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Abstract

Let G be a �nite Abelian group and U(G) the set of minimal zero-sequences on G. If M1 and
M2 ∈ U(G), then set M1 ∼ M2 if there exists an automorphism ’ of G such that ’(M1) =M2.
Let O(M) represent the equivalence class of M under ∼. In this paper, we consider problems
related to the size of an equivalence class of sequences in U(G) and also examine a stronger
form of the Davenport constant of G. c© 1999 Elsevier Science B.V. All rights reserved.
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Let G be a �nite Abelian group and M= {g1; : : : ; gt} a sequence of not necessarily
distinct nonzero elements of G. If

∑t
i=1 gi = 0 then M is called a zero-sequence and

if no proper subsum of M is 0, then M is called a minimal zero-sequence. We denote
the length of such a sequence (t in the case of M above) by L(M) and the number
of distinct elements in M by C(M). The maximum value of L(M) for G is known
as the Davenport constant of G and denoted D(G). Let U(G) represent the set of all
minimal zero-sequences of G. If M∈U(G) and ’∈Aut(G), then notice that 0=’(0)=
’(

∑
x∈M x)=

∑
x∈M ’(x). Hence, Aut(G) acts on U(G) such that ’M={’(x) | x ∈M}.

Set O(M)={’M |’ ∈ Aut(G)} to be the orbit of M with respect to G. Thus, if M1 and
M2 are two minimal zero-sequences of G, then M1 ∼M2 if and only if M2 ∈O(M1).
We use |O(M)| to denote the size of an equivalence class and set N(G) equal to the
number of distinct equivalences classes under ∼.
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The question of considering equivalence classes of minimal zero-sequences arose
when the following problem was posed at a recent Algebra Conference in Marseille,
France:

Given a prime integer p and positive integers x1; : : : ; xn with 16xi6p − 1 for
which S = {x1; : : : ; xn} ∈ U(Zp), does there exist an automorphism ’ of Zp so
that

∑n
i=1 ’(xi) = p when the sum is viewed as an integer?

We show in Theorem 2 that the answer to this question is no. In addition, for a �nite
Abelian group G of order greater than 2, we show in Theorem 7 that the maximum
value of C(M) is attained by a M′ ∈U(G) with L(M′) = C(M′).
Problems involving minimal zero-sequences have been numerous in the literature

over the past 30 years. Caro [2] contains a survey of zero-sum problems with an
emphasis on applications to graph theory. Gao [6] and Gao and Geroldinger [7] contain
some recent results. A survey of known results concerning the Davenport constant can
be found in [3]. We also include in the Bibliography a collection of papers which
deal with addition of residue classes modulo p or n ([1,5,8,10,14–16]). Refs. [12] and
[13] are general references on additive number theory and should be consulted for any
unde�ned notation or terminology.
In the following, Z+ represents the set of positive integers. Given a �nite Abelian

group G and a sequence {g1; : : : ; gt} of not necessarily distinct elements of G, let∑{g1; : : : ; gt} denote the set of nonempty sums of elements in {g1; : : : ; gt}.

De�nition 1. Let S={g1; : : : ; gt} be a minimal zero-sequence in Zn. For each 16i6t
let g′i be the unique integer in the equivalence class gi with 06g

′
i6n− 1. S has type

k, denoted type(S) = k, if
∑t

i=1 g
′
i = kn where this sum is considered in Z. De�ne the

index of S by

index(S) = min{type(S′) |S′ ∈ O(S)}:

We show that minimal zero-sequences can be constructed with arbitrarily high
indices.

Theorem 2. Let k ∈ Z+. There exists n ∈ Z and minimal zero-sequence S ∈ U(Zn)
such that index(S)¿k.

Proof. Pick a1 ∈ Z+. Choose a2 ∈ Z+ such that a2¿ 2a1. Then clearly∑
{a1; a2} ∩

∑
{2a1; 2a2}= ∅:

Continue this process and create a sequence {aj}∞j=1 by choosing ai so that ai¿
∑i−1

j=1 2aj:

Claim.
∑{a1; : : : ; ai} ∩

∑{2a1; : : : ; 2ai}= ∅.

Proof of Claim. We prove the claim by induction. By the previous discussion, the
result holds for i = 1 and 2. Suppose the result holds for i = t. We show it holds for
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i = t + 1. By the induction hypothesis,∑ ⋃
j∈T

{aj} ∩
∑⋃

j∈J
{2aj}= ∅

for any nonempty subsets T and J of {1; : : : ; t}. So suppose∑ ⋃
j∈T

{aj} ∩
∑⋃

j∈J
{2aj} 6= ∅

for nonempty subsets T and J of {1; : : : ; t + 1}. Setting T ′ = T ∩ {1; : : : ; t} and J ′ =
J ∩ {1; : : : ; t}, we must have one of the following:
(1)

∑
j∈T ′ aj + at+1 =

∑
j∈J ′ 2aj.

(2)
∑

j∈T ′ aj =
∑

j∈J ′ 2aj + 2at+1.
(3)

∑
j∈T ′ aj + at+1 =

∑
j∈J ′ 2aj + 2at+1.

It is easily seen that none of the equalities given in (1), (2), or (3) can occur by
the choice of at+1¿

∑t
j=1 2aj, and the proof of the claim is complete.

With the choice of a sequence {ai}ki=1 and the choice of n¿
∑k

i=1 2ai we get S=
{a1; : : : ; ak ; n− 2a1; : : : ; n− 2ak} to be a zero-free sequence of Zn as follows. If T and
J are subsets of {1; : : : ; k} and ∑

j∈T aj +
∑

i∈J (n − 2ai) ≡ 0 (mod n), then summing
as ordinary integers we have

∑
j∈T aj + |J |n −∑

i∈J 2ai = vn for some v¿1. Hence,
|J |n+∑

j∈T aj = vn+
∑

i∈J 2ai. If |J |¿v, then n6(|J | − v)n+∑
j∈T aj =

∑
i∈J 2ai

which contradicts the selected size of n. Also, |J |¡v yields
∑

j∈T aj¿n, again a
contradiction. Therefore |J | = v and we have ∑

j∈T aj =
∑

i∈J 2ai, which contradicts
the claim established above.
Let S∗ = {a1; : : : ; ak ; n − 2a1; : : : ; n − 2ak ; x} be the completion of S to a minimal

zero-sequence of Zn. We claim that index(S∗)¿k. To see this, let ’ :Zn→Zn be any
automorphism of Zn. Then for each integer i we have

’(ai) + ’(n− 2ai) ≡ ’(ai)− 2’(ai) ≡ ’(−ai) (mod n):
We claim the integer ’(ai) + ’(n− 2ai)¿n=2 for each i. If ’(ai)¿n=2 then this is
clear. Otherwise, since ’(ai) + ’(n − 2ai) ≡ ’(−ai) (mod n), we must have ’(ai) +
’(n− 2ai)¿n=2. Finally,

2k∑
i=1

(’(ai) + ’(n− 2ai))¿ 2k
n
2
= kn

and thus type(’(S∗))¿k, completing the argument.

Example 3. Let m¿4 be an integer. An argument similar to that given in Theorem 2
shows that if m is even then the zero-sequence

S=
{
1; 1; m;

3m
2

− 1; 3m
2

− 1
}

in Z2m is minimal with index 2 and if m is odd then the same holds for the zero-sequence

S=
{
1; 1; m;

3m− 1
2

;
3m− 3
2

}
:
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Corollary 4. Index(S) = 1 for all S ∈ U(Zn) if and only if n= 2; 3; 4; 5 or 7.

Proof. Theorem 2 provides the argument for n¿9 by setting a1 = 1, a2 = 3 and
considering the zero-sequence S={1; 3; n−2; n−6; 2}. Example 3 with m=4 provides
the argument for n = 8. For n = 6 the minimal zero sequence {1; 3; 4; 4} has index
2. Computer calculations yield the isomorphism classes for n = 2, 3, 4, 5 and 7 as
follows:

In regard to the possible sizes of equivalence classes in U(G), [11, Proposition 5.1,
p. 22] implies that |O(M)| divides |Aut(G)|. Hence, in the special case where G=Zp
with p prime, if M ∈ U(Zp), then |O(M)| divides p− 1.
While it is clear by viewing partitions that the number of minimal zero-sequences

modulo a prime p grows rapidly, that the number of isomorphism classes grows rapidly
is also true. In fact, one can de�ne speci�c types of isomorphism classes and argue
that their number increases rapidly. This is reected in the following result.

Theorem 5. If p is a prime number then

N(Zp)¿
p2 − 8p+ 15

4
:

Proof. Notice that if M ∼=M′, then an element which is repeated n times in M must
correspond to some element repeated n times in M′. More speci�cally, �x a prime p
and for each n ∈ Z+ with 26n6p− 4 consider the minimal zero-sequence

where n + x + y = p, x, y ∈ Z+ and x6y. When n = 2, there are (p − 5)=2 such
minimal zero-sequences:

M2(2; p− 4);M2(3; p− 5); : : : ;M2

(
p− 3
2

;
p− 1
2

)
:

Since each M2(x; y) contains exactly two copies of 1, no two of these sequences are
isomorphic. When n= 3 there are still (p− 5)=2 such sequences and for n= 4 and 5
there are (p− 7)=2. By counting the number of 1’s which appear in these sequences,
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it is clear that Mn(x; y) ∼= Mm(w; z) if and only if n= m, x = w and y = z. Thus, the
total number of such sequences is given by

p−5
2∑
i=1

(p− (3 + 2i)) = p
2 − 8p+ 15

4

and the result follows.

Consider the following de�nition.

De�nition 6. Let G be a �nite Abelian group. Then call

SD(G) = max{C(M) |M∈U(G)};
the strong Davenport constant of G.

Comments: (1) Clearly, SD(G)6D(G) for every �nite Abelian G. For a positive
integer n¿ 2, it is easy to see that SD(Zn)6(n+1)=2. Hence, for a cyclic group with
n¿ 2, SD(Zn)¡D(Zn).
(2) Let G=

∑k
i=1 Zni where ni|ni+1 for 16i6k−1 and set M (G)=1+

∑k
i=1 (ni−1).

If G is a p-group then D(G)=M (G) (see [3, Theorem 1.8]). By [7, Theorem 7.3], if
p is a prime and G is of the form

Zpn1 ⊕ Zpn2 ⊕ · · ·Zpnr ⊕
t∑
i=1

Zpnr+1 ;

where r¿0, t¿1, nr+1¿nr¿ · · ·¿n1 and r + (t − 1)=2¿pnr+1 , then there exists
M∈U(G) with C(M)=M (G). Thus, there are �nite Abelian groups G with SD(G)=
D(G).
(3) Using various results from the literature regarding zero-free sequences, we can

give some upper bounds on SD(Zp). For example, 2
√
p+ 2 [14],

√
4p− 3 + 1 [14],√

4p− 7 [4], and √
2p+ 5 ln(p) + 1 [9].

(4) There is some further background in the literature related to De�nition 6. The
papers [14,4] are concerned with �nding the critical exponent of a cyclic group Zn (i.e.,
the minimal positive integer m such that if S ⊆Zn is a subset with |S|¿m, then every
element g ∈ Zn can be written as a sum of elements in S). It is quite natural that this
constant is bigger than the strong Davenport constant, since the latter constant merely
deals with sums to 0. There is also a beautiful conjecture by Selfridge concerning the
exact value of SD(Zp) when p is prime. The precise formulation and further references
concerning this conjecture can be found in [9].

We show the existence of a minimal zero-sequence consisting of distinct elements
of length SD(G).

Theorem 7. Let G be a �nite Abelian group with |G|¿ 2. There exists an M ∈ U(G)
with C(M) =L(M) = SD(G).
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Proof. Suppose that |G|¿ 2. If G is an elementary 2-group, then any minimal zero-
sequence consisting of more than two elements must necessarily have L(M)=C(M).
Hence, suppose G contains an element of order greater than 2 and that there is no
minimal zero-sequence M ∈ U(G) with C(M) =L(M) = SD(G). Choose

M= {ga11 ; : : : ; gakk } ∈ U(G);

where ai represents the number of appearances of gi in M, such that C(M) =
SD(G) = k and L(M)¿C(M) where L(M) is minimal. Assume without loss that
a1¿2. We may also assume without loss that 2g1 ∈M. To see this, let

M′ = {2g1; ga1−21 ; ga22 ; : : : ; g
ak
k } ∈ U(G)

and consider two cases:
Case 1: Suppose a1¿3. If 2g1 6∈M then C(M′) = k + 1, contradicting the maximal

cardinality of M.
Case 2: Suppose a1=2. Then C(M′)=SD(G) and L(M′)=L(M)−1, contradicting

the minimality of L(M).
Now, for each j¿2, either g1 + gj ∈ M or aj = 1. For suppose there exists a j¿2

with g1 + gj 6∈M and aj¿2. Then

M′ = {g1 + gj; ga1−11 ; ga22 ; : : : ; g
aj−1
j ; : : : ; gakk }

is a minimal zero-sequence with C(M′)=k+1, a contradiction. Now the proof involves
consideration of two cases:
Case 1: Suppose aj = 1 for all j¿2. Without loss we may write 2g1 = g2. Then

M= {ga11 ; 2g1; g3; : : : ; gk}
with a1¿2. If a1¿3, then

M′ = {ga1−21 ; (2g1)2; g3; : : : ; gk} ∈ U(G)

with C(M′) = k and L(M′) =L(M)− 1, another contradiction. On the other hand, if
a1 = 2, then M= {g21; 2g1; g3; : : : ; gk}. If g1 + gj 6∈M for some j¿2, then

M′ = {g1 + gj; g1; 2g1; g3; : : : ; ĝj ; : : : ; gk} ∈ U(G)

with C(M′) = k =L(M′). Suppose g1 + gj ∈ M for all j¿2. Then, since 2g1 = g2,
we �nd that M = {g1; 2g1; : : : ; kg1}. Thus g1 + kg1 = (k + 1)g1 ∈ M contradicts the
minimality of M.
Case 2: Suppose aj 6= 1 for some j¿2. Without loss we may assume a2 6= 1. We

know that g1 + g2 ∈ M. After relabeling if necessary, we may write g1 + g2 = g3. So
M = {ga11 ; ga22 ; ga33 ; : : : ; gakk } with a1 and a2¿2 and M′ = {ga1−11 ; ga2−12 ; ga3+13 ; : : : ; gakk } ∈
U(G) with C(M′) = k and L(M′) =L(M)− 1.
Hence, in any case, given a minimal zero-sequence M with C(M) = SD(G) and

L(M)¿C(M) where L(M) is minimal, we are able to construct a minimal
zero-sequence M′ which contradicts the maximality of C(M) or the minimality of
L(M).
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