin? ]>
P 2 2

This proves (37a). |

7. CONVERGENCE THEOREM FOR MODIFIED (0, 2, 3)
INTERPOLATION

Based on the estimates of the previous section, we are now able to prove
a convergence theorem. Define the linear operator

S(xe) L, o(x).

1

R, (1. x)=

v

I s

THEOREM 16. For any f(x)e C[ —1, 1] we have
n

100 = Ry £ 001 =0 (£ ) 0gn ).

where w is the modulus of continuity.
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Proof. 1Tt is well known that there exist polynomials p, € IT, such that

If=p.l = Olw(f, 1/n))

and

P ()| =0(4,(x) ) a(f,1/n)  (i=1,2,..) (38)
(see Dzyadik [4a, Theorem 3, p. 362, Lemma 1, p. 267]). Now evidently,

w(f, 1/n))

n

Z |Lv,0(x)| H + HpniRn(pn)”

=O0(w(f, 1/n)logn)+ | p,— R, (p,)|

by Theorem 8§ (j=0). Since the modified (0, 2, 3) interpolation is uniquely
determined,

Pl X) = Ry(pr> X) = po(1) Ly 1(x) +pu(=1) L, (%)

n—1

+ 2 pux,) Ly o(x)+ 3 pil(x,) Ly, 5(x).

1 v=2

Here, using (38), Theorems 7-9 (and the corollary to Theorem 7) we get

1 v L, (x)]

xV)

N\ "= L, 1
S 0ol
y=2 n\"‘y

Thus Theorem 9 is proved. ||
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