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Formal grammars and formal languages are studied from the viewpoint of time-
pounded grammars. A time-bound on a grammar is a measure of the ‘“‘derivational
complexity’’ of the language generated. Based on results of Gladkii [7] on connectivity
in grammars, it is shown that a “linear speedup’’ can be obtained and that one can con-
struct Turing acceptors to simulate grammars without loss of time. Positive containment
and closure properties are also studied.

INTRODUCTION

The subject of this paper is the study of formal grammars and the study of formal
languages from the viewpoint of time-bounded grammars. Much recent activity in
automata theory is concerned with the computational complexity of formal languages
as measured by the recognition capacity of time-bounded or space-bounded Turing
acceptors. Here families of languages are defined by placing bounds on the time function
of grammars—this represents a measure of the ‘derivational complexity” of the
language generated by the grammar. The various properties of such grammars and
their languages are then studied.

The “time function” T of a grammar G = (V, 2, R, X) was first defined by
Gladkii [7]. For any positive integer # such that G generates a string of length 7,
Ty(n) is the maximum value of the set of numbers {ts(w) | X % w in G and w has
length n}, where for any string w € V* such that X % w, fy(w) is the length of the
minimum length derivation of w. If G generates no such string, T5(n) is undefined.
A nondecreasing total recursive function f “bounds” the grammar G, if there exists

* This paper represents a portion of the author’s Ph.D. thesis at Harvard University [1].
Some of these results were announced at the IEEE Ninth Annual Symposium on Switching and
Automata Theory, Schenectady, New York, October, 1968. This research was supported in
part by Air Force Cambridge Research Laboratories, Air Force Systems Command, USAF,
under Contract F19628-68-C-0029, and by the National Aeronautics and Space Administration
under Grant No. NGR 22-007-176.
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k > 0 such that for all n > &, if T¢(n) is defined, then Tg(n) < f(n). For certain
“bounding functions” f, we define the families %g(f) ={L(G) | G is a CS grammar
such that f bounds G} and #(f) = {L(G) | G is an arbitrary grammar (possibly with
erasing rules) such that f bounds G}. These are the families of languages studied in
this paper.

Certain questions arise immediately. (1) If f is a bounding function and 2 > 0 a
constant, how do Z5(f) and ZLg(kf) compare ? Similarly, how do Z(f) and L(kf)
compare ? In light of the result of Hartmanis and Stearns [13] for time-bounded multi-
tape Turing machines, one suspects the families are equal. (2} If f is a bounding
function and L € Z4(f) or L € Z(f), does there exist some type of Turing acceptor
which accepts L and which accepts within time bound f ? (3) What closure properties
do the families possess ?

The first two questions are answered in the affirmative by applying a theorem on
“connectivity” in grammars. Informally, a derivation is connected if at each step the
part of the string to which the rewriting rule is applied contains part of the result of
the application of the rule applied at the previous step. It is shown that for every
grammar G, one can effectively construct a grammar G such that L{(G') = L(G),
such that every proper derivation of G’ is connected, and such that T is bounded by
a constant multiple of T . This result (Theorem 3.4), a modification of a result of
Gladkii [7], yields a “linear speedup” just as for Turing acceptors (Theorem 3.5). It
is applied again to show that a nondeterministic multitape Turing acceptor can imitate
the derivations in a grammar without loss of time (Theorem 4.2).

Corollaries to the result on connectivity become useful in studying the positive
closure properties of the families Zg(f) and £(f). It is shown that if mild restrictions
are placed on the bounding functions, then these families are AFLs [6] closed under
reversal and e-free substitution. If a bounding function is of the order of 2 or greater,
then the families are closed under intersection, but this is not the case if x2 majorizes
the bounding function.

Particular attention is paid to the family LINEARg of languages generated by
context-sensitive grammars bounded by linear functions. It is shown that LINEARg
is a subfamily of every Zg(f), that LINEARg contains the e-free context-free
languages but is a proper subfamily of the context-sensitive languages, and that the
closure of LINEARg under arbitrary homomorphic mappings is the family of all
recursively enumerable sets. From these results it is shown that most of the questions
known to be undecidable for context-sensitive languages are also undecidable for
the languages in LINEAR 5 and thus in every Z¢g(f) and Z(f).

The paper itself is divided into seven sections. Section 1 contains definitions and
notation from automata and formal language theory which are necessary for this
paper. In Section 2, time functions, bounding functions, and the families Fcg(f),
etc., are formally defined and their basic properties are investigated. Section 3 discusses
connectivity and Section 4 contains results on the simulation of grammars by machines.
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In Section 5, positive closure and containment results are studied, while negative
closure and undecidability results are given in Section 6. Section 7 contains results
relating LINEAR g to other families of languages and other hierarchy results.

1. Basic DEFINITIONS AND NOTATION

In this section we state some basic definitions of automata theory and establish
notation. For background see [4] and [15].

A grammar is a quadruple G = (V, 2, R, X), where the vocabulary or alphabet V
is a finite set of distinct symbols, X' C I is the terminal alphabet or vocabulary,
X eV — X is the initial or starting symbol, and R is a finite set of rewriting rules or
productions of the form oy, o, ¥ty — Wy " 0, Wy, With each o, € 2%
y; € (V — 2y, w; € V* and for some i, w, 5~ y; 1 1f p — 0 € R, then forany «, S € V¥,
we write apf => off and say that the rule p — 0 is applicable to the string apf and that
p — 8 transforms apB to ofB. If 6,0, ,...,0,€ V* and for each ¢ >0, §,_, = 6;,
then D : 6, = 0, = -+ = 0, is a derivation of length n. If 0, ' € V'*, we write 0 Lo
if for some n > O, there is a derivation D : 8, = -~ = 6, of length n such that
6 =20, and 0" =10,, and write § ¢ if @ =6 or 6% 6. A derivation
D:0y= - =0, is proper if 6, = X and if 7 + j implies 8, % §;. For any set
UCV* L(G, U) = {we U | there is a proper derivation X = - = w in G}. The
language generated by G is L(G) = L(G, 2*), so L(G) = {w € 2* | there is a proper
derivation X = - = w in G}.

A language L C 2* is e-free if e ¢ L. In this paper we shall deal exclusively with
e-free languages, so that for any grammar G considered we have L(G) = L(G, Z%).

A rule p — 8 is length-preserving if | p | = | 0 |, decreasing or erasing if [p| > | 6|,
and increasing if | p | << [ 6].2

A grammar G = (V, 2, R, X) is Type 0 if each rule in R is of the form aZ8 — ayB
where o, B, y € V¥ and Ze V — X311t is well known that for any grammar G there is
a Type O grammar G’ such that L(G") = L(G), and that the family of languages
generated by all Type 0 grammars is the family of recursively enumerable sets.

A grammar G = (V, X, R, X) is monotonic if p - 8c R implies |[p| < [8]. A
grammar is context-sensitive (CS) if it is both Type 0 and monotonic. A language L
is a CS language if there is a CS grammar G such that L(G) = L. It is well-known
that if G is a monotonic grammar, then L(G) is a CS language [5, 16]. Denote the
family of CS languages by CS.

A grammar G = (V, X, R, X) is context-free (CF) if p — 0 € R implies pe V — Z|

! For a set 4, A* is the monoid with identity e freely generated by 4. 4% = A*A.
2 For a string w, | w | is the length of w.
3 A Type 0 grammar is sometimes called context-sensitive with erasing.
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ie., | p| = 1. A language L is a CF language if there is a CF grammar G such that
L(G) = L. Denote the family of CF languages by CF.

A grammar G = (V, 2, R, X) is finite-state if each rule in R is of the form Z — aY
orZ-—>aorZ—e where Z,Ye V — X, ac Z. A language L is a finite-state language
if there is a finite-state grammar G such that L(G) = L. The family of finite-state
languages is identical to the family of regular sets, those sets accepted by finite-state
automata.

It is assumed that the reader is familiar with the basic concepts of automata theory.
In particular, a basic knowledge of finite-state automata, pushdown store automata,
linear bounded automata, and Turing machines is assumed. It is well known that a
language is finite state if and only if it is accepted by a finite-state automaton (deter-
ministic or nondeterministic), that a language is CF if and only if it is accepted by a
nondeterministic pushdown store automaton, that a language is CS if and only if it is
accepted by a linear bounded automaton, and that a language is generated by a T'ype 0
grammar if and only if it is accepted by a Turing machine. In this paper we
consider acceptance by several types of Turing machines and we briefly review their
definitions.

A one-tape off-line 'T'uring machine has exactly one tape, (see [14]). Initially, the
input is assumed to be written on the tape and a computation begins with the single
read-write head scanning the leftmost input symbol. There is just one read-write
head on this tape and this head can both read and write in any tape square. The
transitions of this machine depend only on the current internal state of the machine
and the contents of the tape square being scanned. In any one step of a computation
of such a machine, any combination of the following operations may be performed:
change the internal state; write in the tape square currently scanned (i.e., change the
scanned symbol); move the read-write head either one square to the left or one square
to the right or do not move the head at all; the machine halts.

An on-line, multitape Turing machine has one tape upon which the input is originally
written. ‘This tape has only one head and this is a read-only head. The input is scanned
from left to right during a computation and the read-only head never moves left.
This machine may also have some finite number of storage tapes, each storage tape
having exactly one read-write head (see [13]). In any one step of a computation of such
a machine, any combination of the following operations may be performed: change the
internal state; move the read-only head of the input tape one square to the right;
on each of the storage tapes, write in the currently scanned tape square (i.e., change the
scanned symbol); on each of the storage tapes, move the read-write head one square
to the left or one square to the right or do not more the read-write head; the machine
halts.

If M is a Turing machine and f is a function, then M accepts within time bound f
if for each input w accepted by M, there is a computation of 3 upon input @ which
accepts w and which has no more than max(| f(w)|, | w |) steps.



TIME-BOUNDED GRAMMARS 401

In most cases the Turing machines discussed are nondeterministic. Thus, at any
step in a computation there is a finite set of possible transitions.
The set of positive integers is denoted by N.

2. TiMe FuNcTiONsS AND BoOUNDING FUNCTIONS

In this section we define the time function of a grammar. We also define bounding
functions and the families of languages determined by bounding functions. Some
basic properties of grammars, their time functions, and bounding functions are
established.

We begin by developing the notion of the time function T of the grammar G.
T is a (partial) function such that for any z# > 0 for which T4(n) is defined, T'3(n)
bounds the length of the shortest derivations of all strings of length equal to z which
are generated by G. This definition is due to Gladkii {7]. We first define the (partial)
function t; which assigns to a string w the length of the shortest derivation of w in G
if such a derivation exists.

DeriniTiON 2.1.  For any grammar G = (V, 2, R, X) and every w e L(G, V?), let
t(w) be the least integer m such that there is a proper derivation of @ in G of length m.

For any grammar G = (V, 2, R, X), t; : V*— N is a partial recursive function. To
see this, note that L(G, V") is a recursively enumerable set since L(G, I'*) can be
enumerated by considering for each #» > 0, the strings generated by all proper
derivations of length no greater than n. If X = -~ = w is a proper derivation in G
of length m, then #;(w) << m. To compute #y(w) it is sufficient to consider all proper
derivations of G of length no greater than m and find the shortest derivation of w.

DEeFiNiTION 2.2. For any grammar G = (V, Z, R, X), define T : N -> N the
(partial) time function of G by

max{to(w) |we Ve, X = w),  if L(G, V") %4

To(n) = undefined otherwise.

The time function T of a grammar G may be viewed as a measure of “derivational
complexity” [7], and one may measure the derivational complexity of a language L
by assigning to L the “smallest” time function of all grammars which generate L.
We now proceed to investigate properties of the functions T; and to define families of
languages based on “bounds” on derivational complexity.

In this paper we deal only with e-free languages. This is a technical convenience
which simplifies certain proofs and the principal results will still hold if this restriction

is relaxed (but certain arguments would need to be revised). Thus neither ¢5(e) nor
T¢(0) are defined.

571/5/4-5
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If for some G = (V, 2, R, X), T is total recursive, then both L(G, V+) and L(G)
are recursive sets. In fact, if T is bounded above by a nondecreasing partial recursive
function, then both L(G, V'*) and L(G) are recursive sets. However in general Tg
need not be partial recursive. We see this in Proposition 2.4 below.

Notation. For any partial function g:4 — B, we write g(a)| if g(a) is defined and
gla)} otherwise.

Lemma 2.3. Let G = (V, 2, R, X) be a grammar and let f be a nondecreasing partial
recursive function. If for all n such that T(n)|, both f(n)| and Ts(n) < f(n), then
L(G, V*) and L(G) are recurstve sets.

Proof. Let k be the number of elements in V. Let we I+ and let m = | w|.
Consider the set S,, of all proper derivations in G of length no greater than
c(m) = X1 <i<m K . Since there are exactly ¢(m) words in I+ of length no greater than
m, either every word in L(G, V) has length strictly less then m or there is a derivation
X = -+ = o' in S,, such that | @' | > m. Since .S,, is a finite set, one can search S,,
and find such a derivation and string @’ or find that there are none. In the Jatter case,
w ¢ L(G, V*). In the former case, we have &' € L(G, V+) and T¢() =’ {)|, and thus
S ' 1){. Since f is nondecreasing and m < | w’ |, then To(m) < f(m) < f({ ' |).
Thus w e L(G, V) if and only if there is a proper derivation of w in G of length no
greater than f(| @' |). Thus L(G, V'*) is recursive, and since X+ is recursive and
L(G) = L(G, V*) N 2+, L(G) is recursive.

ProrosiTION 2.4. There exists a grammar G such that T is not a partial recursive
Sfunction.

Proof. Let G, = (V, 2, R, X) be any grammar such that L(G,) is not recursive.
Let 4 and Y be new symbols notin I, and let J; = V' U {Y, 4}. Let

R, =RU{Y>0|X—>0ecRU{Y—AY,Y — A4}

Let G = (V1,2 R, Y). Clearly, L(G) = L(G,) and T; is a total function (since for
any n, Y & A). Thus if T is partial recursive, then it must be total recursive and so
L(G) is recursive. But G, was chosen so that L(G,) is not recursive. Hence, T is not
partial recursive.

We now consider a property of time functions which is useful in forming our
definition of bounding functions. For G = (V, X, R, X), let

k=max{|0| — |p||{p—0€cR}

For any w e L(G, V*), every derivation of w from X in G has length at least | = |/k
since one step in a derivation can increase the length of a string by at most .. Thus
Tg is “at least linear”, i.e., for any # such that T;(n)|, n/k < T¢(n). Thus we have
the following proposition:
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ProrosiTioN 2.5. If G = (V, 2, R, X) is a grammar such that L(G, V) is infinite,
one can effectively find a positive integer k such that for any n, if To(n)|, then njk < Tg(n).

DeFInNtTION 2.6, A function f is a bounding function if it is a nondecreasing total
recursive function with the property that there is a positive integer k such that for all x,
f(x) = x/k, and such that for all x > 0, f(x) = 0.

DeriniTION 2.7. A bounding function f bounds grammar G = (V, 2, R, X) if
for any integer, n, if T4(n}|, then To(n) < f(n).

DeriniTion 2.8. If f is a bounding function, define Z5(f) = {L(G)| G is a CS
grammar and f bounds G} and #(f) = {L(G)| G is an arbitrary grammar and f
bounds G}.

The families Zg(f) and Z£(f) are the families of languages which we shall study.
We shall consider f as a measure of derivational complexity of the languages in Z5(f)
and in Z(f).

Note that if G is an arbitrary grammar such that f bounds G, then G may have
erasing rules so that L(G) is not necessarily CS. However, by Lemma 2.3 we have the
following result.

CoroLLARY 2.9. If fis a bounding function, then both Ly(f) and L(f) are families

of recursive sets.

Notation. For any function f and any constant ¢ > 0, let ¢ - f be the function
defined for all x as

(1 i of(x) <1
lef(x)  otherwise.

e f () =

For any function f, let C(f) be the family of functions ¢ - f where ¢ > 0 is computable.
From the definition of bounding functions, it is clear that if fis a bounding function,
then so is every function in C(f).
We shall be particularly concerned with the families of languages generated in
linear time.

DeriniTION 2.10. A grammar G is a linear-time grammar if it is bounded by some
bounding function which is linear. Define LINEARyg = {L(G) | G is a linear-time
CS grammar} and LINEAR = {L(G) | G is an arbitrary linear-time grammar}.

We shall show in Section 5 that CF C LINEARs ¢ CS.

If f and g are bounding functions such that for every x > 0, f(x) < g(x), then
clearly %o(f) C Zog(g) and Z(f) C #(g). As a result of Theorem 3.5, we shall see that
for any bounding function f and any computable ¢ > 0, Lg(c * f) = Zes(f) and
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(e f)=L(f), 50 that Zes(F) =Usectr Zos(8) and L(f) =Upegtn £(g)- Thus, we
will have LINEAR s =Ujgecy Zos(g) = Zes(?) and LINEAR = (e £(8) = L),
where 7 is the identity function, {(x) = x. From the requirement that 2 bounding function
be “at least linear”, we shall then have LINEARg C Z(f) and LINEAR C Z(f)
for every bounding function f.

While it is immediate that for every bounding function f, Zc4(f) C Z(f), it is not
known whether #(f) equals Zg(f). In particular, it is not known whether LINEAR
equals LINEARg .

We close this section by stating a lemma concerning restrictions on the form of the
rules of grammars. This lemma is very useful in establishing positive closure properties
(Section 5). It is easy to prove this result using straightforward but tedious arguments
based on proofs in [16] and [17]. Recall that only e-free languages are considered.

Dermnrrion 2.11. A grammar G = (V, 2, R, X) is of degree m if
m =max{{p|,|0]|p—>0f€eR}

LemMma 2.12. If G is a grammar of degree m > 2, one can effectively construct a
Type O grammar G' = (V, Z, R, X) such that the following conditions hold:

(1) L(G) = L(G);
(ii) G' is CS if and only if G is monotonic;
(i) ¢f p— 8 R, then p — 8 has one of the forms

Z,—~Y,Y,
ZZ,— Y, Z,
22y~ 7,Y,
YAVAS A vaelX, Z,,2y,,Y,,Y,eV— 2
Z\Zy—> Zy
Z\Zy— aZ,
Z,—a

@) for any n with Ts(n)|, both Tg(n), and Tg(n) < MT(n) where
M = 8m(m + 1).

3. CONNECTIVITY IN GRAMMARS

In this section, we define the notions of a connected derivation and a connected
grammar. The basic connectivity results are stated and then applied to obtain a “linear
speed-up’’ theorem (3.5) and its corollaries. The notions of connectivity in grammars
are essentially those of Gladkii [7] although some minor changes have been made in
the basic definitions. Independently, Griffiths [12] has studied similar notions.
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DepiniTioN 3.1, If D:Iy= I, = -+ =1, is a derivation in grammar
G = (V, 2, R, X), a production sequence for D is a sequence of n ordered pairs, each
element of the pair being an ordered triple, where the ith pair is {(B;, P;, C)),
(B;,Q:, Cy)y with B,P,C; =T, B,Q,C; =TI}, and P, —> Q€ R.

Notice that every derivation has at least one production sequence and may have more
than one. Also, notice that for each 7, 0 <1 <, I'; = B,Q,C; = B,;,P; ,C;,, .
Thus, Iy = B,P,C, = B/O,C, = I'} = B,P,Cy, = B,0,C, = I'y = ByP,Cy = -
= Bn—lQn—lcn—-l - Fn—l = B,P,C, = Bnann = Fn .

DerFiNiTION 3.2, Consider a  derivation D:[Iy= -+ = I, in grammar
G = (V, 2, R, X) and a production sequence S = {{(B;, P;, Cy), (B;,0;, C)>}7q
for D. Forevery? = 0,..,n — 1,

(a) step i+ 1 occurs to the left of step 1if | B, Py y | < | By |3
(b) step i + 1 occurs to the right of step i if | P;,Cypy | <1 Ci 5
(c) step i+ 1is connected to step 1 if | B, P,y | > | B;|and | P ;Cipy | > Cy |

Consider Cases (a), (b), and (c¢) in Definition 3.2. Since B;;P;,,C;;; = B,0,C;
and, as the left-hand side of a rewriting rule, P;,; == e, it is immediate that Cases (a)
and (b) cannot occur simultaneously. Now | B;,P;,,| << |B;| if and only if
[Cin| =2 1QCi ), and | Py Cipy | <[ €] if and only if | By | = | B;Q; | Thus,
the three cases are mutually exclusive and exhaust the possibilities, that is, exactly
one of the following occur: (i) step 7 + 1 is connected to step ¢; (ii) step 7 + 1 occurs
to the left of step 7; (iii) step ¢ 4 1 occurs to the right of step 7.

DeFINITION 3.3. A derivation in a grammar is a connected derivation if there is a
production sequence for it such that each step is connected to the previous step.
A grammar is a connected grammar if each proper derivation is connected.

It is easy to see that if G = (V, X, R, X)is a finite-state grammar such that e ¢ L(G),
then G is a connected grammar, since in any proper derivation D : X = I} = - = I,
each I'; is in 2+ U Z*V. Note that a CF grammar cannot be connected unless it is
a linear CF grammar.

In [9] it is shown that for every e-frec context-free language L there is a grammar
G = (V, 2, R, X) such that L(G) = L and such that each rule in R is of one of the
following forms:

Z—>a
Z — aY, acZ2 2,Y,,Y,eV — 2.
Z — aY,Y,

(Such a grammar is a “standard 2-form” grammar.) We can construct a connected
grammar G; = (V,, 2, R;, X,) such that L(G,) = L(G) and such that for any n > 0
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both Tg(n)| iff T (n)|, and T4(n) = T (n). The construction is as follows. Let X,
be a new symbol and X, = {4, |ae X} be a set of new symbols, and let
Vi=VuZ, u{Xj}. Let

R, ={X,—>alacX, X—>acR}
U{X,—>aY a2 Y,eV -2 X—aY,eR}
VX, —>aY,Y,|ael)Y,,Y,eV—2 X—aY,Y,eR}
V{bZ —>ba, ,b,Z —ba|back, ZecV — 2, Z—>acR}
U{bZ—>baY, |back Z,Y eV —2,Z—aY, eR}
U{b,Z — ba,Y,Y, | b,acX,Z)Y,, Y, eV — 2 Z-—>aY,Y,eR}.

In the above construction it is obvious that L(G;) = L(G). The symbols of 2| play
the role of “connectors,” since by the form of the rules if X; = [} = - = I, is a
proper derivation in Gy, then 7 < n implies that I'; has exactly one symbol from X,
and I, has one symbol from 2 or is a string from which nothing can be derived.
However, the preservation of the time function stems from a property that is unique
to CF grammars: any proper derivation of a terminal string can be transformed into
a proper derivation of that string such that at each step the leftmost nonterminal symbol
is the symbol transformed at that step.

It is easy to see that for an arbitrary grammar G one can construct a connected
grammar G’ such that L(G") = L(G). This follows from the fact that for any grammar
G one can construct a nondeterministic one-tape off-line Turing machine that
“simulates” G. Since a Turing machine computes by scanning adjacent squares in
successive moves, the grammar obtained from this machine will be connected.
However, the ‘“‘obvious” construction—which begins with grammar G, produces
Turing machine M which simulates G, and then produces a connected grammar G’
from M—may not preserve the order of the time function of G; in fact, it is not unusual
for T+ to be on the order of (7;)? (the simulation of grammars by Turing machines
is discussed further in Section 4). What is needed here is a construction of a connected
grammar G’ from G such that L(G") = L(G) and Ty € C(T).

Gladkii [7] has established the following:

If G is a grammar, one can construct a connected grammar G’ and find a constant &
(which depends only on G) such that L(G’) = L(G) and such that for any n > 0, if
T¢(n)|, then T4 (n)|, and Ty (n) < kT¢(n).

We shall use a variation of this result which is stated below. A detailed proof appears
in [1].

ConnectiviTy THEOREM 3.4. If G is a grammar, one can effectively construct a

connected Type 0 grammar G, = (V, 2, R, X) and a constant k > O such that

() LGy =L(G);
(it) G, 2s CS if and only if G is monotonic;
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(1) every proper connected derivation in G, has a unique production sequence;
(iv) for any n > 0, if T(n)], then both T (n)| and T¢ (n) < kTq(n);
(v) if fis a bounding function such that f bounds G, then function k - f bounds G, .

Theorem 3.4 is a powerful tool for studying time-bounded grammars and the
languages they generate. The first application of this result is a “linear speed-up”
theorem for grammars similar to that of Hartmanis and Stearns [13] for multitape
Turing machines.

TarorREM 3.5. Let G be a grammar and let f be a bounding function that bounds G.
For any positive computable number ¢, one can effectively construct a connected grammar G,
such that L(Gy) = L(G) and the function ¢ - f bounds G, .

Proof. 'There is nothing to prove if ¢ 2= 1 so assume ¢ < 1. Let m be the least
positive integer such that 2/m <C ¢. Since ¢ is computable, m can be found effectively.

By Theorem 3.4 there is no loss of generality if one assumes that G = (V, 2, R, X)
is connected and that each proper connected derivation in G has a unique production
sequence. Let R = max{|0]| — |p||p — 0 R}. Thus, if I, = .- = I, in G, then
[ Iy] — | Iy | < At, since length can be increased by at most % at each step.

Construct grammar G, as follows:

(i) Let X, be anew symbol and let Rggort = {Xo— | w € Us<omrnn LG, V9)}.
Since f is recursive and f bounds G, ;< @ems+1)% L(G, V?) can be effectively found so that
Rgyort can be effectively constructed.

(i) For each i = 1,..., 2m + 1)k and each j = 1,....m let R, ; = {I"—> | I,
$pelV* |I'| <i, there exist 6,,..,0,€ V* such that 6, = I, 6, =, and
6, = - = 0, is a connected derivation in G}. Since | I'| <7 < (2m + 1)k, each

R; ; can be effectively constructed.
(2m+1)k

(iii) Let Ry = RU Regorr U (U™ Uy Ry), let Vo = VU {X,}, and let
G, = (Vy,Z, Ry, X,).

We must show that (A) L(G,) = L(G), (B) G, is connected, and (C) ¢ - fbounds G, .

(A) From the construction of R, , it is immediate that for any w € V+, X, & w
in G, only if X% w in G, so that L(G,, V*)CL(G, V*). But RCR,; so
L(G, V*)CL(G,, V*). The symbol X, can only occur once in any proper derivation
in G, and in that occurrence serves as the initial symbol. Hence, L(G,, V) =
L(G,y, V*) = L(G, V*) and L(G,) = L(G).

(B) Let D: X, =0, = =0, be a proper derivation in G,. By the
construction of Ry, for each i = 1,..., m, either 0,_; = 6, in G or there exist
i1 sees Ti ) € Visuchthat 0,y = m;, = - = m; ¢y = 0,is a connected derivation
in G, where §; = X, Thus D" : X = -+ = 0, = --- = 8, is a proper derivation in G.
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Since G is connected, D’ is a connected derivation and so D is a connected derivation
in G, . Thus G, is a connected grammar.

(C) SupposeD:X = 6, = -+ = f,isaderivationin Gand | 6, | < (2m + 1)&.
Then X, — 0, is a rule in Rggorr C Ry, so that te(0) =1 < ¢ f(| 6, ). Thus if
T, (m)| and n < (2m -+ 1)k, then T¢ (n) = 1 < ¢ - f(n).

Suppose D : X = 6, = -+ = 0_ is a proper connected derivation in G such that
|0, = (2m 4- 1)k and that o = #5(6,). By choice of k, #5(8,) > |0, |/k so that
=216, |/k=22m+ 1. Let S ={(B;,P;,Cy),(B;,0Q:,C)};_; be a production
sequence for D such that each step is connected to the previous step. Let p be the
greatest integer such that pm < o. By the construction of R,

D:Xy=0,=>-=20,

is a proper connected derivation in Gy .
There are two cases:

(1) If pm = o, thend,, = 0, and 6 (0:) < p = ofm < 20lm < co = ctg(f,) <
cTe(16, 1) < ¢f(16, )

(i) If pm < o, then 6, = '~ = 6, is a connected derivation in G of length
o — pm < m. Consider the production sequence {{(B;, P;, C,), (B; , Q;, C}_ i1 -
Then there exist B” and C” such that each B,P,C; can be expressed as B"«,P,B,C"
and each B;Q,C; can be expressed as B"v;0,8,C" where | o; | <{ (6 — pm) k << mk and
| B; | < (¢ — pm)k << mk (recall that the derivation is connected and & = max{| p |,
18]]p —>08€R}). Thus o1 PomiaBomsz = = 0,0,8, is a connected derivation
in G with | ay13PpmaBomir | < (2m + 1)k; 80 a1 PomisBomsa —> 4,Qf, is a rule
in R, . Hence epm = Bom+1P nm+lcom+1 =B ”apm+1P pm+IBom+1C” and 0, = B”o‘oQchC”’
so that X; = 8, = - = 0, = 0, is a derivation of length p + 1 in G,. Thus
te,(0) <p+1=o0/m+1<20/m < co=cte(d,) < cTe(l8, 1) <ef (16, 1)

Thus for any n such that T (n)|, T (n) < ¢ * f(n); so ¢ - f bounds G, .
By (A), (B), and (C), G, has the desired properties.

CoROLLARY 3.6. Let G be a grammar and f a bounding function such that f bounds G.
For any positive computable number ¢, one can construct a connected grammar G' and a
positive integer k such that L(G') = L(G), and whenever T (n)|, To{n) = 1 if n < k
and To(n) < cf(n)if n > k.

CoroLLARY 3.7. Iffis a bounding function and c is a positive computable number, then
Zos(f) = Zesle ) and ZL(f) = L(c - f). Thus, Zes(f) = Usectn) Zes(g) and
L(f) = Usectn £(8)-

CoroLLARY 3.8. Ifiis the function by i(x) = x for all x, then LINEAR g = Z(?)
and LINEAR = Z(3).
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CoroLLARY 3.9. For any bounding function f, LINEARqsC Zes(f) and
LINEARq C LINEAR C Z(f).

Proof. Since f is a bounding function, there is a constant 2 > 0 such that for all »,
kn < f(n). Thus LINEARcg = Zg(t) = Fog(k - 1) C Fos(f) and LINEARC
LINEAR = 2(i) = L(k - 1) C ZL(f).

CoroLLaRY 3.10. Iffis a bounding function and G is a grammar such that f bounds G,
then one can effectively find a grammar G’ and a constant ¢ > 0 such that L(G') = L(G)
and such that for any n where T;(n)}, Te(n) < cf (n).

Proof. Let G' and % be as in Corollary 3.6. Consider those z such that T (n)].
If f(1) = 1, then for n < k, Ty(n) =1 < f(1) < f(n) since f is nondecreasing.
Since f(n) = Te(n) for n =k, ¢ =1 will do. If f(1) <1, then for n <<k,
Tor(n) =1 < (1FQ)2F(1) < (ff(1))*f(n) since f is nondecreasing. Since
1f(1) > 1,forn = &k, Te(n) < f(n) < (1/f(1))2f(n). Hence c = (1/f(1))? will do.

We now turn to an application of connectivity to a certain class of linear-time
grammars. Suppose G = (V, 2, R, X) is a CS grammar such that each rule in R is
of one of the following forms:

zZ,—~>Y,
Z,—~Y,Y,
2,2, —~ Y\Z,
27y~ 2)Y, jac® 2, ,72,,Y,,Y,eV — 2,
Z\Zy— aZ,
aly, — aZ,
Zi—a

We lose no generality assuming that G is connected; hence, every proper
derivation of G is connected.

Let L be the set of those w € L(G) such that there is a connected proper derivation
X=¢ = - =¢, =win G with the following property: for some & < #, every
rule used in the subderivation X = ¢, => - = ¢, is a CF rule and every rule used
in the subderivation ¢, = - = ¢, = w is a length-preserving rule. We shall show
that if there is an integer p > 0 such that every such derivation has length bounded
by p | w ], then L is CF.

Let L, be the set of all strings @ € V"* such that there is a proper derivation of win G
which uses only CF rules. Hence, L, is a CF language over V. We view L, as the set
of strings obtained by the ‘“CF-subderivation” of the type described above. To any
CF grammar G, such that L(G,) = L, ,add the set of rules{Z — (Z, a) |ac 2, Ze V}.
Let the resulting language be L, . Since this set of rules is CF and G, is a CF grammar,
L,is CF.
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Consider a nondeterministic one-tape off-line Turing acceptor M which operates
as follows. Upon receiving input over V X X, say w;, = (Z;,a)) " (Zn,a,), M
imitates some derivation Z; -+ Z, = i; = - = ¢, in G which is connected and
which uses only length-preserving rules. If 6, = a; - a,,, then M accepts w, .

Since the derivations have length bounded by f(x) = px and since the imitated
derivations of G are connected, M operates within a linear time bound. In [14], Hennie
shows that a deterministic one-tape off-line Turing acceptor which operates in linear
time accepts only a regular set. This result may be extended to nondeterministic
machines in a straightforward manner. Hence, if Ly is the language accepted by M,
then L, is regular.

Leth : (V X 2)*— 2* be the homomorphism determined by defining #((Z, a)) = a
for Ze V,aeZ. Let L, = h(L, N Ly). Since L, is CF and L, is regular, and since the
family of CF languages is closed under homomorphic mappings, L, is CF. But clearly,
L, = L so that L is CF.

This argument verifies one’s intuitive feelings that a language like

L ={a"b"c"|n > 1}

cannot be generated in linear time by first generating a string in @*b*c* and then
checking to see that the number of a’s matches the number of &’s, etc. This argument
does not show that L is not in LINEAR(g . In fact, it is shown in Section 7 that
LINEARg contains every language accepted in linear time by a nondeterministic
multicounter acceptor, and hence contains L.

4. SIMULATION OF GRAMMARS BY MACHINES

1t is natural to ask what relationship exists between the generation of a language by
a grammar within a given time bound and the recognition of that language by a Turing
acceptor. In particular, if f is a bounding function and G is a grammar such that f
bounds G, does there exist a nondeterministic Turing machine M (multitape, multi-
head, or whatever) such that M recognizes L{G) within time bound g for some g € C(f)?

One approach to answering this question is to determine a machine model in which
we can simulate derivations of grammars of some given family. For example, if G
is a Type 3 grammar, then one can construct a nondeterministic finite state machine M
such that M accepts L(G) in real time? and such that the computations of M essentially
imitate the proper derivations of G. Similarly, if G is a standard 2-form context-free
grammar [9], then one can construct a nondeterministic pushdown store machine M
such that M accepts L(G), M operates in real time, and the computations of M
essentially imitate the proper left-to-right derivations of G (see [8]). In the first case,

4 That is, if M accepts an input w, it does so by means of 2 computation of | w | steps.
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the time function Ty is Tg(n) = n. In the second, if T¢(n)|, then Ty(n) < n. Hence
M preserves the order of the time bound.

Since for any grammar G = (V, 2, R, X), L(G, V*) is a recursively enumerable
set, one can construct a one-tape off-line deterministic Turing machine A with the
property that if 6, = --- = 6, is a derivation in G, then there is a computation
o — *** +— 7, of M and a sequence of integers 7, ,..., i, such that for any j = 1,..., #,
the tape content of m, is an encoding of §; . However, the length m of the computation
o b— " — 7, is generally of an order of at least n2 In fact, if G is bounded by f,
then there is a one-tape off-line nondeterministic Turing machine }/ which imitates
the derivation of G within time g € C(f?), but not necessarily a machine M’ of this type
which imitates the derivations of G within time bound % where lim, ., A(n)/(f(n))? = 0.

There are two basic reasons why the time function of an “imitating” off-line machine
may reach the sequare of the time function of the grammar:

(I) In any arbitrary derivation D : 8y = --- = 8, of an arbitrary grammar G,
for any 7, 0 << 7 < m, the step 8; = 8,,, may occur arbitrarily far to the right or to the
left of the step 8,; = 6, . But the simulation by machine must take place as if D were
connected, since the process of reading and writing on a Turing tape is a connected
process—i.e., adjacent tape squares are scanned in successive moves. Thus, if G is not
connected, particularly if D is not connected, then as many as | ;_; | steps must be
added to the simulation process.

(2) If amB = ofB in G where | § | > | 7|, then on the corresponding simulation
machine tape we must either move o to the left or move § to the right in order to make
room for the | 6| — | 7| extra symbols, and this takes a number of machine steps
which is on the order of | & | or | B]. A similar process takes place if | § | << |« |. This
process may occur in a grammar to an arbitrary depth of embedding and arbitrarily
far from either end of the tape. Thus the simulation process may need on the order of
m? extra steps, where m is the maximum length of any string generated.

One method of overcoming (1) is to restrict our attention to connected grammars,
so that each proper derivation is connected. By Theorem 3.4 we lose no generality if
our interest is in the recognition of languages by means of imitating derivations.

We cannot overcome (2) on a one-tape off-line machine since it is known that a
one-tape off-line nondeterministic Turing acceptor recognizes only regular sets in linear
time [14], and as indicated above (and shown in Section 5), for every context-free
language L there is a grammar G such that L(G) = L and for all # such that T(n),
T¢(n) << n. Thus, we turn to on-line multitape Turing acceptors (with one head per
tape). We consider machines with two pushdown store working tapes and one input
tape. We visualize the two pushdown tapes as being ‘‘head-to-head,” the first “pushing
down to the left, the second “pushing down” to the right in the following way.

Let G=(V,2,R, X) be a grammar and Z;, - Z,— Y, - Y, €R, each
Z;,Y;eV. For any strings 4, -+ 4,, B; - B, such that each 4,, B, € V, we wish
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to imitate the derivation 4, -+ 4,2, -+ Z,B, - B, > A4, - A, Y, - Y, B, -~ B,.
Suppose that for somej, 1 <j < m, 4, --- A;Z; -~ Z; is stored on pushdown Tape 1
with the read-write head scanning Z; , and that Z;, --* Z,,B, -*- B, is stored in push-
down Tape 2 with the read-write head scanning Z;, .

The machine operates by first reading Z;,, --* Z,,., off pushdown Tape 2 until Z,,
is scanned, storing Z;,, *-- Z,,_, on pushdown Tape 1 so that 4, -+ 4,2, - Z,,_; is
stored on Tape 1 with Z,,_, being scanned. Then Z, --- Z,,_; is read off pushdown
Tape 1 and stored on pushdown Tape 2, so that Tape 1 contains 4, --- 4,7, with Z;
being scanned, and Tape 2 contains Z, --- Z,,B, - B, with Z; being scanned. This
action essentially checks to see that Z; --+ Z,, occurs so that the rule Z, --- Z,, —
Y, -+ Y, can be applied. At this point, ¥, -+ Y, is written on Tape 1 in place of Z, ,
and Z, +-- Z,, is erased from Tape 2. Finally, for some &, | <k < n, Y,,, Y, 1s
read off Tape 1 and stored on Tape 2.

Thus, if G is a connected grammar, any step in a derivation of G can be imitated
by at most 4 steps by a two pushdown store machine, where M is the degree of G.

From the above discussion, the following is immediate:

Lemma 4.1. Let G = (V, X, R, X) be a connected grammar and let f be a bounding
Junction that bounds G. One can effectively construct a nondeterministic Turing machine M
with two pushdown store tapes (and no other tapes) and an integer k > O such that:

(i) for every we L(G, V*), there is a computation of M of length no greater than
Rf (| w|) which begins with tape content X and halts with tape content w;

(ii) every computation of M begins with tape content X, and if it halts with tape
content w, then w € L(G, V™).

We now have our theorem on “‘simulation.”

Tueorem 4.2. If G = (V, 2, R, X) is a grammar and f is a bounding function such
that f bounds G, then one can effectively construct an on-line nondeterministic Turing
acceptor M with three pushdown store tapes such that L(IM) = L(G)® and suckh that for
each w € L(G) there is a computation of M of length no greater than max(f(|w|), | w )
which accepts w.

Proof. By Theorem 3.4, we may assume that G is connected. Using the methods
of [13], we can modify the machine M, of Lemma 4.1 to construct a machine M,
with two pushdown store tapes such that for any proper derivation X = 6, = - = 0,
in G, there is a computation of M, of length no greater than n/4 which halts with an
encoding of 8, of length no more than | 8, |/4 on the two tapes.

From M, we construct a machine M, by adding an input tape, which is read only
from left to right, and an additional pushdown store tape which we shall call Tape 3.

8 L(M) is the set of inputs accepted by M.
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The two pushdown store tapes from M, will be called Tapes 1 and 2. M, operates in
three phases.

Phase 1

In Phase 1, M, operates like M, , imitating an arbitrary proper derivation of G
on Tapes I and 2. Simultaneously, the input w is read, one symbol per step, and stored
on Tape 3, compressed (as in [13]) by a factor of four so that no more than | w [/4
tape squares are needed.

This phase ends when M, guesses that the contents of Tapes 1 and 2 are an encoding
of a string &’ € L(G).8

Phase 2

In Phase 2, M, positions the tape contents of Tapes 1 and 2 so that Tape 1 holds
the encoding of a prefix of @', say =, , with the tape head at the right end of the
encoding of @, , and Tape 2 holds the encoding of a suffix of &', say w, , with the tape
head at the left end of the encoding of w, , where @’ = w;w, . The particular choice
of w; and w, is made by guessing that at the end of Phase 2, the input read and stored
on Tape 3 has length equal to | @, |.

Meanwhile, M, continues to read input if the input has not already been completely
stored on Tape 3. This phase ends when the positioning of Tapes 1 and 2 is completed.

Phase 3

In Phase 3, M, compares the contents of Tape 1 with the input read up to this
point and simultaneously compares the contents of Tape 2 with any additional input
still to be read. If wyw, = w, then M, halts in an accepting state. Otherwise, M,
continues to operate in some arbitrary nonaccepting manner.

Thus M; accepts w if and only if w e L(G). Further, for any w € L(G), there isa
proper derivation of @ in G of length no greater than f(| @ |). This derivation can be
imitated in Phase 1 by a computation of no more than f(| @ |)/4 steps. Since w is stored
in only | % |/4 tape squares, Phase 2 takes at most | w |/4 steps. Finally, Phase 3 takes
| w |/4 steps if the input is entirely stored on Tape 3 by the end of Phase 2 and takes
max(| w |/4, | w| — (f(| w [)/4 + | w|/4)) steps otherwise. Thus this minimum length
accepting computation takes at most

fAwD/d+ wl/4+ max(|w|/4, |w] — (f(w])/4+|w]/4) < max(| |, f(| w]))

steps.

Theorem 4.2 can be strengthened if one looks at different classes of bounding
functions. If lim,_,, f(n)/n > 3, the Turing machine need have only two pushdown
store tapes if one allows it to operate by first imitating a derivation on these tapes and

8 The ability of a nondeterministic machine to “guess” is described in [2].
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then comparing the result with the input, so the input is not read until the end of the
computation. Since this type of comparison takes no more than 2n steps, a speed-up
of another 1/3 allows one to obtain the same result with respect to preservation of time,
If lim,, ., f(n)/n? > 0, the input can be read first, stored on the “bottom” of one of
the pushdown store tapes. After imitating some derivation on the pushdown store
tapes, this stored input can be compared with the result of the imitated derivation.
This comparison need take no more than kn? steps for some & > 0; so again time can be
preserved.

Note that the converse of Theorem 4.2 does not hold for linear functions. It is
easy to see that the language {wcwRcw | w € {a, b}*} can be accepted in real time by
a deterministic on-line Turing acceptor with one storage tape. However, in Section 6
it is shown that the language cannot be generated by a grammar G such that
lim,, ., Te(n)/n? = 0.

It is well known that the family of CS languages is precisely the family of languages
accepted by nondeterministic linear-bounded automata. In [17] Landweber showed
that if M is a deterministic linear-bounded automaton, then L(M) is CS. In [16]
Kuroda showed that if M is a nondeterministic linear-bounded automaton, then L{M)
is CS, and that if G is a CS grammar, then L(G) is accepted by some nondeterministic
linear-bounded automaton. The arguments in [16] and [17] can be extended to time-
bounded models to yield the following propositions:

ProposiTioN 4.3. If M is a one tape off-line nondeterministic Turing acceptor
which accepts within time bound f (where f is a bounding function), then one can construct
a connected grammar G such that L(G) = L(M) and such that f bounds G. In this case,
G essentially imitates the action of M.

ProPOsSITION 4.4. Let f be a bounding function such that for some ¢ > 1 and all x,
f(x) = cx® A language L is accepted by a nondeterministic linear-bounded automaton
that accepts within time bound f if and only if L € ZLcy(f)-

Similarly, we have:
ProposiTION 4.5. Let f be a bounding function such that for some ¢ = 1 and all x,

f(x) = cx®. A language L is accepted by a nondeterministic one-tape off-line Turing
acceptor which accepts within time bound f if and only if L € L(f).

5. Positive CLOSURE AND CONTAINMENT PROPERTIES
In this section positive closure and containment properties of the families Zes(f)

and Z£(f) are studied. First, it is shown that LINEARcg (hence, Zg(f) and £(f))
contains the e-free CF languages. Then, it is shown that LINEARgg contains CS
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languages which are not CF by showing that LINEAR¢g forms a basis for the recur-
sively enumerable sets.

Lemma 5.1, IfLis an e-free CF language, then L ¢ LINEARg .

Proof. By the results of [9], there is a CF grammar G = (V, 2, R, X) such that
L(G) = L and such that each rule in R is of one of the forms

Z—>a
Z — aY, Z,Y,,Y,eV -2 acl
Z — aY¥,Y,

Since each rule in R either is length-increasing or transforms a nonterminal symbol
into a terminal symbol, it is clear that for any n such that T4(n)|, T4(n) < n. Thus G
is bounded by #(n) = n, so L(G) € Z5(i) = LINEARg .

Lemma 5.2, For any finite set X and any recursively enumerable set L C X*, there
15 a language L' € LINEAR g and a homomorphism h such that h[L'] = L.

Progf. Let G = (V, 2, R, X) be a Type 0 grammar such that L(G) = L. We lose
no generality by assuming that each rule in R is of one of the forms

p-—)@l

_ )% _
Z—»a)P’GE(V 2V, ZelV — 2 acl.

Let X7, D, and d be three new symbols, and let V' = VU {X’, D, d}and Z; = X U {d}.
Let

R = {X'— dX, dD — dd}
Ulp—0lp0e(V—-2)%5]pl <|6],p—>0eR}
Ulp— D |p,8e(V —3)% |p| = 10],p>0eRk=]p|—|0]+1}
U{Z—>a|ZeV—3acZ Z—>acR)
U{ZD — DDZ|ZcV — 3}.

If G = (V', 2, R, X) then L(G") C {d}* L(G) and for each w € L(G), there is an
integer & > 0 such that d*wel(G’). Let h:Z3* — Z* be the homomorphism
determined by defining #(d) = e and for a € 2, k(a) = a. Then h[L(G")] = L(G) =L.
Further, since each rule in R’ is either a length-increasing rule or of the forms dD — dd
or Z— a, it is immediate that for any z such that T¢/(n)|, T¢(n) < 2n. Thus
L(G") e LINEAR(s .

Tueorem 5.3. For any bounding function f, Los(f) and L(f) contain the e-free
CF languages and also CS languages which are not CF.
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Proof. Consider the languages L and L' in Lemma 5.2. If L is not CF, then neither
is L', since the CF languages are closed under arbitrary homomorphic mappings.
Since L' is in LINEARg, it is CS.

Gladkii [7] showed that LINEAR¢ contains the e-free CF languages and also
contains non-CF languages. The proofs here are different from those in [7].

We now study the positive closure properties of the families %5(f) and Z(f). For
the most part we investigate AFL [6] operations, but we also explore reversal,? inter-
section, and substitution.

It is a straightforward exercise to show that the families £g( f) and Z(f) are closed
under union, concatenation, and reversal, the arguments being based on simple
grammar constructions. Similarly, the “cross-product” construction used in [4] to
show that the CF languages are closed under intersection with regular sets can be
modified to show that the families Zg(f) and £(f) are closed under intersection
with regular sets. Thus we state the following theorem without proof.

THEOREM 5.4. For any bounding function f, the families £o(f) and L(f) are closed
under union, concatenation, reversal, and intersection with regular sets.

We now investigate the closure of Zg(f) and Z£(f) under certain mapping
properties. We begin by showing closure under LINEARg-substitution.® Recall that
for any f, each language in Zg(f) or Z(f) is e-free. Hence every £ ¢(f)-substitution
and every .Z(f)-substitution is e-free.

Tueorem 5.5. If f is a bounding function, then Log(f) and L(f) are closed under
LINEAR ¢-substitution.

Proof. This proof involves a straightforward but tedious argument, and so only a
sketch will be given (the details may be found in [1]).

Let G = (V, Z, R, X)be a grammar such that f bounds G. Assume thatifp >0 € R,
then p e (V' — Z)*. Let ¢ > 0 be a constant such that for all # >> 0, T¢(n)| implies
Te(n) < cf(n).

Let r be a LINEAR g-substitution on 2. Foreacha e 2, let G, = (V,, 2, , R, , X,)
be a CS grammar such that G, is linear-time and such that L(G,) = +(a). Assume that
if p—>0eR,, then pe(V, — Z)* Let ¢, >0 be a constant such that T (a)}

7If w e X*, the reversal of w, wR is defined as follows: if w = e, then wR = ¢; f w = a e Z,
then wR =aqa; if w =a, " a,,n > 1, a;€ %, then wR = q, - a;. If L C Z*, the reversal
of LisLR = {wR|wel}.

8 Let 2 be a finite nonempty set of symbols. For each a € Z, let Z, a finite nonempty set of
symbols, and let 7(a) be a subset of Z,*. Let 7(e) = {e}, 7(ay *** @,) = 7(a;) *-* 7(a,) forn > 1,
a;€ X, and 7[L] = UweL (w) for L € Z*, Then 7 is a substitution on X, and is an e-free sub-
stitution if for each a € 2, e ¢ 7(a). If # is a family of languages and 7(a) € # for each ae %,
then 7 is an & -substitution.
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implies 7' (n) < ¢,n. We lose no generality by assuming that forall ¢, be Z, if a # b,
then (V, — £) " (Vy — 5) = (Va— Z) N (V = 2) = 4.

Let & = {@| a€ Z} be a set of new symbols. Let & : V* — (V' — Z) U X)* be the
homomorphism determined by defining #(Z) = Z for ZeV — 2 and h(a) = a
for aeX. Let R, = {h(p)—>h(0) | p—>0cRIV{a— X,|aeZ}U Uz R,), let
Vi=VUZU Ugex Vo), and let Z) = Uyes Z, . Let G, = (V1, 2}, Ry, Xy).

We would like to say that L(G,) = 7[L(G)]. However, rules must be added to ensure
that the followmg situation does not occur. If for some a € Z, y, zE€ V* X & yaaz in
G, then X & yX,X,2 in Gy . It is possible that {we X, * | X X, L win G} contains
more than L(G,) L(G,) = 7(a) 7(a). Hence we must add rules to R, to see that this
does not occur. This may be accomplished by making “copies” of each G, and adding
rules to ensure that strings of the form y.X, X,z do not occur, The details may be found
in [1].

Let ¢; = max{c, ¢, | ac Z}. Then it is clear that ¢f(x) + (¢; + 1)x bounds G, .
Further, the modification of G, described above yields a grammar bounded by
(c + ¢; -+ 1) f. Thus 7[L(G)] € Zs(f) if G is CS and 7[L(G)] € ZL(f) if G is arbitrary.

COROLLARY 5.6. If f is a bounding function, then Zos(f) and L (f) are closed under
e-free regular substitution.

CoroLLarY 5.7. If fis a bounding function, then Log(f) and £(f) are closed under
nonerasing homomorphism.?

The families Fg(f) and F(f) are closed under e-free substitution if f meets a
simple condition.

DErFiNITION 5.8. A function f is superadditive if for all x, ¥y = 0, f(x) + f(y) <
[+ ).

THeoREM 5.9. If f is a superadditive bounding function, then Zs(f) and Z(f)
are closed under e-free substitution.

CoroLLARY 5.10. If f is a superadditive bounding function, then Ls(f) and L(f)
are closed under Kleene +-.

Proof. Since {a} is an e-free regular set, {a}* € LINEARcs C Zs(f) C Z(f).
For any L € Z4(f), let = be the ZFs(f)-substitution on {¢} defined by +(a) =
Then r({a}*) = we(ay+ (@) = L*. Since Zo(f) is closed under e-free substitution,
Lt = 7({a}*) C Zs(f)- The same argument applies to Z(f).

We now investigate closure under inverse homomorphism.l® To do this we must

% A homomorphism % : Z* — A4* is nonerasing if h(w) = e implies w = e.

10 A family # of languages is closed under inverse homomorphism if L € # and k a homo-
morphism imply A [L] = {w | k(w) €L} e F.

571/5/4-6
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introduce new functions and new families of languages. These results closely parallel
those of [3] for families of languages accepted by time-bounded Turing acceptors and
for images of AFLs under bounded erasing.

Notation. For any function f and any integer £ > 0, define the function f, by
Ju(®) = f(kx). For any bounding function f, let S(ZLs(f)) = Ur Les(fr) and

AL = U Z(f2)-

DeriniTION 5.11. A function f is semihomogeneous if for every k; > 0, there is a
k, > 0 such that for all x > O, f(kx) < A f ().

It is straightforward to verify that if f is semihomogeneous (superadditive), then for
any integer k > 0, f, is semihomogeneous (superadditive). Also note that a
nondecreasing function f is semihomogeneous if and only if there is a &, > 1 such that
for some &k, > O and all x > 0, f(kx) < &y f ().

Lemma 5.12. If fis a semihomogeneous bounding function, then & (Zcs(f)) = ZLes(f)
(and A(L(f)) = £(f))-

Proof. Foranyky > 0, thereisak, > Osuchthatforallx = 0, f; (%) = f(k) <

k, f(x). Thus, Zc(f; kl) C Zeslkef) = Zes(f) so that F(Fes(f)) = Ur Zos(fe) C
Zos(f)- But Zes(f) = Zes(f1) € Ur Zos(fi) Hence, F(Zes(f)) = ZLes(f)-

Note that many functions arising in the study of computational complexity of formal
languages are both superadditive and semihomogeneous, e.g., f(x) = x log %, f(x) = x*
for £ > 1. Exponential functions are not semihomogeneous. In [11], it is shown that
families of languages accepted by Turing acceptors which operate within tape bound
f(x) = 2% are not closed under inverse homomorphism. We cannot show such strong
results here since we do not know, for example, whether £(2%) and #(4%) are different
families. Here we parallel results in [3] for the families of languages defined by time-
bounded Turing acceptors by showing that Z5(f) is closed under inverse homo-
morphism if and only if Zos(f) = S (Fes(f)) (5.21), and that the smallest AFL
containing Zg(f) is the smallest AFL containing & (Zcs(f)) (5.25).

In order to show that F(Fs(f)) and L(ZL(f)) are closed under inverse
homomorphism, we shall show that these families are closed under limited erasing.!
We follow the arguments of [5].

LemMA 5.13. If f is a bounding function, then both S (Zcs(f)) and S(Z(f)) are
closed under union, concatenation, reversal, intersection with regular sets, LINEAR cg-
substitution, regular substitution, and nonerasing homomorphism. If f is superadditive,
F(Zes(f)) and F(Z(f)) are also closed under substitution and Kleene .

11 A homomorphism h : Z* — A* is k-limited on L, k > 0 an integer and L. C Z*, if e ¢ A[L]
and if for all w €L and all x, ¥, 2 € 2* such that w = xy=z, h(y) = e implies | y | < k. A family
F of languages is closed under limited erasing if L € # and h k-limited on L imply A[L] € #.
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Proof. If f is a bounding function and % a positive integer, f; is also a bounding
function, and so %s(f.) has each of the desired closure properties. Since
ALeAF) = Us Lo F) and Zos(fy) € Les(fir), S(Zes(/) s the union of an
increasing chain of families, each of which has the desired properties. Thus S(ZLs(f))
has the desired closure properties. Similarly, F(Z(f)) has the desired closure
properties.

Notation. Let X be an alphabet and ¢ a symbol not in 2. Let X, = 2V {c}.
Let u,: 2, * — 2* be the homomorphism determined by defining u{a) = a for
ac X and pc) = e

Lemma 5.14. Let f be a bounding function and L e Lrg(f). If L CZ¥(cXX*)*
where ¢ is not in X, then p [L] € ZLes(fs)-

Proof. Notice that L C Z*(¢22Z*)* where ¢ ¢ 2 implies that ¢ ¢ L and that no word
in L contains two consecutive ¢’s.

Let G = (V, 2, , R, X) be a CS grammar such that L(G) =L and f bounds G.
Assume that each rule in R is of one of the forms

ZyZy — Y1Y,
Z;— YiY,
Z,—a

Z,,2,,Y,,Y,eV—23,,ac%,.

Let & be the least positive integer such that T'5(n)| implies T(n) < kf(n).
Let
Vi=Vul xVulxVxV),
=2V, x ZHu (&, x 2, x X),

and let 2 : V;* — V'* be the homomorphism determined by defining

h(v,) = v,
h((vy,vp)) = v0y ) 01, 05,036 V.

h((21, vs, 03)) = 17,05

Trivially, % is nonerasing and surjective, and A~1[2X *] = 2, *. Also, for any we V,*,
(13) [ h(w)] < |w] < | A(w)].
Letg : 2,* — 2 * be the homomorphism determined by defining

4@) = a
&((@ ) — ab
g((a, b, d)) = abd
8(a, c)) = g((c, a)) = g((a, ¢, ¢)) = g((c, a,¢)) = g((c; ¢, a)) = a
g((a’ b,¢)) = g((a’ 2 b)) = g((L‘, a, b)) = ab
ge) =gl(c, ) = glle, 6, 0)) = ¢



420 BOOK

for all @, b, d € 2. Then g is nonerasing, g{w) € 2* if and only if
we (2 —1{6 (6 0), (6 6 )%
and g(w) € {c}* if and only if we {c, (c, ¢), (¢, ¢, ¢)}*. Thus, for any
LC@i—{o(ae), et gl = plhL]].

We now construct a CS grammar G, such that A[L(G,)] = L(G) = L, g[L(G,)] =
pdHL(GY)]] = L], and £, bounds Gy .
Construct the following sets of rules:

R, ={Z,—~ (Yl » Yz)» (41, Zy)—~ (Y, Y,,2,), (Zz v Zy) —>(Zy, Y1, V),
(ZZ ’ Zl ’ Z3) g (ZZ ’ Yl)(Y2 ’ Z3)’ (Zz ’ Z3 ’ Zl) - (Zz ’ Z3)(Y1 ’ Y2)’
(Z1, 2y, 2Z3) > (Y1, Yol 2y, Z5) | Zy—~> Y YR, 2, , Zye V — 2}

Ry ={(Z,,2y) > (Y1, Y,),(Z,,2,,2Zy) > (Y1, Y, Zy),
(Zs, 2y, Zy) (2, Y1, Ya), (25, Zi)Zy, Zy) > (Z3, Y1)(Ye, Zy),
(Zs, 2y, ZiN 2y, Z5) > (Z3, Zy, Yi)(Ys, Z),
(Zs, ZiNZy, Zy, Zs) > (Z3, YUY, 2y, Zy),
(Zs1 24,202y, Z5, Zg) > (23, Zy, YIN(Yo s Z5 , Zs) |
ZZy—> Y, Y,eR Z,,Z,,Z;, Zzc V — X};

={Z,—a,(Z,,Z;) — (a, Z,), (Zs, Zl) —(Z,, a),
(Za ’ Z2 H Zl) - (Z3 ’ Z2 ’ a): (Zs ’ Zl ’ ZZ) - (Zs s Gy Zz):
(Z1,2y,23) > (a,2,,2Zy)| Z, >a€eR, Z,, Z;e V}

LetR, = R; U R, U Ryand G, = (V,, 2y, Ry, X). Then Gy is a CS grammar and
clearly A[L(G,, V1*)] = L(G, V*) since G, simply imitates the derivations of G
within the “coded” vocabulary V; and £ “decodes’ V,* to I*. By construction of R ,
it 1s clear that L(G) C 2, U ((Z, X Z) v (&, X Z, X Z.))*. Further, if we V'* and
X % win G, then there exists w, € h~(w) such that X% win Goand t, (w,) = to(w);
conversely, if we V,;* and X L win G, , then X L h(w) in G and tG(h(w)) = tg (w).
Since for any we Vi*, (1/3) A(w) < |w| < |h(w)| and for weL(G,, V+),
to(h(w)) = ts (w), we have Tg (n) < Te(3n). Since Tg(n)| implies To(n) < f(n),
T¢(3n) < kf (3n) = kfs(n). Thus, kf; bounds G ; so L(Gy) € Z(f).

Since A[L(G, , V)] = L(G, V), h[L(G,)] = L(G) = L. Since

LG)C 2, u((Z, x Z)U (X, X 2, X Zp)*

and A[L(G,)] = L, the hypothesis that L C 2*(cZZ*)* implies that no word of L(G,)
contains any occurrence of (¢, ¢) or (¢, ¢, ¢) and that ¢ ¢ L(G,). Thus,

L(Go) € (2, —{e, (¢, €), (e, ¢, )™

so that g[L(G,)] = p[h[L(G,)]] = w[L]. Since g is nonerasing and L(Gy) € Zcs(f3),
wo[L] = glL(G\)] € Zs(fo)-
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THEOREM 5.15. If f is a bounding function, then S (Les(f)) is closed under limited
erasing.

Proof. Let Le #(ZLs(f)) and let h: 2* — 2* be a homomorphism that is
k-limited on L. If X is an alphabet such that L C Z* and ¢ ¢ X, let g : 2* — X * be the
homomorphism determined by defining g(a) = A(a) if h(a) # e and g(a) = ¢ if
h(a) = e. Then g is nonerasing; so g[L] € ¥ (Zcs(f)) and also p,[g[L]] = A[L] so that
W, is k-limited on g[L]. Since e ¢ A[L], g[L] N {c}* = ¢. Thus it is enough to show that
wlelLll € S ().

Let L, = g[L). Since L, € #(Zs(f)) there is an integer g such that L; € Zq(f,),
and since F(Fes(fo)) = L(Zes(f)), we lose no generality by assuming that ¢ = 1.

Let d be a symbol not in X, . Let 7 be the regular substitution on X, defined by
(@) = {a} for aeX and 7(c) ={c,d}. Let R = Z* U IXdXZ*)* U Z¥(dcZ*)*
and L, = 7[L,] N R. Since R is regular and 7 is a regular substitution, L, € %s(f).
ButL, C X *(dZ 2 *)*. Letv, : (X, U {d})* — Z,* be the homomorphism determined
by defining v4(a) = a for a€ X, and v,(d) = e. By 5.14, v,[L,] € L(Z(f)). Clearly
pe[valLall = po[Ly] = A[L], and since no word in v,4[L,] or in L, has a substring of 2
or more ¢’s, pu, is kK — 1 limited on »,[L;]. Thus, applying the regular substitution 7,
the intersection with regular set R, and the homomorphism v, in sequence at most %
times will yield p [L,] = A[L]. Thus #[L] € L(Z(f)).

TueoreMm 5.16. If f is a bounding function, then F(Z(f)) is closed under linear

erasing.1?

Proof. Since L(ZL(f)) = Ur Z(f;) and for any k, F(L(f)) = L(L(f)), it is
sufficient to show that the image of £(f) under linear erasing is included in L (Z(f)).
Let G = (V, Z, R, X) be a grammar such that f bounds G and such that p —~ e R
implies p € (V' — Z)*. Let A : Z* — Z* be a homomorphism and % a positive integer
such that for all w e L(G), | w | < k| h(w)|.

Let g: V* — V* be the homomorphism determined by defining g(Z) = Z for
ZeV — X and g(a) = h(a) for ae 2. Since g extends A to V'*, | w | < k| g(w)| for all
we V* Let Ry ={glp)—>g(0)|p—>0cR} and let Gy =(V,2, Ry, X). Then
L(G,) = B[L(G)]. For any

wel(G, V), i (sw)) < tew) < To(lw ) < To(k | g(w)) < f(k]g(@))

and for any ' €L(G,, V'") there exists we g (w’) such that #g (%) < te(w) <

To(l wi) < Tolk | gw) ) < Sk g(@))). Thus Tg (n) < Te(kn) < f(kn) = fi(n), so fy
bounds G, and H[L(G)] = L(G,) € Z(f,) C L(L(f)).

12 A homomorphism & : Z* — A* is linear-erasing on L for L C Z* if there exists an integer
k > lsuch that forallwel, |w]| < k| h(w)|. A family &F of languages is closed under linear
erasing if L € & and h linear-erasing on L imply A[L] € #.
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CoroLLARY 5.17. If f is a bounding function, then S (ZL(f)) is closed under limited
erasing.

CoROLLARY 5.18. If f is a bounding function, then the closure of S (Zes(f)) under
linear erasing is included in S(ZL(f)).

TaeoREM 5.19.  If fis a bounding function, then S (ZLes(f)) and F(ZL(f)) are closed
under inverse homomorphism.

Progf. 1In[11], it is shown that for any family & of e-free languages, if & is closed
under regular substitution, limited erasing, and union and intersection with e-free
regular sets, then & is closed under inverse homomorphism. Hence the above lemmas
yield the result.

CoroLLARY 5.20. If fis a semihomogeneous bounding function, then Los(f) and L(f)
are closed under inverse homomorphism.

We shall now show that if % g(f) is closed under inverse homomorphism,

then Z5(f) = S (Zes(f))-

THEOREM 5.21. If fis a bounding function, then Zs(f) (resp., L(f)) is closed under
tnverse homomorphism if and only tif Los(fy = S (Fs(f)) (xesp., L(f) = L(L()).

Proof. Since #(%ex(f)) = Us Zes(fe), and for any &, #(Les(£)) = F(Ze 1))
it is suflicient to show that if Fg(f) is closed under inverse homomorphism, then
Lol f) = Zes(fz). Thus consider L € Zg(f;) where L C2*. We shall show that
Le Z(f).

Let G = (V, 2, R, X) be a CS grammar such that f, bounds G and L(G) = L.
Let g be the least integer such that T;(n)| implies Ti(n) < ¢ fo(n). Then for any
weL{G, V*), there is a proper derivation of w in G of length no greater than
gflwl) = ¢fQlwl).

Let X’ and ¢ be symbols not in V, let V, = VU {¢c, X'}, and let

L, ={ayx - axla,eZ,a - a,el}.

Let &: V*— V * be the homomorphism determined by definining A(Z) = Zc for
each ZeV. Let R ={X—>h0)|X—>0cR}U{h(p) > h0)|p—0cR} Let
G =(V,,Z,,R, X"). Then, it is immediate that L(G') =L,, G’ is CS, and
h[L(G, V)] = L(G", V,*). Further, if w e L(G’, V,*) then | w | is even and there is a
proper derivation of @ in G of length no greater than gfy(| w |/2) = ¢f(2 | w |/2) =
¢f(] w |)so that ¢ fbounds G'. Thus, L, =L(G") € Zcs(f). ButL = AL ] and Lo f)
1s closed under inverse homomorphism so that L € Zg(f).

We summarize the positive closure results so far obtained by formally defining
AFLs [6] and stating these results in terms of AFLs.
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DerINITION 5.22. An abstract family of languages (AFL) is a family containing at
least one nonempty set and closed under union, concatenation, Kleene -, intersection
with regular sets, nonerasing homomorphism and inverse homomorphism. An AFL
is full if it is closed under arbitrary homomorphism, and is e-free if every language
in it is e-free.

THEOREM 5.23. If f is a superadditive bounding function, then S (Zcs(f)) and
S (L(f)) are e-free AFLs, closed under reversal and substitution, but are not full AFLs.
Also, S(Z(f)) is closed under linear erasing.

CorOLLARY 5.24. If f is a superadditive semihomogeneous bounding function, then
Zes(f) and L(f) are e-free AFLs, closed under reversal and substitution, but are not
Jull AFLs. Also, Z(f) is closed under linear erasing.

From the proof of Theorem 5.21, we see that #(Zcs(f)) is included in the closure
of Zcs(f) under inverse homomorphism. Hence we have the following corollary.

CoRrOLLARY 5.25. For any bounding function f, the smallest AFL containing L(f)
(resp., L(f)) is the smallest AFL: containing & (Zes(f)) (resp., L(L())).

We now establish one more closure property, that Zs(f) and #(f) are closed
under intersection if f is “‘at least quadratic.”” This is not an AFL property, since there
are AFL’s and full AFL’s which are not closed under intersection. In Section 6, we
show that we cannot relax the condition of being ‘““at least quadratic.”

Tueorem 5.26. If f is a bounding function such that for some ¢ > 0 and all x,
f(®) = cx?, then Los(f) and L(f) are closed under intersection.

Sketch of the Proof. For i =1,2, let G, = (V;,2;, R;, X;) be CS grammars
bounded by f. Let X and Z be new symbols not in V; U V,. Let

Vo={XJuFy X V))u(Vy X{ZHhu Z,u ;.

One can construct a CS grammar Gy = (V3 , Z; N %, , Ry, X) which generates strings
in Z; N Z, by first imitating a derivation of G, on the “first-coordinates” of symbols
in (V; X {Z}) and then imitating a derivation of G, on the “second coordinates”
of the symbols of strings in (X} X {X})(Z) X ({Z} U V,))*. If both derivations give
the same terminal string, that string can be generated by rules of the form (a, @) — a.
Since f is “‘at least quadratic”’, the number of steps necessary to imitate length
increasing steps in a derivation in G, will not majorize f. Thus the construction is
essentially that used in proving by means of CS grammars that the family of CS
languages is closed under intersection.
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CoroLLARY 5.27. If f is a bounding function such that for some ¢ > 0 and all x,
J(%) = cx?, then S (Zes(f)) and S (ZL(f)) are closed under intersection.

The question of whether LINEAR is closed under linear erasing remains open.
However, the methods used to prove Lemma 5.16, Theorem 5.17, and Theorem 5.26
may be used to show the following propositions.

ProPosSITION 5.28. Let X be a finite alphabet and c ¢ 2. Suppose L C X*c*,
L e LINEARcs, and k > 0 is an integer such that each w € L is of the form w = w;ct
where wy € Z* and t < k V| w; |. Then p[L] € LINEAR .

ProposITION 5.29. If fis a bounding function with the property that for some k > 0
and all x, kf (x) = x2, then S (ZLcs(f)) is closed under linear erasing.

6. NEGATIVE CLOSURE PROPERTIES AND UNDECIDABILITY RESULTS

In this section we establish some negative closure results of the families F4(f)
and Z(f), particularly for the families LINEARg and LINEAR. We also establish
various undecidability results for the family LINEAR¢g and thus for all families

Zes(f) and Z(f).
The most interesting negative closure result is due to Gladkii {7].

THEOREM 6.1. Let i : {a, b}* — {a, b}* be any function with the property that there
is a constant k > O such that for all w € {a, b}*, | Y(w)] < k| w|. Let
L, = {we(w) cw | w € {a, b}*}.

If f is any bounding function such that lim,,_,, f(n)/n* = O, then L, ¢ Zcs(f).

While in [7] this theorem is proved only for the case of CS grammars, it can be
extended to arbitrary grammars [1]. This theorem is most useful in establishing the
following.

THEOREM 6.2. If f is any bounding function such that lim, ., f(n)[n® = O, then
Zes(f) is not closed under intersection. In particular, LINEAR g is not closed under
intersection.

Proof. Let L, = {wcwRew' | w, o’ € {a, b}*} and L, = {w'cwcw® | w, w’ € {a, b}*}.
Clearly, L, and L, are deterministic context-free languages so that

Ll s L2 c LINEARCS g gCS(f)'
Let i : {a, b}* — {a, b}* be defined by (w) = w® for all we{a, b}*, so that
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| $(w)] = | w| for all we{a, b}*. Then L, = {wewkcw | we {a, b}*} =L, NL,. By
Gladkii’s result, L, ¢ Zeg(f) so that Ly N Ly ¢ Zos(f).

CoroLLARY 6.3. If f is any bounding function such that lim, ., f(n)/n? = 0, then
Zes(f) is not closed under complementation.

CorOLLARY 6.4. If f is any bounding function such that lim,, . f(n)/n® =0, then
Zes(f) is not closed under intersection with deterministic context-free languages.

The above results also apply to the appropriate families £(f) and FL(Z(f)).

In proving Lemma 5.2, we showed that for each Type 0 grammar G, , one can
construct a monotonic grammar G, such that each rule of G, is either a length-
increasing rule or a length-preserving rule which generates a terminal symbol, and
such that if L(G,) C 2%, then L(G,) C{d}*L(G,) and u,[L(G,)] = L(G,), where
d¢X and p,:(ZU{d})* — Z* is the homomorphism determined by defining
pala) =a for ae X and py(d) = e. The restrictions on the form of the rules of G,
are sufficient to force G, to be bounded by the function f(x) = 2x, so that G, is a
linear-time grammar. From the results in Section 5, from G, one can construct a
linear-time monotonic grammar G, such that L(G,) = {d}* L(G,) (and so u,[L(G,)] =
L(G})). We use this fact to establish the following results.

THEOREM 6.5. If f is any bounding function, then nmeither Ls(f) nor L(f) is
closed under arbitrary homomorphic mappings.

Proof. 'The image of LINEAR(g under arbitrary homomorphic mappings is the
family of recursively enumerable sets. But %g(f) and #(f) are families of recursive
sets and LINEARg is a subfamily of both of these families.

THEOREM 6.6. The question “is L = ¢ ?” 1s undecidable for L € LINEARq .

Proof. As above, for every Type O grammar G; (hence, for every recursively
enumerable set L(G,)), one can construct a linear-time grammar G, such that
walL(G,)] = L(Gy). Now L(G,) = ¢ if and only if L(G,) = ¢, since p3[L(G,)] = L(Gy).
But for Type 0 grammars G, it is undecidable whether L(G) = ¢; hence, this question
is undecidable for linear-time grammars.

CoroLLARY 6.7. Each of the following questions is undecidable for L € LINEARg
and R a regular set, where L C 2+:

(i) sLCR?

(i) &s2+t—L =2+
(i) s RCX+—L?
(iv) s2+—LCR?
(v) s2+—L =R?
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THEOREM 6.8. The question *‘is L finite ?’ is undecidable for L ¢ LINEARg .

Proof. As above, for every Type 0 grammar G, , one can construct a linear-time
grammar G, such that p,[L(G3)] = L(G,) and such that L(G;) is finite if and only
if L(G;) = ¢. But L(G;) = ¢ if and only if L(G,) = ¢. Hence, it is undecidable whether
L(G,) is finite.

For any bounding function f, LINEARqsC Zs(f)C-Z(f) so that the
undecidability properties of LINEARs apply to the families Zg(f) and Z(f).
Recall that every e-free CF language is in LINEARg so that any question that is
undecidable for the CF languages is undecidable for languages in LINEARg . (For
a discussion of undecidability properties of the CF languages, see [4], [10], or [15].)

Consider the construction of linear-time grammars from Type 0 grammars as
indicated above. Let % be the smallest AFL containing the languages generated by
those linear-time grammars. Then % is an “effective family of languages” and an
“effective AFL” in the sense of Greibach [10], since the proofs of the positive closure
results in Section 5 all involved effective constructions. Further, the proofs of
Theorems 6.6 and 6.8 and Corollary 6.7 show that those results also apply to 2.
Since .2 is a subfamily of LINEARg, the results of [10] can be applied to prove the
following theorem.

THEOREM 6.9. The question “‘is L CF?’ is undecidable for L ¢ LINEAR(g .

7. HierarcHY RESULTS

The languages studied in this paper are defined by time-bounded grammars. In
Section 4, it was shown that if a language is generated by a grammar bounded by a
function £, then the language is accepted by a nondeterministic Turing acceptor which
accepts within time bound f. In this section we study the relationships between the
families Zeg(f) (and Z(f)) and certain families of formal languages which have been
studied extensively in the literature, particularly those defined by time-bounded
acceptors.

DerFinrTioN 7.1, A language L is quasi-realtime if there is a nondeterministic
multitape Turing acceptor M such that L(M) = L and such that M accepts within
time bound 7.33 A language L is real-time definable if there is a deterministic multitape
Turing acceptor M such that L(M) = L and such that M accepts within time bound <.

TueoreM 7.2. The families LINEAR and LINEAR are proper subfamilies of
the quasi realtime languages and are not comparable to the real-time definable languages.

13 Again, 7 is the identity function,
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Proof. By Theorem 4.2, if L € LINEAR, then L is accepted by a nondeterministic
multitape T'uring acceptor which accepts in linear time. In [1] and [2], it is shown that
linear time is no more powerful than quasi realtime, so that every language in
LINEAR is a quasi realtime language. In [2], it is shown that the quasi realtime
languages are closed under intersection, but the results of Section 6 show that neither
LINEARs nor LINEAR are closed under intersection. Hence the containment is
proper.

In [19] it is shown that there are CF languages which are not real-time definable.
Since the CF languages are in LINEAR g, there are languages in LINEAR g which
are not real-time definable. The language {wcwRcw | w €{q, b}*} is clearly real-time
definable, but, as shown in the proof of Theorem 6.2, is neither in LINEAR g nor in
LINEAR. Hence, the families LINEAR g and LINEAR are not comparable to the
family of real-time definable languages.

A characterization of LINEAR(g in terms of languages accepted by some class of
machines has not been obtained. Since {wewfcw | w & {a, b}*} is not in LINEAR(,
any such characterization could not depend on machines with the power to “remember
and compare.” However such machines would be able to “count,” since in [1] the
following theorem is established.

TueoreM 7.3. The family of languages accepted by nondeterministic on-line multi-
counter machines which accept in linear time is a proper subfamily of LINEAR ¢ .

We now consider more general time bounds.

THEOREM 7.4. Let f be the function f(x) = 2%. Then F(Fcs(f)) is the family of
all CS languages.

Proof. Recall that for any nondeterministic linear-bounded automaton M, there
is a constant k such that for any input w, M either halts in an accepting state, halts in a
nonaccepting state, or enters a loop within 2! steps. Thus M accepts within a time
bound g(x) = k®. By Proposition 4.3, L(M) e Zs(g) C L (Les(f)) so that every CS
language is in S(Zc5(f)). But S (Fes(f)) is a family of CS languages. Thus #(Fes(f))
is the family of all CS languages.

ProrosiTiON 7.5. The family of languages accepted by nondeterministic multitape
Turing acceptors which accept in polynomial time is precisely the family of languages
generated by arbitrary grammars within polynomial time.

Proof. 'This follows immediately from Proposition 4.5 and the results of [13] on
the imitation of multitape machines by single tape machines.

It is an open question whether the languages of Proposition 7.5 are CS. In fact it is
not known whether £(f) is a family of CS languages when f(x) = a2
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Based on results in [3] and [13] and on Proposition 4.5, it is straightforward to
show that if f is a bounding function such that inf ., f(x)/¥* > 0, and g is a bounding
function such that for all x, g(x) > 2@, then ZL(f) ¢ L(g) and F(Z(f))E
L(Z(g)). Hence there is an infinite hierarchy of families £(f) C £(f")C Z(f") & -
and an infinite hierarchy of AFLs S(Z(f)) G L(L(f NG L(L(f" NG Tt is

not known if smaller differences in bounding functions yield hierarchies.
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