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Abstract

Gitik, M., The strength of the failure of the Singular Cardinal Hypothesis, Annals of Pure and
Applied Logic 51 (1991) 215-240.

We show that o(x) = k™" is necessary for "SCH. Together with previous results it provides
the exact strength of “SCH.

0. Introduction

The singular cardinal hypothesis (SCH) is a descendant of the generalized
continuum hypothesis. It states that x* = k* + 2%~ for a singular cardinal k. In
particular, a power of a singular strong limit cardinal k is always k*. We refer to
[2,5,7,8,9, 10, 11, 14, 16] for the motivation and previous results.

Our aim will be to show the following:

Main Theorem. Assume that "(3ao(a)=a*"). Let k>2™ be a singular
cardinal. Then pp(k) = k™.

The strength of “SCH can be deduced from the Main Theorem and the
following theorem of Shelah.

Theorem (Shelah). Suppose that k is the least singular cardinal satisfying x>
k* +2%% Then pp(k) = k*™; cf k =R, and for every u <k, pfo<pu* + 2%,

The case x <X, appears in [16] and the general one in [17].

Corollary (to the Shelah Theorem and Main Theorem). The strength of “SCH is
at least “ao(a)=a**”.
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[5] provides the opposite direction.

Previously, Mitchell [14] showed that strength of —SCH is at least
“3k {o(@) | @ <k} is unbounded in k” and the strength of existence of a cardinal
of uncountable cofinality violating SCH is at least “Iao(a) = a**”.

Our proof relies heavily on the Covering Lemma of Mitchell and uses some of
the ideas of Shelah developed for studying the cardinal arithmetic. We are
grateful to both of them for sharing with us (directly or indirectly) their deep
insights. We would also like to thank Mitchell and the referee of the paper for
various corrections and suggestions they made reading an earlier version of the
paper.

The paper is organized as follows. In Section 1 the main technical definitions
will be given, the Mitchell Covering Lemma and some of the facts following from
it will be stated. Section 2 is devoted to the proof of the Main Theorem. Some
generalizations and further directions will be discussed at the end of this section.
In Section 3 we present some forcing constructions related to cases which appear
in Section 2 and to a question of Mitchell about existence of accumulation points.

1. Preliminaries

Let x be a singular cardinal of cofinality w. Let k<K, <---<k,<---bea
sequence of cardinals below k and let D be a filter over w. Define an order on
[,<u K, as follows:

g<pf it {n|g(n)<f(n)}eD.

If D is the filter of cobounded sets, then let us denote <, by <.

A set Ac [, K, is called unbounded for D if for every g e[ 1, k, there is
f €A, fp >g. The true cofinality tcf({[ 1<, k,, <p)) is the least A such that there
exists an unbounded linear ordered subset A of [, _,, k,, of cardinality A.

Note that, if D is an ultrafilter, then the true cofinality is always defined. The
following notions were introduced by Shelah [18] in order to refine the usual
power set:

ppo(k) = sup{tcf(< M x,, <D>) ‘ k; = cf k; <k, for every p <k

{i| ;= p}eD and < M K, <D> has a true coﬁnality}
i<w

pp(x) = sup{ppH(x) | D = cobounded subset of w}.

The proof will heavily rely on the Covering Lemma of Mitchell for the core
model with the maximal sequences of measures ¥(%) and the properties of
models appearing in it. Let us only state some basic definitions and the facts that
we are going to use. We refer to the Mitchell papers’ [11-15] for a detailed
presentation.
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The Mitchell Covering Lemma. Let N < H, (for some A= k*) be such that

(a) “Ne N,

(b) |N| <k,

(c¢) NNk is cofinal in k.
Then there are a function h™ € ¥(¥F), an ordinal 8" <|N|* and a system of
indiscernibles CN such that NN H, N H(F), N N P(x) N H(F) < hN"(6Y, CV).

Fact 1(a). C" is a function with domain a subset of the domain of ¥ | x + 1. For
every (a, B) e dom C", CV(a, B) is a subset of « so that the following holds

VieX(F)Ad<aVveCV(a, B)\OVxef'v vexoxNae Fa,p).

Further we shall confuse C¥ and | {C"(«, B) | (a, B) € dom C"}. Elements of
CV (i.e. of C¥(a, B) for some (&, B)) are called indiscernibles.

Note that CV | k is a system of indiscernibles of the mouse related to N, but
over k itself CV(a, B) is connected with the measure F(k, §) of (%) rather
than those of the mouse. Thus CV | {x} is what is called in [15] the maximal
system of indiscernibles of N. Also instead of dealing with the Skolem function of
mice deal only with its restriction to H, X H, and replace the ordinal values of it
above k by assignments introduced in [15]. Let us not give the definition of these
notions but instead state the properties of such ‘combined’ functions A" that we
are going to use further.

Fact 1(b). (i) The ordinal values of h™ | k are in max(k, o *(x)).

(ii) If c e C¥(a, B) and x e A¥"(c N N), then ¢ € x iff c € F(a, B).

(iii) If c € CV(a, B), then KN"(c) N (a\c) =@.

(iv) If SexNN\C", then for some &,,...,8,eC"NS, &=
RV (6, ..., 8,).

(v) For every ceCV there exists a unique pair («, B)€h™"c such that
c e CN(a, B). Actually o € hN"(c N N) and if « < k then also B € h""(c N N). Note
that in this presentation for a = x this B may be not in N. Let us denote a by a™(c)
and B by B¥(c).

(vi) If ceCN(a', B’) for some &' + a™(c), then a' € C¥(a™(c), B") for some
B"> B(c) such that B' = c(a™(c), B(c), B")(a"), where c(-, -, -) is the coherence
function for F, i.e., c(a, B, v) is the least function f in X (F) so that [flg(a,v = B-

(vii) If f:x— 0%(x) belongs to NN H(F), then there is some T <k so that
f(§) =h"((z, &)) for every E < k. Let us call further such a t a support of f in N.
Notice that t need not be in N.

This property is not stated explicitly in [14, 15] but it follows easily using the
techniques of this paper. Proceed as follows. Let F denote the set NN {f | f:x—
0%(x)}. Using the Covering Lemma, find F*e H(F)N {f |f:x— o%(x)}
containing F and of cardinality x. Let d: k — F be some function in #(%). Plug it
into A"
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Fact 2. Let N, N' be models as in the Covering Lemma (further, we shall deal
only with such models, so N, N’', M, etc., will always denote such models). Then

(1) {ce NNN'|ceCN\C"'} is finite.

(2) {a|3ceC"NCY a=a™(c) # aV'(c)} is finite.

(3) {a|3ceC"NCY a=a"(c) = a'(c) and BY(c) # BV (c))} is finite.

(4) If D is an unbounded subset of «, ¢ € CV(a, B.) for each c € D, and D and
(B.|ceD) are in both N and N', then {c € D | c ¢ C¥'(a, B.)} is bounded in a.

(5) If (¢, |v<8) eN is an increasing sequence of indiscernibles, c =\, sc,
and c, € C¥(a, B,) for each v where {B, | v < 8} € N is a nondecreasing sequence,
then either ¢ = a or ¢ € C"(a, B) for some B such that > B, for all v< 4.

Set sV(a, B, y) =min(C¥(a, B)\(y +1)). It is called the least indiscernible
function. An indiscernible ¢ € N is called an accumulation point for (a, B) if for
every v € NNc for every y € NN N h™"c there are an indiscernible ¢’ € N and
an ordinal B’ such that v<c'<c¢, y<p'<p and ¢’ e C"(a, B’). Further, by
(@, B)-accumulation point we shall mean an accumulation point for («, 8) which
is not an accumulation point for (a, B +1). a"(a, B, v) denotes the least
(@, B)-accumulation point above y.

Fact 3. Let N, N' be two models as in the Covering Lemma. Then there is £ <k
so that for every (o, B, Y) e NNN' with y > &

sM(a, B, v)=s"(a, B,v) and a"(a, B, y)=a"(a, B, v).

2. The proof of the Main Theorem

We are going to prove a slightly more general statement. By the theorem of
Shelah, stated in the beginning, it will easily imply the Main Theorem.

Theorem A. Let x>2™ be a singular cardinal of cofinality R,. Suppose that
pp(x) > k*. Then one of the following two conditions holds.

(1) o(x)=k*" in an inner model.

(2) There are unboundedly many cardinals u < k so that for a regular cardinal &
which is a limit of measurable in # (%) cardinals u* <& < u®.
Remark. The condition (2) seems to be much stronger than just o(x)=k"".
With an appropriate generalization of the Mitchell Covering Lemma to models
with extenders, (2) should imply the existence of an extender of measurable
length in an inner model.

Proof. Suppose otherwise. Then by [18], there are an increasing sequence of
regular cardinals (k,|n<w) with limit k¥ and an ultrafilter D containing all
cobounded subsets of w so that tcf(l 1,<,, k., <p)=k**. Let {f, | a<k**) be a
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sequence witnessing this. It is possible to replace D by the filter of cobounded
sets. It follows from [20] or [1], or just force an w-sequence almost contained in
every set in D. Since it can be done by ccc forcing, nothing above would be
effected.

So, let us assume that D is just the filter of cobounded subsets of w.

In the following, by a model we shall always mean a model as in the Covering
Lemma which contains (k, |n <). For a model N let us denote by ch” the
characteristic function of N, i.e.,

ch™(n) =sup(NNk,) for every n < w.

Up to Claim 22 we can restrict ourselves to models of cardinality 2.

Before proceeding further, let us describe the scheme of the proof. We shall
start with any scale (f, | « <x**), i.e., a sequence witnessing tcf(I -, k., <) =
k**. Then it will be replaced from time to time by better and better scales. That
is, first, by sequences of characteristic functions of models like in the Covering
Lemma. Such a function ch" will consist of limit indiscernibles (ch™(n) |n < w)
with &¥'(ch™(n)) =k, where N' > NU {ch", #"}. The fact that the number of
h™’s is small is crucial for this.

Then the proof splits into two cases. The first deals with so-called independent
sequences of indiscernibles. Intuitively this means that indiscernibles (or at least
many of them) in the intervals (k,, k,,;) are not connected with indiscernibles
below k,. A little bit more precisely, a sequence (c, |n <) of indiscernibles is
independent if k,.,<c,<k, and the index of the measure for which c, is
indiscernible, i.e. B(c,), does not depend on {cy, . . ., ¢,_,). The typical example
for this is the situation when 0%(kx,)=k, and the indiscernibles for all the
measures appear. Thus a sequence (c, | n<w), K,_;<c, <k, of indiscernibles
such that B(c,) =0, is independent. Using Fact 4, it will be shown that the
number of independent sequences is k*. And then the contradiction will be
derived. Here is actually the place where we are using the fact that the number of
functions in ¥ (%) from « to o(x) is small. Note that the model of [5] constructed
using o(k) = k"", has k** independent sequences. The same is true about the
models of [21] and [6] with wider gaps between x and 2. The number of
independent sequences in this model is 2*.

The second and actually the main case is the case when the indiscernibles in
(K, K,+1) are connected with indiscernibles below k,. The typical situation here
is as follows: 0%(k,.,) = k,, and indiscernibles for all the measures appear. The
scale of characteristic functions here will be replaced by a better one. It will
consist of so-called diagonal sequences. Intuitively, this means a function
f €l ,cw Ky, so that for some model N with f e N, (f(n)|n <o) is a sequence
of indiscernibles of N so that a™(f(n))=k,, BY(f(n))=f(n—1) and f(n) =
sN(k,, f(n —1), k,_y), i.e., f(n) is the least indiscernible above k,_, for measure
F(x,, f(n — 1)). Note that such functions are actually ‘the trouble makers’, since
a disagreement between two such functions in the beginning cannot be fixed later.



220 M. Gitik

A diagonal function f is called faithful if cf(f(n)) = cf(f(n — 1)) for all but finitely
many n’s. It will be shown that it is possible to construct a scale {f, | @ <x**)
consisting of faithful diagonal functions. Then for 8’s below k** of cofinality x*,
a least upper bounds f} of (f, | «<§8) will be considered. There will be only
three possibilities for such f3. Namely:

(a) f3 is a faithful diagonal sequence;

(b) f3 is a diagonal function but it is not faithful;

(c) {f3(n)|n<w) is a sequence of accumulation points.

Possibility (a) can be ruled out immediately, since y“ < k for every y < k. The
possibilities (b) and (c) are treated similarly in Claims 22 and 23. We consider
(2™)* such &’s and produce an increasing sequence (f3(n) | i < w,) for infinitely
many n’s. Then y, =sup{fi(n)|i < w,} will be a regular cardinal in #(%) with
0%*(v,) <k,_,, for unboundedly many »’s. This will lead to the contradiction.

Claim 1. For every set A of cardinality less than x there exists a sequence of
models (N, | « <x**) so that

(1) AeN, for every a<k*™;

(2) for every a, B<k**, 6™ =6 and W"-NH,=h™"NH,_;

(3) (ch™ | a<k**) witnesses tcf({[ M, <o Ky <)) =Kk*7.

Proof. Let (f, | @ <k*™) be any sequence witnessing that the true cofinality of
([M,<w Kn, <) is k**. Define by induction an increasing sequence of ordinals
below k**, (B, | ®<x**) and a sequence of models as follows:

(a) AeN,,

(b) B, =min{y <kx**|f, > ch™ for every v< a},

(©) fa. € Ne.

Clearly, ch™>f; and since (fs | @ <k**) witnesses the true cofinality of
(Mo Ky <), {ch™ | @ <x**) will be such as well. Now, the number of ™s
and h™s is small. So for some S c xk** of cardinality k** they all are the same.
Then (N, | @ €S) is as desired. [ Claim 1

Claim 2. For every g €[ 1, k, there exists N and a sequence of indiscernibles
(c,|n< @) in N so that

(1) <C,, | n< (D) € r-|n<(o K,

) a™(c) = Ka;

(3) ¢, =g(n) for all but finitely many n’s.

Proof. Let gell,., k,. Let (N,|«<xk**) be as in Claim 1, with g e N, for
every o <kx**. Let b = h™ for every a < x**. Assume for simplicity that 6™ =0
(a<k™).

Now, define a sequence (&, |n<w) el l,-, k,. Let n <w. &, would be the
limit of the sequence (&,|i<w) which is defined as follows: &%=g(n),
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EXl=sup(h"(&) Nk,) for every i<w. Since k, is a regular cardinal and
g(n)<k,, all &’s and &, will be below «,. Clearly, sup(h"(&,) N k,) = &,.

Let n < w. Set ¢, = min(N,\§,). Then ¢, < k,. Also c, is an indiscernible in N,
with a™(c,) = k,. Since, otherwise sup(h”(N, Nc,)Nk,)>c,, but N,Nc,c
E,, E,<c, and sup(h"(§,) N k,) = &,. So the sequence (c, |n <o) satisfies the
conclusion of the claim. [ Claim 2

The following is an easy consequence of Claim 2.
Claim 3. All but finitely many of k,’s are inaccessible in ¥ ().

Proof. Suppose otherwise. Let A < w be an infinite set so that for every ne A4,
K, = (A7)*®, Define a function g € ['1,-,, K, as follows:

) {/l,, ifneA,
n =
& 0 otherwise.

Let N be a model for g as in the previous claim. Then there would be
indiscernibles in N between A, and k, = (A})*® for infinitely many n’s in A,
which is impossible. Contradiction. [ Claim 3

Claim 4. There exists a function f €[, ., k,, and a sequence {a, |n < ) so that
for every N for every sequence of indiscernibles {(c,|n<w)ell,.,k, if
¢, >f(n) and a™(c,) = K, for all but finitely many n’s, then

a™(c,) =, for all but finitely many n’s.

Proof. Let N be a model. Note that if ¢ <c' are two indiscernibles in N and
a™(c)>c', then a™(c)=da™(c’) since a(c)eh™"(c), a™(c')eh™(c') and
EM"(cYN[c', &¥(c')}=0.

Define now f €[ ,-,, k, and the sequence (&, |n < ®) as follows:

Let a,=0=f(n) unless there is an indiscernible c € N, k,_,<c <k, with
a(c)=k,. In the last case set @, to be the minimal value a™(c) for c €N,
K,-1=c <K, and a”(c)=k,. Let f(n) =c for ¢, k,_; <c <k,, with a¥(c) = a.

Let us show that the sequence {a, [ n <) is as desired. Suppose otherwise.
Let N, {c, | n <) be witnessing this. Denote a"'(c,) by &, and B¥(c,) by B..
Let A be an infinite set so that n € A implies a, # «,. Then, by Fact 1, for every
g € (&) there exists n < o so that for every m =n for every X € g"(¢c,n), cm€ X
iff X Na,, e Fa,, Br)-

So H,- satisfies the following statement:

JA c w infinite (¢, [n<w) I(a,|n<w) I(B,|n<w) 31’ € H(F)
Vn<oa,, Breh"(c,)AVneA(c,>f(n) A a,=k, A €.+ a,)

AVgeH(F)An<wVm=nVXeg'(c,)cne X o XNa,, e Fa,, B)).
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Since N is an elementary submodel of H,. and the parameters are in N, this
statement is true in N. Let A*, (¢} |n<w), (e} |n<w), (Bi|n<w), h*eN
be so that N satisfies the following:

(a) for every n € A*, c; >f(n), ay =k, and o, # a,;

(b) for every g € ¥(¥) for some n < w for every m =n for every X €g"(c,,),
creXiff X Nag e Fay, Br);

(c) h* € H(F) and for every n < w, {(ay, Br.) € h*"(cy).

Then (a), (b) and (c) are true in H,.. In particular applying (b) for A" there
exists n<w so that for every m=n for every X e h""(c}), cleX iff XN
ay e F(ak, Br). It implies that every cj, with m=n is an indiscernible in N.
Since otherwise ¢} = h"™(¢,,) for some &, strictly below c}. Hence c}, € h""(c})
and so x\c}eh™"(c}). But, clearly, a;\c, € F(ap, Br) which provides a
contradiction.

Now, let m € A\n be above a support of A*. Then aj, € h*"(c) and hence
at € hN"(ck). This together with (b) implies that a, = &V(c}). Recall now the
definition of f(m) and a,,. Since a™(c})=k,, f(m) is chosen to be an
indiscernible ¢ with a”(c) least possible =k, and a,, = a™(c). So, f(m)=c<c;,
then «,, <a). But then, necessarily a,, = a;, which is impossible. Contra-
diction. O Claim 4

Let us assume for simplication of notation that f(n) = 0 for all n’s, since we can
restrict ourselves to the functions above f.

Claim 5. For every N there exists N* 2 N so that for every N' o N* U {h"", ch™"},
ch™"(n) is an indiscernible in N' for «, for all but finitely many n’s.

Proof. Suppose otherwise. Let N be a model witnessing this. Define by induction
a sequence of models (N; | i < w;) so that

(0) No=N;

(1) for every i <j < w,, N;2 N, U {h™, ch™};

(2) for every i < w;, N, contains a sequence of indiscernibles (c;, |n<w) so
that a™+(c.) = a, and ¢, > ch™(n) for all but finitely many n’s.

There is no problem in the induction. Use Claims 2, 4 in order to satisfy (2).
Set N* =;<o, Ni. Let N' 2 N* U {h™", ch""}. By Fact 2, for every i < @, there
is n(i) so that for every n=n(i), c, is an indiscernible in N’ and a™"(c}) =
a¥+i(cl) = a,. Let S = @y, |S|=R;, n* < be so that n(i) = n* for every i € S.
Then ch™' (1) = Ues ci, 50 (ch™'(n) | n=n*) are indiscernibles in N'. By Claim
4, &V'(ch™"(n)) = a,, for every n =n*. Contradiction. 0O Claim 5

Further let us restrict ourselves only to models N* like in Claim 5, i.e., ch”¥"(n)
is a limit indiscernible for «,,.
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Claim 6. There exists a function f € [',-,, k, satisfying the following:
(*) for every N there is N*>N so that for every N'>N*U{h"", ch"’},
BY (ch™'(n)) € B~"(f (n)) for all but finitely many n’s.

Proof. Suppose otherwise, let us define by induction sequences (f; | i < ,) and
(N;| i< w) as follows:

(1) for every i <j, N;o N, U {h™, ch™};

(2) for every i <j for every n < w, max(ch™(n), f(n)) <f(n);

(3) forevery i < wy, fi €l lpcw Ky3

(4) for every i < w., N; witnesses the failure of (*) for f.

Let N* =<, N; and N' 2 N*U {h"", ch™"}. Then ch™"(n) = Ui<o, fi(n) for
every n. Let i, <, be such that B~ (ch™"(n)) e ®V"(f, (n)), where n <w. Set
i* = Up<w i,. Then for every n < w, B(ch™"(n)) € AV"(f~(n)). But N* 2 N;» and
N, was picked to be a counterexample for f;.. Contradiction. [ Claim 6

Further let us deal only with models like N* of the claim.

Claim 7. For every N, there exists gel |-, k, so that for every N' > NU
{h™, ch™}, if (c, | n < w) is a sequence of indiscernibles in N' so that for all but
finitely many n’s

() &¥(c,)=a,,

(b) ¢, <ch¥(n),

(©) B (c.)= BN (ch"(n)),

then g > (c, |n < w).

Proof. Let N be a model. Pick some N* 2 NU {h", ch"} containing a cofinal
subset of N Nch¥(n) for every n < w. Since ch™(n) is a limit indiscernible of
cofinality >R, for all but finitely many n’s, by Fact 2(5), the indiscernibles ¢ for
a, with BV"(c) = V" (ch™(n)) ate bounded in ch™(n). Define g(n) € N to be such
a bound. Let us show that this g is desired. Suppose otherwise. Let M witness
this. Let M'2 M UN*U{h™, ch™, k™", k™ ch™} be so that there exists a
sequence of indiscernibles (c, |n <®) in M’ and an infinite set A c w satisfying
the following for every n € A:

(a) a™(c,) = o,

(b) ¢, <ch¥(n),

(c) B*(cn) =B (ch"(n)),

(d) c,=g(n).

Using Fact 2, we can assume that for every n € A, B¥'(ch™(n)) = B~ (ch™(n)).

Let us proceed as in Claim 5.

The following statement is true in H,+:

FheH(F)Ic,|n<w)I(B.|n<w)VneA
({ @, B.) € B'(c,) A ¢, <ch™(n) A B, =B (ch™(n)) A c, =g(n))
AVte X(F)AngVn=noVX e t'(c,) (c,e X © X € F(a,, B.))-
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Then the same statement is true in N*. Let &, (¢} {n<w), (B, |n<w) e N*
be witnessing this. Going back to H,. with A" instead of ¢, we obtain, as in
Claim 4, that ¢} is an indiscernible with &’(c,) = &, and g""(c}) = B, for every
neA big enough. But ¢} <ch™n), B, =BV (ch™(c)) and still ¢, =g(n). This
contradicts the choice of g. O Claim 7

Claim 8. There exists g €[ 1, k, so that for every N there exists N' o N with
gV <g, where gV’ is a function given N' by Claim 7.

Proof. Suppose otherwise. Define by induction sequences (g;|i<w,) and
(N; | i< @,) so that

(1) for every i <j for every n < w, g{n) <g;(n);

(2) for every i <j, N;2 N;U {h™, ch™, g"};

(3) for every i < @y, g/(n)>ch™(n), g"(n) for every n < w;

(4) N, witnesses the failure of g, to satisfy the requirements of the claim.

Let N, =Ui<w, Ni- Since ch™i(n) = ;< g(n) and g™ (n) < ch™(n), there
exists i*<w,;, so that gMi<g. But Ny, 2 N;j=4q1. 1t contradicts condition
(4). OClaim 8

So we obtain a function g* el l,., k, so that for every N there is N'oN
satisfying the following:

(*) For every N'2N'U {h™', ch™'}, if (¢, |n <o) is a sequence of indiscer-
nibles in N” so that for all but finitely many n’s
(a) a™'(c,) = @,
(b) ¢, <ch¥'(n),
(©) BY(cn) =B (ch"(n)),

then g*> (c, | n < w).

Assume that g* is above the function of Claim 6. Further let us consider only
models containing g* and satisfying (*) for this g*. Then the following holds:

Claim 9. Let N' 2 NU {h", ch"™}. Then ch™(n) =s"'(a,, B (ch™(n)), g*(n)) and
BY'(ch™(n)) e N "(g*(n)), for all but finitely many n’s, where s" is the least
indiscernible function for N'.

Let us split now the proof into two cases.

Case 1. For every h € X(%) there is N containing # so that, for infinitely many
n’s, N has an indiscernible c, such that g*(n) <c, <k, for a, with B¥(c,)>
sup(o *(a,) N h"(g*(n))).

For example, if «,=k,, cf 0%(kx,) =k, and indiscernibles for all measures
appear then the above holds.
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Definition 10. Let A c w. A sequence (&, |neA) is called independent if for
some N, (&, |n <) is a sequence of indiscernibles in N satisfying the following
conditions:

(1) 8*(n) <&, <k,;

(2) V(&) = a;

(3) &, =5"(an, BY(En), 8*(n));

(4) for every ne A there is ¥, <Kmna so that BY(E,) is the least B=
h™(y,, &,, g*(n)) for which there are indiscernibles for «, in N above g*(n).

Intuitively, this means that each &, (n € A) is independent of indiscernibles
below g*(n).

Claim 11. For every f el l,., k, there are A c w, |A| =R, and an independent
sequence of indiscernibles (&, |n € A) so that for every n € A, f(n) <E,.

Proof. Let fell,.,k, Pick N to be a model containing f. Let N*2NU
{n", ch™}. Pick N** 2 N* U {h""} to be as in Case 1 for h = A", Actually, any
N** 2 N*U {h™"} will be O.K. Let A c w, |A| =R, be the set consisting of n’s so
that there exists an indiscernible ¢, for a, in N** satisfying g*(n) <c, <k, and
B (cu) > sup(o *(a,) N A" (g*(n)))-

For n € A denote sup(o *(a,) N A"""(g*(n))) by B,. Then, since K" € K(F)N
N**, also the function t(y, 8) =sup(o#(y) NAY™8) is in HK(F) N N**. Then,
by Fact 1(bvii), there is €<k so that t(y, 8)=h"'(E, y, ). Hence, B,=
hV(E, &,, g*(n)). Removing a finite subset of A if necessary, we can assume
that k., 4 is above & and points of disagreement between N, N*, N**, Let n € A.
Since BV""(ch™(n)) = BV"(ch™(n)) € V™" (g*(n)), by the choice of n and Claim 9,
B"""(ch™(n)) < B,,. By the choice of g*, then for every B, = B,, indiscernibles for
(a,, B,) which are above g*(n) are also above ch™(n). Let B =B, be the least
ordinal so that there exists an indiscernible ¢,, g*(n) <c, <k, for (a,, B;). Set
E, =s""(a,, B, g*(n)). Hence (&, | n € A) is an independent sequence.

Then for all but finitely many n’s in A, £>f(n). 0O Claim 11

Claim 12. Let A, (§,|neA), N, {y,|neA) be as in Definition 10. Then for
every M, s.t. (h™(v,, 8*(n))|ne A) e M, for all but finitely many n’s in A, E,,
B (E.) € M and &, =5 (a,, B2(E,), g*(n)).

Proof. Define B to be the least 8= h™(y,, g*(n)), B € M for which there are
indiscernibles in M above g*(n). As in Claim 4, then ¥ = BY(E,) for all but
finitely many n’s in A. Now the claim follows from Fact 3. O Claim 12

Claim 13. The number of independent sequences is x*.
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Proof. It follows from Fact 4, and Claim 12 and the cardinal arithmetic since the
number of A N x X On’s is k*. Recall that AY N k X On maps a subset of k into
max(k, 0 *(x)). O Claim 13

Now it easy to derive the contradiction in Case 1. Let (f, | @ <x**) be a
sequence witnessing that the true cofinality of (['1k,, <) is k**. Using Claims
11, 13 find Scx*™, |S|=k"", Acw, |A| =R, and an independent sequence
(&,|neA) so that for every a€S, neA, f,(n)<E,. It is clearly impossible
since there should be a € § with f,(n) > &, for all but finitely many »’s in A.

Case 2. For some h € #(ZF) for every N containing h there are only finitely many
n’s such that N has indiscernible c,, g*(n)<c,<k, for @, with B(c,)=

sup(o *(a,) N A"(g*(n))).

Let us fix some such function k. Further, we are not going to use the fact that &
is in (). Even more, we shall replace & by some other functions which should
not be in X (%).

Claim 14. There exists a function g** e ['1,_,, (g*(n) + 1) so that

(a) for every N containing h and g** there are only finitely many n’s such that N
has indiscernible c,, g*(n)<c,<k, for «, with B"(c,)=sup(o¥(a,)N
h"(g**(n)));

(b) for every tell,.,g**(n) there exists N which has for infinitely many n’s
indiscernible c,, g*(n) <c, <k, for a, so that B~(c,) =sup(o*(a,) N h"(t(n)))).

Proof. Let N be a model containing #. Define g**(n) to be the least element of
N=<g*(n) so that N has no indiscernibles c, with B™(c,)=sup(o¥(a,)N
h"(g**(n))). Using the argument similar to the argument of Claim 4, it is not hard
to see that g** satisfies (a) and (b). O Claim 14

Replacing g**(n) by its cofinality, we can assume that every g**(n) is a regular
cardinal. Notice that this may replace & by a function which is not in #(%).

Let (k" | n <w) be the sequence obtained from (g**(n) |n < w) by remov-
ing all its members which appear in {k,|n<w}. We can use the previous
argument and define g"V** for (k" |n <w) in the same fashion as g** was
defined for (k,|n <w). Continue, removing from (g®**(n) |n <) all the
members that appear in {k, |n <} U{k’ | n < w}. Define (k®|n<w), and
so on. It is possible to show that the process terminates after countably many
stages. Let us use a simpler argument, suggested by Mitchell which does all this at
once.

Let N be a model containing h. Define D = N to be the smallest set containing
{k, |n <} such that for each y>k, in D if there is an ordinal ve N with
Ko< v <y such that for some f € N the set {s™(a"(y), f(§), g*(y)) | Ee NN v} is
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unbounded in N N y, where g*(y) is defined in N like g* was defined above, then
the least such v is in D. Denote such v by o(y).

Clearly, D is a countable set consisting of regular in ¥ (%) cardinals. Since
®N c N, D belongs to N. Fix for each y in D a function f, : o(y)— o(a™(y)) as in
the definition of D. Combine all f,’s together and still denote the result by 4. By
Fact 3 and elementarity final segments of D do not depend on the particular N.
Let (k; | i <v) be an increasing enumeration of D. (To prevent the confusion let
us denote the original k,’s by k;’s.) Then v<w, and k;, = o(x;) < k; for some
ji: <i. Let us view o as a partial function on v, i.e., o(i) =j.

The next observation, which shows that the order type of D, i.e. v, should be
w, is also due to Mitchell.

Claim 14'. v=w.

Proof. First note that it is impossible to have  and an infinite set of k;’s above it
with k., <8, since then picking an N containing 4 we would get a contradiction
to regularity of all but finitely many of these k;’s.

Suppose now that v> w. Consider {k; |i <}. By the above there are only
finitely many «;’s with i > @ so that o(i) <w. Let x; <--- <k, be all such k;’s.
Pick m > max{o(i,), ..., o(i,)}. Also assume that m is above the indexes of
finitely many k}’s which are below k. But then the set {k; | m <i < ®} can be
removed from D. Which contradicts its minimality. Contradiction. [ Claim 14’

By the proof of Claim 14', for every n <w, o~'({n}) is finite. Hence, by
Kénig’s theorem, there is a subsequence (k; |n<w) of (k;|i<w) so that
o(i,.1) =i, for every n < w.

Claim 15. For every ultrafilter D over w, containing all cobounded subsets of w

cf( Mk, <D) =k**.

<w

Proof. Let D be an ultrafilter over @ and (f, | « <) be a D-increasing sequence
unbounded in ([, k;, <p). For every a<A pick a model N, so that
N, o {f.}. Notice that if on a set in D, {n| o~ '({i,}) =0} € D, then an infinite
set of original kx;’s is in D. Hence A =x*".

Set Ao={i,|n<w} and by induction define A,.,=0""(A,). Clearly,
(Un<w A, contains infinitely many k’s. For every a <A let us define simul-
taneously (t,,|n<w) so that t,, el .4 k. Set t, =f,. Suppose that t,, is
defined for every m <n. Define ¢,, as follows. Set z,,,(i) (i € A,) to be the least
indiscernible ¢; of N, so that

() g*() <<k,

(i) BY(c;) =sup(o*(a(x;)) N h"(tan-1(a()))),
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if such ¢; exists and 0 otherwise. Note that for all but finitely many /’s, ¢; does
exist.

Let {j, | n <w) be the indexes of all x*’s appearing in |,<, A,. For m<w
define ,(j,) = ton(jm) Where n is the minimal such that j, € A,. So for every
o<, tyel <,k

Let us show that (#, | « <) is unbounded in [, k; which will give the
contradiction if A=k, since the cofinality of every infinite subsequence of
(x| n<w)is x*™.

Let fell,<,k;. Pick a model N containing {f, (t,m|a<i, n<o),
(N, | @<A})}. Let By={k; |n<w)}. For n>0 define B,.,=0"(B,). Define
functions £ €[] B, by induction as follows. f® =, for i € B, set f"*V(j) =
the least y; <k, so that for some indiscernible c;, g*(i) <¢; <k;

BY(f () < B () <sup(o*(a"(x) N h"(v)),

if such y; exists and 0 otherwise.

Define now f € [ A, as follows. f(i) = f™(i), where n is the minimal number
such that i € B,,.

Then f e N, since “N ¢ N. Hence there is a € N, & <A so that ty, 0> f. Let
C={i€Ag|t,(i)>Ff(i)}. N and N, cannot disagree on an unbounded sequence
of common indiscernibles. So, tracking back, it is not hard to see that ¢, will be
bigger than f on an infinite subset of B,.

If A=k", then this contradicts the fact that the cofinality of every infinite
subsequence of (x; [n<w) is k**. In order to derive a contradiction also in
case A>k"" let us point out that for a <B <A, t,(n)<tg(n) on a set of n’s
having o-image in D. It follows from the definition of (¢, | « <4, n <w). Now
pick f el 1., k;, which is bigger than A many of #,’s. Then for every a <A,
f(n)>t,(n) on a set of n’s having o-image in D. But this is impossible since there
is @ € NN A so that t,, ,> f. Hence A should be x**. [ Claim 15

So for every infinite b < {x, | n <} and for every ultrafilter D on {x, |n <
o} with b € D, tcf(I T <0 K, <p)=k**. Hence the ideal J, +.[{x; | n <w}]=
{b = {x, | n < w} | there is no ultrafilter to which b belongs with tcf(I'] {x, |n <
w}, <p)=k**} is the idea of bounded subsets of {k; | n < w}.

By [18-20], then the true cofinality of (['1,., kx; , <) is x*™.

Let us assume that i, = n for every n, o(n)=n—1foreveryn=1, ¢, =k, for
every n and h is the identity. In the general case, mainly the notation is more
complicated.

Definition 16. A sequence (5, |n <} e[, K, is called a diagonal sequence
if for some or equivalently for every N containing {8, | n < w) there exists no < @
so that for every n=ng, 8,.,=5"(K,+1, 0}, g*(n + 1)) where 8} is the least 8,
0%(x,.1)> B =98, for which there exists an indiscernible c,>g*(n +1) with
B(c,) =8} and g* is as in Claim 8.
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Definition 17. A diagonal sequence of indiscernibles (8, |n <w) is called a
faithful diagonal sequence, if there exists a model N so that for some ny, < @ for
every n =n,, 8, =ch™(n).

Notice, that cf §, < |N| < k for such a sequence.

Claim 18. For every fell,., K, there exists a faithful diagonal sequence
(6, |n<w)>f

Proof. Let fell,., k,. Pick N containing f. Define an increasing sequence of
models (N, | i < w,) so that

(@) No=N;

(b) N;;1 2 N; U{N;} for every i;

(c) IN;| =|N| for every i.

Let N*=UJ;<,, N; and N** 2 N*U {(N;|i<@,), N*}. Find S c w;, |S|=X,
and ny<w so that for every i€ S, n=n,, N**, N*, N, and N, agree about
common indiscernibles above k,, and ch™(n) >f(n). Assume for simplicity that
ny=0and § = w;.

Set 8o=ch™’(0). For every n < w define then 8,,, = sV (k,,1, 6}, g*(n + 1)).
Clearly, such a defined sequence (8, |n<w) is a diagonal sequence. Let us
show that it is above f and that it is a good sequence.

Subclaim 18.1. (3, |n<w)>f.

Proof. Let us show that for every n, 8, = ch™ (n). Which is clearly enough since
ch™'(n) = U<, ch™(n) and ch™>f. Let us show that 8,=ch™'(1). Note that
since BM+(ch™(1)) € N;,, and it is less than Kk, it should be less than ch™+(0), for
every i < w,. But 8> ch™+(0). Then 8, = ch™(1) by its definition and the choice
of g*, since BV'(8,) = 8¢ = 60> BN+1(ch™(1)) = BV (ch™(1)). So for every i<
w,, 6;=ch™(1). Hence &,=ch"’(1). Continue by induction for every n>1.

O Subclaim 18.1

Notice that for the diagonal sequence starting with &) = ch“<™(0), for limit
i < w,, the proof of Subclaim 18.1 shows that 8= ch“i<¥(n) for every n. Also
(6%, |n<w) € N;x,, and, hence 8., < ch™+(n) for every n < w.

Subclaim 18.2. The sequence {5, | n < w) is a faithful sequence.

Proof. It is enough to show that 8, =\ {ch™(n) |i < w,, i is a limit ordinal} =
ch™’(n) for every n, since ch™’(n) =U;<,, ch™(n). It is clear for n =0. Let us
show this for n=1. The general case is similar. Consider ch™’(1). Since
65 <ch™(1) < 8, <ch™+(1) for every limit ordinals i<j<w,, ch™(1)=
U {8} |i < wy, limit}.
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The sequence (8 | i < w,, limit) € N**. So

BV (ch™ (1)) = <U BN (8Y),
ilimi‘t
by Fact 2. But BV""(8%) = (8)* = 8 = ch“<™(0). Hence B~ "(ch™(1)) = 8, and
so =65. Remember that 8, =s""(x,, 83, g(1)) and 8,=ch""(1). It means that
6, =ch™’(1). O Subclaim 18.2

The proof of the previous claim actually gives the following.

Claim 19. For every N' there exists N containing N'U{N'} so that ch” is a
faithful diagonal sequence.

Further let us restrict ourselves only to the models of Claim 19. Let
{f. | <x**) be an increasing sequence of faithful diagonal sequences so that
for every f €', k, there is @ < k*™* with f <f,.

Let us consider least upper bounds of {f, | & < 8) of &’s of cofinality x*. They
exist by [16]. Recall that 3 is called a least upper bound of (f, | a <8) if f4>f,
for every & < & and if f <f} then there is a < 6 so that f <f,.

Claim 20. A faithful diagonal sequence cannot be a least upper bound of
(fu| @< 8), where 6 <x**, cf 6 =x™.

Proof. Since otherwise, the true cofinality of [, 8, = k™, for such a sequence
(8, |n<w). But it is impossible, since then also tcf(l,, (cf8,))=k* and
{cf b, | n <} is bounded in k. O Claim 20

Let IM(z, v, £) be the least indiscernible ¢ in N above & with a™(c) =1t and
B"(c) = v. The following is similar to Fact 3.

Fact 4. Let N, N’ be two models. Then there are only boundedly many o’s below
k in NN N' such that for some (8, yY)e NN N'

M, B, 1Y) # 1" (o, B, 7).

Claim 21. Let 6 < x** be an ordinal of cofinality x*, f be a least upper bound of
(f.|®<8), N be a model containing {{f,|a<38),f 8}. Then one of the
following two possibilities holds:

D) f(n)=1I¥(x,, f(n — 1), g*(n)) for all but finitely many n’s;

(2) for infinitely many n’s f(n) = a™(k,, By, V.) for some B,, ¥,.

Proof. Suppose that (2) does not hold. Let us prove (1).
It is not hard to see that for all but finitely many n’s, f(n) should be an
indiscernible in N with a(f(n)) = k,,. Suppose for simplicity that this holds for
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every n < w. Also assume that f(»n) is not an accumulation point for every n < w.
Denote BY(f(n)) by B,. Then B, < k,_;. Since f(n) is not a (k,,, B) accumulation
point for § > B, there is a minimal d,, € N an indiscernible below f(n) so that for
every ceN, s.t. d,<c<f(n) and o&“(c)=k,, BY(c)<PB,. Then f(n)=
sN(kn, Brs d,). Since (d, |n<w) <f, there is a <48 so that {d,|n <o) <f,.
Let n be big enough. Then f(n)>f,(n)>d,. Since f, is a diagonal sequence
f(n)=sY(x,, B, g*(n)), where B’ = (f,(n —1))*. Let us compare B, and g'. If
B’ =B, then f(n)<f,(n) since f,(n)>d, and B¥(f.(n))=B" =B,. So B'<B,.
But then f(n) =s"(x,, B, g*(n)) since s"(k,, B., *(n))>s"(k,, B’, g*(n)) =
fo(n) (by choice of g* and since £, is a characteristic function) and f,(n) > d,.

Subclaim 21.1. (d, |n<w)<g*.

Proof. Suppose otherwise. Let A ={n<w |d,>g*(n)} be infinite. Find some
a <9, weN, so that f(n) > f,(n)>d, for all but finitely many n’s. Let n € A be
big enough. Then, there is an indiscernible c,, for k,, in N so that g*(n) <c, <d,
and B"(c,)=B"(f(n)). Since c,>g*(n) and f, is a characteristic function of
some model, we can assume that n is big eoungh to satisfy BN(f.(n)) > B¥(c,).
But this contradicts the choice of d,, since f,(n)>d, and B (f,(n))> B (c.) =
BY(f(@)). Contradiction. O Subclaim 21.1

Further let us assume that d,, = g*(n) for all n’s.
Subclaim 21.2. For all but finitely many n’s, B,.,=f(n).

Proof. Suppose otherwise. Let A={n|pB,,,<f(n)}. Define a function ge
[M,<w K, as follows

_ [max{Boui, g* ()} ifneA,
g(n) = {O otherwise.

Then g <f and hence there is a < such that g <f,. Let n € A be big enough.
Then max(g*(n), B,+1) =g(n) <fy(n)<f(n) and also f,(n+1)<f(n+1). But
this is impossible, since
fa(n + 1) =SN(Kn+1’ (fa(n))*r g*(n + 1)) <f(n + 1) =SN(Kn+1’ ﬂn+l) g*(n + 1))’
B ((fu(n + 1))*) = fo (1) > Bosr = B (f(n + 1))
and f,(n + 1) =d,.,. Contradiction. O Subclaim 21.2

We would like to have B, =f(n — 1) for all but finitely many »’s. This should
not always be true. But still the following holds:

Subclaim 21.3. For all but finitely many n’s, f(n)=s"(k,, B, g*(n))=
(K, f(n = 1), g*(n)).
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Proof. For every m < w define a function ¢,, € [, x,, as follows
0 fn<sm,
t.(n)=9 M(k,, ta(n—1),g%n)) ifn>m+1,
N(k,, f(n—1),g%(n)) ifn=m+1.
Since “Nc N, t,, € N and, also, (t,, |m<w)eN.

Then ¢,,(n) <f(n) for each n. This is immediate for n<m; for n=m + 1 we
have

f(m + 1) =SN(Km+1) ﬂm+l) g*(m + 1)) = IN(Km+1’ ﬁm+1’ g*(m + 1))
=K1, f(m), g*(m + 1)) =t1,,(m +1);

and forn>m+1,
f(n)=s"(x,, B, 8*(n)) =1"(xs,, B, 8*(n))
= IN(Km f(n - 1)1 g*(n)) = IN(Km tm(n - 1)’ g*(n)) = m(n)'

Suppose that for every m < w there is an infinite set A,, c @ so that for every
neaA,, t,(n) <f(n). Define then a function ¢,, €[ 1, K, as follows:

t.(n) ifneA,,

tim =1

otherwise.

Then t,,<f. So there is f, >t, for &, <8. Since {f, | a <), f, (t,|m<w)
are in N we can find such a sequence (f,_ |m < ) inside N. Pick now e e NN J
above U<, @,,. Let m € A be big enough so that for every n =m, f(n) > f.(n).
By the definition of ¢,

tu(m+1)=IN(Kpiq, f(m), g*(m + 1))
= lN(Km+1’ fa(m), g*(m + 1))
=5"(Kps1, (fu(m))*, g*(m + 1)) =f(m +1).
In the same fashion for every n=m+1, ¢,(n)=f,(n). But f, >1t,, so for
infinitely many n’s, t,,(n) <f,(n). Contradiction.
So, there are my, ny < @ such that for every n = n,, t,,(n) = f(n). It means that
for every n=ng+ 1,
f(") = tmo(n) = IN(Km tmo(n - 1); g*(n)) = IN(Knr f(n - 1)’ g*(n))'
O Subclaim 21.3 O Claim 21

Claim 21'. If f satisfies (1) of Claim 21, then the set {n | cf(f(n)) >cf(f(n — 1))} is
infinite.

Proof. Otherwise there would be a bounded in k sequence (8, | n<w) with
tef([ <o 6,, <) = k™, which is impossible. [ Claim 21’
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Now we would like to show that (1), (2) of Claim 21 are impossible. It is not
quite true in general. There are forcing providing f as in (2) or f as in (1) with
f(n)’s regular.

The point which will lead to a contradiction is that there should be
unboundedly many f’s in [, k, satisfying (1) or (2). Actually it would be
enough to have an increasing sequence of length (2%)*.

Claim 22. There is no increasing sequence (8, | i <(2™)*) of ordinals below x**
of cofinality x* so that for every i <(2™)* there is a least upper bound g; of
(fa | @ < &;) satisfying (1) of Claim 21.

Proof. Suppose otherwise. Let (8; |i <(2%)*) and (g; | i <(2")*) be witnessing
this. Let N be a model containing {(f, | « <k*™*), (8;]|i <(2™)*), (g(n) |i<
(2™*, n<w)}. For i<(2%)*, let A; be the set {n<w|g(n)=1"(x,, g(n -
1), g*(n)) and cf g(n) > cf g,(n — 1)}. Shrinking the sequence (g; |i < (2")*), if
necessary, we can assume that all A,’s are the same infinite set A. Assume for
simplicity that A = w. Using the Erdés-Rado theorem, find S c (2™)*, |S| =R,
and no < w so that for every i <j, i, j € S, for every n =n,, g:(n) <g;(n). Notice
that w.l.o.g. S € N since otherwise we can just replace N by some N' > NU {§}.
Models N, N’ will agree about these common indiscernibles above some k,, and
we can deal with N’ instead of N. Let us assume for simplification of the
notations that S = w, and n,=0.

Set t,=Ui<w, &(n). Then 1,€eN, oM(1,)=k, and «k, ,>pB"(1,)=
Ui<w, 8(n — 1), for every n<w. For n<w big enough, pick a model M,
containing (g, |i < w;), (BY(g(n))|i<w,), B(t,) of cardinality less than x,
and satisfying “M,, < M,,. Here is the first time that we are going to use a model
whose cardinality may be bigger than 2™. In order to satisfy “M,c M, and
|M,| <k,, we use the condition (2) of Theorem A. Thus M, can be taken of
cardinality u®, where u = ¥(z,) <k,_;. If u® =k, then the condition (2) of the
theorem holds, Since k,, is a regular cardinal which is a limit of measurable in
H(F) cardinals and also u“ =k, =Kk, _, > K, > .

Fact 2 and B8"(g;(n)) < k,_, for every i imply that there is i, < w; so that for
every i =i,, g{n) is an indiscernible for 7, with 8*(g;(n)) = BV(g:(n)) and also
gi(n) =1IM(z,, g:(n — 1), g*(n)). For every i=i, and y<g;(n—1) let d(i, y)=
™(z,, v, g*(n)). Clearly the sequence (d(i, y) | y <g(n — 1)) is nondecreasing.

Pick now a model M; o M,, |M};| =|M,|, “M,; c M, containing

({d, V)| y<gn=-1)|izi, i<w;), (B™(d(, v)) |y <gn—1)).

Using Fact 2, find i;, w,>i} =i, so that M, and M, agree about all here
mentioned common indiscernibles. Let i =i;. Consider d,(i) = {d(i, v) |y <
gi(n —1)}. If the sequence {d(i, y) | y <g:(n — 1)} does not have a last element,
then cfd,(i) <g(n —1) and B*(d,(i)) =gi(n — 1), by Fact 2(5). Then d,(i) =
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™ (t,, g(n — 1), g*(n)) and hence d,(i) = g;(n). But cf g,(n) > g,(n — 1). Contra-
diction.

So for every i=i, there is v,,<g(n—1) so that for every y, 7,,<y<
g(n—1)

IM:(tm Y, g*(n)) = IM:(Tm Yins g*(n)) = dn(l)

Leti*=U {i} | n < w}.

Pick now N* 2 N, “N* 2 N* so that (d(i, yi,) |n < w, i< ®,), (M} |n<w),
(ta |n< @), {Yin|i<wy, n <) and (B (d(i, ¥in)) | i <@, n < @) are in N*.
Suppose for simplicity that N* and N agree about all common indiscernibles. For
every i =i* pick a; <9, so that f,(n —1)>y,, for all but finitely many n’s. Let
n; < w be so that for every n = n;

Yin<[folt =1) < (fon —1))* <gi(n —1).
Then

fai(n) = sN‘(Km (far,-(n - 1))*’ g*(n)) <gi(n) = lN‘(Km gi(n - 1)' g*(n))
Obviously

(i) =1V (K Vins 8 (1)) S SV (K, (fuln — 1))*, 8*(1)) = fo(n).

Replacing f,, by fa,+1, if necessary, we can assume that d,(i) <f,(n).

Find S ¢ w,, |S|=R;, min§ =i* and n* < w so that n, = n* for every i € S. Fix
n=n*. Pick a model M;* which contains M U {{f,(n) |i <w,), {((fo(n))*|i<
w;,n<w), S} and “M;* = M;*. By Facts 2, 3 and 4, M} and M}*, M** and
N* will agree about all here mentioned common indiscernibles for 7, above some
8:,(n). But it is impossible, since then for every i € $\g(i,) the following holds:

(a) forevery y, vi.<y<gn-—1)
M7(T,, v, 8*(n)) = d.();

() Yin <fo(n)<gn—1) and d,(i) <f,(n) =I""(z,, fa(n — 1), g*(n)).
Contradiction. [ Claim 22

Finally we are going to rule out the last possibility, i.e., (2) of Claim 21. The
proof will be similar to that of Claim 22.

Claim 23. There is no increasing sequence (8, |i <(2%)*) of ordinals below x**
of cofinality x* so that for every i <(2%)* there is a least upper bound g; of
(fy | @< 8;) satisfying the condition (2) of Claim 21.

Proof. Suppose otherwise. Let (§; |i <(2%)*) be witnessing this. Let N be a
model containing (f, | a<x**), (§;]i<(@*)*) and (gi(n)|i<2™, n<w).
For i < (2™)*, let A, = {n < w | g/(n) is an accumulation point in N}. As in Claim
22, using the Erdds—Rado theorem and shrinking (g; | i <2*'), we can assume
that each A, = w and for every i <j < w;, gi(n) <g;(n).
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For every n < w, define 1,, M, as in Claim 22. Then, starting with some
i, <w,, g(n) is an indiscernible for 7, with BM(g(n)) =B (g:(n)) and g.(n) =
aMn(tn’ Bin’ Yin) fOI' some ﬁin) Yin WIth Bin > BMn(gl(n)) WIOg Yin Zg*(n)l since
otherwise we can just replace it by g*(n). Also we can assume that there is no
indiscernible c¢; in M, for 7, such that y,, <c;<gi(n) and B™(c;)= B.., since
otherwise g;(n) would be at least a §;, + 1-accumulation point. Now, using the
argument of Claim 7, it is not hard to see that for every M, o M,, |M,|=|M,|,
“M, c M, containing (g(n) |i<w;), (B"(g:(n))|i<w,), (Bw|i<w,) and
(Vin | i < w,) for all but boundedly many i’s there would be no indiscernible c; for
1, such that y,, <c; <g;(n) and BM~(c;) = B,,.

For every i =i, and y <, let d(i, y) =I™(x,, v, v.). By the definition of
(%., Bin)-accumulation point, d(i, y) <g;(n). Define models M and i;’s as in
Claim 22. For i =i} set d,(i) =\ {d(i, v) | Y <B:.}. Then d,(i) <g,(n). By Fact
2(5), BM (d,(i)) = Bin > BY(gi(n)) = B (g:(n)). So d,(i) <gi(n). But, as it was
pointed out above, it is impossible to have indiscernibles c¢; for 7, with
B%(c)=PB, and 7v,<c;<gin) for all but boundedly many i’s.
Contradiction. O Claim 23 0O Theorem A

The present ideas together with an appropriate generalization of the Mitchell
Covering Lemma to hypermeasures, will imply further results. Thus.the strength
will depend on particular k and on the gap between k and 2*. Namely, the exact
strength of “k is a strong limit of cofinality X, and 2= 1" is “o(x) = 4", when
A# p™ for p of cofinality R, and “o(x) = p”, when A =p*, cf p=R,.

2. Seme forcing constructions

In this section we shall construct two models which are related to cases (1) and
(2) of Claim 21. The first model would have an unfaithful diagonal sequence
which is a least upper bound of x* faithful diagonal sequences, and the second a
sequence of accumulation points. The second construction answers a question of
Mitchell [14] about the existence of accumulation points.

Model 1

Let k be a cardinal of cofinality w in ¥(%)=V so that {o%(a) | @<k} is
unbounded in it. Pick a cofinal sequence (k, | n < @) so that 0 *(x,,,) = k', for
each n < w.

We first force with a tree Prikry forcing and add indiscernibles y,,, k,_, <7y, <
K, for F(k,, Y.-1) for every n < w. Let V; denote such a generic extension.
Clearly, (v, | n<w) forms an unfaithful diagonal sequence in V;. We shall
define a further extension in which the sequence (y,|n <w) would be also a
limit of k™ faithful diagonal sequences.
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Let us force over V; with the forcing used in [3] and introduce a maximal
sequence of indiscernibles to each 8 e x\{y,|n<w}. Denote by V, such
extension of V;. Define V; to be an extension of V, by forcing of [3] which adds
maximal sequences to each v, (n =1). Let

P=P(Y1, Yo) * P(Y2> YV * - - * P(Yns1, Yn)*- -~

be this forcing. Denote P(y;, vo)*+ * % P(Yu-1, Yn-2) BY P, and P(y,, v,._1) *
P(Yn+1s Yu) ¥+ - - by P..,.. Since the filters used in P(y,, v,,-1) are y,-complete, P
can be viewed as #_, X Z..,..

For n < w, let Q, be the usual forcing over V, for shooting a club through the
set of regular cardinals of V below v,, i.e. Q,={ceV, | ccY,, cis closed and
lc|*?< y,}, ¢, is stronger than ¢, if ¢, is an end extension of c,.

Claim 2.1. For every n=1, Q, over V, does not add new sequences of length
K,_1.

Proof. Since 0%(k,) =k;_;, w.l.o.g. assume that there are stationary many &’s,
K,_1 <6<y, with 0%(8) =k,. In V,, such 8 has a cofinal closed subset of the
type k, consisting of regular in V cardinals. The rest is standard. O Claim 2.1

Let now Q be the product of Q,’s over V;, i.e.
Q={peVs|domp = w, p(n) € Q, for every n}.
Set Q<,={p In|peQ}and Q.,={p I (w\n)|peQ}.

Claim 2.2. Let n=1. The forcing P, X P, over V, does not add new bounded
subsets to v, and vy, _, remains regular.

Proof. By [3], ?., does not add new bounded subsets to y,_;. For each m =n,
Q,, has in V$=¥m-0 3 dense y,,_,-closed subset, namely {c € Q,, | max(c) is in
the generic sequence for y,}. Now use the fact that #., does not add new
bounded subsets of x of size less than y,_,. 0O Claim 2.2

Let G be a V;-generic subset of Q. Denote GN Q, by G,, GN Q, by G-, and
G NQ.., by G..,. Our final model will be V, = V,[G].

Claim 2.3. For every n < , K, is a regular cardinal in V, and cf**y, ., = K,.

Proof. Let n < w be fixed. Recall that x,, < ¥,41 < K,4+1 < Yn+2. View V, as
‘/2[G>n+2][Gn+l][G<n+1]'

Then, by Claim 2.2, y,., remains regular and no new bounded subsets are added
to it in V5[Gs,4,).- Using Claim 2.1, we obtain that k, remains regular and
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cardinals =k, since it is of cardinality less than x,,. [JClaim 2.3

So, {7, |n<w) is an unfaithful diagonal sequence of indiscernibles in V.
Work in V,. Let us show that it is a least upper bound of x* faithful diagonal
sequences. First note that ¢f( 1<, ¥,, <) =«", since ¢f y, = K, and «, is regular
for every n< o. Let f €[ 1<, v,. In V5, cfy, =cf yo= y,> N, for every n. Also,
by Claim 2.2, y, remains regular in V;[G]. Hence there are d,< ¥, and a faithful
sequence of indiscernibles (8, | n <) in V; so that 8, > f(n) for every n. Using
density arguments it is not hard to find such a sequence inside V.

It is possible to push everything down to R, by collapsing k,,’s to be X,’s.

Model 2

Suppose that k is a measurable cardinal in #(%) =V and {0%(8)|B <K} is
unbounded in x. We whall construct a generic extension of V in which x would be
a cardinal of cofinality X, and there would be a sequence of accumulation points.
At the first stage a Rudin-Kiesler increasing commutative sequence of ultrafilters
over k of the length k% will be constructed. Then the direct limit of their
ultrapowers will be taken. We shall use the first ultrafilter to move the direct limit
a little bit further. Next, a k*-Cohen subset will be added to x in the Backward
Easton style. Changing one value of each such function in the ultrapower will
make all the ultrafilters isomorphic. Finally we shall force with the Prikry forcing
in order to change cofinality of x to Ny. This would introduce Prikry sequences
for each ultrafilter used in the direct limit. Also there would be a sequence of
accumulation points. Similar ideas were used in {4, 5] and we refer to these
papers for detailed presentation of the techniques used below.

By {4, 4.2], there exists a generic extension V; of V having a Rudin—Kiesler
increasing commutative sequence of ultrafilters over x of length x*. The
argument is as follows;

Let a* denote the least 8> a with o%(B)=a* +1, for every o <k. Pick
A € F(x, 0) so that for every @ € A, o* <min(A\(a + 1)). Using the forcing of
[3] force in every interval (a, o*) (@ € A) a Rudin-Kiesler increasing commuta-
tive sequence (U, 5| B < a™) over a*. Denote this generic extension of V by V;.
Let U be a normal extension of F(k, 0) after such forcing.

Letf:x— K, f € V be so that f(a) < a™ for every o < k. Define the ultrafilter
Uy over k as follows: X € U; iff {a € A|X Na*eU,s}€U. Then [filswo <
[£l#x0 implies Uy <ggx Up. Also the order type of {[flswo |f:k—K, feV
and for every a <k, f(@)<a'*} is x*. Hence (U; |[feV, f:k—k, f(e)<a*
for every a<x) is a Rudin-Kiesler increasing commutative sequence of
length x*.

Let j:Vi— N=V7{/U be the elementary embedding of V; into the ultrapower
of V; by U. In N, then there will be a Rudin—Kiesler sequence (U,z| 8 <x™*) of
ultrafilters over x*, where x* and (U,| B <x'*) are represented in N by
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[(a*| a<K)]y and [{U,s| B<a™)]y. Note that the ultrapower of V; by U is
isomorphic to the ultrapower of N by U, (s},. Also the direct limit of ultrapowers
of V; by Us’s, is isomorphic to the direct limit of ultrapowers of N by U, g’s.
Denote this direct limit by N,. Let j*:V;— N* be its associated elementary
embedding. And also consider the following commutative diagram:

where B <k*, jg is the embedding by U; for f representing 8 in N, ig is the
embedding of N by U,z and ig is the direct limit of embeddings of N, into
ultrapowers of it by the ultrafilters in ig({ U, , | ¥ > B)).

Note that x* is the critical point of ig’s. Denote ig(k*) by kg and i(x*) by x**.
It is not hard to see that N* is closed under k-sequences of its elements and
*N*NNc N*.

Let us form one more ultrapower. Namely, the ultrapower of N* by i(U, ).
Denote this ultrapower by N** and let

e

]

1% j.,N* i'iN**
be the corresponding embeddings.
Note that kg (8 <k™) is an ‘indiscernible’ for U, (where [fg]y = B) and x** for

Uﬁ), i.e.,

XeU, iff xgej*™(X)
and
XelU, iff x**ej**(X).

Force now over V; using Backward Easton forcing a* Cohen functions from «
into o for every inaccessible a<k. Let G be a generic set for this forcing.
Denote by G, the part of G below k, by G, over x and by G, the B-th generic
function in G over k. Using standard arguments extend j** to an embedding

l: ‘/1[G<xo <Gxﬁ | /3 < K+>]—-)N**[G<]'“(K)J (Gj“‘(x)ﬁ | ﬂ <j**(K+)>]r

where G_jor(xy | K +1=G and Gjes(s),jip) | K = G p for every B <x™. Now let us
change the value of Gjus(y) (s (K**) to kg for every B<k* and Gjes(x),o(Ko) to
k**. Denote such changed Gj«s(,) by Gjs=(x). Using j**(x™)-c.c. of the forcing in
N**, it is not hard to see that the changed G/, is still N**-generic. Then it is
possible to define an embedding

I':Vi[Garr Ge]= N**[Gjoeiuyy Gloniio))-
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For every 8 < k™ define an ultrafilter U over k as follows: X € U iff x5 € I'(X).
Then Ug 2 Uy, and all Up’s are isomorphic to U, since X e U, iff koel'(X)

iff G. (x)e G” (I'"(X) iff E*¥* = Giuey 0(Kp) € (G o( X)) iff
i (i), \R0J © k), 00\ ) s S k), 00R0) S ¢ K,0\2 J) s

Gjre(1), () (K™ *) € Geney i)' (G o X)) iff kg € 1'((Gie p° Gico)f X)) iff (Gepe
G,0)"(X) € Up.

Finally, force over Vi[G] a Prikry sequence (c,|n<w) for U,. Denote
Vi[Gl[{c, |n<w)] by V,. It is not hard to see that, for every <k,
(G p(Grolc,)) | n <) will be a Prikry sequence for Us. Let us show that
(Grolcn) |n <) is a sequence of accumulation points. Denote G, o(c,) by 6,.
Let 7, be the minimal & < §, so that &* > B,. Then (1, |n < @) forms a Prikry
sequence for U. Let N be a model as in the Covering Lemma containing
(6, |n<w), (7.|n<w). Then for all but finitely many n’s, t,-is an
indiscernible for #(k, 0) and 6, is an indiscernible for #(7;, 0). Suppose that for
an infinite set A c w for every n € A, 6, is not a (t};, T,})-accumulation point in
N. Then for every n € A there are v, < 8, and &, < 7, in N so that for every ¢, B
if v,<c<3$é, and &, <pB <, then c is not indiscernible for F(z;, B). Suppose
for simplicity that A = w. Returning to V;[G] pick names (v, &, | n <) for these
two sequences. Let (@, T) force that (v, |n<w) and (§,|n<w) are such
sequences, where T c [k]™ is a tree in V[G] with all the splittings belonging to
U,. Using standard arguments shrink 7' to some tree T* so that there are
functions {f,, r,|s € T*} such that (s"a, T%,) IFf; (@) =v, A1y (a) =§, where
Tf={teT*|tr>s} and s € T*. Now, recall that G, adds ™ functions and the
forcing for adding it satisfies k*-c.c. So for some a <k*, T* and (f;, r, |s € T*)
are in V{[G.,, G, | @] Since |T*| = K, the number of f,, r, is small and so there is
p<k*, p>a so that in the ultrapower of V,[G] by U,, G, , represents an
ordinal above all the ordinals represented by f,’s (s € T*) and p is above all the
ordinals represented by r,’s (s € T*). Let t: k— k represent p in Vi[G]*/U,. Then
{6 <k |£(6) <G,,(6) and r,(8) <t(d)} € Uj.

So we can shrink the condition (#, T*) level by level to a condition (@, T**)
forcing for every n < w

“Vn <G p(€s) <O, A B, <t(c,) <777

Without loss of generality, assume that (@, 7**) belongs to the generic set. Then
for all but finitely many n’s, G, ,(n) is an indiscernible for %(z;, t(c,)) but
Vo < Gyplc,) <9, and &, <t(c,) < 7,, which is impossible. Contradiction. So for
all but finitely many n’s, d, is a (z;, 7, )-accumulation point.

By [14], {0(a)| @<k} is unbounded in K, if there is an unbounded in k
sequence of accumulation points. Such a measurable x was used in the
construction above. We do not know if it is possible to remove the measurability
of x. Also we do not know if it is possible to have a sequence of accumulation
points which is a least upper bound of diagonal sequences of indiscernibles.

Note that the model with accumulation points for measures over x can be
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constructed starting from o(x) = 6 for any J of cofinality >x. Just use a simplified
version of the above construction dealing only with measures over k itself.
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