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Abstract This paper presents a numerical study of natural convection in a triangular cavity filled

with water. The horizontal wall is hot, the vertical wall is cold and the inclined wall is insulated.

Lattice Boltzmann method (LBM) is applied to solve the coupled equations of flow and tempera-

ture fields. This study has been carried out for the pertinent parameters in the following ranges:

Rayleigh number varied from Ra = 103 to 106 and the inclination angle between U ¼ 0� and

315�. The effects of Rayleigh numbers and inclination angle on the streamlines, isotherms, Nusselt

number are investigated. Results show that the heat transfer rate increases with the increase of

Rayleigh number. In addition it is observed that the lower heat transfer rate is obtained for

U ¼ 135�; however, the highest heat transfer is achieved at U ¼ 0�. The inclination angle greatly

influences the heat transfer rate depending on the Rayleigh number.
� 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Laminar natural convection on cavities has attracted many

researchers, due to its practical engineering applications, such
as heat removal from electrical and electronic equipments,
solar collectors and nuclear reactor design [1–4]. Koca et al.

[5] analyzed natural convection in a triangular enclosure for
different Prandtl numbers. The governing equations are
formulated based on a stream function–vorticity approach
and solved with the finite-difference method. It is observed

that both flow and temperature distributions are affected with
the variation of Prandtl number. Omri et al. [6] studied
numerically natural convection in a triangular cavity using
the Control Volume Finite Element Method (CVFEM). The

found results show that the flow structure is sensitive to the
cover tilt angle. Ching et al. [7] investigated numerically mixed
convection in a right triangular enclosure. The found results

show that the increase of the buoyancy ratio enhances the heat
transfer rate. Also, the direction of the sliding wall motion can
be a good control parameter for the flow and temperature

distributions. Oztop et al. [8] studied experimentally and
numerically the effect of Rayleigh number and the inclination
angle on natural convection in a triangular cavity filled with
air. The bottom wall of the cavity is hot, the inclined wall is

cold and the vertical wall is adiabatic. Results show that the
heat transfer increases with the increase of Rayleigh number.
Ghasemi and Aminossadati [9] investigated numerically mixed

convection in a lid-driven triangular enclosure filled with a
water-Al2O3 nanofluid. A comparison study between two
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Figure 1 Geometry of the present study.

Nomenclature

c lattice speed

cs speed of sound
ci discrete particle speeds
cp specific heat at constant pressure
F external forces

f density distribution functions
feq equilibrium density distribution functions
g internal energy distribution functions

geq equilibrium internal energy distribution functions
~gr gravity vector
Ma Mach number

Nu local Nusselt number
Pr Prandtl number
Ra Rayleigh number
T temperature

uðu; vÞ velocities
xðx; yÞ lattice coordinates

Greek symbols
Dx lattice spacing

Dt time increment
sa relaxation time for temperature
sm relaxation time for flow

m kinematic viscosity
a thermal diffusivity
q fluid density

w non-dimensional stream function
U inclination angle

Subscripts
c cold

h hot
m mean
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different scenarios of upward and downward left sliding walls

is presented. The effects of parameters such as Richardson
number, solid volume fraction and direction of the sliding wall
motion on the heat transfer rate are examined. The found

results show that the addition of Al2O3 nanoparticles enhances
the heat transfer rate for all values of Richardson number and
for each direction of the sliding wall motion. Mejri and
Mahmoudi [10] studied natural convection in an open cavity

with a sinusoidal thermal boundary condition. The cavity is
filled with a water–Al2O3 nanofluid and subjected to a mag-
netic field. Lattice Boltzmann method (LBM) is applied to

solve the coupled equations of flow and temperature fields.
The found results show that the heat transfer rate decreases
with the increase of Hartmann number and increases with

the rise of Rayleigh number. Also, for all phase deviations
the addition of nanoparticles increases heat transfer rate. Mejri
et al. [11–14] studied the laminar natural convection and

entropy generation in a square enclosure, with sinusoidal tem-
perature distribution, filled with a water-Al2O3 nanofluid and
subjected to a magnetic field. Mahmoudi et al. [15–17] studied
the effect of magnetic field and its direction on water-Al2O3

nanofluid filled cavity with a linear boundary condition, and
the results show that the magnetic field direction controls the
flow and heat transfer rates in the cavity. Mahmoudi et al.

[18] studied MHD natural convection in a square cavity filled
with nanofluid in the presence of uniform heat generation/
absorption. The results show that adding nanoparticle reduces

the entropy generation. Mahmoudi et al. [19] applied the
double-population Lattice Boltzmann Method to solve natural
convection problem in an inclined triangular cavity filled with
air. The found results show that the inclination angle can be

used as a relevant parameter to control heat transfer. Mah-
moudi et al. [20] studied natural convection cooling of water-
Al2O3 nanofluid by two heat sinks vertically attached to the

horizontal walls of a cavity subjected to a magnetic field.
Results show that the heat sinks positions greatly influence
the heat transfer rate depending on the Hartmann number,

Rayleigh number and nanoparticle solid volume fraction.
The aim of the present study was to investigate numerically

natural convection in a triangular cavity filled with water. Fur-
thermore, Lattice Boltzmann method (LBM) is applied to solve
the coupled equations of flow and temperature fields. The

results of LBM are validated with previous published results
and the effects of the main parameters (Rayleigh number and
inclination angle) on flow and thermal fields are researched.

2. Mathematical formulation

2.1. Problem statement

A triangular inclined cavity is considered for the present study
with the physical dimensions as shown in Fig. 1. The temper-

atures Th and Tc < Th are uniformly imposed respectively
along the horizontal and vertical walls (the horizontal wall is
the source of heat). The inclined wall is assumed to be

adiabatic. The cavity is filled with water. The fluid is Newto-
nian and incompressible. The flow is considered to be study
two dimensional and laminar and the radiation effects are



Figure 2 Discrete velocity vectors for (a) D2Q9 and (b) D2Q4.

Figure 4 Comparison of the local Nusselt number between the

present results and published results.
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negligible. The density variation in the fluid is approximated
by the standard Boussinesq model.

2.2. Lattice Boltzmann method

For the incompressible non isothermal problems, Lattice

Boltzmann Method (LBM) utilizes two distribution functions,
f and g, for the flow and temperature fields respectively.

For the flow field:

fiðxþ ciDt; tþ DtÞ ¼ fiðx; tÞ �
1

sm
ðfiðx; tÞ � feqi ðx; tÞÞ þ DtFi

ð1Þ
For the temperature field:

giðxþ ciDt; tþ DtÞ ¼ giðx; tÞ �
1

sa
ðgiðx; tÞ � geqi ðx; tÞÞ ð2Þ
Figure 3 Comparison of the streamlines between (a) the prese
where the discrete particle velocity vectors defined by ci, Dt
denote lattice time step which is set to unity. sm and sa are
the relaxation time for the flow and temperature fields, respec-

tively. feqi and geqi are the local equilibrium distribution func-

tions that have an appropriately prescribed functional
dependence on the local hydrodynamic properties which are
calculated with Eqs. (1) and (2) for flow and temperature fields

respectively.
nt result and (b) experimental results by Gurkan et al. [4].



310Ra = 410Ra = 510Ra =

0°Φ =

90°Φ =

135°Φ =

225°Φ =

270°Φ =

315°Φ =

Figure 5 Isotherms for different Rayleigh numbers and inclination angles.
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feqi ¼ xiq 1þ 3ðci:uÞ
c2

þ 9ðci:uÞ2
2c4

� 3u2

2c2

" #
ð3Þ
geqi ¼ x0
iT 1þ 3

ci:u

c2

h i
ð4Þ

u and q are the macroscopic velocity and density, respectively.
c is the lattice speed which is equal to Dx=Dt where Dx is the
lattice space similar to the lattice time step Dt which is equal

to unity, xi is the weighting factor for flow, and x0
i is the

weighting factor for temperature. D2Q9 model for flow and
D2Q4 model for temperature are used in this work so that
the weighting factors and the discrete particle velocity vectors
are different for these two models and they are calculated with

Eqs (5)–(7) as follows:

For D2Q9:

x0 ¼ 4

9
;xi ¼ 1

9
for i ¼ 1; 2; 3; 4 and

xi ¼ 1

36
for i ¼ 5; 6; 7; 8 ð5Þ



310Ra = 410Ra = 510Ra =

0Φ = °

max minψ 0.23 ψ 0=    = max minψ 2.57 ψ 0=    = max minψ 11.70 ψ 0=    =

90Φ = °

max minψ 0.21 ψ 0=    = max minψ 1.26 ψ 0=    = max minψ 3.61 ψ 0=    =

135Φ = °

max minψ 0.037 ψ 0.031=    = − max minψ 0.29 ψ 0.18=    = − max minψ 1.70 ψ 1=    = −

225Φ = °

max minψ 0 ψ 0.30=    = − max minψ 0 ψ 2.20=    = − max minψ 0 ψ 7.80=    = −

270Φ = °

max minψ 0 ψ 0.23=    = − max minψ 0 ψ 2.51=    = − max minψ 0 ψ 11.86=    = −

315Φ = °

max minψ 0.037 ψ 0.030=    = − max minψ 0.78 ψ 0.048=    = − max minψ 6.30 ψ 4.64=    = −

Figure 6 Streamlines for different Rayleigh numbers and inclination angles.
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Figure 7 Variation of the local Nusselt number for (a) Ra= 103

(b) Ra= 104 and (c) Ra = 105.

Figure 8 Variation of the average Nusselt number with the

inclination angle and Rayleigh number.
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The discrete velocities for the D2Q9 (Fig. 2a) are defined as

follows:

ci¼
0 i¼0

ðcos½ði�1Þp=2�;sin½ði�1Þp=2�Þc i¼1;2;3;4ffiffiffi
2

p ðcos½ði�5Þp=2þp=4�;sin½ði�5Þp=2þp=4�Þc i¼5;6;7;8

8><
>: ð6Þ

For D2Q4:
The temperature weighting factor for each direction is

equal to x0
i ¼ 1=4.
The discrete velocities for the D2Q4 (Fig. 2b) are defined as
follows:

ci ¼ ðcos½ði� 1Þp=2�; sin½ði� 1Þp=2�Þc i ¼ 1; 2; 3; 4 ð7Þ
The kinematic viscosity m and the thermal diffusivity a are

then related to the relaxation time by Eq. (8):

m ¼ sm � 1

2

� �
c2sDt a ¼ sa � 1

2

� �
c2sDt ð8Þ

where cs is the lattice speed of sound which is equal to

cs ¼ c=
ffiffiffi
3

p
. In the simulation of natural convection, the exter-

nal force term F corresponding to the buoyancy force appear-
ing in Eq. (1) is given by Eq. (9):

Fi ¼ xi

c2s
F � ci ð9Þ

F ¼ qbgrðT� TmÞ ð10Þ
where b is the thermal expansion coefficient and Tm is
the mean temperature. The macroscopic quantities q, u

and T can be calculated by the mentioned variables, with
Eqs. (11)–(13):

q ¼
X
i

fi ð11Þ

qu ¼
X
i

fici ð12Þ

T ¼
X
i

gi ð13Þ
2.3. Boundary conditions

The implementation of boundary conditions is very important
for the simulation. The distribution functions out of the
domain are known from the streaming process. The unknown
distribution functions are those toward the domain.

2.3.1. Flow

Bounce-back boundary conditions were applied on all solid

boundaries, which mean that incoming boundary populations
are equal to out-going populations after the collision.



Figure 9 Vertical and horizontal velocities distributions in the middle of the cavity at x/H = 0.5 for (a) Ra= 104 and (b) Ra = 105.
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2.3.2. Temperature

The bounce back boundary condition is used on the adiabatic
wall. Temperature at the isothermal wall is known. Since we

are using D2Q4, the unknown internal energy distribution
functions are evaluated respectively as follows:

Horizontal wall : g2 ¼ Th � g1 � g3 � g4 ð14Þ
Vertical wall : g1 ¼ Tc � g2 � g3 � g4 ð15Þ
2.4. Non-dimensional parameters

By fixing Rayleigh number, Prandtl number and Mach num-
ber, the viscosity and thermal diffusivity are calculated from

the definition of these non dimensional parameters.

m ¼ N �Ma � cs
ffiffiffiffiffiffi
Pr

Ra

r
ð16Þ

where N is number of lattices in y-direction. Rayleigh and

Prandtl numbers are defined as Ra ¼ gbH3ðTh�TcÞ
ma and Pr ¼ m

a ;

respectively. Mach number should be less than Ma ¼ 0:3 to
insure an incompressible flow. Therefore, in the present study,
Mach number was fixed atMa ¼ 0:1. Nusselt number is one of

the most important dimensionless parameters in the descrip-
tion of the convective heat transport. The local Nusselt num-
ber Nux and the average value Nu at the hot wall are
calculated as follows:
Nux ¼ � H

Th � Tc

@T

@y

����
y¼0

ð17Þ

Nu ¼ 1

H

Z H

0

Nuxdx ð18Þ
3. Validation of the numerical code

Lattice Boltzmann Method scheme was utilized to obtain the
numerical simulations in an inclined triangular cavity filled
with water. In order to check on the accuracy of the numerical

technique employed for the solution of the considered prob-
lem, the present numerical code was validated with the pub-
lished study of Gurkan and Orhan [4] for the same cavity

filled with water for U ¼ 0�: The results are presented in
Fig. 3; the streamlines have a good agreement between both
compared results. Another validation with the results by Akin-
sete et al. [1], Tzeng et al. [1] and Asan al. [2] for natural con-

vection in a triangular cavity filled with air for Ra = 2772 is
presented in Fig. 4, and excellent agreement is also found.
4. Results and discussion

Figs. 5 and 6 illustrate the effect of the inclination angle and
the Rayleigh number, on the isotherms and the streamlines.

For low Rayleigh number Ra ¼ 103, the conduction regime



Figure 10 Dimensionless temperature in the middle of the cavity

at x/H = 0.5 for (a) Ra= 103 (b) Ra= 104 and (c) Ra = 105.
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is dominant, and weak cell circulation in the cavity is found.

For all inclination angles, the rise of Rayleigh number has
the tendency to increase the fluid flow intensity in the enclosure
and establish the convective regime. For U ¼ 0�, a big cell in

clockwise rotation is formed inside the cavity. The increase
of Rayleigh number increases the intensity of these cells and
decreases the boundary layer thickness near the hot wall indi-
cating the presence of an intense temperature gradient and a

strong heat transfer rate in this region. For U ¼ 90�, a big cell
in clockwise rotation is formed inside the cavity. The intensity
of these cells does not increase significantly with the increase of

Rayleigh number, and on the other hand the isotherms are
parallel lines; the heat transfer is mainly by conduction even
for high Rayleigh numbers. The lower horizontal wall is cold;

the fluid is stratified at the bottom of the cavity. For U ¼ 135�,
two asymmetrical weak cells of opposite flow direction are
formed inside the cavity. The large top cell flows in anticlock-
wise direction near the hot wall whereas the lower cell flows in

clockwise direction near the cold wall. The isotherms are par-
allel lines, the flow intensity is weak even for large Rayleigh
numbers, the heat transfer is mainly by conduction. For

U ¼ 225� and 270�, and a big cell in anticlockwise rotation is
formed inside the cavity. The intensity of these cells becomes
significantly stronger with the increase of Rayleigh number;

the convection mode is dominant. On the other hand, for high
Rayleigh numbers, the isothermal lines are closer near the hot
wall; therefore, the temperature gradient and the heat transfer

are higher in this region. For U ¼ 315�, two asymmetrical cells
of opposite flow direction are formed inside the cavity. The top
cell flows in clockwise direction near the cold wall whereas the
lower cell flows in anticlockwise direction near the hot wall.

For high Rayleigh numbers, the flow intensity becomes signif-
icantly stronger. Also, the isotherms are more closed near the
hot and cold walls indicating that the heat transfer is domi-

nated by convection inside the cavity.
Fig. 7a–c shows the local Nusselt number along the hot wall

for different inclination angles and for Ra ¼ 103; Ra ¼ 104 and

Ra ¼ 105: For low Rayleigh number Ra ¼ 103 � 104; the incli-
nation angle effect on the local Nusselt number is practically
non-existent. The inclination angle effect on the heat transfer
rate increases with the increase of Rayleigh number. The heat
transfer occurs mainly at left side of the hot wall (near the cold

wall) and then it decreases highly along the wall until reaching
a zero value, indicating that the fluid temperature in cavity is

the same as the wall. At high Rayleigh number (Ra ¼ 105),
for U ¼ 0� respectively 90� and 135� the local Nusselt number

highly decreases for x/H < 0.1 and then it slightly decreases
along the wall until reaching a zero value at x/H = 0.8 respec-
tively x/H = 0.4. For U ¼ 225� and 270� the local Nusselt

number highly decreases until reaching a minimum value at
x/H= 0.15 and then it slightly increases along the wall. For
U ¼ 315� the local Nusselt number has the same behavior as

U ¼ 225� and 270� for x/H < 0.45 respectively as U ¼ 0� for
x/H> 0.45. Fig. 7 shows that the local Nusselt number is
affected by the inclination angle according to Rayleigh

number.
Fig. 8 shows the effect of the inclination angle and the

Rayleigh number on the average Nusselt number. Results
show that for all inclination angles, the increase of Rayleigh

number increases the heat transfer rate. The lower effect of
Rayleigh number is obtained for U ¼ 135�, whereas the intense
effect of Rayleigh number is obtained for U ¼ 0�. For low

Rayleigh number Ra ¼ 103, the average Nusselt number is
constant; the inclination angle effect is non-existent, and the
heat transfer occurs mainly by conduction. Also, results show
that the inclination angle effect on heat transfer rate increases
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with the increase of Rayleigh number. For all Rayleigh num-
ber, the increase of the inclination angle decreases heat transfer
rate for 0� 6 U 6 135� and increases heat transfer rate for

135� 6 U 6 270�. The lower heat transfer rate is obtained for
U ¼ 135�; however, the highest heat transfer is achieved at
U ¼ 0�. The inclination angle of the cavity is a factor to control

the heat transfer rate.
Fig. 9a and b shows the horizontal and the vertical veloci-

ties profiles in the middle of the cavity (along the y-axis) at

x/H = 0.5 for different inclination angles and both Rayleigh

numbers Ra ¼ 104 � 105: Results show that for U–135� the
maximum magnitude of horizontal and vertical velocities
increases significantly with the rise of Rayleigh number, more

the fluid velocity increases more the convection is advantaged.
For U ¼ 135�, fluid velocity is very weak for both Rayleigh

numbers Ra ¼ 104 � 105; the conduction mode is dominant.
Moreover, results show that the horizontal and the vertical

velocities profiles depend strongly on the inclination angle.
The inclination angle is a factor to control the flow intensity
inside the cavity.

Fig. 10a–c shows the dimensionless temperature profiles
along the y-axis at x/H = 0.5 for different inclination angles

and Rayleigh numbers. For low Rayleigh number Ra ¼ 103,
the conduction mode is dominant; the temperature distribu-

tion inside the cavity is almost the same for all inclination
angles. The inclination angle effect is practically non-existent.
The inclination angle effect on the temperature distribution

inside the cavity increases with the increase of Rayleigh num-
ber. For U ¼ 90� the increases of Rayleigh number stabilize the
temperature in the middle of the cavity. For U ¼ 135�; the tem-

perature profile varies linearly along the y-axis; the heat trans-
fer is dominated by conduction inside the cavity. For U ¼ 0�

and 315�, the low temperature variation along the y-axis at

Ra ¼ 104 indicates the existence of a homogeneous tempera-

ture in the middle of the cavity. The increases of Rayleigh
number decrease the temperature inside the cavity. The tem-
perature profile is the same for U ¼ 225� and 270�; the temper-
ature decreases along the y-axis, and the lowest temperature is

obtained near the adiabatic wall.

5. Conclusions

In this paper the effects of the inclination angle and Rayleigh
number have been analyzed with Lattice Boltzmann Method.
This study has been carried out for the pertinent parameters

in the following ranges: Rayleigh number Ra= 103–105 and
the inclination angle between U ¼ 0� and 315�. This investiga-
tion was performed for various mentioned parameters and

some conclusions are summarized as follows:

� A good agreement valid with previous published results

demonstrates that Lattice Boltzmann Method is an appro-
priate method for different applicable problems.

� The heat transfer rate increases with the increase of
Rayleigh number.

� For low Rayleigh number, the inclination angle effect is
practically non-existent.

� The inclination angle effect on heat transfer rate increases

with the increase of Rayleigh number.
� The lower heat transfer rate is obtained for U ¼ 135� and
the highest heat transfer is achieved at U ¼ 0�.
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