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Abstract

Starting from Jacobi-Trudi type determinantal expressions for the Schur functions of types B, C
and D, we define a natural g-analogue of the multiplicity [V (1) : M(p)] when M (p) is a tensor
product of row or column shaped modules defined by u. We prove that these g-multiplicities are equal
to certain Kostka—Foulkes polynomials related to the root systems C or D. Finally we express the
corresponding multiplicities in terms of Kostka numbers
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Given two partitions 4 and p of length n, the Kostka number K f’;‘l is equal to the
dimension of the weight space  in the finite dimensional irreducible s/, 1-module V (1) of
highest weight 4. The Schur duality is a classical result in representation theory establishing

that Kf’;;l is also equal to the multiplicities of V(1) and V (") respectively in the tensor
products

VAN ® - ® VA and V(Ay) ®---® V(Ay),
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where A is the conjugate partition of 4 and the Ai’s,i =1,...,n — 1 are the fundamental
weights of s/, 1. Another way to define K Z "is to use the Jacob1—Trud1 identity which

gives a determinantal expression of the Schur function s, = char(V (x)) in terms of the
characters hy = char(V (kA})) of the kth symmetric power representation. This formula
can be rewritten

su= ] (=Rijhy (1)

1<i<j<n

where hy = hy, ---hy andthe R; ; are the commuting raising operators acting on Z" (see
3.2). Then one can prove that it makes sense to write

he= ] =R sy 2)
1<i<j<n
which gives the decomposition of /2, on the basis of Schur functions. From this decompo-
sition we derive the following expression for K; dn-t

Kt =3 (=D OPY 0+ p) = (u+ p) 3)

oeS,

where S, is the symmetric group of order n and P the ordinary Kostant partition function
defined from the equality:

l_[ (1 - x“) - Z PP

o positive root

with f§ running over the set of nonnegative integral combinations of positive roots of s/,,.
There exists a g-analogue K 2’;] (g)of K f’/’;' obtained by replacing the ordinary Kostant

partition function P47-1 by its g-analogue PqA "~ satisfying

AnI ﬂ
[1 (_W) Z (P

o positive root

So we have
An 1

@ =Y ~D'OP G+ p) — (1 + p)) @)
oeS,

which is a polynomial in g with nonnegative integer coefficients [9,11]. In [13], Nakayashiki
and Yamada have shown that Kﬁ’;l (g) can also be computed from the combinatorial R
matrix corresponding to Kashiwara’s crystals associated to some U, (s/l; )-modules.

For ¢ = so2,+1, Span Or 502, there also exist expressions similar to (3) for the multi-
plicities K ¢ of the weight u in the finite dimensional irreducible module V (/) but such
a simple duahty as for s/, does not exist although it is possible to obtain certain duality
results between multiplicities of weights and tensor product multiplicities of representations
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by using duals pairs of algebraic groups [7]. This implies that the quantizations of weight
multiplicities and tensor product multiplicities cannot coincide for the root systems B,,, C,,
and D,,. The Kostka—Foulkes polynomials K f,u(q) are the g-analogues of K f,u defined as
in (4) by quantizing the partition function corresponding to the root system associated to g
(see 2.2). In [4], Hatayama et al. have introduced for type C,, a quantization X )C’;l (gq) of the
multiplicity of V(1) in the tensor product

WuAD ® - ® W(i,A)
where forany i =1, ..., n,
WA = V(A ® V(g —2DA) @ - ® V((1; mod 2)Ay).

This quantization is based on the determination of the combinatorial R matrix of some
U é (g)-crystals in the spirit of [13]. Note that there also exist g-multiplicities for the sp,-
module V(1) in a tensor product

V(AD®F @ V(A)®

where k, [ are positive integers obtained by Yamada [17].

In this paper we first use Jacobi-Trudi type determinantal expressions for the Schur
functions associated to g to introduce g-analogues of the multiplicity of V (1) in the tensor
products

@ b(w =VAD) Q- @ V(u, A1), D) = W(iyAD @ - -- @ W(n, A1)
(if) e(0) = V(Ay) @+ @ V(Ay,), €10 = W(A,) @+ @ W(Ay,) withn> |

where
WA =VA) B VA2 ® - D V(Akmod2)-

With the condition n > || for (ii), these multiplicities are independent of the type B,,, C;, or
D, of the Lie algebra considered. When g = 1, we recover a remarkable property already
used by Koike and Terada in [8]. Next we prove that these g-multiplicities are in fact equal to
Kostka—Foulkes polynomials associated to the root systems of types C and D. It is possible
to extend the definition (4) of the Kostka—Foulkes polynomials associated to the root system

A,_1 by replacing u by y € N" where y is not a partition. In this case K?f}’l (g) may have
negative coefficients but K f;" (1) is equal to the dimension of the weight space y in V (1)
that is

An—1
K n
2ol

0 otherwise.

KA (1) = if there exists a partition y and ¢ € S, such that a(u) = 7,
Ay -

Now if we extend (4) by replacing 4 by ¢ € N”, the polynomial K ?Z’l (g) is equal up

to a sign to a Kostka—Foulkes polynomial Ké ’;[1 (g) where v is a partition. We obtained

two expressions of the g-multiplicities defined above respectively in terms of the polyno-

mials K?f}’l (g) and K?;’(’l (g). By specializing at ¢ = 1, this yields expressions of the

corresponding multiplicities in terms of Kostka numbers.
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In Section 1 we recall the background on the root systems B, C,, and D,, and the corre-
sponding Kostka—Foulkes polynomials. We review in Section 2 the determinantal identities
for Schur functions that we need in the sequel and we introduce the formalism suggested in
[1] to prove the expressions of Schur functions in terms of raising and lowering operators
implicitly contained in [15]. Thanks to this formalism, we are able to obtain expressions
for multiplicities similar to (3). We quantize these multiplicities to obtain the desired g-
analoguesin Section 3. We prove in Section 4 two duality theorems between our g-analogues
and certain Kostka—Foulkes polynomials of types C and D. Finally we establish formulas
expressing the associated multiplicities in terms of Kostka numbers.

Notation. In the sequel we frequently define similar objects for the root systems B, Cy
and D,,. When they are related to type B, (resp. Cp,, D;), we implicitly attach to them the
label B (resp. the labels C, D). To avoid cumbersome repetitions, we sometimes omit the
labels B, C and D when our definitions or statements are identical for the three root systems.

Note: While writing down this work, I have been informed that Shimozono and Zabrocki
[16] have introduced independently and by using creating operators essentially the same
tensor power multiplicities. Thanks to this formalism they recover in particular Jacobi—Trudi
type determinantal expressions of the Schur functions associated to the root systems B, C
and D which constitute the starting point of this article.

2. Background on the root systems B,, C,, and D,

2.1. Convention for the positive roots

Consider an integer n > 1. The weight lattice for the root system C,, (resp. B, and D,,) can

Z n
be identified with Pc, = Z" | resp. Pg, = Pp, (E) ) equipped with the orthonormal

basis &;, i = 1, ..., n. We take for the simple roots
By By .
op" =epando;" =e —¢y1, i=1,...,n—1fortherootsystem By,
C” = 2¢, and ozc =¢ —¢&i41, i=1,...,n—1forthe root system Cy, (5)
zx,?” =¢&n +&,—1 and al.D” =g —¢&iq1, i=1,...,n—1forthe root system Dy.

Then the sets of positive roots are

R;fn ={e —¢ej, 6 +¢&jwith1<i < j<n}U{g; with 1<i<n}  for the root system By,
Rgn ={e —ej, 6 +¢&j with1<i < j<n}U{2¢ with 1<i<n} for the root system Cy,
Rzgn ={e; —¢j,6 +e;with1<i < j<n} for the root system D,.

Denote respectively by P+ , Pg and P+ the sets of dominant Welghts of 502,41, Span

and 50y, . Let 0 be the involutionin 7" such that 01, oy Xn_1, Xn) = (X1, ..., Xp—1, —Xn).
Then Rﬁn and Pg’ _are stable under the action of 0.
Let A = (41, ..., 4,) be a partition with n parts. We will identify in the classical way 4

with the dominant weight Y 7_, Z;¢;. Note that there exists dominant weights associated
to the orthogonal root systems whose coordinates on the basis ¢;, i = 1,...,n are not
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positive integers (hence which cannot be regarded as a partition). For each root system of
type By, C, or D, the set of weights having nonnegative integer coordinates on the basis
€1, ..., &, can be identified with the set 7, of partitions of length n. For any partition 2,
the weights of the finite dimensional 502,11, sp2, Or soz,-module of highest weight /4 are
allin w,, = 7". For any oo = (aq, ..., o) € T, We write |o| = o) + - - - + 0.

The conjugate partition of the partition 4 is denoted A" as usual. Consider A, u two parti-
tions of length n and set m = max (1, u;). Then by adding to 4’ and 1’ the required numbers
of parts O we will consider them as partitions of length m.

The Weyl group Wp, = W¢, of s02,4+1 and spa, is identified to the subgroup of the
permutation group of the set {n, . . . J2,1,1,2, ..., n} generated by s; = (i, i+ 1)(17, i+_1),
i=1,...,n—1ands, = (n,n) where for a # b (a, b) is the simple transposition which
switches a and b. We denote by /p the length function corresponding to the set of generators
si,i=1,...,n.

The Weyl group Wp, of soy, is identified to the subgroup of Wp, generated by s; =
Gi+DGi+D,i=1,....,n—1 and s, = (n,n — 1)(n — 1, ). We denote by /p the

length function corresponding to the set of generators s,’l_and si,i=1,...,n—1
Note that Wp, C Wp, and any w € Wp, verifies w(i) = w(i) fori € {1, ..., n}. The
actionof won = (fy, ..., B,) € Py, is given by

we (B B = BYL LB,

where f’ = B, if o(i) € {1, ..., n} and B}’ = —p,; otherwise.
The half sums pg , pc, and pp, of the positive roots associated to each root system
B,, C, and D, verify:
po == =dd) g ==l and
PB, = n—1,n-2,...,0).

In the sequel we identify the symmetric group S, with the subgroup of Wp, or Wp, generated
by the s;’s,i =1,...,n — 1.

2.2. Schur functions and Kostka—Foulkes polynomials

We now briefly review the notions of Schur functions and Kostka—Foulkes polynomials
associated to the roots systems B;,, C,, and D,, and refer the reader to [14] for more details.

For any weight f = (f;, ..., f,) € m, we set xP = x1] . --xf” where x1, ..., x, are fixed
indeterminates. We set

ag' = Y (=D x

weWp,

where w - x# = xWW _ The Schur function sl?” is defined as in [14] by

abn
By _ M
Sﬁ = B .

a
PBy
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A sf " is the Weyl character of V (v) the finite dimensional irreducible
s02n+1-module with highest weight v. For any w € Wp,, the dot action of w on f§ € 7, is
defined by

When v € nf

wof=w-(B+pp,)—ps,

We have the following straightening law for the Schur functions. For any f§ € 7, s 5 "=0
or there exists a unique v € 7 such that sg" = (—1)l(w)s§" withw € Wp, and v = wo f5.
Set K = Z]q, q_l] and write K[, ] for the KK-module generated by the xﬁ, p € my,. Set
Cp, = Klm,)"on = {f € Klm,], w- f = f forany w € Wp,}. Then {st"},v € nt isa
basis of K[r,,]V5x.

We define s/?' and s;;" belonging to Cc, = Cp, and Cp, in the same way and we
obtain similarly that {s,", v € 7,/ } and (sPn v e mm UO(m))} are respectively bases of Cc,
and Cp, .

The g-analogue PqB " of Kostant partition function corresponding to the root system B,
is defined by the equality

H 1—1qx°‘ = Z Pf”(ﬁ)xﬁ'

fXERg ﬁenn
n

Note that Pf "(B) = 01if f is not a linear combination of positive roots of R;ﬂ with nonneg-

ative coefficients. We write similarly ch " and PLID " for the g-partition functions associated
respectively to the root systems C,, and D,. Given 4 and p two partitions of length 7, the
Kostka—Foulkes polynomials of types B,, C, and D,, are then respectively defined by

Kiu@) =Y (=)' DPy(ali+ p) — (u+ p)).
ceW

Remarks.

(i) We have K,L#(q) = 0 when || < |y .

(i) When |4 = |ul, Kf’;(q) = Kfnu(q) = Kf;(q) = Kf’;;‘ () that is, the Kostka—
Foulkes polynomials associated to the root systems B,,, C,, and D,, are Kostka—Foulkes
polynomials associated to the root system A,_; (see [15]).

3. Determinantal identities and multiplicities of representations

3.1. Determinantal identities for Schur functions

Consider k € Z. When k is a nonnegative integer, write (k), = (k,0, ..., 0) for the
partition of length n with a unique non-zero part equal to k. Then set

B, _ By Cy _ Cy D, _ D,
he" =sah, =56, =8,
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and
BH —_ Bn Brl Cn J— Cn C”
HP' = by by o W B = B+ W o g,

n D, Dy, Dy,
=h" 4 oo

When £ is a negative integer we set hf" = h,f" = h,?" = 0and HkB” = ch" = HkD" =0.
For any « = (a1, ..., ;) € Z" define

B, By, Bn
};Cﬂ hoc|+1 +ha171 hoc1+nfl +h —n+1
. WL hEem, hunz+ha2n
uan — det . ‘e . (6)
B, B, Bn
hotn—n-',-] hot —n+2 +hoz -n 7 h%n + hac —2n+2

By using the equalities h,f” =H, kB” — HkB_"2 and simple computations on determinants we
have also

By By By By By By
H“1 - H1172 H¢1+1 Hoq 3 e H9<é+n,1 - Hozéfnfl
HBn 1 _ HBn 3 HBn H ’l - H n 2 _ H n 2
B oy — o — oat+n— op—n—
n = det . )]
Brl Bll Bn Bn Bn
Hanfnntl - Hoznfn—l Hxn n+2 Hyn —n=2 """ Hy," — Hozn72n72

We define ug" and uaD "similarly by replacing hf" respectively by h,f” and h,?"

Consider p and n two integers such that n > 1. When p is nonnegative and n > p, write
a?), =(,...,1,0,...,0) for the partition of length n having p non-zero parts equal to
1. Accordingly to Propositions 1.2.3, 1.2.4 and 1.2.5 of [8], we set

B, B, Cpn D,

ell’:_y(l';’) cep _v(l,,) if0< p<n, ep _v(lg,) 1f0;p<[r)z—landen _Y(l’;) +?0(],,)n
ep”_e2n+l g ifn+1<p<2n+1, ep = e2n+2 » ep"_ezn » ifn+1<p<2n,

By Cn :

ep'=ep"=ep" =0 otherwise

and

B}‘l
kmod?2°

B, _ B, , B c c

By = e+ ey + -+ epmar Ei ="+ e’y + e
Dy _ Dy, Dy Dy

BN = eyt elmodn

Forany f = (f;,...., B,,) € Z" define

B’l B’l Bn B’l
ﬁl ﬁ%+1 + eﬁl—l € tm—1 1 €g _my1
e )l e e e n e n
Bl g T B -2 Brtm—2F g, m
= det . . .
B
Bn Bn By By By

e e e e
ﬁm —m+1 ﬁm —m+2 + ﬁn —m ﬁm + ﬁm —2m+2
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By using the equalities ef” =FE ,f "—E fﬁz and simple computations on determinants we
have also

By _ pBn By _ pBn .. pbn _ b
E/’I Eﬁl_z Eﬂ1+l Eﬂ1—3 Eﬂ1+m—l Eﬂl—m—l
By _ B By _ Bn . By _ pBn
By Eﬁz— 1 E/f2—3 E/fz Elfz —4 E/Iz +m—2 E/fz —m=2
vt = det . S .
By _ gbn By _ gBn L. By _ pBn
E/lm —m+1 E/}m —m—1 E/}m —m+2 Eﬂm —m—2 E/fm E[fm —2m—2

The determinants vg” , v/?" are defined similarly. Note that vg” , vg” , v[?" are polynomials

in the indeterminates xi, ..., X, xl,,’ e, %

Proposition 3.1.1 (see Fulton and Harris [3, §24.2]). Consider /. a partition of length n
and suppose that ' = (Xy, ..., ) is a partition of length m. Then for types B, C and D
we have u; = s, and vy = s,.

Lemma 3.1.2 (straightening law for uy and vg). Consider o. € my then

w — { (=1)!Du; if there exists ¢ € S, and ). € T such that ¢ o o = ),
10 otherwise.

Consider f € my, then

op = { (=D Dv,  if there exists 6 € S,y and v € T} such that ¢ o o = v,
|0 otherwise.

Proof. By exchanging the rows i and i + 1 in the determinant (7) we see that uy,.q =
—uy. This implies that uge,, = (=Dl @y, for any ¢ € S,. Then it follows from the
definition of the dot action that u, = O or there exists y € 7w, and ¢ € S, such that
y1=--- 27, and y = ¢ o a. In this last case we have u, = (—l)l(“)u«,. Now if y; < 0O for
some i then u, = 0 since all the H; which appear in the lowest row of (7) are equal to O.
Thus 7 is a partition. The proof is similar for vg. [

3.2. Determinantal identities in terms of raising and lowering operators

Denote by £, = K[[x1, x] 1, ces Xn, X, 111 the vector space of formal Laurent series
in the indeterminates x1, x; 1, ey Xn, X, 1 we identify the ring of polynomials P, =
I<lxy, x; 1, ce Xny Xy, 1 with the sub-space of £, containing the finite formal series. The

vector space L, is not aring since the formal series are in the two directions. More precisely,
the product Fj - - - F, of the formal series F; = Z,B-eE,- i = 1, ..., r is defined if and

only if for any y € Z" the number N, of decompositions y = f; + - - - 4 f, such that f5; .
is finite and in this case we have

Fio-Fp=) Ny

ye 7"

In particular the product P - F with P € P, and F € L, is well defined.
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Consider the following two determinants

1 —1 —1 —n+1
xifl x?‘l‘i’ + x?l . x?‘l‘“’l 4 xitl n+
or+1 oy oap—2 oo+n—2 tr—n
) ) Xt X X +x;
0p (o) = det . .
—n+1 —n+2 — Oy —2n+2
x}f‘:n n+ xrolfn n+ + x;‘:n no.. xro:n + xrolfn n+
and
) 1 - -1 —n—1
le g quJr - xill 300, xi(1+n _ x?l n
oap—1 -3 ol o —4 oo+n—2 op—n—2
Xm T X Xym =X ) )
A, (o) = det
—n+1 —n—1 0y — —2n—2
x}f‘:n n+ + x’?fn n xnn n+2 x;:‘n no .. x’?n _ x}f‘:n n
From a simple computation we derive the equalities:
Xi 1 o
s= T (1==) ] (1- x* and
s Xj XrXs
1<i<j<n * 1<r<s<n
Xi 1
Moo= [T (1==) ] (- x*. (8)
e Xj XrXs
I1<i<j<n I<r<s<n

Wesethy =hy, - hy,, Hy = Hy, -+~ Hy,,eq =€y, - -y, and Ey = Ey -+ Ey, .

Remarks.

(i) For any partition u of length n, i, is the character of h(u) = V(i A ®---®@ V (1, A1)
and H,, is the character of H() = W(u A1) ® -+ ® W(u, A1) where for any k € N,
W(ki) = VkA) @ V(k —2)A1) @ - @ V((kmod 2)Ay).

(ii) For any partition y of length n such that ' is of length m, e, is the character of e(u) =
V(Aﬂi) ®---®V(Ay ) and E is the character of €(p) = W(Aﬂi) Q- @W(Ay)
where for any k € N with k<n, W(Ax) = V(AY) @ V(Ak—2) @ ® V(Akmod2)-

For the root system B,, we introduce six linear maps hp,, Hg,, ug, andep, , Ep,, vp, as
follows:

hp, : L, — Cp, Hp, : £, — Cp, up, : L, — Cp,
x> B X% HEP x>yl
and

{egn : L, — Csg, {EB,, : L, — Cp, {an : L, — Cp,

B B B
x% ey x* > E}" x% > vy”

Note that the restriction of these maps on P, are not ring homomorphisms. For the roots
systems C, and D, we define respectively the maps hc,, Hc,, uc,, ec,, Ec,, vc, and
th s H]_)”, up,,€p,, ED,, » VD, similarly.
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Let w, and Q, be the endomorphisms of £, corresponding respectively to the multipli-
cation by

X 1
¢, = l_[ <1——> l_[ (l— ) and
1<i<j<n Y Aris

1<r<s<n
n — _— - .
X Xpi X
1<i<j<n 77 1<r<s<n rens

Proposition 3.2.1. We have

1. w, =h, -w,andu, =H, -Q,,
2. Vp=¢,-wpand v, =E, - Q,.

Proof. (1) We have seen that h,, is not a ring-homomorphism. Nevertheless we have by
definition of the &,

n

hn(x(x) = hn(xfl) o 'hn(x;f") = hal <o hy,,.

More generally if Py, ..., P, are polynomials respectively in the indeterminates x1, .. ., X,
we have

hy (Pr(x1) - -+ Py(xp)) = hy(Pr(x1)) - - - hy (P (xp))

by linearity of h,. We can write

—oa(1)+1
(@)=Y (—Df@xuieO

oeS,

O(2—O'(2)+2 062 a(2) op—o(n)+n oy —0o(n)—n+2
X(X5(2) Yoy ) g + Xo(n) )

and by the previous argument
hy@Gn(@) =Y (=1 Phyy o141
oeS,
X(hoy—c@)+2 + hay—c2)) =+ (hoy—an)y+n + hoy—a(n)—n+2) = Uy

where the last equality follows from (6). By (8) we have J,,(¢) = w,,(x*). Thus by applying
h,, to this equality we obtain h, (v, (x*)) = uy = u,(x*). Hence u, = h, - ®,. We derive
the equality u, = H,, - Q, in a similar way starting from

(o), .o a(l)-i—l al—a(l)—l oy, —a(n)+n op—a(n)—n
M) =Y (=D Vg Yoy ) (ol Xy )
geS,

(2) The arguments are the same as in 1 once replacing the characters & and H respectively
by the characters e and E. [

Consider o = (a1, ..., 0,) € m, and two integers 7, j such that 1 <i < j <n. The raising
operator R; ; and the lowering operator L; ; are respectively defined on 7, by R; j(x) =
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o+¢& —¢ejand L; j(x) = o — & — ¢;. From the previous lemma we obtain:

Corollary 3.2.2. For any partition i = (i, ..., i) we have

se=| J] a-=-rRjp J] a=Lio]hw
1<i<j<n 1<r<s<n

se=| [[ a-r)p — Lrs) | Hp.
1<i<j<n 1<r<s<n

se=| J] a-R.p (1—Lyy) | ew.
1<i<j<m 1<r<3<m

Sy = [T a-rp [] a-t
1<i<j<m 1<r<s<m

where i/ = (i}, ..., ) is the conjugate partition of .

Proof. Let us write

Xi 1 o
¢n=1<i1:£<n(1_x_j> l_[ <1_xrxs>zza(“)x .

I1<r<s<n AETy

Then by 1 of Proposition 3.2.1, we have for any p € 7\,

u, (x*) =h, (Z a(a)x“ﬂ‘) = Z a(Whoqp = uy = sy

AET, oAET,

where the last equality follows from Proposition 3.1.1. This is exactly equivalent to

se=| J] a-=-rp ] a=Lno]|he

1<i<j<n 1<r<s<n

The arguments are essentially the same for the other equalities. O
3.3. Expressions for the multiplicities of representations

Lemma 3.3.1. The products

—1 —1
_ Xi 1
¢n1= || (1——) || (1— ) and
*J 1<r<s<n XrXs

1<i<j<n

—1 -1
1 _ Xi 1
o' = T (-%) T (1-:5)
1<i<j<n J 1<r<s<n e

are well defined in L,,.
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Proof. Given any f§ € Z", the number of decompositions

ﬁ = Z ai,j(gi - 8./') - Z br,s(é‘r + &5)

1<i<j<n 1<r<s<n

with ¢; ; and b, ; some positive integers is finite. Thus ¢, !'is well defined. The proof is
similar for @, 1. O

Write

.= Z f)x* and @' = Z F(a))x*.

UET, oUETT,
Then ¢, and @' belong to L.

Lemma 3.3.2. Consider p a partition of length n with i’ of length m. We have

D =Y f@upra, ) Hy= ) F@uyis,

OETT, AETy
(i) e = D @V (V) Ew = ) F@vsa
OET, OET,

Proof. Write @, for the linear map

@y 2 Py — Ly,
P ¢,'P.

Then for any f € w,, we have w,(®, (xﬂ)) = xP. By Proposition 3.2.1 we know that
u, = h, - w,. We derive

W (@ () = by - 0 (@0 () = by (xF) =
for any f € m,. When f§ = u this is equivalent to (i). We obtain (ii) similarly by using
the linear map Q, : P — @ 'P. The arguments are the same for the equalities (iii)

and (iv). O

The identities of the above lemma can be rewritten by using raising and lowering operators
as in Corollary 3.2.2. Namely we have

I I
Ll U G v ot U G vl R

1<i<j<n bl 1<r<s<n

1 1
Hy = l—[ 1 - H 1— L, Suo

oo —sz
1<i<j<n 1L r<s<n
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1 1
ew=| Il =% 1l =L, |t

1<i<j<m 1 bl <r<s<m
Ee=| T —— I ——|s
g 1<i<j<m I=Rij 1<r<s<m I=Lps )"
For any positive integer n write p; = (n,n — 1, ..., 1).

Proposition 3.3.3. Consider a partition p of length n such that @' has length m. Then for
the three roots systems B,,, C,, and D,, we have:

W = Y sent Yges, D' f@O+p,) —p—pyu;
Hy = Zienj ZUES,, (_1)1(0-)17(0'(/1 +p,) — U= puy

(ii) e = Z\’En;',; Zo—eSm (_1)I(J)f(0-(v + pm) - ,l,t/ - :Dm)v" )
Ep =Y vent Yoes, D OF@O+p,) =1 = pp)vy

Proof. (i) Note first that the above relations do not depend on the root system considered.
Indeed for any nonnegative integern, we have pp = p, — (%, cees %), pc, = ppandpp =

pn—(, ... ). Thusa(A+ppg )—pu—pp, = c(A+pc,)—H—pc, = 0(4+pp,)—p—pp, =
a(2+ p,) — 1— p,. We have

hu="Yy_ f@upia.
UET,
From Lemma 3.1.2 we deduce that for any « € m, we have u;, = 0 or there exists
a partition A such that y + o« = o(4 + p,) — p, and uyy = (—=D)!@y;. By setting
o = 6(A+p,) — it — p,, in the above sum we obtain iy, = Y, Y s (=N fo(i+
Pn) — u— p,)u ;. The arguments are similar for the other assertions. [l

From relations (i) and by using the fact that u; = s, for any partition 1 of length n, we
derive the equalities

hy = Z Uy 1S and H, = Z U/L,us/l

LET, AET,

where

w=» (=D fe(+p,) —p—p,) and
oeS,

Upu= Y (=D"PF(@(+p,) —p1—p,) ©)

oS,

are respectively the multiplicities of V' (4) in h(x) and $(p). Note thatu; , = 0and U , = 0
unless |u| > |4].

For the relations (ii) the situation is more complicated since the partitions v obtained by
applying straightening laws to the v, 4 yields polynomials vy where v € 7}, is a partition of
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length m so cannot be necessarily regarded as the conjugate partition of a partition lemt.
The straightening law of Lemma 3.1.2 implies that |v| = | I | Since |u| = , this problem
disappears if we suppose n > |u| for we will have v; < |v| <n and thus v € 7,7. We can
then set v = A’ with A € m,, and obtain

ey = Z v, us, and Ey = Z Vi, uSi

Aemy, Jemy,
We deduce that
v =ty = Y D' F@C 4 pp) = 1 = o), (10)
oeS,,
Viu=Uy = Z (=DIDE@ +p,) — i — p,)s (11)
ceSy

are respectively the multiplicities of V (4) in the tensor products e(u) and (1) whenn > |pu.

4. Quantization of the multiplicities

4.1. The functions f, and F,

Set
Xi q
da@ = 1 (l—q—’.) [ <1——. ) and
1<i<j<n Y <res<n ity
x q
o) = [] <1 q—’) [1 (1——, )
1<i<j<n Y <r<s<n ity

The functions f, and F; are obtained by considering the formal series expansions of q’),jl (@)
and @, (¢). Namely we have

@)= fyx” and ®'(g) =) Fy()x”. (12)

oET, AET,

4.2. Some g-analogues of multiplicities of V (1) in h(w), H(w), e(n) or €(w)

Given 4 and p two partitions of length n, let ¢; ,(¢) and C; ,(q) be the two polynomials
defined by

W@ =Y (=" f(eCG+p,) —pu—p,) and
oeS,

Upu@) = Y (=D'QFy(cC+ p,) = 11— p,).
oeS,
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Then from the equalities (9), (10) and (11) we obtain:

Proposition 4.2.1. Let . and p be two partitions of length n. Then

1. u; ,(q) and U, ,(q) are g-analogues of the multiplicity of the representation V (1) in
b(w and H(w),

2. v;,(q) = uy(q) and V), () = Uir’“, (g) are g-analogues of the multiplicity of the
representation V (1) in e(u) and €(w) when the condition n > || is satisfied.

The following example is obtained from the explicit computation of the function f,
whenn = 2.

Example 4.2.2. Consider u a partition of length 2 and set £, = {1 € n;, A= +r—
S,y —1r —58), s €{0,..., 0}, 7 €{0,..., u, — s}}. Then for any partition 4 of length 2
we have:

_fghThifle gy,

(@) = { 0 otherwise.

Remarks.

@) ;t follows from the definition of the g-functions f; and F, thatu, ,(¢) = U, ,(g) =0
if |A] > |ul.

(ii) It is not trivial from the very definitions that u; ,(¢) and U, ,(q) are polynomials in
q with nonnegative integer coefficients. This property will be proved in Section 5 as a
corollary of Theorem 5.1.5.

5. The duality theorems
5.1. A duality theorem for the g-multiplicities in Hh(n) and H(w)
For any nonnegative integer n, setx, = (1,...,1) € m,.

Lemma 5.1.1. Consider /., i two partitions of length n such that |1| > |u|. Let k be any
integer such that k > M Then we have

K iaen otk @ = Y (=D'OPy(a(i+ p,) — (u+ py))- (13)

geS,

Proof. Since P, (x) = 0 if o is not a linear combination of positive roots with nonneg-
ative coefficients, we have P, («) = 0 for any « € 7, such that |x| < 0. Consider ¢ =
(01,...,0p) € my and w € W,. Write w(d) = (0y,...,0,) and set E,, = {i, w(i) ¢
{1,...,n}}. Define the sum S, s = ZieEw i Then |w(d)| = [] — 25, 5. Now con-
sider k a nonnegative integer and set 6 = (4 + p,, + kx,). We have Iw(/l +p, + k;cn)| =
|(A4 p, + kicn)| — 28, 5. But S 5 = S, 1p, + kp where p = card(E,). Thus we
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obtain

|w(d+ p, + kicy) — (1 + p, + kicy)|
=[Gt py + k)| =28, 5p, — [+ py + ki) = 2kp
= 1Al — |4l = 28y 14, — 2kp.
When w ¢ S,, we have p>1 and Sy, ), >1 since the coordinates of 4 + p,, are all
positive. Hence |u)(/1 + p, +kKp) — (u+p, + kK,,)| < |A] = |u| — 2k and is negative

as soon as k> M For such an integer k the sum defining K sy, ytkx, (¢) normally
running over W,, can be restricted to (13) and we obtain

Kkron ik, (@) = Y (=D OPy(@(h+ p, + kicn) = (i + p,, + kicy)).

geS,

Since o € S,,, we have o(kk,) = kk,,. Thus

Kkon ik @ = Y (=D'OPyc(i+p,) — (u+p,)). O

oEeSy
We define the involution / on w, by I(oy,...,0,) = (—0,...,—0o) for any o =
o1y enny0p) € Ty
Lemma 5.1.2. For any o = (a1, ..., 0%,) € T, we have

fo@ =Pl (@) and Fy(x) =P (I ()

where ch "and PqD " are the g-partition functions associated respectively to the root systems
B, and D,,.

Proof. By abuse of notation we also denote by I the ring automorphism of £,, defined by
I (x*) = x!®_ The images of the root systems C,, and D,, by I are respectively

{ {ei —ej, —&; —ej with 1 <i < j<n}U{-2¢; with 1<i<n} for the root system Cp, (14)

fei —ej, —&i — s'j with 1 <i < j<n} for the root system D,;.

By applying I to the equality

we obtain
! ! Corprl B
[l a0 Il o= o™
1<i<j<n Xj7o1<r<s<n XrXs Pen,

Set o = I (f§). The equality becomes

D, ()= PE U (@))x"

oET,
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and from the definition (see 12) of the function Fy;, we obtain P, " (I («)) = Fy (). The asser-
tion with f, is proved in the same way by considering the positive root
system D,,. [

Given ¢ € S, denote by ¢* the permutation defined by
(k) =0n —k+1).

Foranyi € {l,...,n — 1}, we have s;" = s,—;. The following lemma is straightforward:

Lemma 5.1.3. The map ¢ — ¢* is an involution of the group S,,. Moreover we have
a(I(B)) = I(c*(p)) and l(o) = I(c*) forany f € n,, 0 € S,.

Lemma 5.1.4. Let 4, u two partitions of length n and ¢ € S,,. Then

(=D'P £y (0G4 p) = (u+ p,) = (D" PP UG + p,) — T (W) + p,))
and

(=D Fy 0+ p,) = (u+p) = (=1 PE(* T () + p,) — (W) + p,).
Proof. Since [(g) = I(c¥), it suffices to prove the equalities

f1@0A+ py) = (u+ ) =P ("D + p,) — (W) + p,))

and
Fq(o—()» + pn) - (:u + pn)) = chn (0_*(1()~) + pn) - (/l) + pn))
Set P = ch,, (a*(I(2) + p,) — (I (W) + p,,)). From the above lemma we deduce

P =PE(I(a(D) + 0% (p,) — 1 (1) — p,)-

Now an immediate computation shows that 6*(p,,) — p,, = I (a(p,,) — p,,). Thus we derive
P = 'PqC"(I(O’(l—‘r[)n) —H—= pn)) = Fq(U(/1+Pn) e pn)

where the last equality follows from Lemma 5.1.2.

We obtain the equality f, (c(Z+ p,) — (1 + p,)) = Pg" (a(I(2) + p,) — (L () + p,)
in a similar way. [

Theorem 5.1.5. Consider 4, p two partitions of length n and set m = max (41, ;). Let

k be any integer such that k}@. Then ) = m—"Jn,....m—21) and @ = (m —
Wy, - .., m — Q) are partitions of length n and
_ g Dn
M),,M(CI) = Kzg‘k’(mﬁ"rkl(n (q)s
Uin(@) = K,i\+klc,l,ﬁ+k1<,, @)-
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Proof. First / and U are clearly partitions of length n since m = max(;, u;). It follows
from the definition of U} ,(¢) and the above lemma that

U)”H(q) = Z (_l)[(G)F‘I (G(A + pn) —H— pn)

oeS,

= Y D)'OPEGHU D)+ p,)) — T (W) + py))-

o*eS,

Then by Lemma 5.1.3 we obtain

Upu(@) = Y (=D'OPE @ (D) + p,) — (1) + p,))-

oeS,

We have a(I (1) + p,, + mx,) = a(I (L) + p,) + mi, since ¢ € S,. So we can write

Upu(@) = Y (=D OPE (I (2) + mrcy + p,)) — (L (1) + micy + p,)).

geS,

Since 7 = I(2) + mx, and = I(p) + mx, we derive

~ ~ Cy
Up@) =Y (=D'OPE 6+ p,) — @+ p,) = K ke, e, @
geS, ’
by Lemma 5.1.1.
We obtain similarly the equality u ), H(q) = KED-:kxn Atk (g) by replacing ch " by PqD "

O

Exa’lpple 5.1.6. Consider u = (4,2, 1) and 2 = (2,1,0). We have m = 4, u = (3,2, 0)
and 4 = (4, 3, 2). We choose k = 2. Then we obtain the equalities

Dy,
Mﬂ,,u(‘]) = K(g’5’4)’(5’4)2)(Q) = C]3 + 612,
U/l,u(Q) = K(6T5,4),(5,4,2)>(Q) = 615 + 21]4 + 3q3 + 2q2-

By using the fact that the Kostka—Foulkes polynomials have nonnegative integer coeffi-
cients [11] we obtain the following corollary.

Corollary 5.1.7. The polynomials u, ,,(q) and U, ,(q) have nonnegative integers coeffi-
cients.

We also recover a property of the Kostka—Foulkes polynomials associated to the root
system A,_1 proved in [9].

Corollary 5.1.8. Consider 1, u two partitions of length n such that || = |u| and set
m = max (41, tt). Then the Kostka—Foulkes polynomials associated to the root system
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Ap—1 verifies
An—q An—1
K~ n — KA n
o @ P (@)
where = (m — 2y, ...,m — ) and i= (m — p,, ...,m — y).

Proof. Suppose that f3is a linear combination of / (Ré" ) with nonnegative coefficients such
that | 3| = 0. Then f is necessarily a linear combination of the roots &; —¢;, 1< i < j<n
with nonnegative coefficients (see (14)) that is, a linear combination with nonnegative
coefficients of the positive roots associated to the root system A, _;. This implies that

Fo(B) = Fy(B)y =P ()

where 73,}4 "~ is the g-partition function associated to the root system A,_;. Forany ¢ € S,,
we have ]a(ﬂv +p,) — (u+ p,,)| = O since |4| = || . Thus

fq(U()u + pn) - (,u + Pn)) - Fq(a(/AL + pn) - (,u + pn))
=P G+ pp) — (1 + pn))

and the multiplicities u; ,(¢) and U, ,(g) coincide with the Kostka-Foulkes polynomial
An—l _ : 3 — —
KA‘,;; (¢) when || = |u| . Moreover by applying Theorem 5.1.5 with |A| = |u| and k = 0,
we obtain U, ,(q) = jc ”ﬁ(q) = K; %*' (g) where the last equality is due to the fact that
the Kostka—Foulkes polyﬁomials of t,ypes B,, C, or D, are Kostka—Foulkes polynomials

associated to the root system A, _; when |4 = |u|. So we derive the equality K)A’I’;' (@) =

Ap—1

We have seen that U, ,,(¢) can be regarded as a g-analogue of the multiplicity of the
representation V (1) in 35C" (p). In [4], Hatayama et al. have introduced another quantization
X, u(q) of this multiplicity based on the determination of the combinatorial R matrix of the

U é(C,(ll))—crystals By Considered as the crystal graph of the U, (C,)-module My, By can
be identified with

B(kA1) @ B((k —2)A1) @ - - - - ®B(kmod 2A 1)

where for any i € {k,k — 2, ..., kmod 2}, B( kA1) is the crystal graph of the irreducible
finite dimensional U, (C,,)-module of highest weight kA;. Note that the character of M is
equal to H, kC "

Recall that the combinatorial R-matrix associated to crystals By is equivalent to the
description of the crystal graph isomorphisms

B ® By = By ® By,
by @ by —> b, ® b}
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together with the energy function H on B; ® Bi. The multiplicity of V(2) in $ (u)
is then equal to the number of highest weight vertices of weight / in the crystal B, =
By, ®---® By, . Then X, ,(q) is defined by

<j<n HBi@b])
Xixﬂ(Q) = Z q20<1<./<n ( i
bEE}V

where £ is the set of highest weight vertices b = by ® - - - ® b, in B, of highest weight
Ay by) is determined by the crystal isomorphism

B’ui ®B.ui+l ®Bﬂi+2®.-.®Bﬂj — BH1®BIH/®BHH—I .-.®B.u_j—1’
bi®bip1® @b > b @b @ @Y

andforany j =1,...,n, H(by ® b;l)) depends only on b;l).
Many computations suggest the following conjecture

Conjecture 5.1.9. For any partition 4 and p of length n with |u| > ||
Up ) = ¢V x; ().

Note that the conjecture is in particular true for all the examples given in the tables
of [4].

5.2. A duality theorem for the q-multiplicities in ¢(u) and €(w)

Consider 4, pt two partitions of length / such that [ > |u| > || . Write n = max (41, y;).
Then by adding to /' and g the required numbers of parts 0 we can consider them as
partitions of length n. Set m = max(4}, i}). We define the partitions / and 7 belonging to

TbyA=(m—1J,,...om—=2)and = (m—p,....m— ).

Theorem 5.2.1. With the above notations, we have for any integer k > M

. — Dn
) vipl@) = K37 (@),

.. _ wCn
(i1) VA,#(Q) = K/l+klc,,,,t7+kkn (q).

Proof. Since /> |u|, we have by Proposition 4.2.1 the equality v; ,(q) = u I (g). More-

, || .
over we have m > max (4}, ¢}) and k}% for [Z'| = |4 and || = |ul. Hence
Dy,
- . F+kkn,ﬁ+kx,,
s oeym =2 =Aand W = (m — ), ..., m — p}) = [ So (i) is proved. We obtain (ii)
similarly. [

by applying Theorem 5.1.5 we obtain v; ,(q) = K (¢) where 2/ = (m —

Example 5.2.2. For A = (2,1,0,0,0) and u = (2,2,1,0,0) we have [ = 5,n = 2.
Moreover /' = (2,1), i = (3,2)and m = 3. So /4 = (2,1) and .t = (1, 0). Hence for



C. Lecouvey / Journal of Combinatorial Theory, Series A 113 (2006) 739—761 759
k=1

. D,
(1) U}.,y(‘]) = K(SC2)’(2’1)(6]) =q
(ii) VZ,y(CI) = K(3',12),(2,1)(‘]) = q2 +4q.

Remark. When A, ;¢ are considered as weights associated to the root system Cj, the above
theorem is essentially the quantization of a duality result explicited by Foulle [2] from
results of [7] for the dual pair (Sp(2]), Sp(2n)).

6. Identities for the g-multiplicities U; ,,(¢) and u,_,,(q)
6.1. A relations between g-partition functions

Consider a nonnegative integer k and define the finite sets

Cl={Bem,B=2 1< r<s<n ers(er+&) withe, s >0and |B| = 2k},
={femn, pf= Zl<r<s<n ers(er + &) with e, >0 and || = 2k}.

Note that each § € C} (resp. f € D}) verifies || = 2 Zlgrgsgn ers (resp. |p| =
2 ) <res<n €rs)- This implies that

I =Y 3 Srghed and
(1— ) ﬁ

1<r<s<n k=0 peCy

x,xs

I<r<s<n k=0 BeCy

Du k_f
[1 =2 2 s
1—
Xy Xg
where cg” (resp. c/?”) is the number of ways to decompose fas f = > ; <, < <, €rs(&r +
gg) (resp. f = Z] <r<s<n ers(er + &5)) with e, >0.

Lemma 6.1.1. For any § € ©, with |f| = 2k >0, we have

Fo =Y &g P (B+0) and  fo(Br= cfq"Py" (B +0).

secy SeD!

Proof. We have:

M oy I 5= Lo
(1-e) e (=55)

I<i<j<n (1 —g= ) 1<r<s<n NEM, Semy,
X
J

Xy Xg

which implies the equality Fy(8) = 3, _s_ ¢5"qlo/2P;"~ (). Since Py~ (p) = 0
when || # 0, we can suppose || = 0 and || = || in the previous sum. Then 6 € C}/ and
the result follows immediately. The proof for f, (f) is similar. [



760 C. Lecouvey / Journal of Combinatorial Theory, Series A 113 (2006) 739—761
6.2. Expressions of the multiplicities u ,, and U, in terms of Kostka numbers

Suppose that & and y belong to 7,. Then we can define the polynomial

K@) =) (=)' OP @€+ p) — (0 + pu))-

oeS,

Note that the coefficients of K ?’],‘1 (g) may be negative. When & = Ais a partition, K )Af}'," =
5/ Ly
Kﬁ;" (1) is equal to the dimension of the weight space of weight y in V (4). When y = u

is a partition, we have

" '(q) = (- 1)’(T)K "(q) if ¢ =10 (v) witht € S, and v a partition,
otherwise.

Proposition 6.2.1. Consider A, |t two partitions of length n such that k = |u| — |A| >0.
Then

D, = Ap_ —l4]
Miu“(q): Z ¢4 2 Aﬂ 15( )= Z 05 C] 2 /1+5,u(q)

0eD}; 0eD}}
and
€y WS Ay L~
U@ = ) c5"a = K@ = ) c5'a 7 K5 @).
0eCy 0eCy

Proof. By definition we have
Upu(@) = Y (=D"PFy 02+ p,) = (+ p,))-
oeS,
Hence from the above lemma we derive
n A”—
Upu@) =Y 5712 37 (=) OP 6+ p,) — (u=0+p,)) (15
0eCy} oeS,
which yields the first desired equality since K A'H(;(q) = des (—1)1(”)77&'71 (o(4 +

pn) — (u—0+p,)). Forany ¢ € S, we have ¢(C}}) = C} and ¢ Cn . Thus (15) can

a0 — Ca
also be rewritten

Usu(@) = g1l Z (-1 Z cg”P;"_l(o(l +p, +0)— (u+p,)
geS, oeCy

B G WL A
=Y cs'a * KI5 (@
0eCy
The proof is similar for u; ,(g). U

By setting ¢ = 1 in the above relations we obtain the following expressions of the
multiplicities U, ,, and u;, , in terms of Kostka numbers.
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Corollary 6.2.2.

— .Cn Ap-1 _ ,C,, An—q
U/l,,u = ZéeC}j ) KAAN—(S - ZéEC,f,‘ s KAXé,u’

_ D n—1 __ D, n—1
V= ZéeD,’: s Kyip-s= ZéeD}Z 5 Kiiow
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