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Abstract

The aim of this work is to propose implicit and explicit viscosity-like methods for finding specific
common fixed points of infinite countable families of nonexpansive self-mappings in Hilbert spaces. Two
numerical approaches to solving this problem are considered: an implicit anchor-like algorithm and a non-
implicit one. The considered methods appear to be of practical interests from the numerical point of view
and strong convergence results are proved.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let H be a real Hilbert space endowed with inner product (-,-) and induced norm | - |. Let
(T})i >0 be an infinite countable family of nonexpansive self-mappings defined on a closed convex
subset D of H, such that S := ﬂi>0 Fix(T;) # @, where Fix(T;) :={x € D | T;x = x} is the set
of fixed points of 7;. It is well known that S is a closed convex set of D (see for instance [14]).
Let us recall that a mapping 7 : D — D is called nonexpansive if |Tx — Ty| < |x — y| for all
x,y€D.
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In this paper our attention will be focused on the problem of finding a common fixed point of
(T)ixo:
find x € H such that T;x = x for all i > 0. (L.1)

More precisely, we propose and study implicit and nonimplicit algorithms for computing a spe-
cific point in S. Throughout, we denote

Np:={i eN|T; #1} (I being the identity mapping on H), (1.2)
and by C: D — D a given contraction with constant o € [0, 1), that is
|[Cx —Cy|<polx—y| forallx,yeD. (1.3)

Two numerical approaches to solving (1.1) are considered; an implicit regularization-like algo-
rithm, a nonimplicit one:
(1) The first one consists in the solution x; (as t — 0) of the fixed point equation

Xt :tcxt"‘zwi,tTixt, (1.4)
i=0

where ¢t € (0, 1), w;; > 0 for all i > 0 and Zi>0 w;; = 1 — t. Moreover, when i € Ny, we
assume w; ; # 0 for ¢ small enough.

Consider the map W (-,-) definedon (0, 1) x D by W(¢,x) :=tCx +Zi>0 w; ;Tix for (¢,x) €
(0,1) x D. Since t € (0, 1), it is clear that W (z,-) is a self-mapping on D. For all x, y in D, we
also have |W(t,x) —W(,y)| < (1 — (1 —p0)t)|x —y|, so that W(¢,-) is a contraction on D. As a
straightforward consequence, Banach’s theorem ensures existence and uniqueness of x; as fixed
point of W (z,-).

As an interesting special case of (1.4), we also investigate the implicit method

—ay)
= T 1.
Xn =0, Cxy, + Zk ey Z Xn, (1.5)
for all n > 0, where («,) C (0, 1) and (y,) C (0, +00).

(2) The second one is the sequence (x,) generated by a given initial point xo in D and the

iterative process

Xp+1 =0, Cxy + Z w; n Ti Xy, (1.6)
i=0

for all n > 0, where («,) C (0, 1), w; , >0 foralli >0 and Zi>0 wip=1—0a,. Wheni e N,
we assume w; , 7 0 for n sufficiently large.

As a practical special case of (1.6), setting o1 := 1, we also investigate the iteration
n
X1 =0 Cxy + Y (€im1 — o) Ty, (1.7)
i=0

for all n > 0, where («;,) is any decreasing sequence in (0, 1).

There are already several viscosity-like methods for finding common fixed points of non-
expansive operators. Most of them are iterative processes for approximating common fixed
points of finite families of nonexpansive mappings (even for more general operators such as
asymptotically-nonexpansive or quasi-nonexpansive mappings) in Hilbert or Banach spaces.
These implicit or nonimplicit algorithms have been investigated by several authors, e.g.: see, for
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instance, Browder [2], Halpern [6], Lions [8], Wittman [12], Bauschke [1], O’Hara et al. [10],
Kimura et al. [7], Cirik et al. [4], Yamada et al. [14], Xu et al. [13], Zhou et al. [15], Sun [11].
Some of the existing methods cover the special cases of (1.4) and (1.6) when only one map T oc-
curs (thatis, 7; = T for all i > 0) and C is either a constant operator (see Lions [8], Wittman [12],
Bauschke [1], O’Hara et al. [10], Xu et al. [13]) or a more general contraction (see Moudafi [9]).
In this latter framework, it turns out that the corresponding solution x; (as t — 0) of (1.4) con-
verges strongly to the unique fixed point of the map Prixr) o C (where Prix(r) is the metric
projection from H onto Fix(7)). Again in this setting, the same convergence result is obtained
for (x,) generated by (1.6) under the following conditions (P1) and (P2):

o0
(P1) a, — 0, Z(xn = o0.
n=0

(P2) Op+1

—1 or Z|an+1 — | < oo.

n n>=0

For details on metric projection in Hilbert spaces the reader is referred to Goebel and Kirk [5].

It is worth noting that our considered problem (1.1) can certainly be solved by all the exist-
ing algorithms which involves only one operator. Indeed, if we denote T := Zi>0 w; T;, where
(w;)i>o0 C (0, +00) and 2520 w; = 1, then under the same hypotheses on (7;), T is also a
nonexpansive mapping such that Fix(7T) = § := () i>0 Fix(T;). Nevertheless this strategy does
not seem really realistic from the computational point of view, because of the infinite sum. To
the best of our knowledge, the most significant attempt to solve the proposed problem is due to
Combettes [3]. This author suggested a Mann-like iteration process which is applicable to infi-
nite countable families of firmly nonexpansive mappings (7;);cx (where K C Z). The proposed
method has the following form:

Xn+1:=Xp + )"n< Z Wi nTixn — xn>a (1.8)
iek,
for all n > 0, where K, is a bounded block included in K, (o) C (0, 1], wi , € [0, 1] (Vi € Kj),
ZieK,, w; » = 1. At each step n, the parameters A, and w; , € [0, 1] (Vi € K,) are depending on
the iterate x,,. Strong convergence results regarding this algorithm are proved, but the hypotheses
made on the variable blocks (K;),>0 and the operators (7;);ck are restrictive, except when H
is finite-dimensional.

The purpose of our work is to study the asymptotic convergence of the two viscosity-like
methods (1.4) and (1.6). Under suitable conditions on the involved parameters we establish the
convergence in norm of x; (as t — 0) defined by (1.4) and that of (x,) (as n — 00) given by
(1.6) to the unique fixed point of the map Pg o C. It turns out that our convergence results cover
all the known ones as special cases of (1.4) and (1.6) for many finitely nonexpansive operators.
Moreover, by (1.5) and (1.7) we provide iterative processes of practical interest from the com-
putational point of view for solving (1.1). The proposed methods are also complementary to the
one defined by iteration (1.8), since the techniques used are completely different.

To begin with, we make the following useful remark.

Remark 1.1. A self-mapping T : D — D satisfies the demiclosedness principle means that if
(xn) converges weakly to ¢ € D and (x, — Tx,) converges strongly to 0, then ¢ is a fixed point
of T. It is well known that any nonexpansive mapping 7 : D — D is demiclosed on D.
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2. The fixed point equation

In this section, strong convergence results of the solution x; of (1.4) (as ¢t — 0) are proved. To
this end, we need some preliminaries.

Lemma 2.1. The solution x; of (1.4) is bounded (as t — 0), besides it has at most one strong
limit point in S.

Proof. Let g in S. From (1.4), we have

i —ql> =1(Cxi —q.xi —q) + Y _wii(Tix, — g, % —q)

i=0
<HCx —q, % —q) + <Z wi,t) e — gl
i=0
since Y ;> wi, =1 — ¢, it follows that
e =g <(Cxt =g, x — q). @.1)

As C is a contraction with modulus o € (0, 1), the previous inequality yields

lxe —qI*> <(Cx; — Cq,x, —q) + (Cq — g, x; —q) < olx, — q* + (Cq — g, x; — q),

hence

1
Im—qF<TjEWq—%m—qL 22)

so that
1
lxr —ql < 1—|C61 —ql,
—Q

which proves the boundedness of (x;). Assume g1, go are two strong limit points of (x;) in S.
Thanks to (2.1), we have the following two inequalities:

lg1 — 2 <(Cqr—q2.q1 —q2). g2 —q1l> <(Cq2—q1.q2—q1).
By adding these inequalities, we get
2lq1 — q2I* <{(Cq1 — Cq2) + (g1 — ). q1 — q2)
<(e+Dlg1 — gl
so that |g; — g2| = 0, which proves uniqueness of a strong limit point of (x;). O

Lemma 2.2. Let t,, € (0, 1) such that t, — 0 (as n — +00) and assume the following condition
(L) holds:

(L) VieNp, lim

n—+00 Wj 1,

=0.

Then the solution x; of (1.4) satisfies
lim |x, —T;ix,,|=0 foreachieNj. (2.3)
— 400

n
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Proof. By definition of scheme (1.4), we have
Xt + Zwi,t(xt —Tixy) — (I —a)x; =1Cxy,
i=0
that is

Z wi (x; — Tixy) =1(Cxp — x4).
i>0

Given any g € S, it is then immediate that

Zwi,t<xt—Tixt,xt—q)ZI(CXt—Xt,Xt—Q)~ (24)

i>0
Moreover, for any nonexpansive (even quasi-nonexpansive) self-mapping 7 : D — D such that
Fix(T) # @ and for all (p, x) € Fix(T) x D, we have

2
= p? > |Tx = pl = |(Tx —x) + (x = p)|
=Tx x> +x = pI* +2Tx —x,x — p),

so that
ITx —x|><2(x —Tx,x —p) VpeFix(T), Vx € D. (2.5)
Thanks to this last inequality, from (2.4) we obtain
1
5 2 wialTixe =gl < t(Cxi = xi, 3 = q), (2.6)
i>0

hence, for all i € A; and for r small enough, since w; ; # 0 we have

Tix; — q1* <

(Cxy — x4, Xt — q).- 2.7

Wi ¢t
By Lemma 2.1, the solution x; is bounded (as + — 0), then so it is for the quantity (Cx; — x;,
x; —q); when condition (L) is also satisfied, it is easily deduced from (2.7) that |T;x;, — x;,| — O,
as t, — 0, for all i € N, that is the desired result. O

Theorem 2.3. Under the hypotheses of Lemma 2.2, the solution x; of Eq. (1.4) satisfies
lim |x;,, —x| =0, (2.8)

n—-+00
where X is the unique fixed point of the contraction Ps o C, Ps being the metric projection from
H onto S.

Proof. Set y, := x;,. According to Lemma 2.2, we have lim,_, yo |y, — T;y,| = 0 (for all
i € N7) under condition (L). By Lemma 2.1 noticing that (y,) is a bounded sequence, there
exists a subsequence of (y,) (labeled (y,,)) which converges weakly to a point x in S, because
of the demiclosedness of the mappings T; (for all i € N7). From (2.2), we then have

(1= 0)|yn — %> < (CX — X, y, — X). (2.9)

As (Cx — x, y,, — x) — 0 by weak convergence of (y,,) to X, inequality (2.9) shows that y,,
strongly converges to x. Adding to the fact that any strong cluster-point of (y,) is in S and since
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by Lemma 2.1 (y,) has a unique strong cluster-point in S, we deduce the strong convergence of
the whole sequence (y,) to x. It remains to characterize the limit x of (x;,). Let ¢ be any element
in S. By (2.7), it is easily seen that

(xs, — Cxy,, X1, —q) <0 since t, € (0, 1);
passing to the limit as #, — 0, we get

(x—Cx,i—q)<0 Vges, (2.10)

so that x = Pg(Cx), which ends the proof. O

Corollary 2.4. Assume the following condition (L) is satisfied:

(L) VieN;, Ilim
t—0 Wi ¢

=0.

Then, as t — 0, the solution x; of Eq. (1.4) converges strongly to the unique fixed point, X, of the
contraction Ps o C, where Pg is the metric projection from H onto S.

Proof. This result is a straightforward consequence of Theorem 2.3. O

Corollary 2.5. If o, 22:1 vk — 0 as n — oo, then the solution (x,) of (1.5) converges strongly
to X, the unique fixed point of the contraction Ps o C.

Proof. The solution (x,) of (1.5) corresponds to that of (1.4) when t = @, and w; (1=q,) =

%71 if 0 <i <n, w; (1=, = 0 otherwise. It is then clear that Zi>0 Wi (1=a,) = 1. There-

fore, the convergence result on (x,) is obtained from Theorem 2.3 since

n
o o —
lim = gim =Y i)
n=>+00 Wi (1=q,) "=+ (L —an)yi

provided that o, Y y_; ¥« — 0 as n — oo; that is the desired result. O
3. The iterative method

In this section, we prove strong convergence results regarding the sequence (x;) obtained with
(1.6), by involving the following conditions:

QD ) ap=o0.

n=0



P.-E. Maingé / J. Math. Anal. Appl. 325 (2007) 469-479 475

[ Foralli e A7,

1
Wi n

(Q2) 1

o —
273

1— Qp—1

lety — ap—1| < 00,

— 0, or Z

n

— 0, or Z

n

1
Z |wk,n - wk,n—1| —0, or Z Z |wk,n - wk,n—1| <.

w;
k>0 n b >0

273

1 1

Wi n

1 1

< 00,

Wi n Wi n—-1 Wi n Wi n—1

1

Wi nOp

Q3) X0 (foralli e \Y).

Wi n

The next lemmas will be needed in the proof of the main result of this section.

Lemma 3.1. Let (sy,), (¢,) CRy, (a,) C (0, 1) and (b,) C R be sequences such that
Sp+1 < (I —ap)sp +by +c¢,, foralln >0. (3.1

Assume Zn>0 |cn| < 00. Then the following results hold:

(D) If by, < Ban (Where B > 0), then (s,) is a bounded sequence.
(2) Ifwe have

o
. by
Zanzoo and limsup — <0,

n—oo dp
n=0

then lim,_, oo 5, = 0.

Proof. Letus prove (1). Set y,, x 1= ]—[’}zk(l —aj) (forn >k > 0).If b, < Bay, then by a simple
induction we have

n—1

Snt1 < (Vn,0080 + ) (Y, j41)(@; B+ ¢j) + (anB + ca)
j=0

n—1 n—1
= (¥n,0)50 + IB(Z(Vn,j+1 — Vnj) + an) + Z Yn,j+1€j + Cn,

j=0 j=0
hence
n—1
Sntt < (1n,0)50 + B = Ya0) + Y ¥V j41¢j + €. (3.2)
j=0

Since y;,; < 1 for 0 < j < n, we deduce

n
Sn+1 <So+,3+ZCj;
Jj=0
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so that (s,) is bounded since > jCj <00, which proves (1). By now we prove (2). Let € be any

positive real number. If limsup,,_, o, z—: < 0 then there exists p = p(¢) in N such that b, < €q,
for all n > p; hence by (3.2) we get

n—1
Sn+1 < (Vn,p)sp +e(l _Vn,p)+2yn,j+lcj +cn. (3.3)
Jj=pr
Moreover, since Y j€j <00, then there exists g, in N such that

ge > p and Z cj <e,

J24qe+1
hence
n—1 e
vn > g, Z Yn,j+1Cj + Cn < Va,ge+1 ZC]‘ + Z Cj+ €< Vngetl ZC]' + 2e.
j=pr j=pr Jj2qe+1 j=0

Combining this last inequality with (3.3), for n > g we then obtain

Sn+l < (Vn,p)sp +e(l— Vn,p) + VYn,qge+1 Zc/ + 2e. 34
j=0
It is also seen that limy, s o0 ¥n,p = 0 and lim,, , 1 00 ¥n,q.+1 = 0if ZZOZO a, = 00; consequently,
using (3.4) we deduce lim;,—, y 5, =0, thatis (2). O

Lemma 3.2. The sequence (x,) generated by scheme (1.6) is bounded.

Proof. From (1.6) and given any p € S, we have
Xn1 = p=0n(Cxy — p)+ Y _win(Tixy — p), (3.5
ieJ
since o, + Zi}O w; , = 1; so that
[xns1 = Pl < onlCxy — Cpl +au|Cp = pl+ Y winlTixy — pl
iel
Sanelxn — pl+an|Cp — pl+ (I —an)lx, — pl
= (1 -(1- Q)O‘n)|xn —pl+an|Cp — pl.
Applying Lemma 3.1, we deduce the boundedness of the sequence (x,). O

Lemma 3.3. If conditions (Q1)-(Q2) hold, then the sequence (x,) given by scheme (1.6) satisfies
1

|Xpe1 — Xu| = O foralli e Nj. (3.6)

Wi n
Proof. By definition of scheme (1.6), we have

Xpp1 — Xp =0y Cxy — 0y 1Cxp1 + Z Wi nTixy — Z Wi n—1TiXn—1
i>0 i>0
=y (Cxp — Cxp_1) + (o —ay—1)Cxy—q

+ Z wi,n(Tixn —Tixp—1) + Z(wi,n - wi,n—l)Tixn—l-
i>0 i>0
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The operators 7; being nonexpansive, C being a contraction with modulus o, and since
Zi>0 wi.n = | — &y, we then obtain
|xn+l _xn| < (1 -- Q)an)|xn —Xn—1| + lotn — an—1] X |Cxp—1]

+ i — win1| X | Tix 1.
i=0

Thus, for all i € N7 and n large enough, we get

1

] [Xn4+1 — Xn| < (1 -(1- Q)an) |xn — Xn—1l

in Wi n—-1

1 1
+(1_(1_Q)Oln)<w - >|xn — Xn—1l

in Wi n—-1

+

—latw — op 1 [[Cxpt |+ —— Y |win — win—1| X |Tixu—1.

in in
’ >0

As (x,) is bounded (see Lemma 3.2), then by nonexpansiveness of each mapping 7; and C, it is
easily seen that the family (7;x,); »>0 and (Cx,) are also bounded. Consequently, there exists a
positive constant M such that

1 1
|xp — xp—1l ) + M -

Wi.n Wi n—1

[Xn4+1 — Xn| < (1 -(- Q)an)<

Win

i,n—1

1 1
+ M oy — Oop—1| + Win — Win-1l]-
<w_ | n n 1| Wi Z| i,n in 1|>

in in i>0

Thanks to this last inequality and taking into account Lemma 3.1, the desired result follows. O

Lemma 3.4. Assume conditions (Q1)—(Q3) hold. Then (x,) given by scheme (1.6) satisfies

lim |x, — Tix,| =0 VieN.
—00

n
Proof. Using scheme (1.6), we have

Xp4+1+ Z wi,n(-xn —Tixp) — (1 —ap)x, =y Cxy,
i=0

that is

Z wi,n(xn —Tixp) = ay(Cxy — xp) + (X — Xpg1);
i=0

hence for any ¢ in S, we get

D Winlxn = TinXns Xn — q) = @ (Cxn — Xn, Xn — q) + (Xn = Xng1. %0 — G)- 3.7
i=0

Moreover, as each T; (i > 0) is nonexpansive, by inequality (2.5) we have

| T; x _xn|2 <2(xp — Tixp, xp — q).
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Combining this last inequality with (3.7), we get

1
5 Zwi,anixn _xn|2 L ap{Cxy — X, Xp _q> + (xn — Xn+1,Xn _Q)a (3.8)
i>0
so that, for all i € N7,
oy 1

(Cxy — Xp, Xy —q) +
Wi n Wi n

2
|Tixp, — xp]” <

(Xn — Xng1, X0 — q). (3.9

Hence, by Lemma 3.2 there exists a positive constant M such that

o 1

|Tixn_xn|2<M1( ! + Ixn_xn+1|)~ (3.10)
Wi n Wi n

Using Lemma 3.3 and condition (Q3), we complete the proof. O

The main result of this section is given by the following theorem.

Theorem 3.5. Under assumptions (Q1)—(Q3), the sequence (x,) given by scheme (1.6) converges
strongly to X the unique fixed point of Ps o C, where Ps is the metric projection from H onto S.

Proof. By scheme (1.6), we have

Xn1 = X =0y (Cxty = X) + (1 =) Y win(Tixy — %)

i=0
= <(¥n(an —Cx)+ (1 —ay) Zwi,n(Tixn - i)) + o, (Cx —X).
i=0
Recall that for any a, b in H, we have
la +b* —2(b,a +b) = |a]* — |b|?, (3.11)

so that

i1 — %12 = 20, (CX — X, Xpp1 — )

2

< Jon(Coxy — CX) + Y win(Tixy — %)
i>0

< (1= (1 = o)) 1y — I3

2
< (anmxn — %+ (Z wi,n)|xn —ﬂ)
i>0

noting that (1 — (1 — Q)ot,,)2 < (1 —(1—-p0)ay,), we deduce
bnt1 = 21 < (1= (1 = @)an) 1xn — %> + 20, (CF — %, X1 — F). (3.12)

Otherwise, Lemma 3.4 shows that any weak limit point of (x;) is in S because of the demiclosed-
ness of each operator T;; since X = Pg(Cx), it is easily checked that

limsup(Cx — X, x, — x) < 0. (3.13)

n—0oo

By (3.12), (3.13) and using Lemma 3.1, we conclude that (x,) strongly converges to x, which
completes the proof. O
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Corollary 3.6. Assume the following conditions (P1') is satisfied:
o
P1) o, \ 0, > e =oc.
n=0

Then (x,,) given by scheme (1.7) converges strongly to x the unique fixed point of Ps o C, where
Pgs is the metric projection from H onto S.

Proof. Scheme (1.7) is a special case of (1.6) when w; , =«;—1 —¢; for 0 <i <n and w; , =0
for i > n + 1. Thus we have Zi>0 wi, =1—a,, but also w; , > 0 for all i > 0 and for n
large enough. In this setting, it is then immediate that conditions (Q1)—(Q3) in Theorem 3.5 are
reduced to (P1") and the following (P2):

Up+1
P2y ——>1 or E lotp41 — oty | < 00.
Op
n=>0

Note that Zn>0 |41 — an| < o0 if (o) is a positive decreasing sequence. As a consequence
(P1’) yields (P2), which leads to the desired result. O
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