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1. INTRODUCTION

Lupas proposed a family of linear positive operators mapping C[0, o0)
into C[0, «c), the class of all bounded and continuous functions on [0, oc),
namely,

: S (n+k—1 x*
L./ )x)= —fk
( n./ )(Y) kZ()( k ) (1 +x)rz+kf( /n)7

where xe [0, «).
Motivated by Derriennic [1], we propose modified Lupas operators
defined, for functions integrable on [0, o), as

n

(M, [)x)=(n—1) 3 P,.(x)

k=0 Y0

Pn,k( ,V) f(},) dy’

where

n+k—1> t*

P, (1) =< P Tx0 %

The object of the present paper is to study the problem of simultaneous
approximation by these operators. Throughout this paper, the superscript
(r) and ||-|| stand for the rth derivative of the function and the sup norm on
[0, a], respectively. Also, 3 stands for > .
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2. PRELIMINARY RESULTS
We shall need the following lemmas.

LEmMma 1. Let

L

Tn.m = (n —r— 1 ) Z Pn+r.k(x) v‘lL) Pn rok + r(}’)(.V - x)m d}’

then

T,o=1 (2.1)

C(r+1)(1+2x)

nt T (n—r—2) ’

(n—=m—r—=2)T, ., =x(1+x)(T") +2mT

nm nom -1 )

+ (m+r+ 1)(1 +2,\') Tnvms (23)

n>r+2 (2.2)

where n>m+r + 2.

Proof. We can easily verify (2.1) and (2.2), while proof of (2.3) follows.
We have

T(l) = —r—1 Z Pilllrk J‘ Pn - r.k+r(.y)(y_x)m dy—m' Tn‘m — 1
0

Using #(1 +¢) P\))(¢) = (v —ut) P, () twice and integrating by parts, we get

u.r

r(l+t)(Tl)+m TIII" 1)

nm

= (n_r_ l)z Pn+r.k(x)£)( }( )P:zl rk M(),)(},_X)m d}'

—r(1+2)T,,,+(n—r)T

nm+ 1
or

'Y(l +"r)(T(l) +m TII”I = ])+r(] +2"r)' TIIJH_(n_r). Tll.'71+1

nmm

i

(1= 1T Py al) [ (142200 =)+ (1= 0+ x(1 )

< P ) (y =) dy

nork+r

=—m+0)(I+2x)-T,,—(m+2):T,, . —mx (1 +x) T

N

This leads to (2.3).
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Remark. In particular (2.1) and (2.2) in (2.3) gives

_2n=Doellby) 4 D027,

DT T =) i —Dn—r=-3)

where n>r+ 3. Also, (2.3) leads us to

1
TIL'”:O ( m+ 1 > (2'5)
a2

where [ 4] stands for the maximum integer less than A.

LEMMA 2. Forr=0,1,2,..

(n—r—D)(n+r—1)

:rr)/)( ) (n‘—])'(nwz)' ZPn+r,k(x)
x| P ) 1) d. (2.6)
Proof. By Leibnitz’ theorem
" = L& gy
(M, f)(x)—_(n42)! ,-on(z_:,(i)( D7 Pk dX)

X[ P (1)) dy
0

(n+r

P ZPH,k(x)J Z (=1

‘ (:) P i) f() dy.

Again, by Leibnitz’ theorem

P )= S 0 () P
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Hence,

(n—r—1' (n+ -1
Mg 0 =TS P )

x [P ) (=1 ()
0

Further, integration by parts r times gets us to the desired result.

3. MAIN RESULTS

THEOREM 1. If [ is integrable in [0, o0), admits its (r + 1)th and (r + 2)th
derivatives, which are bounded at a point x [0, o), and f'"/(x)= O(x*) («
is a positive integer 22) as x — o, then

lim (M} f)(x)=f"(x))

Hn— C

=(r+ (1 +2x) %)+ x(1+x) £ D (x).
Proof. By the Taylor formula,

1) =10y = (=0 ) 4 2 ey L
(3.1)
where
SO S00) = (= x) S = (y = x) 2/ )
)= G772
ifx#y
=0
if x=y.
Now, for arbitrary ¢ >0, 4 >0 there exists a > 0 such that
In(y, x)| <e for |y — x| <9, x< A4 (3.2)

Use of (2.6) in (3.1) and further use of (2.2) and (2.4) leads to

(n—1) (n—-2)!
(n—r=20(n+r—1)!

=T, S )+ Top [V 2(x) + E, (),

(M f)x)—f7(x)
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(n—

1 o .
Eu) =S L) [P =0

o

17

We shall now show that n- F, ,(x) >0 as n - o« Let

n-(n—r—1) -

Ry === Y. Prosal) | P )
(= x)nly, x)dy
and
Rypalx) = "—(Qi—]—) S Py ral)
x l‘ . P,k A D) (=207 n(x. x) dy,
so that

n: En‘r(x) = Rn.r,l (x) + Rn,rAZ(x )

It follows from (3.2) and (2.4)

n-(n—r—1)

‘Rn.r.l(x)\ SC' 2 Z Pn+ r,k(x)
XJ\ (sP” ,.k+r(,V)'(_V—X)2'dy
yoxl=
<e x(14x), as n — oC. (3.3)

Further, from the assumption of the theorem,

n-(n—r—1)

Rn.r,l(x) = O < z Pn + r,k(x)
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n-\n—r— " .
:0< ( ZPn+rl« ' ‘Pn—r.k+r(y)

Yiv - x>0

(}"-V)3< u <O(> i i )
e = x)x* ) dy
5 EO o dy

n-(n [~
= <T— 2P11+r/\ Jo P,,,, r‘k+r(y)
x<z (“) (y—x) " ")dy)
i=0 !

=0 (%), in view of (2.5). (3.4)

Hence, from (3.3) and (3.4)

lim |n E,,(x)| <e x(1+x).

n— 0

However, as ¢ is arbitrary, lim, , (1 E, (x))=0.
This completes the proof.

Remark. We may note here that

(n—1){(n—-2)
(n+r—1 Y (n—r—-2)

-1, asn— oc.

TueoreM 2. Let fe CV [0, a]. and let o(f" ")) be the modulus of
continuity of f+'\. Then for r=0,1, 2,...

(r+ D+ )

(n—r—

+C(n,r)'<\/ ) (fU+Y: Cln, 1)),

ML 1) (x) =70l < R VAR

where 4 = 2(n—1) - all+a) + (+Dr+2)(1+2a)% Chr) =
/(n—r=2)(n—r—3).

Proof. We may write

SO = (=2 )+ [ = )
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Hence,

(n—1)(n—2)
(n—r—=2)(n+r—-1)

(M7 f)(x)~f"(x)

=n—-r—1) ZPM,,( J Pooi A0 = F 0 (x)) dy

’£.

=(n—r—=1)Y P, xx)| P,_,xi )| (y=x)f"""(x)
4]

e[ o= av

Also,

1 — x|

LF7+ () — U (x| < (1 +T> “o( ST 8).

Therefore,

(n—1)(n—2)!
(n—r=2(n+r—-1)!

|Tn| :
ST L1 PN+ (I Tl + 755 (71, ),

in view of Schwarz’s inequality. Further, choosing é = C(n, r) and using
(2.2) and (2.4) we get the required result.

(MD )(x)=f"(x)
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