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Let S be a contraction semigroup on a closed convex subset C of a Hilbert
space. If the generator of S satisfies a strengthened monotonicity condition
then the weak limisw S(#)x exists for all x in C. As one consequence,
the method of steepest descent converges weakly for convex functions in
Hilbert space; and it converges strongly for even convex functions.

INTRODUCTION

Let S be a nonlinear contraction semigroup on a closed convex
subset C of a real Hilbert space H. In this note we introduce a simple
condition on the generator 4 of S (which we call demipositivity)
sufficient to guarantee the existence of a weak lim;,,, S(f)x = S(c0)x
for each x € C. The mapping S(c0) so defined satisfies S(£) S(o0) =
S(0) S(¢) = S(o0) for 0 <L ¢ < 0, so that S can in a sense be
extended to have an idempotent right end point; S(c0) is a nonexpan-
sive retraction of C onto the fixed-point set of S. The maximal
monotone operators usually cited as examples—dgp if ¢: H —
(— o0, 4-00] is a proper l.s.c. (lower semicontinuous) convex function,
and I — T if T: H — H is nonexpansive—turn out to be demi-
positive if ¢ assumes a minimum and 7 has a fixed point, and hence
generate weakly asymptotically convergent contraction semigroups.

Dafermos and Slemrod [6] have recently investigated the asymptotic
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behavior of S (which may be m omplex than simple convergence)
under the hypothesis that the «w- 1--- t sets

w(x) = () C{S(Et)x : t > s}

are nonempty. Their proofs rely on compactness arguments. Brézis
[1, 2] has investigated the asymptotic convergence of S if S is gener-
ated by a subdifferential; his proofs rely on careful estimates of
li(d/dt) S(t)x|l. Although the questions raised in [1] inspired the
present paper, our methods of proof are quite distinct from those of
[1, 2, 6].

One of the consequences of our main theorem is that the method
of steepest descent for convex functions converges weakly. In the
classical sense this means that if ¢: H — (— 00, 00) is a differentiable
convex function which assumes a minimum in A and x(¢) is a solution
of

() = —grad g(x())

on [0, o), then the weak lim,,., %(#) exists and is a minimum point
of ¢. We actually prove this result in the more general case where
¢: H — (—o0, + o] is only assumed to be convex and Ls.c.; if ¢
assumes a finite minimum, then the absolutely continuous solutions of

(t) € —o(x(1))

converge weakly to minimum points of ¢.

It is apparently unknown, even in the classical case, whether the
method of steepest descent for convex functions converges strongly.
Conditions such as compactness of level sets or the uniform convexity
of ¢ are usually imposed to guarantee strong convergence, but these
are unsatisfactory in view of the weak convergence. It is therefore of
interest that we establish the strong convergence if ¢ is also even.

1. WEak AsympTOTIC CONVERGENCE

Throughout this paper H will denote a real Hilbert space with
inner product (-, -), C a nonempty closed convex subset of H, and .S
a contraction semigroup on C. (Thatis, S = {S(¢): 0 < ¢ < w}isa
family of nonexpansive self-mappings of C such that S(0) = I,
S(t; + t,) = S(4) S(ty) for all ¢, , t, € [0, ), and S(-)x is strongly
continuous for each x € C.) “lim” and “—” refer to convergence in
the norm topology, while “w-lim” and “—”” denote weak convergence.
A will be multivalued operator on H, i.e., a subset of H x H.
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The following conditions seems to be crucial in guaranteeing weak
asymptotic convergence.

DerINITION. A is firmly positive if

(i) (v,x — ) =0 for all [x,v] e A and y € 471(0), and

(i) there exists y, € A71(0) such that 0 € A(x) whenever v € A(x)
and (v, x — y,) = 0.

A is demipositive if (i) and (i1) hold and y, also satisfies
(it} the conditions x, — x, v, € A(x,), (v,) bounded, and

lim,(v, , %, — ¥o) = 0 imply 0 € A(x).

THEOREM 1. Suppose A is demipositive and x:[0, ©)— H is
absolutely continuous and satisfies

#(tye D(A)  forall t =0, (L.1)
x(t) e —A(x(t)) a.e., (1.2)
|| 2(t)|| € L=(0, 00). (1.3)

Then w-lim,,, x(t) exists and belongs to A(0).

Proof. Choose M >0 and a pull set N CJ[0, «©) such that
%(t) exists, #(t) e —A(x(2)), and | &(#)| < M, for all ze][0, 0)\N.
For any y e 47Y(0),

(d]dt) &1 x(2) — ¥ [* = (&(2), 5(1) — ) <O, (1.4)

since —a(t) € A(x(t)) and part (i) of the definition is satisfied. Since x
is absolutely continuous, so is %| ®(f) — y |’ and (1.4) implies
| x(£) — » |l is decreasing in ¢. Thus a finite lim, || x(f) — y || exists
for all y € A-1(0).

Fix an element y, which satisfies part (iii) of the definition and set

h(t) = —(%(2), 2(t) —y0)  if 2€[0, )N,
=0 if tel.

By (1.4), & > 0, and since lim, || () — y,|| exists and A(f) =
—(djdf) £ || x(f) — v, |? a.e., we have also & € LY(0, c©).

By a (*)-sequence we shall mean a sequence (z,) C [0, «0)\N such
that ¢, + 4-co and lim, A(z,) = 0. Since & € LY(0, o©), (*)-sequences
certainly exist. Now we claim the existence (and, necessarily, the
uniqueness) of a point x* such that x* € 4-1(0) and x(¢,) — x* for
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every (*)-sequence (t,). Indeed, since lim,,, | x(f) — y,| exists,
{x(2): t = 0} is weakly sequentially precompact, so it is enough to
show that the conditions

x(t,) — x*, x(s,) — x** (1.5)

for (*)-sequences (s,) and (f,) imply x* = x** € A71(0).

Certainly (1.5) implies x*, «a** € 4-Y0). Indeed, h(t,) =
(Vn > 2(tn) — ¥o) Where v, = —3(¢,) € A(x(t,)), and (v,) is bounded
(since || 2(t, ) < M); lim,(v, , %(¢,) — y) = 0 because (¢,) is a
(*)-sequence, so by part (iii) of the definition the w-lim, x(z,) = x*
is in A-Y0). Similarly, x** € 471(0).

Now we appeal to a lemma of Opial [8]: if (w,) C H, w, — w, and
w' # w, then

liminflw, — w| < liminf||w, — @]
In the present situation this means that if x* £ x** then
lim inf | x(2,) — &% || < Tim inf || a(t,) — %% [ (1.6)

But x*,x** € A71(0) so by our previous remarks both lim,_,., || %(¢) — x*||
and lim,, || () — x** || exist. Hence (1.6) implies

fim || a(2) — #*[| < lim || x() — x*¥].

"This is impossible since the roles of x* and x** are interchangeable,
hence the assumption x* £ x** is false. We have shown the existence
of x* € A7Y(0) such that x(¢,) — x* for every (*)-sequence (¢,).

Call a sequence (s,) C [0, o) an almost-(*)-sequence if s, + -+ o0
and there exists a (*)-sequence (¢,) such that lim,(s, — ¢,) = O.
Since || # || << M a.e., and x is absolutely continuous, || x(s,) — x(2,)|| <
Ms, —t,|, so lim, || x(s,) — x(,)| = 0. Thus x(s,) — x* when-
ever (s,) is an almost-(*)-sequence.

Now let (s,) be any sequence in [0, o) such that s, 1 +o0; we claim
that (s,) has an almost-(*)-subsequence. Given 8 > 0 put P; =
{t [0, o0): t ¢ N and A(t) < &}; since k€ LY(0, ), the complement
of P, has finite measure, hence only finitely many of the open intervals
(s, — 3, 5, -+ 8) can fail to intersect P; . That is, for each § > 0 there
exists an integer m = m(8) such that for all # = m, there exists
te Pywith |t — 5, | < 8. The existence of an almost-(*)-subsequence
of (s,,) is now obvious.

Finally, suppose w-lim,,, x(f) = «*. Since {x(t): ¢ > 0} is weakly
sequentially precompact, there must exist a sequence s, 1 + o0 such
that (x(s,)) converges weakly to some vector other than x*. But (s,)



CONVERGENCE OF SEMIGROUPS 19

has an almost-(*)-subsequence (s, ), for which (x(s,)) converges
weakly to x*; the contradiction proves w-lim,_, x(t) = x*. We have
already noted that x* € 4-1(0). Q.E.D.

The greatest interest in Theorem 1 attaches to the case where 4
is maximal monotone, since 4 then generates a contraction semigroup
which is weakly asymptotically convergent.

THEOREM 2. If the generator of a contraction semigroup S on C is
demipositive then for each x € C the w-lim,,, S(t)x = S(o0)x exists
and the operator S(o0) is a nonexpansive retraction of C onto the fixed-
point set of S. Furthermore, S(0) S(t) = S(t) S(0) = S(c0) for all
0t g w.

Proof. 1t is known (e.g., [S]) that there is a one-to-one corre-
spondence between maximal monotone operators 4 on H and con-
traction semigroups on closed convex subsets of H; if 4 is the generator
of S then A4 is maximal monotone, D(4) is dense in C, and for all
xo € D(A), x(t) = S(t) x, 1s the unique absolutely continuous solution
of (1.1) and (1.2) for which %(0) = x,. x also satisfies (1.3). If 4 is
demipositive then, in view of Theorem 1, w-lim,,,, S(?) x, exists and
belongs to A~Y(0) for each x, € D(4).

Foranyxe Candwe Hwith ||wl = 1,

I(S@)x — S(s)x, w)l
SS@x — S0 [| 4 1(S@%o — S()x 5 w)| + 1] S(s)xg — S(s)x |
<20 — x|+ [(S(@)xo — S(s)xo , w)-

Thus

lim sup [(S(t)x — S(s)x, )] < 2| % — |

for every x,e D(A). Since D(A) is dense in C, this implies that
{S(t)x: t = 0} is weakly Cauchy, and hence weakly convergent as
t — 0. ’

Define S(o0) by S(e0)x = w-lim,,,, S(¢)x. Clearly S(c0) maps C
into C; since || - || is weakly Ls.c. and each S(¢) is nonexpansive, S(o0)
is also nonexpansive. We have already noted that S(c0) maps D(4)
into A~1(0); since 471(0) is closed and convex ([5], Lemma 2.2]) and
S(o0) is continuous, therefore S(c0) maps C into A-(0). But 4-1(0)
is the fixed-point set of .S, and S(co) acts as the identity on this set;
therefore S(o0) is a nonexpansive retraction of C onto the fixed-point
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set of S. This proves S(s) S(o0) = S(0) for 0 s < 0. If 0 <
§ << o0 then
S(e0) S(s) = w-lim S(2) S(s)
= w—;i_)rg St 4+ s)x
= w-igg S(t)x = S(c0)x,
so S(o0) S(s) = S(0). Q.E.D.

Fortunately some very useful mappings are demipositive, or are
demipositive once they are known to be firmly positive.

TureoreMm 3. If anmy of the following conditions is satisfied then A
is demipositive.

(a) A is the subdifferential op of a proper ls.c. convex function
¢: H — (— 0, + o] which assumes a minimum in H;

(b) A=1—T, where T: H— H is nonexpansive and has a
fixed point;

(¢c) A is maximal monotone, odd, and firmly positive;

(d) A is maximal monotone and int A~(0) # & ;

e) A is maximal monotone, firmly positive, and weakly closed
'y 'y
(i.e., x, — x, v, — v, v, € A(x,) imply v e A(x)).

Proof. Operators of any of these types are monotone and hence
satisfy part (i) of the definition.

(a) Recall that ¢ is proper if it is not identically -0, and that dep
is the multivalued operator defined by

Op(x) = {we H: p(y) = @(x) + (w,y — x) for all y € H}.

Normalizing, we may assume 0 = min g. If y, is any minimum point
of @ then 0€dgp(y,). Let «x,—x v,ecdp(x,), and suppose
lim, (v, , #, — ¥,) = 0. Then lim, ¢(x,) = O because ¢(x,) = 0 and

0 = @(30) = 9(*2) + (¥ » Yo — *a)-

@ is weakly L.s.c. because it is convex and strongly l.s.c., hence ¢(x) <
lim inf,, ¢(x,) = 0. It follows that x is a minimum point of ¢, so that
0 € dp(x). Part (iii) of the definition (and a fortiori part (ii)) is satisfied,
so dp is demipositive.
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(b) If T: H — H is nonexpansive then for any x, y € H

0|l —yP—{|Tx — Ty P =(x—y+ Tx— Ty,(x — ) — (Tx — Ty))
= (2x — y) — (4x — 4y), Ax — Ay),
for A = I — T, so that

(Ax — Ay, x —y) = | dx — Ay |
Since A-Y0) is the fixed point set of T, there exists y, € A~1(0) and
(Ax, x — yo) = & Ax|? (1.7)

for all xe H. Let x, — x and suppose lim,(4x, , %, — v,) = 0;
(1.7) implies lim, Ax, = 0, and the theorem of Browder [4] that
I — T is demiclosed shows Ax = 0. Thus 4 is demipositive.

(¢) We may as well assume y, = 0 in part (ii) of the definition.
First, A~1(0) is nonempty, convex, and symmetric about 0 (since 4
is odd), so 0e AY0). Second, if ve A(x) and (v, x) = 0 then
(v, ¥o) < O for all y, € A-1(0) because the monotonicity of A implies
(v, x — ¥¢) = 0. But since 4 is odd, also —y,e A7(0), so that we
actually have (v,y,) = 0. Hence (v, —y,) = 0. If 4 is firmly
positive with respect to y, in part (ii) of the definition, then we must
have 0 € A(x); so that A4 is also firmly positive with respect to 0.

Let x, — x, v,€A(x,), and suppose (v,) is bounded and
lim, (v, , #,) = 0. Without loss of generality we may suppose v,, — 2.
Since 4 is odd, —v, € A(—«,,), and the monotonicity of A therefore
implies

(vnj:vm’xn :txm) > 0)
so that

Tns %n) + @ms ¥m) = [(Tn s Xm) + (O, 2]

Letting first # — o0, then m — oo, we conclude that (v, x) = 0. The
conditions x, — ¥, v, € A(x,), v, — v, (v, , #,) — (v, %) (== 0) imply
that v € A(x) (see [3, Lemma 1.2]). Since A is firmly positive with
respect to 0 and (9, x) = O this, in turn, implies 0 € A(x). Therefore 4
is demipositive with respect to y, = 0.

(d) Let y,€int A=%(0), and let p > 0O be so small that y € 4-1(0)

whenever ||y — ¥, || << p. Let x, — x and v, € A(x,,) and suppose (v,,)
is bounded and lim, (v, , x, — y,) = 0. Without loss of generality we
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may suppose that v, # 0 for all n. Now y = y, -+ pv, /|| v, || € A70)
and 4 is monotone, so (v, , x, — ¥) == 0. Hence

(‘vn:xn'—yo) ‘:(‘vnsxn_y)"{_l)”‘vn” Zplloall.

Since lim,(v, , x, — ¥,) = 0, we see that v,, — 0 strongly. But since 4
is maximal monotone the conditions x,, — x, v,, — 0, v,, € 4(x,,) imply
0 € 4(x), i.e., 4 is demipositive.

() Let A be firmly positive and suppose x, — x, v, € A(x,),
(v,) 1s bounded, and lim,(v, , x, — ¥,) = 0 where y, is the vector in
part (ii) of the definition. Without loss of generality we may suppose
v, — v, where (since 4 is weakly closed) v € A(x). Thus

hgln('v'n ’ xn) = (7)’ yo) < ('Z), x),

with v € A(x); by [3, Lemma 1.2], lim,(v,, x,) = (v, ), so that
(v, — y,) = 0. Since A is firmly positive with respect to y,,
0 € A(x), i.e., A is demipositive. Q.E.D.

Remark. 'Theorem 2 and Theorem 3(d) imply that if .S is generated
by A and int 471(0) % @, then the w-lim ., S(f)x exists. Actually,
Brézis [1, Theor. 26] has shown that in this case the strong limit exists.

If 4 is maximal monotone and (I 4+ A)! is compact then 4 is
easily seen to be weakly closed (in fact, the conditions x, — x,
v, € 4(x,), v, — v imply x, — x). Thus if 4 is also firmly positive,
then Theorem 2 implies the existence of a w-lim,,,, S(¢)x; but since
Dafermos and Slemrod [6] have shown that {S(¢)x: £ = 0} is strongly
precompact in this case, the strong lim,,, S(¢)x actually exists.

2. STEEPEST DESCENT

Theorem 2, Theorem 3, and a result of Brézis [1] imply that the
method of steepest descent converges weakly for convex functions.

THEOREM 4. Let ¢: H — (—o0, +®©] be a proper ls.c. convex
Sfunction which assumes a minimum in H. Then for any x,ec Cl D(p)
there exists a unique function x: [0, co) — H which is absolutely con-
tinuous on [8, ) for all 8 > O and which satisfies

x(t)e D(dg)  forall >0, @.1)
#(t) € —Bep(x(t)) a.e., 2.2)
2(0) = 2, , (2.3)

and w-lim,_, ., x(t) exists and is a minimum point of ¢.
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Proof. 0p is maximal monotone [7] and therefore generates a
contraction semigroup on Cl D(dp). But Cl D(dp) = Cl D(g) [2],
where D(p) = {x: ¢(x) << 40}, and Brézis [I] has shown that
x(t) = S(t) x, is the unique continuous solution of (2.1)+2.3) for
%o € Cl D(0p) (not just x, € D(0p)). By Theorem 2 and Theorem 3(a),
w-lim,,, %(t) therefore exists and belongs to (d¢)~%(0) (and hence is
a minimum point of ¢). Q.E.D.

THEOREM 5. Let the hypotheses of Theorem 4 hold and suppose in
addition that ¢ is even. Then the strong Lim,,., x(t) exists and is a
minimum point of .

Proof. Temporarily fix ¢, > 0 and define a function g: [0, ¢,] —
(——OO, OO) by

g(t) = 1% — 1 *(#@)* — 31| %(2) — *(t)I*

Clearly g'(t) = ((t), x(2) + x(¢,)) a.e.
Since @(x(s)) is decreasing in s > 0 [2, p. 517], ¢ is even, and
—%(t) € Op(x(2)) a.e., we have

P(x()) = (*(to)) = ¢(—x(t))
= (*(t)) + (—2(2), —x(to) — %(2))
= p(x(1)) + £'(2),

a.e., in [0, ¢,]. Thus g'(#) < 0 a.e.

Now x(t) = S(¢ — 8) x(8) if £ = 8 > 0, and since x(8) € D(d¢) by
(2.1), x(¢) is absolutely continuous on [8, #,]. Therefore g(#) is absolutely
continuous on [3, ¢,] for every & > 0, and since g'(£) << 0 a.e., g is
decreasing on (0, ¢,]. Thus g(¢) = g(t,) = 0if 0 <t < ¢,.

We have proven

Il 2(2) — x(E)® << 21| %(2)I® — 2 || x(£o)I1? (2.4)

whenever 0 << ¢ <C ¢, . This implies, first, that 2 || x(#)|? is decreasing
in ¢, and hence is convergent as t — 00; and second, that {x(f): ¢ > 0}
is a Cauchy net, and hence converges strongly to some x* € H. Of
course x* = w-lim,, %(¢), which is by Theorem 4 a minimum
point of ¢. Q.E.D.

Remark. More generally, suppose 0 < ¢, < 8, < - < ¢,
A15 A2 500 2, € (0, ), and ¥ A; = 1; then by the same reasoning

(%6, 2(0) + ¥ Mxta) <0,
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a.e., in [0, #;], so || x(£) 4+ X A;%(;)|| is a decreasing function of Z on
[0, #,]. It follows by induction that || 3 A;x(z;)| > || x(2,)||. Passing to
the limit, we see that for each 7' > 0 the point of Cl co{x(¢): 0 < ¢ < T}
which is closest to 0 is x(T'). (2.4) is a special case of this fact since it is
equivalent to

(@)l < || 3x(2) + $x(2o)ll.

CoroLLARY 1. Suppose K: D(K)C H— H is positive and self-
adjoint. Then for each x, € H the initial value problem

2(t)e D(K)y  forall t >0, (2.5)
#(t) = —K(x(2)) foral t >0, (2.6)
x2(0) = x, (2.7)

has a unique continuous solution x: [0, c0) — H and lim,,., x(t) extsts
and = Py)(x,) (where Py s the orthogonal projection of H onto
the null space of K).

Proof. Put ¢(x) = 4(Kx,x) for xe D(K), ¢(x)= -+ for
x ¢ D(K). Then it is easy to see that ¢ is an even, proper, l.s.c. convex
function on H with ép = K. By Theorem 5 the problem (2.1)-(2.3)
has for each x, € Cl D(K) = H a unique solution x and lim,, %(Z)
exists and belongs to (dp)~(0) = N(K). Equations (2.1)—«(2.3) imply
(2.5)—2.7) (the fact that (2.6) is satisfied for all ¢t > 0 is a well-known
feature of linear semigroup theory). Finally,

() —3,9) = [ (9,9 ds = | —(K(x6),5) s
— [~ K ds =0,

for all y € N(K), so x(t) — xy € N(K)* for all £ > 0. Letting x* =
lim,,,, #(¢), we therefore find *»* — x,€ N(K)i and x* e N(K);
50 &* = Py)(xg). Q.E.D.

It is still an open question whether the method of steepest descent
converges strongly for convex functions which are not even. Since
w-lim, ., #(f) exists, one might expect the means (1/7) fo x(t) dt
to converge strongly as T — oo, even if x(7T) does not; but in fact
these are equivalent.
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THEOREM 6. If the hypotheses of Theorem 4 hold, then

Jim | (1) — = for (0 dt| = 0.

Proof. Brézis [1] has shown that the solution x(t) of (2.1)—(2.3)
satisfies ¢ || %(2)||2 € LY(0, o), and that dtx/dt exists for all £ > 0 and
| d*x/dt || is decreasing on (0, c0) (it may be unbounded near 0). We
shall write #(#) instead of d*x/dt. Since || % || is decreasing,

T v(£)12 ’ e 2_§ X 2
[ 11 de= ([ cdt) |(T)E = g T ST

Since ¢ || #(2)||> € L*(0, o0), therefore lim,, T'|| (T')|| = 0. Integrating
by parts,

(T — LT f: x(t) dt = _;,— for tx(t) dt.

Since lim,, £%(¢) = 0, this implies

Jim | +(7) — = fOT () de| = 0.

Q.E.D.

Note added in proof. The Yosida approximations of a contraction semigroup
which has a fixed point are always weakly asymptotically convergent. That is, if S has
generator A4, for A > 0 put 4, = A Y1 — (I 4 A4)7] and let S, be the semigroup
generated by A4, . It follows from Theorem 3(b) that 4, is semipositive, and hence
w-lim; 0 S,(t)x exists and is a fixed point of S for each x in H.
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