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The representation theory of groups of Lie type has been investigated in
several research papers recently, with much attention being directed towards
the computation of constituents of induced modules. Our interest here is to
start an investigation into the Schur indices of the characters of the groups of
Lie type in an attempt to give a more complete description of the representa-
tions. The only previous results in this direction are due to Janusz [10], who
obtained the local Schur indices of the characters of the group SL(2, g).
Our approach concentrates on induced modules, defined via the linear
characters of the Sylow p-subgroups (p being the characteristic of the
underlying field of the group). Such modules have been studied by Yokonuma
[17], and Gelfand and Graev [6], and they have been shown to be multiplicity-
free for certain linear characters said to be in general position. We will show
that in many circumstances the characters of the induced modules we define
are the characters of representations realizable in the rational field. When this
is the case, the Schur index of any constituent character of the module
divides the multiplicity with which the character appears.

Examination of the character tables of some groups of Lie type confirms
that almost all characters do occur exactly once in some induced module, and
given favorable conditions in the Borel subgroup, we can deduce that such
characters have Schur index 1. To illustrate our methods we have determined
the Schur indices of groups of small rank using the currently available
character tables, but an attack on the general problem seems to require a
better understanding of the construction of the characters of the Lie groups.
However, we believe that a knowledge of the character values only on the
Sylow p-subgroup may be sufficient to tackle the problem for groups of any
rank. Throughout this paper mz(X) denotes the Schur index of X over the
field F. Our findings are presented at the end of the paper.
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SCHUR INDICES 103
1. PRELIMINARY RESULTS

The theory of the Schur index is developed in [1, Sect. 70; 9, Sect. 14,
Chap. 5]. Initially, we will need none of the deeper results on the Schur
index, and will rely on the following property of the index [1, 70.14]:

LEMMA 1. Let F be a representation of a finite group G defined over the
rationals and let 0 be the character of F. Then if X is an absolutely irreducible
constituent of 6 and the inner product (8, X) = r £ 0, the rational Schur
index of X divides r.

We will also use the following result, which is easily established.

Lemma 2. Let x be an element of the finite group G and suppose that for
each integer m coprime to the order of x, x and x™ are conjugate in G. Then all
characters of G take rational values on x.

2. THE GENERAL LINEAR GROUP

Let G denote the general linear group GL(n, q), where g is a power of the
prime p. Our intention is to analyze the structure of an induced character A3,
where A is a linear character of a Sylow p-subgroup P of G, and B is the
normalizer of P, usually known as a Borel subgroup. We will show that A8
is the character of a rational representation, and thus the same will be true
of AS. By computing inner products (X, A%), we will obtain information on the
Schur indices of the characters of G.

A result of Gelfand and Graev [6, Theorem 1], shows that each character
occurs as a constituent of at least one of these induced characters, and so our
method theoretically has some applicability. However, the Gelfand-Graev
theorem does not hold for all Chevalley groups or the twisted types, a fact
which becomes evident even when dealing with the groups of small rank
considered in the final section. We will base most of our calculations of Schur
indices in this paper on the method to be developed now for the general linear
group.

It is well-known that B can be written in the form B = PH, where
PN H =1 and H is isomorphic to z# copies of the multiplicative group of
GF(g). The next lemma is the key to obtaining our results on the Schur index.

LEmma 3. Let A be a linear character of P. Then the induced character \B
is the character of a rational representation.

Proof. We will take as a representative for P all those lower triangular
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matrices whose entries on the main diagonal are 1. H will consist of all
diagonal matrices. The derived group of P consists of all those members of
P whose entries immediately below the main diagonal are 0, and the derived
factor group of P is elementary abelian of order ¢*-1. To determine the action
of H on P/P’, we have only to examine the action of H on the entries im-
mediately below the main diagonal of an element of P.

If e H has diagonal entries A, ,..., A, and ¥ € P has entries gy ,..., @,
below the diagonal, we find that Ax%~! has corresponding entries A\ lay ...,
AAnlia, 1. Let o be an element of order p — 1 in GF(p) and let m =
diag(1, o,..., 6"?), an element of order p — 1 in H. We readily see that for any
xin P, mxm™! and x° are equal modulo P’. Thus if M is the subgroup of B
generated by m and P, it follows that each nonidentity element of P/P’ is
conjugate in M/P’ to its p — 1 nonidentity powers. In particular, Lemma 2
implies that each character of M/P’ takes rational values on P/P’. Now it is
easily seen that if A is any linear character of P, AM is irreducible (this follows
from [9, 16.13, p. 561] since M/P’ is a Frobenius group with kernel P/P’).
We also note that AM is rational-valued, for it is zero outside P, and we know
it must be rational-valued on P.

Finally, we will show that the Schur index of AM is 1. If this is true, AM is
the character of a rational representation and the same must be true of A%,
Let L be the subgroup of M generated by m. Since M = PL, Mackey’s
theorem [9, 16.9, p. 557], implies that (AM), is the regular representation of L.
Thus the trivial representation 1, of L occurs once in the restriction of the
irreducible character AM to L, and, by reciprocity, AM occurs once in (1,)M.
Lemma 1 implies that AM has Schur index 1, and our proof is complete.

Thus we have a criterion for determining the Schur indices of characters
of GL(n, g).

THEOREM 1(a). Let P be a Sylow p-subgroup of G = GL{(n, q), where g is a
power of p, and let X be a linear character of P. Then if X is an irreducible
constituent of AS with multiplicity v 5% 0, the rational Schur index of X divides r.

Proof. We have seen in Lemma 3 that A? is a character of a rational
representation and the same must be true of A°. Our assertion follows from

Lemma 1.
The information we have collected so far is sufficient for us to obtain the
following positive result concerning the Schur indices of characters of

GL(n, g).

THEOREM 2(a). Let g be a power of the prime p and let X be a character of
G = GL(n, q). Then if X(1) is coprime to p, the Schur index of X equals 1.

Proof. We consider the element ¢ of G whose action on a basis ¢, ,..., e,
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of the underlying vector space is given by ce; = ¢; +¢,.,, 1 <i<<n—1,
ce, = e, . The order of ¢ is a power of p and ¢ is an example of a so-called
regular unipotent element. It has been shown by Simpson in [14, Theorem 1],
that any irreducible character X of G takes only the values 0, 1 or —1 on ¢.
Moreover if X(1) is coprime to p, X(¢) cannot equal 0.

The centralizer of ¢ in G has order ¢g"Yq — 1) [14, p. 292], and ¢"' is
the order of the centralizer of ¢ in the Sylow p-subgroup P of G consisting
of lower-triangular matrices with 1's on the diagonal. In P we have
>: 0:(c) 8,(c™1) = ¢™! by the orthogonality relations, where the sum extends
over all irreducible characters of P. We note that each linear character A of P
makes a contribution of 1 to this sum. However, since P/P’ has order ¢",
there are g»~! different linear characters of P, and their contribution to the
sum equals the total. Since the sum consists of nonnegative real numbers,
we must have §(c) = O for any nonlinear irreducible character of P.

Let X be any irreducible character of G whose degree is coprime to p.
We know that X(c) = +1. Let X, =3 a0, + 3 b, , where the first sum
consists of nonlinear characters of P, the second only of linear characters.
If the Schur index of X is ¢, we know from Theorem 1 that ¢ divides each
inner product (X, A,%). But since (X, A,¢) = b, , by reciprocity, ¢ divides each
b, . By our previous arguments, X(c) = Y b,\;(c) = 41, and if ¢ is greater
than 1, putting b; = #d; , we obtain} d;\,(c) = -1/¢. However, the left-hand
sum is an algebraic integer, whereas if ¢ > 1, 1/t is a rational number but not
an integer. This is not possible and so ¢ = 1, implying that X has Schur
index 1.

3. THE SpeciaL LiNear Group SL(n, g)

The results we have established about the characters of a Borel subgroup
of GL(n, ¢) are not in general true for a Borel subgroup of SL(r, q). As might
be expected, the situation varies according to the value of # and the arithmetic
nature of g. We will let B denote, as before, the normalizer of a Sylow p-
subgroup P of SL(n, g). P is complemented in B by a subgroup H of order
(g — 1) and the centralizer of P in B is the center Z of SL(n, ¢), which has
order (n, ¢ — 1).

We now consider the characters of B/P’. In general it is not true that all
characters take rational values on P/P’, nor do all characters have Schur
index 1. However, we will show that for SL(2n + 1, q) we do have the exact
analog of Lemma 3.

Lemma 4. Let P be a Sylow p-subgroup of SL(2n + 1, q) and let B be its
normalizer. Then if A is a linear character of P, AB is the character of a rational
representation.
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Proof. We follow Lemma 3 and assume P consists of lower triangular
matrices. H consists of all diagonal matrices with determinant 1. If o has
order p — 1in GF(p), we find that the element m = diag(o™", 0*~%,..., 6", 6%)
has determinant 1 and is thus in H. As in Lemma 3, for any element x of P,
mxm~! and x° are equal modulo P’. The rest of the proof follows Lemma 3.

We now have no trouble in proving:

TueoreM 1(b). Let P be a Sylow p-subgroup of G = SL(2n ++ 1,9q),
where g ts a power of p, and let X be a linear character of P. Then if X is an
trreducible constituent of X° with multiplicity r # 0, the rational Schur index
of X divides r.

We can also obtain an exact analog of Theorem 2(a).

THEOREM 2(b). Let q be a power of the prime p and let X be an irreducible
character of G = SL(2n -+ 1, q). Then if X(1) is coprime to p, the Schur index
Cof Xis 1.

Proof. We take b to be a regular unipotent element corresponding to the
element ¢ introduced in the proof of Theorem 2(a). It is not true that X(b)
is necessarily equal to -1, but we can modify the proof of Theorem 2(a) to
obtain our objective. We note that X(b) is necessarily an integer, for it is not
hard to see that b is conjugate to its powers &7, (r, p) = 1, in B and hence in G.

Let G; =GL(2n + 1,q) and let X = X, ,..., X, be the distinct Gy~
conjugates of X. Since G,/G is cyclic, it follows from the Clifford theory,
[9, Chap. 5, Sect. 17], that there is an irreducible character ¢ of G, with
6; = X; + - + X,. As the characters X ,..., X, are conjugate under
automorphisms of G it is easily seen that their Schur indices are equal.
Now 7 divides | G, : G| = g — 1 and thus, as (1) = rX(1), 6(1) is also
coprime to p.

Let us suppose that the Schur index of X is £. Since Theorem 1(b) holds
for G, the argument of Theorem 2(a) may be applied to show that ¢ must
divide X(b). But this argument applies to each Gj-conjugate of X, since
we know that the conjugates also have Schur index £ We have 8(b) =
X;(6) + -+ + X, (b) = +1, by Simpson’s theorem. Since ¢ divides each
X,(b), it must divide §(b) and consequently ¢ = 1, establishing our claim.

We turn our attention to the even dimensional special linear group
SL(2n, ). When ¢ is odd we will see that results on the Schur index are more
complicated than those encountered so far, but when g is even, there are no
problems in obtaining analog of Theorems 1(b) and 2(b). For if ¢ is a power
of 2, and P is a Sylow 2-subgroup of SL(2#, q), any linear character of P is
realizable in the rational field, as P/P’ is an elementary abelian 2-group. Thus
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an analog of Theorem 1(b) is trivial, and the argument of Theorem 2(b)
easily gives, for any =.

THEOREM 2(c). Let q be a power of 2 and let G = SL(n, q). Then any
trreducible character of G of odd degree has Schur index 1.

When dealing with SL(2#, ¢) for odd values of ¢, the method just described
for investigating Schur indices is no longer so effective. However, when # is
odd, we can give a criterion for the existence of characters of Schur index 2.

THEOREM 1(c). Let q be a power of the prime p, with ¢ = 1 (mod 4), and
let G = SL(2n, q), n odd. Let P be a Sylow p-subgroup of G and let A be a
nontrivial linear character of P. Then any real-valued irreducible character X
of G which occurs in X° with odd multiplicity and is nontrivial on the central
involution of G has Schur index 2 over the reals, and hence over the rationals.

Proof. We will assume that P consists of lower triangular matrices. Let
w have order 4 in GF(q) and let h = diag(w™, w,..., w1, w). We see that A is
in G, normalizes P, and has order 4, with 2> = ~I. Following Lemma 3,
it is easily seen that for all xin P, hxh~! and x! are equal modulo P’. Let N
be the subgroup generated by P and k. The analysis above implies that all
characters of N/P’ take real values on P/P’.

Now let A be a nontrivial linear character of P. It is not hard to see that AV
consists of two real-valued characters, u, and p, , of degree 2. We can assume
that the notation is chosen so that p,(h?) = 2, py(h®) = —2. Using the
method of Frobenius and Schur [5, p. 21], it is easily shown that p, must have
Schur index 2 over the real numbers. Let X be a real-valued character of G
which occurs in A% with odd multiplicity, 7 say, and which satisfies X(#?) =
—X(1). Let A¥ = p. Then since A® = u%, we have (u%, X) = r. However,
pb = ;¢ + ¢ and all constituents of p1,© are trivial on A% Thus (1%, X) =7
and correspondingly X, = rp, + other characters different from u, . Let us
suppose that X is realizable in the real field. Then if D is the real representation
of G with character X, u, occurs 7 times in the character of Dy, . By Lemma 1,
the real index of pu, divides . But we know that the real index of u, is 2 and
we have a contradiction, Thus X has Schur index 2 over the reals, and the
Brauer-Speiser theorem implies that it has Schur index 2 over the rationals,
[3]: This completes the proof.

Although we have not made use of the fact that # is odd in the proof of
Theorem 1(c), the theorem is only of interest for odd values of #. For if
n is even and ¢ = 1 (mod 4), SL(2#, q) has a central element 2 of order 4
whose square is —I. Any character of SL(2n, ¢) which is nontrivial on —I
must be faithful for z, and hence cannot be real-valued. Thus for even values
of n, there are no characters satisfying the hypothesis of Theorem 1(c).
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However, when 7 is odd, and ¢ = 1 (mod 4), it would be of interest to know
whether all real-valued characters of SL(2#, ¢) which are nontrivial on —7
have Schur index 2.

The following result of the author offers an approach to showing the
existence of real-valued characters of Schur index 2 in SL(2n, ¢) whenever
both 7 and ¢ are odd [7, Theorem 2]. We recall that an element of a group is
said to be real if it is conjugate to its inverse and strongly real if it is inverted
by an involution.

LemMa 5. Let G be a finite group and let x, ,..., x, be nonconjugate real
2-regular elements of G which are not strongly real. Suppose also that C(x,)
has an abelian Sylow 2-subgroup, 1 < i < r. Then G possesses at least r real-
valued irreducible characters of Schur index 2.

In what follows we will assume that 7 is odd and greater than 1, This is no
restriction as we already have a description of the Schur indices of characters
of SL(2, g). We will show that G = SL(2n, ¢) has classes for which Lemma 5
is applicable. By [9, p. 187, Theorem 7.3], there is a cyclic self-centralizing
subgroup S in G of order ¢** — 1/g — 1. If w is a generator of S, there is an
element ¢ in N(S) with #-'wt = w?. Let 7 be the 2-part of ¢ 4 1 and let T be
a subgroup of order ¢" + 1/r in S. As nis odd, T has odd order. Moreover, as
n > 3, it may easily be shown that T is an irreducible subgroup. Let x be
a generator of T and let u = #*. We have u~lxu = x7" = x~1, as « has order
dividing ¢” + 1, and so « is a real element of G. It may be shown that any
involution of GL{2#n, ¢) which inverts x must have n eigenvalues equal to 1
and z equal to —1, and so has determinant equal to —1. We deduce that x is
a real 2-regular element which is not strongly real, with C(x) abelian. Now &
is conjugate to exactly 2n of its powers and so T has 1/27n - ¢(q" + 1/r)
nonconjugate generators, where ¢ is Euler’s function. By Lemma 5, G has at
least (1/2n) p(q™ + 1/r) real-valued characters of Schur index 2. In particular,
we have

ProrosiTioN 1. Let G = SL(2n, q), ¢ = 1 (mod 4), n odd. Then G has at
least (1/2n)p(g" + 1) real-valued irreducible characters of Schur index 2.

We remark that there is some evidence, based on the Frobenius—Schur
involution formula, to indicate that the number of real-valued irreducible
characters of Schur index 2 in SL(2#, g) may be some rational polynomial in ¢
of degree n.

We conclude this section by showing that whenever ¢ is a square, our
previous methods are applicable to the problem of determining Schur
indices of characters of PSL(2n, ¢), for any value of #. The next lemma is in
the spirit of previous ones.
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LemMA 6. Let p be an odd prime and let q be an even power of p. Let P
be a Sylow p-subgroup of G = PSL(2n, q) and let A be a linear character of P,
Then XS is the character of a rational representation of G.

Proof. We work in SL(2n, g) initially, taking P to consists of lower
triangular matrices. Let o have order p — 1 in GF(p). As q is a square, we
can find an element ¢ in GF(q) with 12 = o. Let % be the element diag(#-2",
B2, 1203, 1201y of SL(2m, g). Exactly as in our previous proofs we see
that 4 normalizes P and for x in P, hxk! and x° are equal modulo P’. Now %
has order 2(p — 1) in SL(2n, g), but as £P~1 = —], its image in G has order
p — 1. Thus in G we can find a subgroup N of the normalizer of P for which
each induced character AV is irreducible of degree p — 1 and realizable in the
rationals (just as in the proof of Lemma 3). The proof of the lemma is
immediate from this fact.

By considering PSL(2#n, q) as a subgroup of the projective general linear
group PGL(2n, q) we can imitate the proof of Theorem 2(b) to obtain

TuEOREM 2(d). Let g be an even power of the prime p and let G = PSL(2n, q).
Then if X is an irreducible character of G of degree coprime to p, the Schur
index of X is 1.

We can extend this analysis to investigate the local Schur indices of charac-
ters of SL(2n, g) whenever g is a square. For, letting B and P denote Borel
and Sylow p-subgroups of G = SL(2#, g), the argument of Lemma 6 shows
that for any linear character A of P, A? is a rational-valued character. However,
A% will not be realizable in the rational field (by the argument of Theorem 1(c)).

Now it is not hard to see that any irreducible character X of B/P’ remains
irreducible as an 7~-modular character for any prime r 5 p, essentially because
the restriction of X to P consists of X(1) distinct conjugate linear characters
of P, which are all distinct modulo 7. A result of the author [8], implies that X
has Schur index 1 over the r-adic numbers. Thus as each constituent of A?
has r-local index 1 and A? is rational-valued, A2 is realizable in the r-adic
numbers. The same is true of AS. Thus following the argument of Theorem
2(b), we can deduce

THEOREM 2(e). Let q be an even power of an odd prime p and let G =
SL(2n, q). Then if X is an irreducible character of G of degree coprime to p, the
only finite prime at which the local index of X can differ from 1 is p.

This theorem is in accordance with the results of [10] for SL(2, ¢). However,
Janusz shows that when ¢ is not a square there are other finite primes at which
local indices can exceed 1.
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4. THE SympLEcTIC GROUP Sp(2n, )

We will briefly describe how it is possible to apply the methods developed
in the previous section to investigate the Schur indices of the characters of the
symplectic group. Since the two-dimensional symplectic group is the group
SL(2, q), we already have a description of the Schur indices of the characters
of Sp(2, q). It is the author’s belief that the behavior exhibited by the Schur
indices of Sp(2, g) is essentially common to all symplectic groups. This section
presents a number of reasons why this should be so. As with the group
SL(2n, q), the analysis falls naturally into a number of cases, depending on
the nature of g: g even, ¢ odd and a square, g = 1 (mod 4) but not a square,
g = 3 (mmod 4). Our first result given an initial simplification of the problem
of computing Schur indices.

LemMa 7. Let g be a power of 2 or a power of an odd prime p with ¢ = 1
(mod 4). Then all characters of G = Sp(2n, q) are real-valued and consequently
of Schur index at most 2.

Proof. We must show that each element of G is conjugate to its inverse.
This may be established by induction on #, using the conjugacy criterion for
elements of the symplectic group given in [11, pp. 36(ii), p. 59]. When ¢ is
odd, the essential part of the proof is that —1 is a square in GF(q).

Note 2. When g = 3 (mod 4), Lemma 7 is no longer true. However,
we can show that each p-regular class of G is real. Since the number of
p-regular classes of G is ¢*, and the total number of classes of G is a monic
polynomial in ¢ of degree » [11, p. 36(iii)], we can assert that the majority of
characters are real-valued.

Our next objective is to give some criteria for computing the Schur index
using induced characters. Let V' be a 2n-dimensional symplectic space over
GF(q) with basis ¢, ,..., €5, and form defined by (e; , ¢;) = &( 2n + 1 — ),
7 <. Let G be the group preserving this form and let B and P be Borel and
Sylow p-subgroups of G, where p is the prime divisor of ¢. It is possible
to choose P to consist of certain lower triangular matrices with ones on the
diagonal. The 2n — 1 entries immediately below the diagonal of a typical
element of x of P take the form a,,...,a,_;, @, , —dn_y ,..., —@; Where the
a; arbitrary elements of GF(q). If g is odd, the derived group of P consists of
those elements of P whose entries immediately below the main diagonal are
0, the derived factor-group being elementary abelian of order g™

B can be written in the form PH, where H consists of diagonal matrices
k of the form diag(A; ,.., Ay s Agh..o, A7Y). We find that A%k, x€ P, has
entries

-1 -1 -2 -1
AATay e, A a1 AR, — ATy
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below the main diagonal and we may thus describe the action of & on P/P’,
When ¢ satisfies the congruence g = 1 (mod 4), we can obtain a simple
criterion for the Schur index of a faithful irreducible character of G to be 2,
for we have

THEOREM 3(a). Let q be a power of the prime p, with g = 1 (mod 4), and let
G == Sp(2n, q). Let P be a Sylow p-subgroup of G and let A be a linear character
of P. Then any faithful irreducible character of G which occurs in A® with odd
multiplicity has Schur index 2. Any nonfaithful irreducible character of G which
occurs with odd multiplicity has Schur index 1 over the reals.

Progf. We take P to consist of lower triangular matrices, as described
earlier. Let o be an element of order 4 in GF(g) and let % be the element
diag(Ay oo Apy Aty ATY) where X, = (—1)o, 1 <i<n Certainly &
normalizes P and we find that for any element x of P, AxAh~! and x~! are
equal modulo P’. Furthermore, k* = —1I. The first statement of the theorem
follows from the proof of Theorem 1(c). The second statement follows by
noticing that 4 has order 2 in PSp(2n, g).

By specializing to the case where g is a square, we easily prove

THEOREM 3(b). Let q be an even power of an odd prime p. Let G = Sp(2n, q)
and let P be a Sylow p-subgroup of G. Then if A is a linear character of P, any
nonfaithful irreducible constituent of A° which occurs with odd multiplicity has
Schur index 1. If X is a fatthful trreducible constituent of G which occurs with
odd multiplicity, the only finite prime for which the local index of X can differ
from 15 p.

Proof. Since g is a square, we can easily show that A® is rational-valued
and that if X is a nonfaithful constituent of A%, the Schur index of X divides
(X, A%). Since we know that the Schur index of X is either 1 or 2, the first
statement follows. The second statement follows from arguments identical
to those used in the proof of Theorem 2(e).

We will see in the next section that not all irreducible characters of the
symplectic group occur as constituents of induced characters A%, so Theorems
3(a) and 3(b) are not always applicable. However, we note that our two
theorems do apply when Ais in general position, for it follows from Yokonuma’s
results that A¢ is multiplicity-free. Since the majority of characters of Sp(2#, ¢)
occur in such induced characters, we can even assert that almost all irreducible
faithful characters of Sp(2#, q), ¢ = 1 (mod 4), have Schur index 2. We believe
that in fact all faithful irreducible characters of this group are of index 2, and
will show that this is true for the four dimensional group in the next section.

Lemma 5 may be used to predict the existence of real-valued irreducible
characters of Schur index 2 in Sp(2n, ¢) for any odd value of ¢q. For Sp(2n, q)

481/42/1-8
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contains a self-centralizing cyclic subgroup S of order ¢» 4 1. If r is the
2-part of g® + 1, S contains a subgroup T of odd order ¢* -+ 1/r, which is
always irreducible provided that » is greater than 1. The generators of T
provide us with classes satisfying the hypotheses of Lemma 5, and the
following result may be proved in a manner similar to Proposition 1.

PROPOSITION 2. If n is even or q =1 (mod 4), Sp(2n, q) has at least
(1/2n) p(g" + 1) real-valued fasthful irreducible characters of Schur index 2.

ADDENDUM

This part of the paper is independent of the previous sections and is
designed to provide a second approach to the problem of determining the
Schur indices of the irreducible characters of the classical groups. Using
different methods, relying on the Brauer-Speiser theorem, it proves to be
easy to show that the Schur index of an irreducible character of GL(n, q)
or U(n, ¢%) divides 2. Indeed we are led to believe that the Schur index of
an irreducible character of any classical group divides 2. However, to decide
whether the index of a particular character is equal to 1 or 2 may require
methods of the type already developed in Section 1.

The following result illustrates the idea behind our second method.

THeOREM A. Let G denote either the general linear group GL(n, q) or the
general unitary group U(n, q%). Then the Schur index of any character of G
divides 2.

Proof. We will deal with GL(n, ¢) first. Let # be the involutory automor-
phism of G defined by u(x) = x*, where x* is the transpose—inverse of «,
and let H be the split extension of G by w. It is well-known that each element
x of G is conjugate to its transpose x*. Thus we have w~1lxw = x!, for some w
in G. Applying the automorphism #, we see that x is conjugate to 1 in H.
It follows that all characters of H take real values on G.

Now if 8 is a real-valued irreducible character of G, the Brauer-Speiser
theorem implies that the Schur index of 8 divides 2. On the other hand, if 8
is an irreducible character of G which is not real-valued, the induced character
@ = 6 is a real-valued irreducible character of H. For since H/G has order
2, @ is either irreducible or is the sum of two distinct extensions 6, , 6, of 8
to H. In the latter case, 6, is a character of H which cannot be real-valued on G
contrary to our earlier deduction. That ¢ is real-valued follows from the fact
that it vanishes outside G and is real-valued on G.

Let ¢ = ¢4 ,..., @, be the distinct algebraic conjugates of ¢. Since ¢ is real-
valued, the Brauer—Speiser theorem implies that = 2(e; 4+ --- + @,) is the
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character of a rational representation of H. Thus g is the character of a
rational representation of G. We note that § occurs exactly twice in ¢,
since @ is the unique character of H whose restriction to G contains 6.
Lemma 1 now implies that m(6) is at most 2, as required.

The proof for the unitary group is essentially the same. We take G to
consist of all elements x which satisfy xe(x)! = 1, where o is the involution
of GF(g?). With this presentation of G, if x is in G, & is also in G. Since o
defines an involutory automorphism of G, we may form the split extension, H,
of G by o. In H, we have x° = x* for each element x of G. However, since x
and xf are known to be conjugate in the full linear group, we deduce from a
result of Wall [11], that they are conjugate in G. Thus x and x~! are con-
jugate in H and the rest of the proof is identical with that for GL(#, g).

5. SpeciFic CALCULATIONS

We will use character tables to compute the Schur indices of all characters
of GL(n, q), n < 4, SL(3,q), PSU(3, ¢°), Ree groups of type G,, Suzuki
groups, and Sp(4, ¢), when ¢ is even or an even power of an odd prime. For
the sake of brevity, all computations of inner products have been omitted.

TreoreM 4. Let G be any of the groups GL(n, q), where n < 4. Then any
character of G has Schur tndex 1.

Progf. Our sources for character tables are [15] and [20] (also [12], by
using the device of changing ¢ to —¢). Let ¢ be a power of p, and let B,
P be Borel and Sylow p-subgroups of G. Let A be a linear character of P in
general position. When G = GL(2, g), we find that all nonlinear characters
of G are constituents of A%, with multiplicity 1, of course. For GL(3, g), we
find that AS contains all characters of G whose degrees are polynomials in ¢
of degree 3. The only nonlinear characters of G which remain are those of
degree g2 4 ¢ and ¢* + ¢ + 1. However, if p is any linear character of P
which has ¢ — 1 conjugates in B, u® contains these characters with multi-
plicity 1. Thus Theorem 1(a) gives the result.

We now turn our attention of GL(4, g). To compute inner products, we
must assign elements of P to the four conjugacy classes of p-elements of G,
but we omit details of this routine matter. We find that AS contains all
characters of G whose degrees are polynomials in ¢ of degree 6. We also note
that Steinberg has proved in [19], for any general linear group, that all
constituents of 1,¢ are realizable in the rational numbers. For GL(4, g),
these are the characters of Table 9 in [20]. The tensor products of these
characters with linear characters of G' must also be of Schur index 1. As we
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know that all characters of G of degree coprime to p have Schur index 1, the
only characters we have not accounted for are those of degree a =
g(g + 1)%(¢* + 1) and B = g(¢* + 1)(¢* + ¢ + 1). However, we find by
taking inner products that characters of degree « and B are contained exactly
once in a certain induced character u9%, where p is a linear character of P which
has (¢ — 1) conjugates in B. Once more, Theorem 1(a) may be invoked to
complete the proof.

An investigation of the Schur indices of characters of SL(3, g) follows the
pattern established in Theorem 4.

THEOREM 5. Any character of G = SL(3, q) has Schur index 1.

Proof. We simply find that every character of G’ occurs exactly once in
some character AS induced from a linear character of a Sylow p-subgroup of
G. Theorem 1(b) gives us the result.

We continue our investigation by computing the Schur indices of the
characters of the simple groups PSU(3, ¢?).

THEOREM 6. Let G be the group PSU(3, ¢*). All irreducible characters of G
have Schur index 1 except for a rational-valued character of degree ¢* — q.
This has Schur index 2 and the corresponding division algebra component of the
rational group algebra has nonzero Hasse invariants only at the infinite prime
and p, where p is the prime divisor of q.

Proof. We first consider the case when (¢ 4 1, 3) = 1. Let P be a Sylow
p-subgroup of G and B its normalizer. P/P’ is elementary abelian of order ¢*
and B/P’ is a Frobenius group whose complement H is cyclic of order ¢> — 1
[9, p. 242]. It follows that if A is any nontrivial linear character of P, A has
g2 — 1 conjugates and A? is irreducible. Since A® is just the character of the
regular representation on H, A? has Schur index 1 and is the character of a
rational representation. Using the character table in [15], we find that all
but two nonlinear characters of G contain A exactly once on restriction to
P. The familiar argument of previous pages implies that these characters have
Schur index 1.

The two remaining nonlinear characters have degrees ¢> — ¢ 4 1 and
g% — gq. The former contains the trivial representation of P exactly once,
and so has Schur index 1. However, the character X of degree ¢*> — ¢ contains
no linear character of P. The method of Frobenius and Schur previously
discussed shows that mz(X) = 2, and, as we have noted before, the Brauer—
Speiser theorem gives mp(X) = 2. We note that Xj is irreducible. Let
6 = Xp. We discover that # is a sum of ¢ — 1 irreducible characters of
degree ¢, these being all the nonlinear characters of P. As the representation
theory for P over algebraically closed fields of characteristic different from



SCHUR INDICES 115

p is classical, it follows easily that X, and hence X, must be irreducible as
an 7-modular character for any prime 7 5= p. The result of the author [8],
shows that if a complex irreducible character remains irreducible as an
r-modular character, then its Schur index over the r-adic number is 1. It
follows that X has Schur index 1 over the r-adic numbers for 7 =~ p. But a
theorem of Hasse implies that there are two distinct primes for which X has
Schur index 2. We already know that the infinite prime is one of these, and
evidently the only other possibility is p.

When 3 divides ¢ -+ 1, the analysis proceeds along the lines above. B[P’
is still a Frobenius group, but the complement is of order ¢> — 1/3. Each non-
identity element of P/P’is conjugate in B/P’ to its p — 1 nonidentity powers.

In this case, if A is a nontrivial linear character of P, A is irreducible,
rational-valued and of Schur index 1. Three linear characters of P are required
to construct induced characters which contain all but two nonlinear characters
with multiplicity 1. The remaining nonlinear characters can be handled by the
previous methods. This completes the proof.

Our next investigation concerns the four-dimensional symplectic group
Sp(4, g). The character theory varies according to whether g is even or odd.
We first examine the case where ¢ is odd and, following the discussion of
Section 4, prove

THEOREM 7. Let g be a power of an odd prime satisfying ¢ = 1 (mod 4).
Then all faithful characters of G = Sp(4, q) have Schur index 2. All trreducible
characters of Gy = PSp(4, q) have Schur index 1 over the reals. If in addition
q is a square, all characters of G, have Schur index 1 over the rationals, and
the only finite prime where the local index of a faithful character of G may differ
Jrom 1 s p.

Proof. We use the character table given in [18], and begin by calculating
the number of involutions in the two groups. In addition to the central
involution of G, there is another class of involutions with centralizer
SL(2, q) X SL(2,q). Thus if we include the identity element, there are
2 4 ¢*g® + 1) involutions in G. In G, we obtain 1 4 ¢*(¢* -+ 1)/2 involutions
from those in G. A further class of involutions is obtained by considering any
element of order 4 in G whose square equals —1I. The centralizer of such an
element is GL(2, ¢) and in G, we obtain ¢3(¢® + ¢* + ¢ + 1)/2 more involu-
tions. This accounts for all involutions of G.

The results of [18] give us the degrees of the characters of G; . A straight-
forward calculation shows that the sum of these degrees equals the number of
involutions in G, . The Frobenius-Schur theorem implies that all characters
of G, have Schur index 1 over the reals. We also find that the sum of the
degrees of the faithful irreducible characters of G equals (¢® + ¢° + ¢ —
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g% — 2)/2, which is the difference in the number of involutions in the two
groups. Once more the Frobenius—Schur theorem may be invoked to show
that all the faithful characters have Schur index 2 over the reals, and hence
over the rationals.

Theorem 3(b) is applicable if we assume from now on that q is a square.
We take P to be a Sylow p-subgroup of G, B* to be a Borel subgroup of G
and B its image in G, . Up to conjugacy in B*, there are two linear characters
of P, A, and A, , which are in general position and these each have (¢ — 1)2/2
conjugates in B*. The induced characters A, and A€ are distinct and, of
course, multiplicity-free. We find that the constituents of A% or AC are
precisely those characters whose degrees are polynomials in ¢ of degree 4.

Further computations of inner products can be used to show that all other
characters of G also occur exactly once in suitable induced characters uC,
where p is a linear character of P, with the exception of the character § = 6,
of Srinivasan’s list. Assuming that we can show 6 has Schur index 1, our
theorem follows from Theorem 3(b). The character é contains no linear
characters in its restriction to P. However, we find that 0, is still irreducible
and 0 is a sum of (¢ — 1)*/2 distinct characters of P of degree ¢. Thus if ¢
is an irreducible constituent of 8., ¢ is irreducible, rational-valued and
equals 0y . If B = PH where H is abelian of order (¢ — 1)2/2, Mackey’s
theorem [9, 16.9, p. 557], shows that (¢2)y is the character of ¢(1) copies of
the regular representation of H. By reciprocity 6, occurs in (15)? ¢(1) times
and Lemma 1 implies that the Schur index of 85 divides ¢(1), 2 power of p.
But #p has Schur index 1 or 2 as it is rational-valued, by the Brauer—Speiser
theorem, and we deduce that its Schur index is 1. Since (65)¢1 contains # once,
and @p is realizable in the rationals, 6 is itself realizable in the rationals, and
this finishes our proof.

To investigate the Schur indices of characters of G = Sp(4, ¢) when ¢ is
a power of 2, we use Enomoto’s character table given in {2]. A Sylow 2-sub-
group P of G is a split extension of an elementary abelian group of order ¢3
by an elementary abelian group of order ¢. It is not hard to show that all
characters of P are realizable in the rational field (this is true of any split
extension of an elementary abelian 2-group by another elementary abelian
2-group). We shall use this fact to prove

THeOREM 8. All characters of G = Sp(4, q), q even, have Schur index 1.

Proof. We know that all characters of G are real-valued and consequently
those of odd degree have Schur index 1. Since the majority of characters of G
are of odd degree we only have a few characters to check. We find that if A
is a linear character of P in general position, A¢ contains all characters of G
whose degrees are polynomials in g of degree 4. This leaves only the characters
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6, 0,, 6, and 6, to check. All but 65 are contained with multiplicity 1 in
induced characters u€, for suitable linear characters p of P.

When g = 2, 0; is linear, corresponding to the fact that Sp(4, 2) is not
simple. For ¢ > 4, we find that 0; contains no linear character of P in its
restriction to P. However, (6;), consists of (¢ — 1)? distinct characters of P
of degree ¢/2. If ¢ is a constituent of (6;), , we know ¢ is realizable in the
rationals and since 8, occurs once in @ 0; has Schur index 1.

The author believes that if P is a Sylow 2-subgroup of Sp(2n, q), where ¢
is even, then the rational field is a splitting field for P. If this is true, it may
prove to be of use in investigating the Schur indices of characters of Sp(2#, q),
just as we saw it was for Sp(4, ¢).

We conclude our investigations by calculating the Schur indices of Suzuki
and Ree groups. Our findings are simply

TueoreM 9. Let G be a simple Suzuki group or Ree of type G, . Then all
characters of G have Schur index .

Proof. Let G be a Suzuki group defined over GF(g), where ¢ is an odd
power of 2, and let 2g = % Let P be a Sylow 2-subgroup of G, and let B
be its normalizer. P has order ¢? and P/P’ is elementary abelian of order g.
Using the character table of G in [21], we find that if A is a nontrivial linear
character of P, A% contains all nonlinear characters of G once, with the excep-
tion of characters X, , X, of degree r(¢ — 1)/2. Since A is realizable in the
rationals, we have already shown that all but two characters of G have Schur
index 1.

We deal with X, and X, next. Any nonlinear irreducible character of P
has degree r/2 and is defined over Q(Z). If X is such a nonlinear character,
X has ¢ — 1 conjugates in B and X? is irreducible. We can obtain two charac-
ters of B by the induction process and they are the restrictions to B of X, and
X, . Let o and 7 be these characters of B. Now o and 7 are algebraic conjugates
(and so are X;, X,), with O(c) = O(i). Thus there must be an irreducible
constituent X of op whose algebraic conjugate X occurs in 7, . Since Pis a
2-group, and X is not real-valued, a result of Roquette shows that X must
have Schur index 1, for only real-valued characters of 2-groups have Schur
index greater than 1 [14; or 5, p. 77]. Thus there is a rational representation
of P whose character § = X -+ X2, In this case, 6% = ¢ - 7 is the character
of a rational representation and so is 6¢. Since (X, 0%) = (o, X;) -+ (+%, X)) =
(o, X)p + (7, X)p = 1, Xy, and hence X, , has Schur index 1, as required.

We turn now to the Ree groups, where we encounter more difficulties.
The character table of a group of Ree type in [22] serves to compute inner
products of characters. Let G be a Ree group defined over the field GF(g),



118 R. GOW

where g = 3%+1, k > 1. Let P be a Sylow 3-subgroup of G, and let B be its
normalizer. B[P’ is a Frobenius group with kernel P/P’ of order g. Thus, by
previous arguments, if A is any nontrivial character of P, A? is the character
of an absolutely irreducible rational representation, and any constituent of A¢
which occurs just once has Schur index 1.

Using the character table we find that only the following nonlinear characters
of G do not satisty (X, A°) = 1: characters 2 and 5-10. However character 2
occurs once in 1,¢ and so has index 1. None of the others contains a linear
character of P on restriction to P, and we must employ more elaborate
methods to deal with these characters.

We first note that a Sylow 2-subgroup of G is elementary abelian. Thus a
result of [4] implies that the 2-part of the Schur index of each character is
trivial. We now proceed to show that the 3-part of the index is also trivial.
Let X be any irreducible character of G, and let 37 be the 3-part of its Schur
index. By a theorem of Brauer [1, 70.28], there exists a subgroup M of G and
an irreducible character 8 of M such that 37 is the 3-part of the Schur index
of 8. Furthermore, M has a normal cyclic 3-complement V. The 2-part of the
order of N is at most 2, as N is cyclic and the Sylow 2-subgroups of G have
exponent 2. If 2 divides the order of N, the involution of N must be central
in M, and M is then a direct product of a group of order 2 and one of odd
order. Thus, as far as properties of the Schur index are concerned, we may
as well assume that } has odd order.

Now it is known that the centralizer of any 3-element of G is either a
3-group or has order 2 X power of 3. As we are assuming that J has odd
order, it follows that M is either a Frobenius group with kernel N and
complement a Sylow 3-subgroup, or M has order coprime to 3, or is a 3-group.
Since, by a theorem of Roquette, [14], the Schur indices of characters of
3-groups are always 1, » must be 0 in the third case, as it must also be in the
second. In the first case, we can also show that the Schur indices of the
characters of M are all 1. For irreducible characters of M have the form A¥,
where A is an irreducible (linear) character of N, or they are irreducible
characters of M/N[9, 16.13, p. 561]. As M/N is a 3-group, its characters have
Schur index 1 by [14]. Finally, a character AM has Schur index 1, for by
Mackey’s theorem, its restriction to a Sylow 3-subgroup H of M is the regular
representation of H, and we know this implies that AM has Schur index 1.
Thus, whatever the structure of M, all its characters have Schur index 1.

To complete the proof, we note that if X is any one of characters 5-10, X
has p-defect O for each prime p distinct from 2 or 3 dividing X(1). It follows
from a result of Solomon [16], that the Schur index of X is coprime to p.
Since it is also coprime to 2 and 3, the Schur index of X is 1, and our proof
is now complete.

In conclusion, we present our findings of this section in
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THeoREM. (1) The Schur index of any irreducible character of the follow-

ing groups is always 1: GL(2, q), GL(3, q), GL(4, q), PSp(4, ¢%), g odd, PSp(4,2%)
SL(3, q), Suzuki groups 2By(q), Ree groups 2Gy(q), PSL(4, q%) (this follows
easily from Lemma 6 and the proof of Theorem 4).

(2) PSU@3, ¢*) has a single irreducible character of Schur index 2. All

other irreducible characters have Schur index 1.

(3) If ¢ = 1 (mod 4), all faithful irreducible characters of Sp{4, q) have

Schur index 2, and all irreducible characters of PSp(4, q) are real-valued and

of

=

b

13.

14.

15.

16.

17.

18.

19.

= o0

Schur index 1 over the reals.

REFERENCES

. C. W. Curtis anND I. REINER, “Representation Theory of Finite Groups and
Associative Algebras,” Wiley—Interscience, New York, 1962.

. H. Enomoro, Characters of the finite symplectic group Sp(4,q), g = 2/,
Osaka J. Math. 9 (1972), 75-94.

. B. FriN, A note on the Brauer-Speiser theorem, Proc. Amer. Math. Soc. 25
(1970), 620-621.

. B. FEIN anD T. Yamapa, The Schur index and the order and exponent of a finite
group, J. Algebra 28 (1974), 596-598.

. W. Ferr, “Characters of Finite Groups,” Benjamin, New York, 1967.

I. M. GeLranD axD M. I. Graev, Construction of irreducible representations of

simple algebraic groups over finite fields, Soviet Math. Dokl. 3 (1962), 1646-1649.

R. Gow, Real-valued characters and the Schur index, J. Algebra, to appear.

R. Gow, Schur indices and modular representations, submitted for publication.

B. Hupeert, “Endliche Gruppen,” Springer-Verlag, Berlin, 1967.

G. Janusz, Simple components of Q[SL(2, q)], Comm. Algebra 1 (1974), 1-22.

G. E. WaLL, On the conjugacy classes in the unitary, symplectic and orthogonal

groups, J. Aust. Math. Soc. 3 (1963), 1-62.

. 8. Nozawa, On the characters of the finite general unitary group U(4, ¢?), J.

Faculty Science, University of Tokyo 19 (1972), 257-295.

P. RoQuUETTE, Realisierung von Darstellungen endlicher nilpotenter Gruppen,

Arch. der Math. 9 (1958), 241-250.

W. A. SimpPsoN, Irreducible odd representations of PSL(n, q), J. Algebra 28 (1974),

291-295.

W. A. SimpsoN anD J. S. FrRaMe, The character tables for SL(3, q), SU(3, ¢%),

Can. J. Math. 25 (1973), 486-495.

L. SoromoN, On Schur’s index and solutions of g» = 1 in a finite group, Math.

Z. 78 (1962), 122-125.

T. YokonuMa, Sur le commutant d’une représentation d’un groupe de Chevalley

fini, C. R. Acad. Sci. Paris 264 (1967), 433-436.

B. SriNnavasaN, The characters of the finite symplectic group Sp(4, q), Trans.

Amer. Math. Soc. 131 (1968), 488-525.

R. STEINBERG, The representations of GL(3, q), GL(4, q), Can. J. Math. 3 (1951),

225-235.



120 R. GOW

20. R. STEINBERG, A geometric approach to the representations of the full linear group
over a Galois field, Trans. Amer. Math. Soc. 71 (1951), 274-282.

21. M. Suzukr, On a class of doubly transitive groups, Ann. of Math. 15 (1962),
105-145.

22. H. N. WaRrD, On Ree’s series of simple groups, Trans. Amer. Math. Soc. 121

(1966), 62-89.



