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Let F λ
σ [G] be a crossed product of a group G and the field F .

We study the Lie properties of F λ
σ [G] in order to obtain a charac-

terization of those crossed products which are upper (lower) Lie
nilpotent and Lie (n,m)-Engel.
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1. Introduction

Let G be a group and let Aut(F ) be the group of automorphisms of a field F . Assume the mapping
σ : G → Aut(F ) and the twisting function λ : G × G → U (F ) satisfy the following conditions:

λ(a,bc)λ(b, c) = λ(ab, c)λ(a,b)σ (c) (1)

and

ασ(a)·σ(b) = ασ(ab) (2)
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for all a,b, c ∈ G and α(a,b) ∈ F . The twisting function λ is also called a factor system of the group
G over the field F relative to σ . It is a 2-cocycle of the group of units U (F ) of F with the natural
G-module structure (in the cohomology group of G in U (F )).

Assign to every g ∈ G a symbol g̃ , and let

F λ
σ [G] =

{∑
g∈G

g̃αg

∣∣∣ αg ∈ F

}

be the set of all formal sums with finitely many nonzero coefficients αg . Two elements x = ∑
g∈G g̃αg

and y = ∑
g∈G g̃βg from F λ

σ [G] are equal if and only if αg = βg for all g ∈ G . On the set F λ
σ [G]

addition and multiplication are defined as follows:

(i)
∑

g∈G g̃αg + ∑
g∈G g̃βg = ∑

g∈G g̃(αg + βg);
(ii) g̃h̃ = g̃hλ(g,h), where λ is the twisting function;

(iii) α g̃ = g̃ασ(g) .

The product of arbitrary elements x and y is determined by distributivity. It is easy to check that
F λ
σ [G] is an associative ring which is called a crossed product of the group G over the field F . If σ is

a trivial mapping then we shall denote this ring by F λ[G] and it is a twisted group algebra.
From (1) and (2) follows that

λ(h,1)σ (1) = λ(h,1) = λ(1,1), λ(1,h) = λ(1,1)σ (h).

Clearly, 1̃ · λ(1,1)−1 is the identity element of the ring F λ
σ [G] and

g̃−1 = λ
(

g−1, g
)−1

λ(1,1)−1 g̃−1 = g̃−1λ
(

g, g−1)−1
λ(1,1)−1. (3)

For the twisted group algebra F λ[G] we can always assume without loss of generality, that the twist-
ing function is normalized, that is

λ(h,1) = λ(1,1) = λ(1,h) = 1,

so 1̃ is its identity element.
In the theory of ordinary group rings the Lie properties play an important role. Group algebras

with the many “good” Lie properties were described during the 70s using the theory on polynomial
identities. Later these results were applied to the study of the group of units. In most cases the
Lie structure reflects very well the characteristics of the group of units, there is a close relationship
between their properties of them. Here we describe the structure of those crossed products which are
upper (lower) Lie nilpotent and Lie (n,m)-Engel. We generalize results of Passi, Passman and Sehgal
[9] which were obtained for the group algebras.

2. Preliminaries results

Let F λ[G] be a twisted group algebra with normalized twisting function λ. Then

W = {
w ∈ G

∣∣ λ(g, w) = λ(w, g) = 1 for all g ∈ G
}

is a subgroup of G . Indeed, if w1, w2, w ∈ W and g ∈ G , then

˜(w1 w2 )̃g = w̃1 w̃2 g̃ = w̃1(w̃2 g) = w̃1 w2 g;
g̃ ˜(w1 w2) = g̃ w̃1 w̃2 = ˜(g w1)w̃2 = g̃ w1 w2.
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So λ(w1 w2, g) = λ(g, w1 w2) = 1 and w1 w2 ∈ W . Furthermore, by (1) and (3), it is easy to check
that

˜w−1 g̃ = w̃−1 g̃ = (̃
g−1 w̃

)−1 = λ
(

g, g−1)(g̃−1 w̃
)−1 = λ

(
g, g−1)(˜g−1 w

)−1

= λ
(

g, g−1)λ(
g−1 w, w−1 g

)−1
˜w−1 g

= λ
(

g−1, w
)−1

λ
(

w, w−1 g
)−1

˜w−1 g = ˜w−1 g.

Similarly, g̃˜w−1 = ˜g w−1, and this shows that w−1 ∈ W , so W is a subgroup.
Let H be a normal subgroup of G such that H ⊆ W and denote by I(H) the ideal of F λ[G] gener-

ated by the elements h̃ − 1̃ with h ∈ H . It is easy to see that if {ui} is a transversal of H in G then
the elements of the form ũi (̃h − 1̃) with h �= 1 constitute an F -basis of the ideal I(H).

Define a new function: μ : G/H × G/H → U (F ) the following way: Choose two representatives
gi = ukh1 and g j = ulh2 with hi ∈ H ⊆ W of the cosets of H in G . Then by (1) in F λ[G] we get

λ(gi, g j) = λ(ukh1, ulh2)

= λ(uk,h1)
−1λ(h1, ulh2)λ(uk,h1ulh2) = λ(uk,h1ulh2)

and h1ulh2 = ulh for suitable h ∈ H . It is easy to check that

λ(uk,h1ulh2) = λ(uk, ulh)

= λ(ul,h)−1λ(uk, ul)λ(ukul,h) = λ(uk, ul).

We proved that the twisting function λ satisfies the condition λ(gi, g j) = λ(uk, ul) and it can define
the function

μ(gi H, g j H) = λ(gi, g j), (4)

which is a twisting function of G/H . Of course, any element of F λ[G] has the form
∑

i ui xi with
xi ∈ F λ[H] and xi + I(H) = λi + I(H) for suitable λi ∈ F . Now it is easy to see that F λ[G]/I(H) is
an F -algebra with a basis consisting of the images ũi of the coset representatives ui of H in G . We
obtain the isomorphism:

F λ[G]/I(H) ∼= F μ[G/H]. (5)

Unlike ordinary group algebras, the twisted group algebra F λ[G] does not have a natural group basis.
If the algebra F λ[G] has an F -basis G̃ = {̃g | g ∈ G} such that for each g of G there exists an element
dg ∈ F such that the elements of the set {dg g̃ | g ∈ G} form a group basis for F λ[G], then F λ[G] is
called untwisted. In this situation F λ[G] is isomorphic to F G via this diagonal change of the basis. In
addition, F λ[G] is called stably untwisted if there exists an extension K of the field F such that K λ[G]
is untwisted.

We use a criteria from [12] to verify that a twisted group algebra is untwisted or stably untwisted.

Lemma 1. (See [12].) Let F λ[G] be a twisted group algebra.

(i) F λ[G] is untwisted if and only if there exists an F -algebra homomorphism F λ[G] → F .
(ii) F λ[G] is stably untwisted if and only if there exists an F -algebra homomorphism of F λ[G] into a commu-

tative F -algebra R.
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Recall that {ui} is a transversal of H in G and each element from G can be written uniquely in the
form g = zui with z ∈ H .

Lemma 2. Let F λ[G] be a twisted group algebra and assume that the twisting function λ of the normal sub-
group H of G satisfies the condition λ(h1,h2) = 1 for all h1,h2 ∈ H. Then the algebra F λ[G] can be realized
alternatively as a twisted group algebra F τ [G] with the following diagonal change of the basis by

g =
{

g̃, if g ∈ H;
λ(z, u j )̃g if g = zu j ∈ G \ H, z ∈ H,

with twisting function τ . This twisting function has the property τ (h, g) = 1 for all h ∈ H and g ∈ G.
If τ (g,h) = 1 for all h ∈ H and g ∈ G, then

F τ [G]/I(H) ∼= F τ [G/H].

Proof. It is easy to see that if g = h1u j then

τ (h, g)hg = h · h1u j = h̃ · ˜h1u jλ(h1, u j)

= h̃ · h̃1 · ũ j = h̃h1 · ũ j = λ(hh1, u j)h̃g = hg.

This yields τ (h, g) = 1.
If τ (g,h) = 1 for all h ∈ H and g ∈ G , then we can apply (5) to obtain the lemma. �
The twisted group algebras satisfying polynomial identities have been classified in [11] and this

result was modified in [6] for the stably untwisted case.

Lemma 3. (See [6].) If F λ[G] is a twisted group algebra of positive characteristic p with a polynomial identity
of degree n then G has a subgroup A of finite index such that F λ[A] is stably untwisted, the commutator
subgroup A′ of A is a finite p-group and |G : A||A′| is bounded by a fixed function of n.

Let F λ[G] be a twisted group algebra. For each h ∈ G of order k we have

h̃k =
k−1∏
i=1

λ
(
hi,h

) · 1̃. (6)

It is convenient to say that μ(h) = ∏k−1
i=1 λ(hi,h) is the twist of h̃ which plays an important role in the

study of F λ[G]. A p-element u of G is called an untwisted p-element if the order of u coincides with
the order of ũγ for some γ ∈ F .

Lemma 4. Let F λ[G] be a twisted group algebra of positive characteristic p such that the commutator ideal
F λ[G][2] = [F λ[G], F λ[G]]F λ[G] is a nil ideal and let a,b ∈ G.

(i) If ã is a p-element, then a is also a p-element, its order coincides with the order of ã and its twist is
μ(a) = 1.

(ii) If a and b are untwisted p-elements, and the orders of ãγ1 and b̃γ2 coincide with the order of a and b
respectively for some γi ∈ F then ab is also a p-element, the order pl of ab coincides with the order of
ã̃bγ1γ2 and

μ(ab) = (
γ1γ2λ(a,b)

)−pl

.
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(iii) The group commutator (a,b) is an untwisted p-element for all a,b ∈ G and if pm is the order of (a,b),
then

(
λ(a,b)−1λ

(
b,b−1ab

)
λ
(
a, (a,b)

)
λ
(
(b,a), (a,b)

)−1)−pm = μ
(
(a,b)

)
.

Proof. (i) Let ã be an element of order pt and let k be the order of a. Then (6) yields that ãk = μ(a)̃1,
so ãkpt = μ(a)pt

1̃ = 1̃. It follows that the twist μ(a) of ã satisfies the condition μ(a)pt = 1. But in the
field F of characteristic p this is possible only if μ(a) = 1. Hence the order of a coincides with the
order of ã and μ(a) = 1.

(ii) First note that if F λ[G][2] is a nil ideal, then

xy ≡ yx
(
mod F λ[G][2]), (xy)n ≡ xn yn (

mod F λ[G][2])
for all x, y ∈ F λ[G] and for all n. It follows that the nilpotent elements of F λ[G] form an ideal N and
F λ[G]/N is commutative.

Let a and b be untwisted p-elements, and assume that the orders of ãγ1 and b̃γ2 coincide with
the order of a and b respectively for some γi ∈ F . Since ãγ1 − 1̃ ∈ N and b̃γ2 − 1̃ ∈ N , we have

ã̃bγ1γ2 − 1̃ = (̃aγ1 − 1̃)(̃bγ2 − 1̃) + (̃aγ1 − 1̃) + (̃bγ2 − 1̃) ∈ N,

because the nilpotent elements of F λ[G] form an ideal. It follows that

(̃ãbγ1γ2 − 1̃)pl1 = 0

for some l1, which shows that ã̃bγ1γ2 has order pl . Now (ãbλ(a,b)γ1γ2)
pl = 1̃ implies that ab has

order pm and, by (6), we obtain that

(
ãbλ(a,b)γ1γ2

)pm = μ(ab) · (λ(a,b)γ1γ2
)pm · 1̃

which yields (μ(ab) · (λ(a,b)γ1γ2)
pm

)pl−m = 1. Then m = l and

μ(ab)
(
λ(a,b)γ1γ2

)pm = 1.

Hence ab has order pl and μ(ab) = (λ(a,b)γ1γ2)
−pm

.
(iii) Obviously, the Lie commutator [̃a, b̃] belongs to the nil ideal F λ[G][2] for all a,b ∈ G and the

identity

[̃a, b̃] = ã−1̃b−1((̃a, b̃) − 1̃
)

(7)

ensures that (̃a, b̃) − 1̃ is nilpotent. Then (̃a, b̃) has order pm and an easy computation shows that

(̃a, b̃) = ˜(a,b)χ
(
(a,b)

)
(8)

for some χ((a,b)) of F . The argument of the proof of (i) states that pm is the order of (a,b) and

(̃a, b̃)pm = μ((a,b))χ((a,b))pm
1̃ = 1̃. (9)

Moreover, from (3) and (8) follows that
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χ((a,b)) = ã−1̃b−1̃a · ˜a−1baλ
(
b, (b,a)

)
λ
(
(b,a), (a,b)

)−1

= ã−1̃b−1b̃aλ
(
a,a−1ba

)
λ
(
b, (b,a)

)
λ
(
(b,a), (a,b)

)−1

= λ(b,a)−1λ
(
a,a−1ba

)
λ
(
b, (b,a)

)
λ
(
(b,a), (a,b)

)−1
. �

Corollary 1. If F λ[G] is a twisted group algebra of positive characteristic p such that F λ[G][2] is a nil ideal
then the group commutator (a,b) is an untwisted p-element for any a,b ∈ G and the product of untwisted
p-elements of G is also an untwisted p-element.

3. Upper and lower Lie nilpotent crossed products

Let R be an associative ring. The lower Lie central series in R is defined inductively as follows:

γ1(R) = R, γ2(R) = [
γ1(R), R

]
, . . . , γn(R) = [

γn−1(R), R
]
, . . . .

The two-sided ideal R[n] = γn(R)R of R is called the nth lower Lie power of R . By Gupta and Levin [4],
these ideals satisfy the conditions

R[m]R[n] ⊆ R[n+m−2] (n,m � 2). (10)

Let us define by induction a second set of ideals in R:

R(1) = R, R(2) = [
R(1), R

]
R, . . . , R(n) = [

R(n−1), R
]

R, . . . .

The ideal R(n) is called the nth upper Lie power of R and these ideals have the property

R(n)R(m) ⊆ R(n+m−1) (n,m � 1). (11)

Recall that R is called upper Lie nilpotent if R(n) = 0 for some n. Similarly, the ring R with R[m] = 0
for some m is called lower Lie nilpotent; these classes of rings are different.

First assume that R is lower Lie nilpotent and let R[t] = 0. For k � 3 we choose an l such that
l(k − 1)+ 2 � t . Then (10) forces (R[k])l = R[l(k−1)+2] = 0, so R[k] (k � 3) is a nilpotent ideal. Note that
every element of R[2] has the form

x = [a1,b1]r1 + [a2,b2]r2 + · · · + [as,bs]rs

for some ai,bi, ri ∈ R and([a j,b j]r j
)2 = r j[a jb j,b j,a j]r j + [a jb j,b j,a j]r j + [a j,b j,a j]b jr j + [a jb j,b j, r j][a jb j,b j]r j . (12)

Let R be of characteristic p. Then, by Brauer’s formula,

xp = ([a1,b1]r1
)p + ([a2,b2]r2

)p + · · · + ([as,bs]rs
)p + z

for suitable z = [c1,d1] + [c2,d2] + · · · + [cq,dq] ∈ [R, R] and ci,di ∈ R . Now (12) ensures that
([a j,b j]r j)

p ∈ R[3] , because R[3] is an ideal. Since the elements [ci,di] and [c j,d j] commute mod-
ulo R[3] , Brauer’s formula implies that

xp2 = ([c1,d1]
)p + ([c2,d2]

)p + · · · + ([cq,dq]
)p ∈ R[3].

There exists s such that xps = 0 for every x ∈ R[2] , because R[3] is a nilpotent ideal, so the ideal R[2]
is nil.
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Similar results are valid for upper Lie nilpotent rings R .

Lemma 5. Let F λ[G] be a twisted group algebra of positive characteristic p such that either F λ[G][m] = 0, or
F λ[G](m) = 0. If pt � m, then

(i) bpt
is a central element of G for any b ∈ G;

(ii) for q �= p each p-element a ∈ G commutes with any q-element c ∈ G and

λ(a, c) = λ(c,a).

Proof. For a and b of G the well-known Lie commutator formula confirms[̃
a, b̃, pt] = [̃a, b̃, b̃, . . . , b̃︸ ︷︷ ︸

pt

] = [̃
a, b̃pt ] = 0.

Hence ã̃bpt = b̃pt
ã, this yields abpt = bpt

a and λ(a,bpt
) = λ(bpt

,a) for all a ∈ G . Since any q-element
c of G can be written as c = bpt

for some b, the desired assertion follows. �
We present two different proofs for the next result.

Lemma 6. If F λ[G] is a twisted group algebra of char(F ) = p such that either F λ[G][pt ] = 0 or F λ[G](pt ) = 0,
then G ′ is a finite p-group.

Proof. The first proof of the lemma uses the theory of polynomial identities. As we showed before
F λ[G] satisfies a polynomial identity, and by Lemma 3, the group G has a normal subgroup A of finite
index such that F λ[A] is stably untwisted and the commutator subgroup A′ of A is a finite p-group.

We start with some facts which will be used freely.
1. If g,h ∈ G and (g,h) = 1, then [̃g, h̃] = 0. Indeed, [̃g, h̃] = g̃h(λ(g,h)−λ(h, g)) is nilpotent which

is possible only if λ(g,h) − λ(h, g) = 0.

2. If h is central in G , then h̃ is a central element of F λ[G].
3. By Lemma 4, (a,b) is a p-element for all a,b ∈ G and

(̃a, b̃) = ˜(a,b)χ((a,b)). (13)

Now let F λ[G] be upper (lower) Lie nilpotent and assume that A is abelian. If P is the maximal
p-subgroup of A, then A = P × Q for a suitable central p′-subgroup Q , because G ′ is p-group by
Lemma 4. Moreover, P belongs to the F C-center of G and assume that C P (g) has infinite index in P
for some g of G . For brevity, put χ((g, gi)) = πi . Clearly, (g, g1) �= 1 for suitable g1 ∈ P and, using
the fact that F λ[A] is commutative, we have

[̃g, g̃1] = g̃ g̃1
(̃
1 − (g̃1, g̃)

) = g̃ g̃1
(̃
1 − ˜(g1, g)π1

)
.

Since the subset {(h, g) | h ∈ P } of P is infinite, there exists g2 ∈ P such that

(̃
1 − ˜(g2, g)π2

)(̃
1 − ˜(g1, g)π1

) �= 0.

Clearly, [g̃1, g̃2] = 0 and

[̃g, g̃1, g̃2] = [̃
g g̃1

(̃
1 − ˜(g1, g)π1

)
, g̃2

] = [̃g, g̃2]g̃1
(̃
1 − ˜(g1, g)π1

)
= g̃ g̃2 g̃1

(̃
1 − ˜(g2, g)π2

)(̃
1 − ˜(g1, g)π1

)
.
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As before, it is easy to see that for each n there exist g1, g2, . . . , gn in P such that

(̃
1 − ˜(gn, g)πn

)(̃
1 − ˜(gn−1, g)πn−1

) · · · (̃1 − ˜(g1, g)π1
) �= 0

and

[̃g, g̃1, . . . , g̃n] = g̃ g̃n g̃n−1 · · · g̃1
(̃
1 − ˜(gn, g)πn

)(̃
1 − ˜(gn−1, g)πn−1

) · · · (̃1 − ˜(g1, g)π1
)
.

Clearly [̃g, g̃1, . . . , g̃n] �= 0 for each n, contradicting to the assumption that F λ[G] is upper (lower)
Lie nilpotent. Thus for any g of G the centralizer C P (g) has finite index in P . But this imply that
CG (g) has finite index in G , because Q is a central subgroup and A has finite index. Therefore we
can suppose below that G is an F C-group.

Assume that the p-group G ′ is infinite. Then P is infinite, b1 = (g1, g2) �= 1 for suitable g1, g2 and

[g̃1, g̃2] = g̃2 g̃1
(
(g̃1, g̃2) − 1̃

) = g̃2 g̃1
(

˜(g1, g2) − 1̃
)

= g̃2 g̃1
(
χ

(
(g1, g2)

)
b̃1 − 1̃

)
.

Now we claim that there exists a sequence {gi} with the following properties: g2n+1, g2n+2 and
b2n+1 = (g2n+1, g2n+2) are elements of

CG
({g1, g2, . . . , g2n,b1,b3, . . . ,b2n−1}

)
and

(g2n+1, g2n+2) = b2n+1 /∈ 〈b1,b3, . . . ,b2n−1〉.

Indeed, assume that the sequence g1, g2, . . . , g2n is given. The subgroup

C = CG
({g1, g2, . . . , g2n,b1,b3, . . . ,b2n−1}

)
of the F C-group G has finite index. Neumann’s result [8] asserts that in an F C-group with infinite
commutator subgroup G ′ the commutator subgroup of the subgroup C is also infinite. Then C ′ is a
group with infinite commutator subgroup and it contains elements g2n+1 and g2n+2 such that

b2n+1 = (g2n+1, g2n+2) /∈ 〈b1,b3, . . . ,b2n−1〉,

because G ′ is a locally finite p-subgroup. Recall that if (a,b) = 1, then [̃a, b̃] = 0 and we put π2n+1 =
χ((g2n+1, g2n+2)). Now the properties of the sequence imply that

[g̃1, g̃2 g̃3] = [g̃1, g̃2]g̃3 = g̃3 g̃2 g̃1(π1b̃1 − 1̃),

and

[g̃1, g̃2 g̃3, g̃4 g̃5, . . . , g̃2n g̃2n+1]
= g̃2n+1 g̃2n · · · g̃2 g̃1(π2n−1 ˜b2n−1 − 1̃) · · · (π3b̃3 − 1̃)(π1b̃1 − 1̃).

Clearly, this is nonzero for each n, contradicting that F λ[G] is upper (lower) Lie nilpotent. Therefore
G ′ is a finite p-group, as claimed.

Finally, let A′ be of order pt . Our assertion is valid for t = 0 and assume its truth for t −1. Lemma 5
says that bpt

belongs to the center of G for any b ∈ G . It follows that any conjugacy class of G , which
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belongs to A′ , has p-power order or it is central. This yields that A′ has central subgroup L = 〈c〉 of
order p and by Lemma 4 there exists γ ∈ F such that c̃γ has order p. Then F λ[G] can be realized in
a second way as a twisted group algebra F τ [G] with the following diagonal change of the basis

g =
{

c̃iγ i, if g = ci;

g̃ if g ∈ G \ L

with twisting function τ . Since ci is central, Lemma 2 asserts that

F τ [G]/I(L) ∼= F τ [G/L].

Of course, F τ [G/L] is upper (lower) Lie nilpotent, so we can apply induction to obtain that G ′ is a
finite p-group.

The second proof for char(F ) > 2. For any a,b, c ∈ G the Lie commutator [̃a, b̃, c̃] belongs to the
nilpotent ideal F λ

σ [G][3] and let x be a nonzero fixed element from the annihilator of F λ
σ [G][3] . Clearly,

ã̃b̃cx − b̃̃a c̃x = c̃ ã̃bx − c̃̃b̃ax, (14)

and without loss of generality we can assume that 1 ∈ Supp(x). Assume that Supp(x) = {x1 = 1,

x2, . . . , xl}. It is convenient to distinguish the following cases:
1. Supp(̃c ã̃bx) ∩ Supp(̃c̃b̃ax) is not empty. Then cabxi = cbax j for suitable i and j, so the commu-

tator (a,b) can be written as x j x
−1
i .

2. Supp(̃c ã̃bx) ∩ Supp(̃c̃b̃ax) is an empty set. The length of the right side of (14) is 2l and thus the
length of the left one is also 2l. This means that

Supp(̃ãb̃cx) ∩ Supp(̃b̃a c̃x) = ∅.

Now assume that Supp(̃ãb̃cx) ∩ Supp(̃c ã̃bx) and Supp(̃ãb̃cx) ∩ Supp(̃b̃a c̃x) are not empty sets. There
exist xi, x j, xt , xr ∈ Supp(x) such that abcxi = cabx j , abcxt = cbaxr and the commutator (a,b) coincides
with an element of the form x±1

i1
x±1

i2
x±1

i3
x±1

i4
. Similar statement is valid if

Supp(̃b̃a c̃x) ∩ Supp(̃c ã̃bx) and Supp(̃b̃a c̃x) ∩ Supp(̃b̃a c̃x)

are not empty sets. It remains to consider one of the following two subcases:
2.1. ã̃b̃cx = c̃ ã̃bx and b̃̃a c̃x = c̃̃b̃ax. Then the commutators (ab, c) and (ba, c) can be written as

x j x
−1
i .
2.2. ã̃b̃cx = −̃c̃b̃ax and c̃ ã̃bx = −̃b̃a c̃x. This yields that

abcxi = cbax j and (ab, c) = x j x
−1
i .

Now, if p �= 2, we put c = b−1 and then (ab, c) = (a,b)−1. The foregoing immediately implies that
there are only finitely many group commutators of the form (a,b) with a,b ∈ G; each commutator
(a,b) is a p-element which has only a finite number of conjugates. Then, as well known, G ′ is a finite
p-group. �
Theorem 1. Let F λ

σ [G] be a crossed product of a group G and the field F of characteristic 0 or p. Then

(1) Any upper (lower) Lie nilpotent crossed product F λ
σ [G] is a twisted group algebra.

(2) The twisted group algebra F λ[G] is lower (upper) Lie nilpotent if and only if one of the following condition
holds:
(2.i) F λ[G] is a commutative algebra (i.e. G is abelian and the twisting function is symmetric).
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(2.ii) char(F ) = p, G is a nilpotent group with commutator subgroup of p-power order and the untwisted
p-elements of G form a subgroup. Moreover, for any a,b ∈ G the group commutator (a,b) is an
untwisted p-element and

(
λ(a,b)−1λ

(
b,b−1ab

)
λ
(
a, (a,b)

)
λ
(
(b,a), (a,b)

)−1)−pm = μ((a,b)),

where pm is the order of (a,b).

Proof. Let F λ
σ [G] be a lower (upper) Lie nilpotent crossed product of characteristic 0 or p and let

H = kerσ . The twisted group algebra F λ[H] is a subring of the crossed product F λ
σ [G] and, by [1], for

every nonzero ideal I of F λ
σ [G] we have

F λ[H] ∩ I �= 0. (15)

Recall that if char(F ) = p and Δ(G) has no element of order p, then Theorem 3.5 from [7] states
that F λ

σ [G] is a semiprime ring. For char F = 0 according to Corollary 6 from [13] the algebra F λ[H]
is semiprime and (15) ensures that F λ

σ [G] is also semiprime. It follows that F λ
σ [G][3] = 0 and (12)

implies that ([a,b]r)2 = 0 for all a,b, r ∈ F λ
σ [G]. Clearly, [a,b]F λ

σ [G] is a nilpotent ideal, but this is
possible only if F λ

σ [G][2] = 0 and then F λ
σ [G] is a commutative twisted group algebra, as required.

Finally assume that p divides the order of some element of Δ(G) and F λ
σ [G] is a noncommutative

crossed product. Then the Lie commutator [̃a, 1̃α] = ã(α − ασ(a)) belongs to the nil ideal F λ
σ [G][2] for

every α ∈ F and the element α − ασ(a) of the field F is zero, because it is nilpotent. Thus σ is trivial
and so the crossed product F λ

σ [G] is a twisted group algebra.
Let F λ[G] be a twisted group algebra such that char(K ) = p and F λ[G][pt ] = 0. By Lemma 4, the

commutator subgroup G ′ is a p-group and Lemma 6 forces that G ′ is finite. Furthermore, Lemma 5
says that bpt

belongs to the center of G for every b ∈ G . So the quotient G/C of G by the center C is
a p-group of finite exponent with finite commutator subgroup. Clearly, the orders of those conjugacy
classes of the group G/C , which are contained in the finite normal p-subgroup (G/C)′ , are p-powers.
Hence (G/C)′ has a nontrivial central subgroup L and thus G/C is a nilpotent group. Remark that
Lemma 4 confirms the remaining statements.

The converse statement was proved in [2], so the proof is complete. �
Using the notation of untwisting, Theorem 1 can be formulated as

Corollary 2. Let F λ[G] be a twisted group algebra of a group G and a field F of characteristic 0 or p > 0. The
algebra F λ[G] is lower (upper) Lie nilpotent if and only if one of the following conditions holds:

(i) F λ[G] is commutative;
(ii) char(F ) = p, G is a nilpotent group such that G ′ is a finite p-group and F λ[G] is stably untwisted.

Proof. Let F λ[G] be a noncommutative lower (upper) Lie nilpotent algebra. By Theorem 1,
char(F ) = p, G is a nilpotent group and G ′ has p-power order. As we remarked before, the nilpo-
tent elements of F λ[G] form an ideal N and F λ[G]/N is commutative. By Lemma 4 for any g of G ′
we can choose γg ∈ F such that the order of g̃γg coincides with the order of g . Then g̃γg − 1̃ is
nilpotent and belongs to the radical J (F λ[G ′]) of F λ[G ′]. So J (F λ[G ′]) is nilpotent of codimension 1
and from

J
(

F λ[G ′]) · F λ[G] = F λ[G] · J
(

F λ[G ′])
follows that J (F λ[G ′]) · F λ[G] is a nilpotent ideal. For all a,b ∈ G we have

[̃a, b̃] = ã−1̃b−1((̃a, b̃) − 1̃
) = ã−1̃b−1(

˜(a,b)χ((a,b)) − 1̃
)
, (16)
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and if pm is the order of the group commutator (a,b) then by Lemma 4 we obtain

(
˜(a,b)χ((a,b)) − 1̃

)pm = μ((a,b))χ((a,b))pm − 1̃ = 0.

Consequently [̃a, b̃] ∈ J (F λ[G ′]) · F λ[G], which implies that

F λ[G]/ J
(

F λ[G ′]) · F λ[G]

is a commutative algebra. Now Lemma 1 states that F λ[G] is stably untwisted.
Conversely, if F λ[G] is stably untwisted, then there exists an extension K of the field F such

that K λ[G] is isomorphic to the ordinary group algebra K G via a diagonal change of basis and the
result for K G has been already known. Since F λ[G] is a subalgebra of K [G], it is lower (upper) Lie
nilpotent. �
4. (n,m)-Engel crossed products

Let R be an associative ring and let n,m be fixed positive integers. If[
a,bm,bm, . . . ,bm︸ ︷︷ ︸

n

] = 0

for all elements a,b ∈ R , then R is called (n,m)-Engel.
Clearly, an (n,m)-Engel ring satisfies the polynomial identity[

x, ym, ym, . . . , ym︸ ︷︷ ︸
n

]
.

Let pt be the smallest positive integer such that n � pt and let m = plr with (p, r) = 1. If F 〈x, y〉 is a
noncommutative polynomial ring with indeterminates x and y over a field F of characteristic p, then

[
x, ym, ym, . . . , ym︸ ︷︷ ︸

pt

] = [
x, yplr, yplr, . . . , yplr︸ ︷︷ ︸

pt

] = [
x, ypl+t r] = [

x, yr, yr, . . . , yr︸ ︷︷ ︸
pl+t

]
. (17)

Therefore, if R is an (n,m)-Engel ring of char(R) = p > 0, then it is (pl+t , r)-Engel ring, too.

Theorem 2. Let F λ
σ [G] be a crossed product of a group G and a field F of positive characteristic p.

(1) Any (n,m)-Engel crossed product F λ
σ [G] is a twisted group algebra.

(2) If F λ[G] is an (n,m)-Engel twisted group algebra, then either F λ[G] is commutative, or the following
conditions hold:
(2.i) G has a normal subgroup B of a finite index such that commutator subgroup B ′ has p-power or-

der, the p-Sylow subgroup P/B of G/B is a normal subgroup, G/P is a finite abelian group of an
exponent that divides m and P is a nilpotent subgroup.

(2.ii) The untwisted p-elements of G form a subgroup and for all a,b ∈ G the commutator (a,b) is an
untwisted p-element such that

(
λ(a,b)−1λ

(
b,b−1ab

)
λ
(
a, (a,b)

)
λ
(
(b,a), (a,b)

)−1)−pm = μ((a,b)),

where pm is the order of (a,b). Moreover, F λ[B] is stably untwisted and |G : B||B ′| is bounded by a
fixed function of n and m.
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Proof. Let F λ
σ [G] be an (n,m)-Engel crossed product of characteristic p > 0. Then we can apply The-

orem 3 of Kezlan [5] which states that F λ
σ [G][2] is a nil ideal. Hence the nilpotent elements of F λ

σ [G]
form an ideal N and F λ

σ [G]/N is commutative. Clearly, [̃a, 1̃ ·α] = ã(α −ασ(a)) belongs to the nil ideal
F λ
σ [G][2] for every α ∈ F . It follows that the element α − ασ (a) of the field F is zero, because it is

nilpotent. So σ is trivial and hence F λ
σ [G] = F λ[G] is a twisted group algebra.

First assume that G has no element of order p. By Corollary 2 from [12], the nil ideal F λ[G][2] is
zero. So the twisted group algebra F λ[G] is commutative.

Now let G be a noncommutative group with a p-element. Without loss of generality, by (14), we
can assume that (m, p) = 1. Lemma 4 ensures that every group commutator and their products are
p-elements. Therefore G ′ is a p-group. Choose the smallest positive integer pt with n � pt and let
a,b ∈ G . The Lie commutator formula ensures that[̃

a, b̃m, pt] = [̃
a, b̃m, b̃m, . . . , b̃m︸ ︷︷ ︸

pt

] = [̃
a, b̃mpt ] = 0.

This yields ã̃bmpt = b̃mpt
ã. Hence bmpt

is central for any b ∈ G . By Lemma 3, G has a normal subgroup
A of finite index such that commutator subgroup A′ has p-power order. Our aim is to prove that if
B is the subgroup generated by A and the center of G , then F λ[B] is stably untwisted. Of course, B ′
is a finite p-group, so the ideal I = J (F λ[B ′]) · F λ[B] is nilpotent, because the nilpotent elements of
F λ[G] form an ideal. Indeed, if pr is the order of the commutator (c,d) of B , then Lemma 4 ensures
that ((̃c, d̃) − 1)pr = 0 and

(̃c, d̃) − 1 ∈ J
(

F λ[B ′]) · F λ[B].

Then (16) asserts that [̃c, d̃] ∈ J (F λ[B ′]) · F λ[B], and F λ[B]/ J (F λ[B ′]) · F λ[G] is a commutative algebra.
Now, by Lemma 1, F λ

σ [B] is stably untwisted, as required.
Now bmpt

is central for any b ∈ G and it belongs to B and the p-Sylow subgroup P/B of G/B
is normal, because the commutator subgroup of G is a p-group. Then, by the Schur–Zassenhaus’s
theorem (6.2.1 theorem of [3]), G/B is a semidirect product of the finite p-Sylow subgroup P/B
and a finite abelian group M/B whose exponent divides m. Since Bmpt

is a central subgroup, there
remains to show that P/Bmpt

is nilpotent. To prove this we proceed by induction on the order of the
commutator subgroup L of B/Bmpt

. First suppose that L′ = 〈1〉. The abelian group B/Bmpt
is a direct

product of the p-subgroup D and a subgroup H whose exponent divides m. The finite p-group P/B
acts by conjugation on these subgroups. Of course for every d ∈ P/Bmpt

and h ∈ H the p′-element
d−1hd coincides with h(h,d) and the commutator (h,d) is a p-element. Therefore, the action of P/B
on H is trivial and P/B acts as a finite p-group on D .

Define the subgroups D1 = (P/Bmpt
, D) and D j = (P/Bmpt

, D j−1) for j > 1. By Lemma V.4.1 [14],
this sequence of subgroups is such that Dl = 〈1〉 for some l. But the finite p-group P/B is nilpotent,
so a suitable term Ks of the lower central series of the group K = P/Bmpt

is contained in B/Bmpt
and

Ks+1 = (K , Ks) ⊆ (
K , B/Bmpt ) = (K , D × H) ⊆ (K , D) = D1,

because H is central in P/Bmpt
. Similarly, we conclude that Ks+i ⊆ Di and the group P/Bmpt

must be
nilpotent, because Dl = 1.

Finally, assume that L′ �= 〈1〉. The orders of those conjugacy classes of the group P/Bmpt
, which

are contained in the finite normal p-subgroup L′ , are p-powers. Hence L′ has a nontrivial central
subgroup, and by induction on the order of L′ , we see that P/Bmpt

is nilpotent. Consequence, P is
nilpotent as asserted. �
Corollary 3. The twisted group algebra F λ[G] of positive characteristic p is n-Engel if and only if either F λ[G]
is commutative, or the following conditions hold:
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(i) G is a nilpotent group with a normal subgroup B of a finite p-power index, B ′ is a finite p-group and
F λ[B] is stably untwisted;

(ii) the untwisted p-elements of G form a subgroup, the commutator (a,b) is an untwisted p-element for all
a,b ∈ G and

(
λ(a,b)−1λ

(
b,b−1ab

)
λ
(
a, (a,b)

)
λ
(
(b,a), (a,b)

)−1)−pm = μ((a,b)), (18)

where pm is the order of (a,b).

Proof. There remains to prove only the sufficiency of these conditions, and as before, we can assume
that F is an algebraically closed field of characteristic p.

Let G be a nilpotent group with a normal abelian subgroup B of a finite p-power index. Then for
any a,b of B the twist of ˜(a,b) is equal to 1. So (18) asserts that F λ[B] is a commutative algebra.
Now we try to adapt the method of the proof of Theorem V.6.1 from [14]. For this we need additional
information about the nilpotent groups G with a normal abelian subgroup B of index ps and about the
twisted group algebras. Certainly, (B, G ps

) = 1 and Lemma V.6.2 from [14] implies that (B, G)pm = 1
for some m � s. It follows that

(
G ps+m

, G
) ⊆ (

B pm
, G

) = 〈1〉.

Hence, if t = s + m, then g pt
is central in G and (18) confirms that [g̃ pt

, h̃] = 0 for any h ∈ G . So g̃ pt

is central. Now for every y = ∑
g∈G cg g̃ of F λ[G] we have that

∑
g∈G cpt

g g̃ pt
is central in F λ[G] and

ypt =
∑
g∈G

cpt

g g̃ pt + y1,

for suitable y1 ∈ [F λ[G], F λ[G]]. For all a,b ∈ G we have

[̃a, b̃] = ã−1̃b−1((̃a, b̃) − 1̃
) = ã−1̃b−1(

˜(a,b)χ((a,b)) − 1̃
)

(19)

and if pm is the order of (a,b) then by (18),

(
˜(a,b)χ((a,b)) − 1̃

)pm = μ((a,b))χ((a,b))pm − 1̃ = 0.

Consequently [F λ[G], F λ[G]] ⊆ F λ[G] · J (F λ[G ′]). Since the subgroup D = (G, B) is normal in G and
B/D is central in G/D of index |G/D : B/D| = ps , it follows that G ′/D is a finite group of order pl . By
Theorem 1.6 [10], we have

(
F λ[G] · J

(
F λ[G ′]))pl ⊆ J

(
F λ[D]) · F λ[G].

It follows that ypl

1 = ∑ps

i=1 zit̃i , where t1 = 1, t2, . . . , tps is a transversal of B in G . Furthermore,

zi ∈ F λ[B] ∩ J
(

F λ[D]) (
i = 1,2, . . . , ps)

are nilpotent elements with nilpotency index at most pm and each of these elements commute, be-
cause B is abelian. The inner automorphisms of G̃ induces a finite group of automorphisms T on B̃ .
The action of T on z1, z2, . . . , zps produces only finitely many images and denote by L the subring
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of the commutative algebra F λ[B] generated by these images. Of course L is nilpotent, its nilpotency

index is at most pr = pm+s+1|T | which does not depend on L. Clearly, ypl+r

1 = 0, and by the foregoing,

ypt+l+r =
∑
g∈G

cpt+l+r

g g̃ pt+l+r

is central in F G . By the Lie commutator identity we obtain that[
x, y, pt+l+r] = [

x, ypt+l+r ] = 0

and F G is Lie pt+l+r -Engel.
Finally, let B ′ be of order pt . Our assertion is valid for t = 0, assume its truth for t − 1. The normal

subgroup B ′ of a nilpotent group contains a central cyclic subgroup L = 〈c | cp = 1〉. Now we take
F λG and make the following change of basis:

g =
{

g̃, if g ∈ G \ L;
c̃i

√
μ(c)−i if g = ci ∈ L.

Then ρ(ci, c j) = 1 and cp = 1̃. By Lemma 2, F λ[G] can be realized in a second way as a twisted
group ring with new basis {g} and a twisting function τ (g,h) which satisfies τ (ck, g) = 1. Clearly,
τ (ck, g) = τ (g, ck) = 1. By (5), we have that

F λG/I(L) ∼= F τ [G/L]

and by (4), τ (gi H, g j H) = λ(gi, g j). Hence the twisting function τ (a,b) satisfies the required condi-
tions, and by the inductive hypothesis, F μ[G/L] is pm-Engel for some m. It follows that [x, y, pm] =
[x, ypm ] ∈ I(L) for all x, y ∈ F λG , so [x, ypm ] = (c − 1)z for some z ∈ F λG . Since c is central, we have[

x, ypm
, p

] = [
x, ypm

, ypm
, . . . , ypm︸ ︷︷ ︸
p

] ∈ (c − 1)p F λG = 0.

This implies that [x, y, pm+1] = 0 and the proof is complete. �
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