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Abstract

Error bounds for the eigenvalues computed in the isometric Amoldi method are derived. The Arnoldi method applied to a
unitary matrix U successively computes a sequence of unitary upper Hessenberg matrices Hi, k¥ =1,2,... The eigenvalues
of the Hi’s are increasingly better approximations to eigenvalues of U. An upper bound for the distance of the spectrum
of Hy from the spectrum of U, and an upper bound for the distance between each individual eigenvalue of H; and one
of U are given. Between two eigenvalues of Hy on the unit circle, there is guaranteed to lie an eigenvalue of U. The
results are applied to a problem in signal processing.
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1. Introduction

A number of signal processing problems can be seen to require the numerical solution of unitary
eigenvalue problems. The task of estimating dominant harmonics of a time series, e.g., arises in
many applications, such as geology, astronomy and speech processing. The problem is to approximate
frequencies and amplitudes of a discrete time signal {s;}$> ___ . One may, e.g., consider the signal
as a superposition of exponentials corrupted by small-sized white noise, i.e.,

n
S R~ Z p;e‘(k0’+¢’) (1)

/=1

for some (unknown) n, amplitudes p, >0, distinct frequencies 6, € ] —, nt], and phases ¢, € ] —n, 7],
1=+/—1. Given a finite subsequence {s;}}_, the aim is to retrieve the frequencies 6,,...,0, and the
amplitudes py,...,p,. Typically, N is very large and » is very small.
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It is a common approach to determine the unknown quantities such that the first # autocorrelation
lags of the signal s (or approximations of them) are matched. It can be shown and will be developed
in detail in Section 4 that this task leads to an eigenvalue problem for the unitary N X N circular shift
matrix J of the following more generally formulated kind: Given a vector s € C" and a unitary N xN
matrix U, where the dimension N is very large and U is sparse, find approximations to the (typically
very few) eigenvalues of U which are dominant in s, i.e., if s= Zszl Brzi is an expansion of s
in terms of the eigenvectors zi,...,zy of U, corresponding to the eigenvalues €?',...,e, then the
approximations to those eigenvalues €' are sought for which the weights B, of the corresponding
eigenvectors are much larger in magnitude than the remaining weights.

The Arnoldi method is a well-known iterative method for approximating eigenvalues of large and
sparse matrices. For a given matrix 4 and a given vector ¢, with ||¢;||,=1 it computes the columns
41,9, ... of a unitary matrix Q which transforms 4 into an upper Hessenberg matrix H = Q%74Q.
It only requires matrix-vector multiplications, the sparse matrix itself is never modified. Using
properties of polynomials that are orthogonal with respect to an inner product on the unit circle
(Szego polynomials) Gragg [14] showed that the Arnoldi method is very special if applied to
an isometric operator and he developed an efficient isometric Aroldi process. Jagels and Reichel
presented in [21-23] an elementary derivation of the isometric Arnoldi process that does not re-
quire knowledge of orthogonal polynomials. In [22, 21] the application of the isometric Arnoldi
process to the computation of a few eigenvalues and eigenvectors of a large unitary matrix is
discussed.

After k steps of the Arnoldi method applied to U and s we get

UQk = OcHy + (0xdis1 + (7 — v/ 17 )q0 ey (2)
where Qi =[q1,92,...,qx] is a rectangular matrix with orthonormal columns and ¢, =s/||s||. H, =
H(y1,...,%—1,%/|7e]) is a unitary upper Hessenberg matrix, given in parameterized form with

ly;l<1 for j=1,...k (see [15] and also Sections 2 and 3). The y,,...,y; are called reflection
coefficients or Schur parameters and the ;€ R, 0;>0 are the complementary parameters for y;
satisfying [y;* + |g;]* = 1.

If |y:| is close to 1 and therefore y;, — y:/|y:| is very small, and o, ~0, then the eigenvalues of
H, are in general good approximations to some of the eigenvalues of U which are dominant in s,
and it would be desirable to have explicit bounds for the error.

The general question is: Given a unitary matrix U and the sequence of unitary Hessenberg matrices
H;, k=0,1,... derived in the isometric Arnoldi process for U. How far are the eigenvalues of an H,
from the eigenvalues of U? The main purpose of this paper is to derive bounds for the corresponding
erTors.

Note that in order to solve (1) via the isometric Arnoldi method, one has to compute eigenvalues
of unitary upper Hessenberg matrices. Special fast and efficient O(n?) methods exist which make
use of the special structure of unitary matrices, see [15-19, 7].

The paper is organized as follows. Section 2 briefly reviews some well-known properties of unitary
(upper Hessenberg) matrices. The isometric Arnoldi method is described in Section 3. Applied to a
unitary matrix U it successively computes unitary upper Hessenberg matrices H,. The eigenvalues of
the H; are increasingly better approximations to eigenvalues of U. An upper bound for the distance
of the spectrum of H; to that of U is given. Furthermore, we prove that if the last component of an
eigenvector of Hj is small, the corresponding eigenvalue is a good approximation to an eigenvalue
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of U. An upper bound for the distance between each eigenvalue of H, and one of U is given.
As a consequence we will see that between two eigenvalues of H, on the unit circle, there lies
an eigenvalue of U. Section 4 discusses the signal processing application. The results of Section 3
are applied. Section 5 presents some numerical examples to elucidate the statements of Sections 3
and 4.

2. Some properties of unitary matrices

Unitary matrices have a rich mathematical structure that is closely analogous to Hermitian matri-
ces. For unitary matrices we can therefore often develop analogues for the good numerical methods
and for the theoretical results that exist for the symmetric/Hermitian eigenvalue problem, which has
intensively been studied see, e.g., [28, 13, 20, 26]. In some cases the Cayley transformation helps
to develop such analogues.

The one-dimensional Cayley transformation with respect to p, x=1(p+4)"(p— 1), [A|=1,is a
one-to-one mapping of the unit circle onto the extended real line. For simplicity let p = 1. Defining
6 =arctan[1(1 + A)~!(1 — A)] each A on the unit circle corresponds to an angle 6,0 € [—%n,%n].
Hence, it is reasonable to define for 4, 4; € C,|4|= 4| =1

1 -4 1—@
1 <1 .
14+ 4 1+ 4;

A<i, if

This gives a complete ordering of the points on the unit circle with respect to the cutting point
p=—1. Note that the complete ordering excludes the cutting point —1. For a different cutting point
the orders of the eigenvalues are only changed cyclically.

If {;,{, are complex unimodular numbers such that {; <{,, then ({;,{,) will denote the open arc
from the point {, to the point {, on the unit circle (moving counterclockwise).

It is well known that any (unitary) » X n matrix 4 can be transformed to an upper Hessen-
berg matrix H by a similarity transformation with a unitary matrix Q. If the first column of Q
is fixed and H is an unreduced upper Hessenberg matrix with positive subdiagonal elements, then
the transformation is unique. If A is unitary, then the resulting upper Hessenberg matrix H has
to be unitary as well. Any n x n unitary upper Hessenberg matrix with nonnegative subdiagonal
elements can be uniquely parameterized by 2n — 1 real parameters. This compact form is used in
[1, 3, 7, 9, 11, 15-19, 31] to develop fast algorithms for the solution of the unitary eigenvalue
problem.

Let

Ge = Gu(m) = dig (1, | [ | hs)

with 7, €C, o, € RT and |%;|* + 6?2 =1, and
EJ;n('))n) = diag(ln—h '—'Vn)

with y, € C, |y,|=1.
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The product

H=H®1,7,-»7) = Gi(11)Ga(12) - - - Gt (Yn=1)Gn(¥1)

=% —012 —01...0k—1% —01...0pn—1Yn
g1 —V2 cer =102, 0k 1Yk vt —P102 ... Cn1Vn
() _?2’};3 tet . T _’7203 e Op—1¥n
() —Ve—1Yk T Pk=10k .. Op_1Yn
Op—1 —Vn—17Yn

is a unitary upper Hessenberg matrix with positive subdiagonal elements. Conversely, if H € C"*"
is a unitary upper Hessenberg matrix with positive subdiagonal elements, then it follows from

elementary numerical linear algebra that one can determine matrices Gy, G,,..., Gy_1, G, such that
GHGH | ... GHGHH =1. Thus, H has a unique factorization of the form

H=H172--s7)=Gi(71)G2(12) - * Goe1 (7a=1)G(7)- 3)

The Schur parameters {y:};_, and the complementary Schur parameters {o;}}; _, can be computed
from the elements of H by a stable O(n?) algorithm [15]. In statistics the Schur parameters are
referred to as partial correlation coefficients and in signal processing as reflection coefficients [2,
9, 10, 25, 29, 30, 32].

If 6; =0, then |y,|=1, and we have the direct sum decomposition

H=H(®1,...,7) ®HF k15 - Vi ¥n)-

Hence, in general 0,0,...0,-1>0 is assumed, if the factorization (3) is used to solve a unitary
eigenvalue problem. If 4 is an eigenvalue of such an unreduced Hessenberg matrix, then its geometric
multiplicity is one [13, Theorem 7.4.4]. Since unitary matrices are diagonalizable, no eigenvalue of
an unreduced unitary upper Hessenberg matrix is defective, i.e., the eigenvalues of an unreduced
unitary upper Hessenberg matrix are distinct.

The Arnoldi method for unitary matrices discussed in the next section computes the reflection coef-
ficients directly. After k steps the first & reflection coefficients and a corresponding upper Hessenberg
matrix H] = H{(y1,.-.,7) are known. These upper Hessenberg matrices H; are principal submatrices
of the desired n x n unitary upper Hessenberg matrix H =H(yy,...,7,) which is unitarily similar
to the given unitary matrix U. Unfortunately, principal submatrices of a unitary matrix are in
general not unitary. As we will see, it is useful to consider the unitary £ X k¥ Hessenberg matrix
Hy =H(y1,...,7—1,{) with |{;] =1 instead of H]. The following theorem relates the eigenvalues of
H to those of the unitary Hessenberg matrix H,, called the modified kth leading principal submatrix
H; [12].
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Theorem 2.1 (Bohnhorst et al. [6, Corollary 3.1]). Let H =H(y,,...,y,) € C*" be a unitary upper
Hessenberg matrix with positive subdiagonal elements. For {€C, |{|=1 let

Hk=Hk(’})1,...,’))k_1,C)ECka, k€{2,...,n}.

Then every arc on the unit circle formed by two eigenvalues of H, contains an eigenvalue of H.

In particular, the above theorem says that the eigenvalues of two consecutive modified leading
principal submatrices H, and Hj,, of a unitary upper Hessenberg matrix with positive subdiagonal
elements interlace on the unit circle.

Finally, we state some results on the dependence of the eigenvalues on the last reflection param-
eter, for a proof see [6]. To measure the distance between two spectra A,,...,4, and py,..., 14, of
matrices 4 and B we use the eigenvalue variation v(4,B) defined by

v(A,B):=min{ n}ax} |4 — pnel, I permutation of {1,...,n}}.

ie{1,..,

Theorem 2.2. Let H,=H(y1,...,75-1,(a), Hy=H(p1,...,7n-1,(s) be unitary upper Hessenberg
matrices with positive subdiagonal elements, |(,| = |{p| = 1.

1. The eigenvalues of H, and H, interlace on the unit circle.

2. v(Ho, Hy) <o — Gl

3. Let 74,...,2% and 12,..., A% be the eigenvalues of H, and H,. Let

SHH,S, = diag(/4,..., A2
be the Schur decomposition of Hy, Sy =1[s1,...,5.)=[s;1},=;- Then for i=1,....n

in |1¢ -2 < . — A%s;
jE&rll,H}n}l i jl = ngS i S HZ

< |la = Lol Isuil-

Hence, eigenvalues of a unitary upper Hessenberg matrix, whose eigenvectors have a small last
component, are not sensitive to changes of the last reflection parameter.

3. The Arnoldi method for unitary matrices

The Arnoldi method is a well-known technique for approximating eigenvalues of large and sparse
matrices or for building sparse linear equation solvers. Basically, it is one of several methods to
transform a matrix U into an upper Hessenberg matrix H by a similarity transformation with a
unitary matrix (. The matrices Q and H are built up columnwise from the equation UQ = QH such
that after k steps, the factorization

UQx = QvH; + fre}

is computed where QFQ; =1, and H;c C*** is an upper Hessenberg matrix. The vector f; is
the residual vector and is orthogonal to the columns of Q. If the norm of f; is small, the &
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Arnoldi method for unitary matrices
input : U € C™ ™ unitary, ¢ € C" with ||q1]lo =1
OUtPUt : {7jl_;‘=1: {a']};l:_[)l)Q = [911 g2y, Qn]

let g1 = q
forj=1,2,...,n—-1
'y]-—_-—'q'JHqu

o; = ||Ug; +v%8ll
gi+1 = ;;(qu +7i45)
gi+1 = 0535 + T35+
end for
Tn = _anQn

Fig. 1.

eigenvalues of H] are approximations to k£ eigenvalues of U. But even if the norm of f; is not
small, some of the eigenvalues of H, are typically good approximations to eigenvalues of U. Gragg
develops an Arnoldi method for isometric operators in [14]. Here we take a different approach for
the development similar to the one of Jagels and Reichel in [22, 21].

If U is unitary then the resulting upper Hessenberg matrix H = QHUQ has to be unitary as well.
Hence, H can be parameterized as H =H(yy,...,y,). Making use of this fact, one can derive an
Arnoldi method for unitary matrices which computes the n reflection coefficients y; instead of the
upper Hessenberg matrix . This Arnoldi method builds up Q and H from the equation

UQe; = QG (1)G2(12) "+ - Got(1a=1)Gol1n)ejs  j=1,2,...,n. 4)
Let Qe; =¢q; be given; then we obtain the algorithm given in Fig. 1. For a more detailed derivation
see, e.g., [22].
After k£ steps we obtain
U[‘Il,QZ,---,CIk]Z[Q1,42,--~,Qk]G1(?1)"'Gk—l(Vk—l)ék(?k) + 0ka+1€2, (5)

where G;(y;) € CH** for j=1,....k, QPO =1 (Qxr=[q1,92--.,qx]) and g}, ,0r =0. The auxilary
vectors ¢, ¢s,... can be shown to satisfy

G=G - Ge, k=2,...,n, (6)
and thus

Gig;=0 forall j>k
In exact arithmetic, the process stops after n steps with ¢, =0. In case g, =0 for X <n, an invariant
subspace of U is found. Moreover, we know

Theorem 3.1 (Sorensen [33, Theorem 2.9]). Let

Ulgi,92 -, qc]l — 191,92, -+ -, qe]Gi(31) - - - Gk——l(yk——l)ék('yk) = 0k¢1k+131{

be a k-step Arnoldi factorization of U with Gi(31) -+ - Ge—1(7e=1)Gi(x) € CH* unreduced. Then
0, =0 if and only if g1 =Vy where UV = VR with V'V =1, and R upper triangular of order k.
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As pointed out before, if the norm of the residual f; = 0;qs4) is small, then the k eigenvalues of
the k£ x k matrix H] = G1(y1) - - Gx—1(yx—1)Gi(yx) are good approximations to eigenvalues of U. But
even if o, is not small, typically some eigenvalues of H; are good approximations to eigenvalues
of U. Unfortunately, H; is usually not unitary and therefore its eigenvalues are not on the unit
circle. As U is unitary, it seems natural to force the approximating spectrum to lie on the umit
circle. This can be done by working with Hy, = Gi(y1) - - - Gk—1(y4—1)Gi({) where |{| =1 which can

be viewed as a rank one modification of H, =G (y,)--- Gk_l(yk_l)ék(yk). This was already noted
by Gragg in [14]. Incorporating H; into (5) yields

UQx = QuHy + (0xGir + ( — v)qn)e; )

since we see with (6)

OQcHy = OQuHy + Ou(Hy, — Hy)
= OuHy + 04G1 -+ Gir(Ge(ni) — Gl(0))
= Qe + ({ — )G -~ Ghorerey
= QcHy + (L = 7 )qxey.-
Note: ~
e While H = Q/'UQ; is the orthogonal projection of U onto the range of O, H, = ,IfUQka(%)
in general is not a projection anymore.
o While the residual o4q;.; in (5) is orthogonal to the columns of (J, this is in general no longer
true for the residual 6,41 + (£ — yi)qx in (7).
e While H, minimizes the norm of the residual R(M)=UQ; — O:M (where U € C"™*" unitary,

O, € C™F with OO, =1, and M € CF*) (see, e.g., Theorem IV.1.15 in [34]), this is no longer
true for H,.

But we can derive bounds for the distance between the eigenvalues of H; and suitable eigenvalues

of U.

Theorem 3.2. Let U € C**" be unitary with eigenvalues Ai,...,7%, and q, € C" with ||q.|,=1. As-
sume that k steps of the Arnoldi method for unitary matrices are performed such that

UQx = QcHy + (04qi+1 + (= v)qn ey,

where Hy=Gi(1)- - Geor(ye1)G(0), with ||=1. Let w,...,u; be the eigenvalues of Hy and
R(Hk): UQk — Qka. Then

[RCH, =/ 0k +10— el

and furthermore,

min |, — 4| <\Joi +[{—wl> fori=1,... k
je{l,..n}

.....
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For a suitable permutation Il of i=1,...,k

i — Ay < yfof + [ — wel™

Proof.
IRCHO2 = 1(0gis1 + (€ — 7e)de )b
= ‘7/3 + V; - ?k’z

since qzqk+1 =0 and ||grs1]l, = 2], = 1; _

Let U=U — R(H)QF. Then ||U — U||; = ||R(H;)||2 and UQy = QxHy, such that py,...,u; are
eigenvalues of U. Therefore, by the Bauer—Fike theorem (see, e.g., [13, Theorem 7.2.2]) we obtain
fori=1,...,k,

min |p; — L] <|[REHDI2 =1/ 0f + [{ — nel~
je{l,..n}

.....

Define H({)=H(71,...,7k=1,0, Vkt15+ - -, ¥a) € C™" where |{| =1 as before. Let F =H(1,..., V-1
Vis Ve+1s - - -5 ¥n) — H({). Then

IFll, = 1G(r1) - - - G (V=G (72) = Ge(DIGrr1(Fiw1) - - @n(vn)llz
=|Ge(ye) — GO,
= \/013 + 1 — el
The last statement of the theorem now follows using the following result of Bhatia and Davis [4]:

For all constant multiplies U =0aQ and B= BV of two unitary matrices Q and V we have
WUB)<|U - Bl
(When U and B are Hermitian, the above inequality is a classical result of Weyl). This yields

VHHO)L|IFll,=yei +[{—nl O

Hence, /07 + |{ — 7|? is an upper bound for the distance of the spectrum of H to that of U.

Remark 3.3. The bound for the eigenvalue variation is minimal for {=y,/|y;|. Then

V(H,H())</2(1 — [%)-

In addition, we can give individual bounds for each eigenvalue of H;.

Theorem 3.4. The assumptions are the same as in Theorem 3.2. Let
Sy HiSe = diag(py, ..., i)
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be the Schur decomposition of Hy and Y, =[yi,..., yi] = OuSk € C*. Then for i=1,...,k,

‘min | — A < ||Uyi — wiyill,
j€{l,..n}

< lsuly/ ok + 10— nl?

where Sy = [sy1%,;.

Proof. Let r,= Uy, — p;3;. Then ; is an eigenvalue of (U — r;yH), because y}'y;=1. Therefore
from the Bauer-Fike Theorem we obtain

min | — 4l < ||"iyxl-{H2 = Uy —wyill,, i=1....k
je{l,.,n}

Now, let Sy =[s1,...,5:], then y;=Qs; for j=1,...,k Since Hys; = pis; we get
|Uyi — wiyill, = UGk — QeHi)sil|,
= ||(Gagi+1 + (L — yk)?ik)elsillz

= |Ski| Ho'k(IkH +( - Vk)akl\z
“lsd VA mP. O

The first part of the theorem assures that in each circle around y; with radius ||Uy; — ||, there
is at least one eigenvalue of U. If these circle do not intersect, the eigenvalues of Hj approximate
different eigenvalues of U. If two circles intersect, then the corresponding y might approximate the
same eigenvalue of U. The second part of the theorem shows that if the last component of an
eigenvector s; for H, is small, the eigenpair (u;, y;) is a good approximation to an eigenpair of U.

Analogues of Theorems 3.2 and 3.4 can be given for the unmodified version of the Arnoldi
method which compare the eigenvalues of U and H;. The bounds are slightly tighter than the ones
given here.

A direct consequence of Theorem 2.1 is

Theorem 3.5. The assumptions are the same as in Theorem 3.2. Then, between two eigenvalues
of H, on the unit circle, there lies an eigenvalue of U.

Hence, if k steps of the Amoldi method for unitary matrices are performed and if the last reflection
coefficient computed is modified to lie on the unit circle, then we can specify arcs on the unit circle,
on which eigenvalues of U must lie. Furthermore, the eigenvalues of H; and Hj,, interlace on the
unit circle.

We have seen (Theorem 2.2) that those eigenvalues of H; whose eigenvectors have a small
last component are not sensitive against changes of the last reflection coefficient. These are the
eigenvalues which are good approximations to eigenvalues of U (Theorem 3.4). Hence, the choice
of the parameter {; is not important for the approximating properties of the eigenvalues. But the
parameter {; does influence the distance to an invariant subspace (Theorem 3.2).
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Remark 3.6. The entire discussion given here does not consider rounding errors. In practice, of
course, one has to deal with rounding errors. For example, a loss of orthogonality of the computed
vectors ¢; in the Arnoldi method has to be expected. We believe that the analysis of Paige [27] for
these problems in the symmetric case can be carried over to the unitary case.

4. Computing dominant frequencies of a periodic signal

Consider problem (1) of finding frequencies 6,,..., 8, and amplitudes p,,..., p, for a given signal
{si}32_ such that

Sp R Z pre ) for all k. (8)

/=1

The finite subsequence {s;}¥_,, N>>n is explicitly known (measured) and we assume here that the
signal is periodic with period N, i.e.,

Sk=Sinwks k=1,...,N, j=£1,%2,...

This implies that all frequencies are multiples of 2n/N. We denote by s the signal vector s=

[Sl,---,SN]T-
A simple way to solve the problem is to perform a discrete Fourier transformation of s:

1
y= N—Fs, where F = [e—l((znk/N)/)]k’g’:() ,,,,, N—1- )]
Then
N
se=Y_ »e @D for all k, (10)

=1

and we could just neglect the terms with very small coefficients y; in this sum. In order to illustrate
the results of the previous sections, here we will consider methods that determine the unknown
quantities via approximating the autocorrelation lags. This may be a useful alternative to the use of
the fast Fourier transformation in case n<<N. But it should be noted that there is no guarantee that
the approach presented here approximated all n of the desired frequencies.

As the kth autocorrelation lag of the signal one considers the quantity

N
rulk) =D 584k

j=1
With the signal s we associate the nth-order autocorrelation matrix T,(s)= [tj_k];’,;io, where
ti=rs(j), j=0,£1,...,&(n—1) (11)

7,(s) is a Hermitian positive-semidefinite Toeplitz matrix.
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It is a common approach to determine » such that 7, ,(s) is the smallest dimensional autocorrela-
tion matrix which is almost singular and 6,,...,0, and py,...,p, such that for the signal {z;}{2_
with

= pe®) forall k (12)
/=1

the first » autocorrelation lags match those of the original signal s (see e.g. [9, 10, 24, 25, 29, 32]).
This approach assumes that the noise level is small. In the following, we show how this problem
is related to a large sparse unitary eigenvalue problem.

T,(s) can obviously be expressed as

T.(s)= [s,Js,...,J"‘ls]H[s,Js,...,J"_ls], (13)
where J is the NxN circular shift matrix
J:[e29e3’-"’eNael]'

Thus, 7,,; is almost singular if [s,Js,...,J"s] is almost singular. That is, s lies almost in an
n-dimensional invariant subspace of J.

The result of n steps of the isometric Amoldi method applied to J starting with the initial vector
q1=>s/||s||> yields (see (7))

JQn = Qan + (Unqn+1 + (C - yn)fqln)e;xra §= HSHZQnel’ (14)

where H,=G(y1)- - G(y,,_l)én(l) is a unitary nxn upper Hessenberg matrix. With (14) we can
easily prove that

JEs = ||s|/* Qe = |50, HYe,  for k<n. (15)
Note that because of the special form of G(y;) and é,,(( } we have for k<n
(Gi(1) -+~ GOa-1)Ga(O)er = (Gi(11) - -+ G(ar e

such that the expressions in (15) do not depend on { at all.
Because QFQ, =1 we see from (14) and (15) that 7,(s) can be written as

T.(s)=||s|[e1, Hners. .., H 'ei]"er, Hper,. .., H )], (16)
Consider the spectral decomposition of H,,:
SHH,S, = A= diag(e?,...,e%"), Slei=w=[w,...,0,]", p;>0,
where S, is unitary. From (16) we get with this eigenvalue information a representation of 7,(s) as
T.(s) = ||s|l3[w, Aw,..., A" "W w, Aw,..., A" 'w] (17)

and, therefore, for j=0,...,n
n
ty=|ls|l3 Y wje®”
£=1

which is the jth autocorrelation lag of (12) (up to scaling).
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Note that while 7,(s) does not depend on the choice of { at all, the quantities 0,,...,0, and
w1,...,0, do.

Computing the dominant frequencies such that the first autocorrelation lags are matched can thus
be interpreted as approximating the eigenvalues of the circular shift / which are dominant in the
signal s by the Arnoldi method.

In [30] Reichel and Ammar already propose to compute the dominant frequencies via the eigen-
problem for unitary Hessenberg matrices in the following way: Subsequently, compute the reflection
coefficients y,,7,,... (which are all inside the unit circle) associated with the autocorrelation matrices
T\(s), T»(s),... until you reach a y, with magnitude close to 1. Then o,~0 and with { =1v,/|y,| we
get from (14) JQ,~ Q,H,. But then

Toi1(s) =~ ||s||[er, Hner, ..., Hle) " [e1, Huer,. .., Hle;]

and T,,; is almost singular. In fact, the latter matrix differs from 7,,, only in the position of the
nth autocorrelation lag ¢,. Compute the eigenvalues and the first components of the normalized
eigenvectors of H, to achieve the desired frequencies and amplitudes. This is one way of computing
the signal approximation in the CSM method [32].

The results of Section 3 can be used to give an estimate for the correctness of the approximation.
From Theorem 3.2 we obtain for H, = G(y1)... G(y.-1)G.({)

VO — QuHu(O)l |2 = 1/ 0% + | — 74|

and

H _ aRmi/N| < 2 _ 2 —
jegunN}lﬁk e |<V/a2+ | —ya% k=1,...,n

-----

The bounds are minimal for { =7v,/|y,|. If o, is small, then for this choice

Vo210~ = /201 — [y

is almost zero, indicating a good approximation. Choosing, e.g., { = — y,, we obtain

V21— = 201+ )

which is almost 2 if ¢, is small. Thus, the way v, is modified to lie on the unit circle does influence
the quality of the approximation.

From Theorem 2.2 we obtain that those eigenvalues of H, whose eigenvectors have a small last
component, are not sensitive to changes of the last reflection coefficient. By Theorem 3.4, these are
the eigenvalues that are good approximations to eigenvalues of J.

Let €%, j=1,...,n be the eigenvalues of H,, then the 6, are used as approximations to the
dominant frequencies of s. The bounds in Theorems 2.2 and 3.4 also give bounds for the errors.
A simple calculation yields

Corollary 4.1. Assume that n steps of the Arnoldi method are applied to J and s such that
JO, = Qan(C) + (Gnqn+1 + (C —¥n )571)3:,



A. Bunse-Gerstner, H. FaBbender | Journal of Computational and Applied Mathematics 86 (1997) 53-72 65

where Hy(£)=Gy(11) - Gue1(Yn1)Gn(0), L €C, |{| = 1. The eigenvalues of J are e* j=1,...,N.
Let (,,0,€C,|L|=|l]=1. Let e% be the eigenvalues of H,({,) and €% be those of H,((p),
j=1,...,n. Let

S,f’H,,(C,, )S, = diag(e, ..., e
be the Schur decomposition of Hy((s), S,=[sy1} ;=) Then for i=1,....,n

1t — Pl
min M4_5j|<31'€005<2 |{a — LI swi] )

je{lmk} 2

Furthermore,

. r ot tf
mlnN}|/1i—2nj/N|<arccos( o, +1¢ Cbl)

el 2
and
9 s (g2 72
min ]/li—21tj/N|<arccos< lsu (3 + 1€ = G )>.
je{t,..N} 2

5. Numerical examples

In this section numerical experiments are presented to demonstrate the statements of Sections 3
and 4. First the eigenvalues of a unitary upper Hessenberg matrix H are compared with the eigen-
values of modified 4th leading principal submatrices H;. All statements of Section 3 can be observed
clearly:

e Between two eigenvalues of H; on the unit circle there lies an eigenvalue of H (Theorem 2.1).
o If the last component of an eigenvector of H; is small, then the corresponding eigenvalue is

a good approximation to an eigenvalue of H (Theorem 3.4).

e The approximating properties of the eigenvalues of H; vary only slightly with the choice of the

modified reflection coefficient (Theorem 2.2).

In the second part of this section, two examples illustrate the discussion in Section 4. All computa-
tions were done using MATLAB on a SUN SparcStation 10 with machine precision
£/2.2204 x 10716,

The first set of tests was performed to demonstrate the statements of Section 3. A unitary upper
Hessenberg matrix H = H(y1,...,y2) € C**¥ was constructed from 20 randomly chosen reflection
coefficients yy,...,72 € C. The eigenvalues 4; of H lie randomly on the unit circle. The eigenvalues
u; of the modified kth leading principal submatrices Hy = Hy(y1,...,Vk—1,(x) were computed for
different dimensions k <20. For each eigenvalue y; the minimal distance to an eigenvalue of H and
the error bound given in Theorem 3.4 was computed.

For the first example {; = y,/|y:| was chosen as the bound for the eigenvalue variation is minimal
for this choice of {; (see Remark 3.3). The eigenvalues of H and H, are plotted for k=10 and
k=15 in the following Fig. 2. The eigenvalues of H are marked by ‘0’, the eigenvalues of H, by ‘x’.

Although 7,0 =10.58940774002982 and a5 = 0.87680954800405 are not small, some of the eigen-
values of H,o and H)s are good approximations to eigenvalues of H. In Theorem 3.4 it was proven
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K= 10 k=185

Fig. 2.

Table 1
k=10,+/02+|{ — 7 = 0.6199

minl/,ti — }'!I ub,-
i 1.0071-1077 4.1381-107*
w0 2.7263-107¢ 237461073
i 2.4649 .10~ 4.8555-1072
M 2.9825-107° 631541073
s 3.9244.1073 5.6481-1072
s 2.0610-1074 23190-1072
W 3.5094.107* 402121072
U8 8.2207-1073 1.8990-1072
o 84617-1073 1.9755-107"
o 2.1661-107! 5.8068- 107!

that if the last component of an eigenvector of H, is small, then the corresponding eigenvalue is
a good approximation to an eigenvalue of H. Individual bounds for the minimal distance of each
eigenvalue of Hy to the eigenvalues 4; of H can be given

min [~ 4| <[suly/a2 + [0~ 5l = b,

where s, £ € {1,...,k} is the /th component of the eigenvector to the ith eigenvalue of H;. Tables 1
and 2 report the minimal distance between each eigenvalue of H, and the eigenvalues A; of H as
well as the above error bounds for k=10 and £ =15.

Comparing the actual minimal distance with the error bound one observes that the approximations
are much better than the error bound predicts. Another observation is that a small last component and
hence a small individual error bound for the eigenvalues indicates good eigenvalue approximations.
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Table 2
k=151/02 +|{ — x| =~ 1.0189
min| g — 4} ub;
i 42658-1071° 2.1653-107°
7 7.4752.1077 44540-1074
U 5.5443 . 1078 42885.107*
Yo 5.9287-107* 3.6914-1073
#s 3.5522-107° 3.0701-107°
s 1.6636-1073 2.5023-1073
7 239861072 5.7894-107"
Uig 42465-107% 3.9597.107*
o 1.4195-10712 9.4849.10~°
i 76101107 3.9866-107°
oy 3.7732-1073 7.7117-1072
I 269221074 2.5062-1072
13 49946-107° 5.0100-1073
ta 53077-107° 1.9032-107!
s 1.5772-107! 8.1260- 107!
k=10 K= 15

Fig. 3.

For the second example a random complex number {;, |{;| =1 was chosen; hence the bound for
the eigenvalue variation is not minimal (see Remark 3.3). The Fig. 3 and Tables 3 and 4 display
the same information as before.

Although the choice of {;, is not optimal, we essentially obtain the same results as before.
The eigenvalue approximation is much better than the error bound predicts.

Comparing the results of the two examples presented, one observes that independent of the choice
of {; the same eigenvalues of H are approximated. If the last component of an eigenvector is small,
then the approximation is good no matter how {, is chosen. The best results are obtained for
8 =74/|7k|- We omitted an example to demonstrate that if the last component of an eigenvector is
not small, then the quality of the eigenvalue approximation depends on the choice of {;. Further it
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Table 3
k=10,+/0; + |0 — p|* = 1.8211
min|g; — 4 ub;

M 1.9902-10~¢ 270571073
) 8.9514-107° 2.1656 - 1072
U 4.6934.1072 5.5107- 107"
Y4 3.8414.10~* 3.5758 1072
s 1.9734-1072 1.6406 - 107!
e 2.6689-1073 6.2874-1072
7 502071073 7.8979-1072
Us 1.2924-1073 2.9484-1073
o 3.5443.1072 1.2436-107"
Mo 2.4899-1072 1.7200- 10%°
Table 4

k=151/02 + | — %2~ 1.1519

min|y; — 4] ub;

W 9.3659-107"° 3.5684-107°
) 1.1929.1073 43049.1072
U 3.1109.10~° 1.8487-1074
i 6.0705-10~* 5.8196-1073
s 2.6543-107° 44310-107°
e 1.0846-107° 3.5051-1073
7 1.5657-1072 1.6624 - 107!
g 3.0403-1077 1.3257-1073
Uo 4498210~ ! 7.4116-107%
1o 7.9706 -10~1° 2.7398-107°
7T 6.5638-10~* 8.6970-1072
w12 1.6478 -10~* 2.6234.1072
K13 8.6488-107° 4.1257-1073
! 2.5703-1073 7.6717-107!
s 1.0814- 107! 8.3703- 107!

can be seen that between two eigenvalues of H; on the unit circle there lies an eigenvalues of H
(due to the poor resolution, this is very hard to see in the figures presented here).

The same results can be observed for larger unitary upper Hessenberg matrices H. Moreover, one
can observe that the eigenvalues of the modified leading principal submatrices H;_; and H, interlace
on the unit circle with respect to a cutting point p. Also, some eigenvalues of the unmodified leading
principal submatrices are good approximations to eigenvalues of H.

The following two examples illustrate the discussion given in Section 4. In both examples, the
length N of the signal is 1000 and the s; have the form

5
_ 149,
S = E pe€™’ + oy,

=1
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Table 5
min|6; — 6;| acos; [p: — pi|
61, m 5.3429.10716 2.9802-107% 3.1919-1071
02, p2 4440910718 730001078 4.4964 .10~
6, ps 4.4409-10716 1.1921-1077 2.2204-10716 a=1-10""2, 65=1.9029.1071
B4, pa 222041071 4.1215-1077 6383810716
8s, ps 299761071 <! 821571071
6, p 3.9862-10~° 8.7236-107° 7.4678-107°
62, p2 93195-10! 22166-107° 4.8939.1071°
85, ps 2.0961-1071 3.5988 - 1073 5.7692-10~° a=1-107% o5=1.7417-107"
B4, ps 45526-107!! 1.2471-107* 1.0905-10~%
0s, ps 410671071 9.6880- 1077 137651072
01, p1 3.9882.1073 8.7095-1073 8.8594-107*
62, p2 9.1643-107° 2.1697-1072 3.4548.107*
65, ps 2.0874-1077 3.6867-1072 5.7266- 1076 a=1-1073, o5=1.7218-1072
04, ps 4.5350-107° 12412 107! 8.9389.107¢
Bs, ps 42181-1074 9.6624-107* 1.1025-1073
61, p1 8.9834.107° 8.6531- 1072 1.2463-107!
b2, p2 6.9043-1073 1.2295-107! 149791072
0s, ps 2.0030-107° 3.4552.107! 5.8261-107* a=1-10"", 65=4.4414.10""
B4, pa 5.8260-1072 6.1589-107! 287601072
8s, ps 1.8972-1072 2.4824-107! 2.2939.1072

L emd22204 10716

where v, is a random number (uniformly distributed in (0,1)) which represents noise, a € R is
a scalar and 0, =2mm,/N where m, € {1,...,N},m,#m; for £ #j,¢,j € {1,...,5}. In each example,
the signal vector s =[sy,...,sy]" is formed and 5 steps of the Amoldi method are applied to J and
s. This yields a unitary upper Hessenberg matrix Hs = Hs(yy,...,%4,7s/|ys]). In case a=0 (i.e., no
noise), we know from Theorem 3.1 that the eigenvalues of Hs have to be 0,0,,...,6s. Hence,
for small noise, we expect that the eigenvalues of Hs are good approximations to the desired
0, j=1,...,5. Therefore, the eigendecomposition of Hs is computed. Estimates 6, and p, for
the frequencies and amplitudes are obtained from the eigenvalues and the first components of the
eigenvectors, respectively. Corollary 4.1 gives an upper bound for the distance of 6, to 2mj/N:

2( 2 2
min _|6; — 2mj/N| <arccos (2 = s (o5 + £ = 5] )> =:acos;,
i€{1,..N} 2
where s5; denotes the last entry of the ith eigenvector. For each example the actual minimal distance
of 0, to 0;, j=1,...,5 is computed as well as acos, for /=1,...,5. As we do not know of an
error bound for the amplitudes, we just compute the distance between p, and p,.

For the first example

Sp= 1‘262n15k/N + 3.Se2m37k/N + 5.7e27r1271k/N + 0.3621n400k/N +2. 1e2m979k/N +okv

for different « € R was chosen. The frequencies are well separated. Table 5 lists the results for
this example. Not surprisingly, the smaller the perturbation (av; ), the better are the approximations.
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Table 6
min|6; — 6| acos; [p: — pi|
81, p1 9.0206 - 10716 <g 24231.107M
6, p2 9.5063-107'6 <g 254241074
63, ps 6.6613-107'6 1.7881-1077 22204.10716 a=1-10"12, g5=6.6169-107
B4, pa 3.1086-107" 1.8492-1077 4.9960- 10716
05, ps 1.6653 .10 <& 5.4401.107°
61, p1 3.3104-107¢ 7.6164-107° 9.6212-107°
6, p2 3.0650-107° 6.9887-107° 96170107
0, p3 1.4011-1071 3.4954.107° 2.9009-10~° a=1-107% 65=25320-10"°
04, pa 3.4072-107" 3.6190-1072 9.6212-107°
05, ps 1.5243.107° 7.9760 1077 4,9885-107°
61, p1 344521073 4.2054-1072 1.4254-107!
6, p2 3.0314-107° 332971073 7.8585.1072
03, p3 1.3990-107% 42764.1073 3.0402-107¢ x=1-10"3%, o5=4.7117. 107"
04, ps 3.4482.107¢ 7.5652- 107! 473611072
05, ps 1.8417-1073 279751072 1.1769- 1074
61, p1 1.6441-1072 2.3596- 107! 1.4217-107!
02, p 1.2527-1072 2.2402-107" 1.1270- 107"
63, p3 22631-107° 2.7498 - 107! 1.7099 - 1073 a=1-10"", g5=4.0455.10""
B4, pa 4.0867-1072 53145.107! 3.3385-1072
0s, ps 1.9591-107" 1.7553 - 107! 259181072

g 22204-10716

The approximations of the frequencies are much better than the upper bounds indicate. For small
perturbations the upper bounds a cos; overestimate the approximation error by several powers of 10.
The method seems to approximate the amplitudes with about the same accuracy as the frequencies.

In practice, of course, we would not know the exact value of », the number of frequencies and
amplitudes needed to express the signal as a sum of exponentials. The above results indicate that
a rule of thumb could be to let the Arnoldi method run until a g; is obtained which is smaller than
some given tolerance. The quality of the approximation depends on o¢;, the biggest perturbations
observed are of about the same size as ;.

For the second example we modified the signal of the first example a little bit. The second
frequency was chosen to be as close as possibly to the first one, the second amplitude to be the
same as the first one

Sp= 1.262n15k/N 4 1.2621:16k/N T 5‘762m271k/N + 0’3e2m400k/N + 2.le2m979k/N + o % U

Table 6 displays the same information as the table for the last example.

The method has difficulties to approximate the first two frequencies and amplitudes. The results for
these approximations have been better in the previous example, where the first two frequencies and
amplitudes were much better separated. The actual approximation error for the first two frequencies
are only of the order of the error estimate.
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6. Concluding remarks

Some properties of the isometric Arnoldi method have been discussed. The Arnoldi method applied
to a unitary matrix U yields after k& steps

UQy = OcH) + 61gi11€;»

where H] =G(71) - Ge_1(y—1)Gk(1), QFQc =1, and ¢, O, = 0. If y; is modified to lie on the
unit circle, one obtains

UQy = OcHy + (04t + (£ — y4)qx)er»

where H; = Gy(y,): - Gk_l(yk_l)ék(C), |(|=1 is a unitary upper Hessenberg matrix. The distance
of the approximation to an invariant subspace of U given by H; was determined. (Individual) error
bounds for the eigenvalues of H, were derived.

In [1] it was noted that there is a simple equivalence transformation which transforms H =G - -
Gr_1Gy tO G,G! where G, and G, are block diagonal unitary matrices with block size at most two,
G, is the product of all the odd numbered reflectors and G, is the product of all the even numbered
reflectors. Bohnhorst makes use of this fact in [5] to derive a Lanczos-like algorithm to transform
a unitary matrix U to G,G!. She gives eigenvalue bounds similar to the ones presented here.

A problem in signal processing and its connection to the isometric Arnoldi method was discussed
in detail.
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