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1. Introduction

In this paper we mainly study the existence of positive solutions to the problem
—Au=2au— bg(u) — uh in £2, 1)
u=0 on 952,

when £ =RV, in which case the boundary condition is understood as limxj— 0o u(x) =0, as well as
when £ c RN is a bounded smooth domain. Here N > 3, and both the functions a, 6, £, and the
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parameters A, (4 are nonnegative. Problem (1) can be thought of as the steady state of the reaction-
diffusion equation

ou
— = Au+Aau — bg(u) — uh, x€ 2,

Jat
u(x,0) =up(x), xe,
u(x, t) =0, (X, t) € 922 x [0, 00).

We interpret this as the evolution equation arising from the population biology of one species. As
such the function u represents the population density of the species. Throughout we assume that

lim & =0 and lim & =00, (2)

s—0 S s—>00 §

so that the nonlinearity Aau — bg(u) represents a logistic type growth. Furthermore note that both
coefficients a and 6 depend on the spatial variable, indicating variable linear growth and competition
rates in the environment. The function # is interpreted as the harvesting distribution and wf is the
harvesting rate. Hence, such equations have been used, for example, to model fishery or hunting
management problems. We refer to [9] for further historical background and references. Intuitively,
one expects the survival of the species, i.e. the existence of a positive solution to (1), only for small
values of .

Mathematically, the presence of the harvesting term introduces a number of challenging issues in
the study of existence of positive solutions. Indeed the harvesting term makes the right-hand side
of the equation negative at u =0, and therefore our problem belongs to the class of so-called semi-
positone problems (see [2]). This prevents the direct application of the maximum principle.

The main inspiration for our study was the recent work [3]. There the authors consider problem (1)
in RN with the positive and bounded function a € LN/2(RN), the natural setting for the eigenvalue
problem

—Au=2xau, ueD"RN),

where DI2(RN) is the completion of C}(RN) with respect to the norm (f|Vu|?)!/2. In addition,

they assume that # is monotone, g(u) behaves like uP, p > 1, at infinity and most significantly
b = a. These assumptions play a crucial role in the variational approach presented in [3], where,
using some delicate integral inequalities, the authors prove, for a certain range of A, the existence
of a positive solution bounded below by 1/|x|N=2 at infinity, for x sufficiently small. On the other
hand, problem (1) was also considered by Du and Ma in [4] and [5] for g(u) = uP in the absence of
the harvesting term. The existence of a positive solution was then proved with no restriction on the
growth of the nonnegative function 6.

Our first motivation for this work was to study the existence of a positive solution in RN in the
presence of harvesting under minimal restriction on the growth of 4. The novelty of our approach is
that it not only enables us to relax the hypotheses on the nonlinear term g(u) to the more natural
conditions (2), so that it does not require the usual monotonicity and power-like behavior, but also,
more importantly, that it allows for consideration of a broad class of functions 5. In particular we will
be able to handle some functions 6 satisfying 6(x) — +oo as |x| — oo, reflecting the assumption that
the life conditions are less and less favorable as one moves to infinity.

In our approach we are naturally led to consider equations of the form

—Au:kau[l —k(%)] — h, (3)

where k is increasing and 4 is a given function. We note that this reduces to the classical logis-
tic model if k(u) =u and & is a constant. Therefore in line with the classical terminology, letting



576 P. Girdio, H. Tehrani / J. Differential Equations 247 (2009) 574-595

¢ =maxk~!(1), one may call ¢4 the carrying capacity of the environment because without harvest-
ing or diffusion the growth rate of the population, Aau[1 — k(%)], is negative for u > ¢d.

As it turns out, for suitable choices of the function 4 Eq. (3) is relatively simple to solve. In fact,
using variational arguments, the maximum principle and comparison principles, we first prove the
existence of a positive solution to (3). Afterwards this solution is used to obtain a solution of the
original problem decaying at infinity not faster than «. Our method is not only simpler than that in
[3] but also provides more general results under less restrictive hypotheses on the coefficients.

In Section 7 we apply the ideas developed to deal with the case of whole space RN to the bounded
domain case. This in particular allows us to consider the situation where 6 blows up at the boundary
of §2, which to our knowledge has not been considered before. Indeed since the boundary of §2 is
hostile to the population, it is natural to assume that the carrying capacity of the environment should
go to zero at 3£2. The blow up of 6 at the boundary of the domain can then be interpreted as a
consequence of the vanishing of the carrying capacity of the environment at the boundary of the
domain. Our analysis will show that in some sense it is natural to consider a carrying capacity for the
environment that is proportional to the distance to 9£2. Our results in this chapter complement and
extend known results in the bounded domain case (see [9]).

The organization of the paper is as follows. In Section 2 we state our hypotheses and make some
preliminary observations. We set up problem (1) in RN when 6 does not grow “too fast.” In Section 3
we consider Eq. (3) and obtain a solution for this equation. The existence of a positive solution for
(3) is then proved in Section 4. In Section 5 we use this solution to get a positive solution to (1)
when the function 6 grows not faster than a certain power of the distance to the origin. In Section 6
we discuss the case when the function 6 does not satisfy the growth requirements of the previous
section. Section 7 deals with the case of a bounded domain. In Section 8 we generalize to the case
where the function g also depends on the spatial variable. Finally, in Appendix A we prove some
auxiliary results.

Throughout we denote by H :=D"?RN), N >3, and |ju|| = [[ullpi2gw, = ([ [Vu[*>)"/? the norm
on H. When the region of integration is omitted it is understood to be RV,

2. The setup in RV

We wish to prove the existence of a positive weak solution to the equation

—Au=xau — bg(u) — uh, ueH. (4)

We define a weak solution to be a function u € H satisfying

/Vu~Vv:A/auv—/5g(u)v—u/ﬁv (5)

for all v € D(RN). We state our assumptions.
(Ha) The function a: RN — R is positive and belongs to LN/2(RN) N L®(RN).

We call

= [Ju||?
ueH\(0) [ au?’

(Hg) The function g: R — Rg is continuous, with g(s) =0 for s < 0. Furthermore, it satisfies

. g(s)
1121:(1)119 1P < 00, (6)
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where B > 0 is a fixed constant, and

lim & =400

s—>+00 §

(7
(Hb6) The measurable function 4: RN — R is nonnegative, not identically equal to zero, and satisfies

6<Crad™" (8)
for some C; > 0, where ¢ : RN — R is the Aubin-Talenti instanton defined by

—(N=2)/2

dx) = (1+1x?) 9)

Let Bg = {x € RN: bh(x) = 0}. We assume either By has measure zero, or By = int By with 9Bg
Lipschitz.

In the former case we set A, = +o00 and in the latter case

. fBO |Vu|2
Ay = in S
ueD12(int Bo)\{0) fBU au
By the unique continuation principle [10, p. 519] A1 < A4.

(HXA) The value A is such that A1 < A < A,.
(HA) The nonnegative and not identically equal to zero function £ belongs to the space £ € LI(RN)N
LI(RNY N LS(RN), for some q > % and some s > N, and there exists a constant Cy > 0 such that

RN/rlﬁqu(RN\BR(O)) < CZ fOI‘ all Re R+ (]0)

with % + % = 1. Here Bg(0) denotes the ball centered at zero with radius R.
(Hw) The parameter p is nonnegative.

Remark 2.1. Under the above hypotheses any positive weak solution u of (4) belongs to Cllo’f‘ (RM).
Furthermore, limy— o u(x) = 0.

Indeed, u satisfies
—Au — dau <0.

Therefore by [7, Theorem 8.17], for any x € RN, we have

sup u < Clu|pan/mv-2 (g, ) < Cllull < C.
B1(x)

So u € L®(RN), and limy—, o u(x) = 0. From elliptic regularity theory [7], it follows u € C:&? (RV). we
use the letter C to represent various positive constants.
The setting in which we make assumption (HA) is clarified in

Proposition 2.2. Suppose u € ‘H is a positive weak solution to (4).
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(i) The value X satisfies A1 < A. This inequality is strict if ;1 > 0 or if the restriction of g to R is positive.
Suppose in addition int By # @.

(ii) If A =0on By, then A < A.
(iii) The inequality A < X\, might not hold if h # 0 on Bg and . > 0.

The proof is given in Appendix A so that we focus first on the more important part of the paper.
In the sequel we will sometimes abbreviate weak solution to solution.

3. Arelated problem

From (6) there exist 0 < sg <1 and C4 > 1 such that

S C
& < A—45‘3 for s < sp.
N C]

We may assume C4 > lﬁ We take
So

1\ 1/

S0
I < sp. (12)
Using (8),
B
g(s) s
b= < ha|l —— fi < Sp.
. a(l;{(x)) or s <Sg
We define
k(s) = sP (13)
for s > 0, k(s) =0 for s < 0. We have
bg(s) gkask(%) for s < sp. (14)
We first consider the equation
—Au:Aau[l—k(%)] — uh. (15)

Although we are primarily interested in the case where k is as in (13), we more generally assume

(Hk) k(s) =0 for s <0, k is continuous, increasing (not necessarily strictly) and k(¢) =1 for some
¢ >0.
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In this and the next sections instead of (HA) we assume
(HA) The value A is such that A > 7.
Theorem 3.1. Under (Ha), (Hk), (HA)" and (H#), there exists po > 0 such that for all 0 < t < o Eq. (15) has

a positive weak solution u, € H N Cllo’f‘ (RN). Furthermore, there exists C3 > 0 such that for all 0 < jt < o
this weak solution u,, satisfies

Cs
Uy (x) > N2 for large |x|. (16)

In this section we prove existence of a solution to (21) below. This solution will be used in the
next section to establish Theorem 3.1. We define [ by

I=cl (17)
Remark 3.2. The function 14 is a supersolution of (15).

Indeed, this follows from —Ad = N(N — 2)d*> ~! > 0, where 2* = 2N /(N — 2). Consider G : RN x

R — R with G(x, u) :== Aa(x) fou sk(ufs( ))ds and the functional I, : H — R U {+o0} defined by
X

1 A _
I, = 5||u||2— 5/a(u+)2+/c(-,u)+u/ﬁu (18)

if fﬁ(v,u) <00, and I (u) = 400 otherwise. We have used the standard notation u* = max{0, u}.
The function 4 belongs to . The function £ belongs to the space LZ2N/(N+2(RNy because
1 <2N/(N+2) < N/2 <q. So we have I,L(M) < oo since /C(~,icf) < oo. Indeed, k increasing in
R* implies

_ 9 u
G(x,u) < ra(x)u k(lc[(x)) (19)

Hence,
/G(.,id)gxiz/m{z

2
< Cllallpnzwm Lf”LZN/(N—Z)(RN)

0 1 (N=2)/N
< c(/ eI dr) < 0.
0

We define the set
N={ueH: u<id ae inR"}. (20)
The set N is weakly closed.

Lemma 3.3. Let L > 0. The functional I, is coercive on N, uniformly in p with 0 < 1 <L, i.e. for each C > 0,
there exists R > 0 such that forall 0 < < Land u € N, if |u|| > R then I, (u) > C.
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Proof. Suppose by contradiction there exists u, € N with |uy|| - oo, and w, € [0, L] such that
I, (up) < C. The sequence vy := uy/|luy| is bounded in H and so we may assume v, — v in H,

Va — v ae. in RN, Since up <14 we have v =0. Thus [ a(v;H?=o0(1). Clearly,

[ Al 2n i) gy >
— ) >

1
I, (un) > lu ||2(—+o(1)—c
pn 2R "2 l[unll

This contradiction proves the lemma. O

Since the functional I,, is weakly lower semi-continuous on 7, it admits a minimizer i1, on N for
each u > 0. We note the derivative I;A(ﬁu)ga is well defined for any ¢ € H N L®(RN) with compact

support because supil,, is uniformly bounded (by fcf). In Lemma 5.4 we prove the differentiability of
a related functional in a more general situation when we do not know a priori supil, is uniformly
bounded.

Lemma 3.4. The function i, is a solution to the equation
u
—Au:kau*—)\auk(ﬁ> — k. (21)

The argument of the proof is identical to the one in [11, Section 1.2.3].
Lemma 3.5. There exist {11, Cs > 0 such that for 0 < u < pt1, we have infy I;, < —Cs <0.

Proof. From the definition of A1, there exists a sequence u, € D(RN) \ {0} satisfying

2
llunll
7 = M.
[ au;
Since

2 -2 2
. lJu,f | llu, |l llunll
m 2’ (S T2
fu(un) fa(un) faun

if u, changes sign, we may assume each function u; is nonnegative. Fix an n large enough so

2
llun |

A
fau%<

and let K be the support of uy,. For small t € R*, the energy of tuy, is

t2 A2
2 2
hu(ttn) = = —T/aun+/c<-,run)+m/ﬁun
K K K
lun]

t2 au?
< 5””11”2(1 —kf’(—|2") +t%0(1) +Mt/ fuy.
K

Here 0(1) — 0 as t — 0. We have used (19), k is continuous at zero with k(0) =0 and u, € D(RNM).
Note d ' e L°°(K). We fix t small enough so tu, € N and the sum of the first two terms is negative,
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say equal to —C, with C > 0. For u sufficiently small, 0 < @ < 11, the last term can be made smaller
than —C/2. This shows infy I, < —C/2=:—-Cs. O

As in [3, Proposition 1.4], there exist 0 < rg < Rg such that
o< = ro< |yl <Ro. (22)
Indeed, the inequality
Iu(u) > —Cllul® + f G(-,u) — Cllull > —Cllull® = Cllu]|

implies

liminf >0.

i
Thus (22) follows from Lemmas 3.3 and 3.5.

4. A positive solution for the related problem

In this section we use the minimizers i, of I, on N obtained above, Lemmas 3.3 and 3.5, and
(22) to complete the

Proof of Theorem 3.1. By the Riesz Representation Theorem there exists w € ‘H satisfying

/VW~V¢:/H¢ (23)

for all ¢ € H, as h e L*N/(N+2)_Since also £ € L® for some s > N, by elliptic regularity theory w
belongs to the space Cllo’f (RN) for some o > 0. We can rewrite (21) as

— Al + pw) =Aaﬁ;:|:1 - k(%)].

The right-hand side satisfies 0 < Aaﬁ;;[l — k(l%)] < Aaﬁf;, since 11, < 14 and k is increasing in RT.

As @) € L°(RN) and a € L(RN), by elliptic regularity theory i, € Cllo’f‘ (RM).
There exists 0 < 1t < 1 such that for all 0 < o < w2 one can choose xo(1) where i, (xo (1)) > 0.
Otherwise i1, <0 and

. 1. .
I (ly) = §||uu|\2+u/ﬁuﬂ
1. 5 )
= 5”“#” — Al a2 Clll, |l >0

for small p because rg < |lii, |l < Ro (see (22)). This contradicts Lemma 3.5.
Because the function i, is a solution of (21) for ;= 1, the function i, is a subsolution of (21)
for 0 < o < 2. Using Lemma 3.3, we minimize the functional I, over the set

M={ueH: ﬁmgugid a.e. in RN}. (24)
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Thus, for 0 < @ < 2, obtain new solutions u,, of (21), which means

/Vgu-Vv:A/ag:;v—}Lfaguk(%)v—,ufﬁv
for all v e D(RN).

For later reference, we note that using Lemma 3.5, inequality (22) and observing that

In(uy) < qu(ﬁuz) + Clpu — pu2|Ro,

we may assume, by decreasing (. if necessary, that
) Cs
lu(up) =infl, < ——= <0, 0 pu<pa.

Here the constant Cs is as in Lemma 3.5.
We fix x9 = xo(it2). There exists p > 0 such that

inf i, > 0.
By (x0)

Choose ¢ sufficiently small satisfying

W <ﬁM2(X)=l_1M2(X) ifXGaBp(XO).

All the u,, lie above u,, and w is positive so

inf u, > inf u,,>0
By (x0) By (x0)

and

£ .
m < (uy +puw)x) if x€ 9B, (xo)

for all 0 < u < up. Let

SM = {XE Bp(xo)c: #OUV*Z > (ﬂu +,LLW)(X)}

(26)

Note 0 < Aaguk(%) < Aagz. Let v be an arbitrary function in H and v, € DRN), v, - v in H.

Using equality (25) with v replaced by v, and passing to the limit, we see (25) is valid for v in H.

Hence, using (23),

/V(gu+uw).v¢:/-xaﬁ;[l —k(%)}p for all ¢ € H.

Also

1
/V(IX—XOIN’Z) Ve=0

(28)

(29)
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for all ¢ € H satisfying ¢ (x) =0 for x € B, (xp). Subtracting (29) from (28),

/V(gﬂ—l—,uw— #) -v¢=/mﬁ+[1 —k(ul)}ﬁ
[x — xo|N—2 ® 1d

for all ¢ € H satisfying ¢ (x) =0 for x € B, (xo). The function ¢ := (u;, +puw — %)X% belongs

|x—x
to H, is less than or equal to zero and has support in Bp(xo)c. Thus

2

£
Viu w—-— <0.
/‘ ("“LM IX—XOI’H)
Su
Therefore S,, is empty which means

&
— < (u w)(x) for all x € B, (xp). 30
o2 S Wt W p(X0) (30)

We now recall the following lemma due to Allegretto and Odiobala.

Lemma 4.1. (See [1, Lemma 4].) Let A € L' (RN) and suppose (10) holds. Then there exists a constant C such
that

w(x) < M% forall x e RN\ {0}.

Combining the estimates (27) and (30) with Lemma 4.1, we conclude there exists 0 < o < 2
such that for all 0 < u < o the function u, is positive and u,(x) > leﬁ for x € Bp(xo)c. This
completes the proof of Theorem 3.1. O
5. A positive solution in RV

We now turn to Eq. (4).

Theorem 5.1. Under (Ha), (Hg), (Hb), (HA) and (HA), there exists o > O such that for all 0 < p < fo

Eq. (4) has a positive weak solution u, € H N Cfo’f‘ (RN). Furthermore, there exists C3 > 0 such that for all
0 < u < o this weak solution u, satisfies

C3
Uy (x) > W for large |x|. (31)

Proof. We take the function k as in (13) and apply Theorem 3.1 to obtain a positive solution u, of
(15) for 0 < u < po. Using (14) and

u, <ld =¢ld =1d <I1<sp (32)
(see (24), (17), (Hk) and (12)), the function u,, satisfies
—Auy < hauy — bguy) — ph,

and so is a subsolution of our problem.
Fix any 1 < p < (N +2)/(N — 2). For all integers m with m > 1 we define j, : R — R by
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. &) for s <m,
Jm(s) = { g(m) —mP +sP for s> m. )

We also define j: R — R by
js) = ngf] Jm(s).
The function j is measurable and in L}OC(R).

Lemma 5.2. The function j satisfies

lim 18 _
s—>+o00 S

+o0. (34)

Proof. By contradiction, suppose there exists a constant C > 0 and a sequence s, — +oo such that
% < C. Then there also exists a sequence (m;,) with m, > 1 and

Sn

<C+1.

From the definition of j;;, and using %i") — 400, it follows s, > my for large n. So for large n
Jma(Sn) _ gma) —mf 47 g(mn) —mf

+si <+
Sn Sn Sn

The last inequality implies g(m,) <m?’ for large n and m, — +oc. Thus

: p
N my)—m _ m _ _ m
]mn(n)>g( n) n+sg 1:g( n)imﬁ 1+S,€ 1>g( n)

Sn my my my

C+1>

for large n. From assumption (7), limp_, » g%”) = +00. We have reached a contradiction. This proves
(34). O

For 0 < it < wo the function u,, satisfies 0 < uy, <ld<i=I<1<m (see (11) and (17)). Since
every jp coincides with g up to m, we have u, satisfies

—Auy < Aauy — Efm(ﬂu) — jh.
For each 0 < u < o, we define the set
My ={ue™: uy<u ae in RV}

The set M is weakly closed. Let [ (s) = fos jm@)dt and J(s) = fOS j(t)dt. The function J is continu-
ous. For m > 1 we also define I,"} :My, — RU{+o0} by

o A
=g =5 o+ [ 6+ u [ fu

if [ bJm(u) < oo, and I”l}(u) = 400 otherwise. Similarly, we define 12 with J in the place of Jp,.
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Lemma 5.3. The functionals IZ' are coercive on M, uniformly inm and pw withm > 1and 0 < 0 < o, i.e. for
each L > 0, there exists R > 0 such that forallm > 1,0 < . < po and u € My, if |lull > R then Il"}(u) > L.

Proof. The argument is similar to the one in [5, proof of Theorem 6]. Suppose by contradiction there
exists wp € [0, wol, my > 1 and up € My, with ||uy|| — oo, such that Iﬂg (up) < C. From the definition
of j we also have I, (un) <C. Clearly

2. 2
[om ._/aun—>+m

since J is nonnegative, and [hu >0 for all u € M,. We define a sequence of functions, (v,), with
Vg = lé—: so that [ avZ=1 and

1 A 1 C
St =5+ 5 [ brcwm + 20 i< 5. (35)
2 2 ¢ Cn ci

Inequality (35) implies ||vy| is uniformly bounded in n. Up to a subsequence, v, — v in H and
vp — v ae. in RN, The function v is nonnegative. Inequality (34) implies lims_, 100 J(5)/5% = +00.
Taking the limit inferior on both sides of (35), and using Fatou’s lemma,

1 A
SV -2+ / 6 x (400)v? <0,

{xeRN: v(x)>0}

The function v must be zero almost everywhere on the set where the function 6 is positive, i.e. (aside
from a set of measure zero) v must have support in Bg. We also obtain ||v||? < A. On the other hand,
since [av2=1and [av2— [av? the function v#0 and [ av? = 1. If By has measure zero, then
we are done. Otherwise, (H6) implies v € D!2(int Bg) and

This contradicts A < A,. The lemma is proved. O

For 0 < o < o and m > 1, the functional IZ’ has a minimizer u”lz on My, which of course is
positive.

Lemma 5.4. Suppose v € H(RN) with compact support. For u € H with J bJm(u) < oo, the functional I;’L’ is
differentiable in the direction v and

d ,
a/ﬁfm(u-f—fv)‘t:o:/ﬁlm(U)V-

Proof. Our assumption on p and 6 € L% (RN) imply [ bJm(u+tv) < oo. Suppose 0 < [t| < 1.

loc

u+tv

JBUm@+tv) = Jm@)] _ / E(tlv f jm(s)ds)vdx

t
{xeRN: v(x)#£0} u

= / 6(jm)ev dx,

{xeRN: v(x)#£0}
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where ()¢ : {x € RN: v(x) # 0} — R is defined by

1 u(x)+tv(x)
(m)e () = o / Jm(s)ds.
u(x)

We have

|Gime| < e +v) + Ce((@)” + (vF)").

The function A[s(u™ +vT) 4+ C.((ut)? 4 (vF)P)]v is integrable. So the assertion of the lemma follows
from Lebesgue’s Dominated Convergence Theorem. 0O

Using Lemma 5.4, Il"j is differentiable at ”72 in the direction of functions ¢ of compact support. As

in Lemma 3.4 one can prove u;’} is a solution of

—Au=rau — bjnu(u) — wh, (36)
by showing (I'") (um)q) 0 for all ¢ € D(RN). The functions u satisfy
—Auﬂ — Aaul”} <0.

By [7, Theorem 8.17] we have

supuj; < Celluly |, (37)
RN

where the constant Cg depends only on N, A and the norm |a|;~gn). Furthermore, from (14), (32),
so <1< m and (26), we have

() < Iu(up) <O.

So using Lemma 5.3 there exists an R > 0 such that ||uﬂ|| < R. It follows supgn uﬂ < CgR=:C7. If
we take any constant m > C7, the function uﬂ is a solution of (4). Since the right-hand side of (4)

belongs to LfOC(RN ) and s > N by elliptic regularity theory u € Cllo’f’(RN ) for some o > 0. Estimate
(31) is immediate from (16). The proof of Theorem 5.1 is complete. O

Suppose d is another function satisfying the properties that we used concerning the function o,
i.e. suppose 4 € H is continuous, d #0 and —Ad >0. Multiplying the last mequahty by 4 and

integrating, 4 =0. From [7, Theorem 8.19], there exists C such that inf d (x) = C > 0. Hence,

xeB1(0)

d(x) > ¢ (38)

|X|N—2

for x € dB1(0). As x > m% is harmonic in B1(0)¢, by the maximum principle inequality (38) also

holds for x € B1(0)C. So d > Cd. If 6 < C; ad " for some constant ¢; >0, then 6 < Crad? for
some constant C; > 0. So we cannot apply the proof above if 6 grows faster than in (8). In addition,
inequality (31) shows the bound u, <Id is sharp.



P. Girdo, H. Tehrani /]. Differential Equations 247 (2009) 574-595 587

6. The case where b grows fast

Eq. (4) may have positive solutions for 6 growing faster than in (8), or in other words for 4 going
faster to zero than 1/|x|N=2 as |x| — co. We now prove a theorem regarding such a situation. We
will relax the growth condition on 6 at infinity and the condition on g at zero, at the expense of
assuming a more restrictive hypothesis for £.

Instead of (Hg), (H6) and (HA) we now assume

(Hg) The function g: R — ]Rg is continuous, with g(s) =0 for s < 0. Furthermore,

lim & =0
s—0 S

and (7) holds.
(H6) The measurable function #: RN — R is nonnegative, not identically equal to zero, and satisfies
b=xraY with T € L (RN). Let Bg = {x e RN: 7' (x) = 0}. We assume either By has measure

loc
zero, or Bo = intBg # RN with int Bg # @ and 9By Lipschitz.
(HA) The measurable, nonnegative and not identically equal to zero function /£ has compact support

and there exists a constant Cg such that £ < Cga.

Theorem 6.1. Under (Ha), (Hg), (H6), (HA) and (HA), there exists p3 > O such that for all 0 < pu < 3
Eq. (4) has a positive weak solution u, € HNC llof‘ (RN). Furthermore, there exists a constant C > 0 such that,
forall 0 < pu < s, lluyllpeo@ny < C.

Proof. To solve Eq. (4), we first consider
—Au = rau — 263(), (39)

where 5 = raT, with T = max{Y, 1}, and g(u) = g(u) + (uh)2. Obviously, zero is a solution to this
equation. We define the set

M={ue™M: u>0ae. in R} (40)

For all integers m > 1, we define I™ : M — R U {+o0} by
1 A ~
1"'<u>=5||u||2—E/au2+2f61m(u>

if [ Z]m(u) < 00, and I™(u) = +o0 otherwise. Here [, is as in Section 5 with g replaced by g. As in

Lemma 5.3, the functionals I are coercive on M, uniformly in m. Indeed, {x ¢ RN: (x) = 0} = @. For
m > 1, the functional I™ has a minimizer u™ on M. As a consequence of the analogue of Lemma 3.5,
I™@u™) < 0. Lemma 5.4 applies as well as the subsequent discussion. Eq. (39) has a nonnegative
solution u € Cllo‘f‘ (RN). We observe that u = 0 since it has negative energy. We prove that u is positive.
We may rewrite (39) as

—Au=xrau(1-27k)),

with k(s) = g(s)/s for s # 0 and k(0) = 0. Suppose by contradiction u vanishes at some point

Xo. Because u and k are continuous, k(u(xg)) =0 and T € Lﬁfc(RN), there exists r > 0 such that
1 — 27 0k(ux)) > 0 for x € B,(xg). Thus —Au(x) > 0 in the sense of distributions for x € B, (xg).
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From [7, Theorem 8.19], it follows u =0 in B;(xp). By the unique continuation principle [10, p. 519]
u =0 in RN. We have reached a contradiction so u is positive.
There exists a constant ¢ > 0 such that u(x) > ¢ for x in the support of A. Then g(u(x)) > c?

for x in the support of f. Let 0 < 0 < U3 := % Taking into account (H6) and (HA), 6 > ra and
h<Cga< %B Then in the support of £, we have

2 - -
1k < ACLKCZK bEw):;
8

thus wh < Bg(g) everywhere on RN, So u satisfies

~Au < hau—bg(w) — ph < rau — bg() — puh.

We also have

[N :=%/IWIZ—%/auz+/56(u)+ufﬁl_t

< %/IVEIZ—%/ugz+/55(2)+ufﬁg<C<oo

because I™(u) < 0, and £ has compact support and belongs to the space L (RN). (We could even take
C to be zero if we restricted 0 < u < % because this would imply pu [ Au < [ 6G(u)). Repeating the

arguments in Section 5 we obtain a positive solution u, of (4) with Tu(uﬂ) < iu (u). The uniform
bound on the L°(RN) norm on u,, follows from the uniform coercivity in Lemma 5.3 and (37). O

We mention it is possible to construct examples where Eq. (4) has a positive solution for a 6
growing faster than in (8) and an A without compact support.

7. The case of a bounded domain

As we noted in the last paragraph of Section 5, the upper bound (8) we imposed on 6 was the
weakest one under which our proof goes through. In this sense, the choice we made for 4 in (9) was
the best one possible. To treat the case of a bounded domain §2 we start by constructing the best
function & for this setting. This is done in the next lemma. We note that in part (i) we do not assume
£2 is bounded (having in mind future extensions to the case of unbounded domains which are not the
whole space RN). In fact, if one is just concerned with the case of a bounded domain, then a shorter
proof of (i) can be given.

Lemma 7.1. Let §2 be a smooth domain in RN, r > 0, yo € £2 with dist(yg, 82) > 3r, and G be Green’s
function of the first kind for $2. In (ii) and (iii) assume £2 is bounded.

(i) There exists a function d € C%(§2), superharmonic in £2 and harmonic in £2 \ B, (yo), satisfying

cG(x,y0) < d(x) <CG(x, yo) forxe 2\ Bz (yo) (41)

for some constants c, C > 0.
(ii) Afunction b : 2 — R satisfies

6 < Craldist(-,052)] " (42)
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for some constant C1 > 0 if and only if the function b satisfies

6<Ciad ™" (43)

for some constant C1 > 0 and the function d as in (i).
(iii) If de D12(£2) is continuous, 4 #0, —Ad >0and 6 <G a;{_ﬂ for some constant C; > 0, then
b < Cq ad™? for some constant C1 > 0.

Proof. (i) Let

1 1
N(N —2)oy  |xIN=2

r'x)=

where wy is the volume of the unit ball in RN, The function I" is uniformly continuous in RN \ B;(0).
This means for each & > 0 there exists 0 < § < r such that yq1, y, € Br(O)C and |y1 — y2| < 2§ implies

Ir'(y1) —T'(y2)| <& If y1,y2 € Bs(yo) and [x—y1| >, [x—y2| > 71 then |[IF'(x—y1) —T'(x—y2)| <e&.
Hence,

Y1.Y2 € Bs(yo) and x € 2\ Brys(yo) = |[F(x—y1)—T'(x—y2)|<e.

Green'’s function of the first kind for £2 is

Gx,y)=T(x—y)+hy®),
where

—Ahy(x)=0 for x € £2,
hy(x)=—-I'(x—y) forxeos.

When £ is unbounded, we further assume hy satisfies limy_, s hy(x) = 0. Then the existence of such

an hy can be established by adapting Perron’s method or applying standard variational arguments.
For y1, y2 € Bs(yo) and x € 352, we have |hy, (x) —hy, (x)| < &, so by the maximum principle

Y1.¥2 € Bs(yo) and x € 2\ Brys(yo) = |G(x,y1) —G(x, y2)| <2e.

One easily obtains x € dB;15(yo) implies

1 1 1
G(x, > — =:c>0.
% Y0) > NN Dy 2 (2”—2 3N—2> g

The value ¢ only depends on r and N. Let

C= max G(x,Yyo).
X€0Br15(yo)

Choose & = c/4. We have

C
Yy € Bs(yo) and x € 9Brys5(yo) = <G, y)<C+ 5

N| o

So y € Bs(yo) and x € 9B;5(yo) implies
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c C 1
iG(X’ Yo) <G, y) < (; + E)G(x, Yo). (44)

By the maximum principle the two inequalities of the last previous line also hold for x € 2\ Br15(yo).
Let n € D(Bs(¥0)), 7 >0 and [ n=p >0 and consider the function 4 € D(£2) defined by

L0 = / Gx y)n(y) dy. (45)

Multiplying (44) by n(y) and integrating, for x € £2 \ B;4s(¥o),

¢ <dw<p(E+1
Poc0X Yo S dX) < p(; + E)G(X’ Yo).
Obviously —Ad =7 in £2 and 4 =0 on 352.
(ii) Let (Ng,proj) (with proj: N, — 8£2) be a tubular neighborhood of 92 in 2 (see [8,
p. 35]) with the length of the segment proj~!(x) equal to o for each x € 3£2. There exist 0 <o <
dist(yg, 0§2) — 2r and ¢ > 0 satisfying

xXeNyg — -— x) >c. (46)

9Vprojx

The vector vprjx is the exterior outward unit normal to 92 at the point projx. Indeed, suppose by
contradiction there exist o, \( 0 and x, € Ny, satisfying

od

1
(xn) < —.
9Vprojx, n
Modulo a subsequence, x; — Xo € 32. It follows projx, — projxo = Xo, Vprojx, — Vprojx, and
—%(Xo) < 0. This contradicts Hopf's lemma. We have established (46). Since & € C2(82), there exists
X0
C > 0 such that

od

xeNg = —
0Vprojx

x) <C. (47)

Given x € Ny, we integrate avM- along the part of the segment proj~! (projx) between projx and x.
proj x

This part of proj~!(projx) has length dist(x, 52). Using (46) and (47),

xeN, = cdist(x,08) < d(x) <Cdist(x,9£). (48)

Suppose (42) holds. Using (48), x € Ny = b(x) < Ca(x)[4(x)]"#. On the other hand, there exist con-
stants ¢, C > 0 such that

— diameter(£2)
2\ No c———— <dx) <Co.
As a consequence,
xe 2\ N, = cdist(x,d2) < d(x) < Cdist(x, 32). (49)

Taking into account (48) and (49), we conclude (42) and (43) are equivalent.
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(iii) Suppose de D12(£2) is continuous, d #0 and —Ad > 0. Multiplying the last inequality by

4 and integrating, ¢ = 0. From [7, Theorem 8.19], infyep;(yy) ;{(x) > 0. Thus there exists C > 0 such
that

d(x) > Cdx) (50)

for x € Bs(yo). By the maximum principle, as 4 is harmonic in £ \ Bs(yo), inequality (50) also holds
for x € £2 \ Bs(y0). So (50) holds for x € £2. The assertion follows. O

In the remainder of this section we suppose £2 is a smooth bounded domain in RN, N > 3. We
wish to prove the existence of a positive solution to Eq. (4) where now H = D"2(£2). We introduce

a e function a: £ — R is positive and belongs to .
Ha)” The functi 2 —>Ri iti d bel L*®(£2)

e measurable function 6 : £2 — R is nonnegative, not identically equal to zero, and satisfies
(Hb)" Th ble function 6: 2 — R i i identicall 1 d satisfi

6 < Cra[dist(-,92)] . (51)

Let Bg = {x € £2: h(x) = 0}. We assume either By has measure zero, or By = int By (closure
in Bg) with 9By Lipschitz.

(HA)” The nonnegative and not identically equal to zero function £ belongs to the space LS(RN), for
some s > N.

Remark 7.2. Proposition 2.2 generalizes to the case of a bounded domain.
The proof is given in Appendix A.

Theorem 7.3. Under (Ha)”, (Hg), (Hb)", (HA) and (HA)", there exists (4 > O such that for all 0 < 0 < g
Eq. (4) has a positive weak solution u,, € H N cla().

Proof. We fix any x; € £2 and ry < dist(xy, 0§2)/3. Let 4 be as in (i) of Lemma 7.1 with yo =x; and
r=r1. By (ii) of the same lemma, the function 6 satisfies (43). We repeat the arguments in Section 3
but with this new function 4. For any nonnegative ;& we obtain a solution i, € Cl9(2) to (21). As
in Lemma 3.5 there exist us, Cg > 0 such that for 0 < u < us, we have infy I, < —Cg <0 (with N as
in (20)). As in the beginning of Section 4, there exists 0 < ug < s such that for all 0 < u < g one
can choose (i) where i, (xo(1¢)) > 0. In addition, there exists p > 0 such that

inf {1, >0.
By (x0(146))

Let ro < min{p, dist(xo(is), 952)/3}. We again use (i) of Lemma 7.1, but this time with yo = xo(is)

and r =r, to construct a function ¢ € C%(§2), superharmonic in £2 and harmonic in £ \ By, (Xo(6))
satisfying (41). We fix & > 0 sufficiently small such that

ed(x) < l6(x) for x € By (xo(1e)).

Clearly,

ed (%) < ({5 + L6W)(X) for x € B, (Xo(46))

with w as in (23). The maximum principle implies
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ed (%) < (g + 16W)(®)  for x € 2\ By (xo(its))-

As in Section 4, we use il as a subsolution to (21) when 0 < 0 < pe. We minimize I, over the set
lueH: iy <u<id ae in RV},

where 1 is as in (17), to obtain new solutions u, of (21) for 0 < u < ue with I, (uy,) < 0. These
solutions satisfy

ed <uy +pw. (52)

Combining (48) and (49), there exist constants ¢, C > 0 such that

cdist(-,32) < 4 < Cdist(-, 32). (53)

On the other hand, since £ € L°(£2) with s > N, w € C1*(£2). Thus from (52) and (53) there exists
0 < 7 < e such that for all 0 < p < 7 the function uy, is positive in £2. Now we argue as in Sec-
tion 5 and use uy, as subsolutions to (4). For 0 < u < 7 and all integers m > 1, we obtain a positive
solution u,"} of (36) with Il"}(ul"Z) < I, (uy) < 0. This time we use [7, Theorem 8.25] to conclude the
uﬂ are uniformly bounded. Choosing any sufficiently large m we obtain a positive solution to (4). O

8. Further extensions

The results of the previous sections may be generalized to prove the existence of a positive solution
to the equation

—Au=rafu—g(-,w]—ph, ueH. (54)

We give two results related to Theorems 5.1 and 6.1 whose proofs we leave to the reader. First we
replace (Hg) and (Hb) by

(Hg)s The function g: RN x R — R/ is Carathéodory, with g(x,s) =0 for x € RN and s < 0. Let

Bo={xeRN: g(x,5) =0 for s € R}. We assume either By has measure zero, or Bg = int By
with 8By Lipschitz. Furthermore, g € L (RN x R),

loc

[d(01Pg(x,s)

T < oo uniformly for x e RV, (55)
s

lim sup
s—0

where B > 0 is a fixed constant and 4 is defined in (9), and

im £%9 _ o for each xe BS.
S— 400 S
Theorem 8.1. Under (Ha), (Hg) s, (HA) and (H#), there exists (1o > 0 such that for all 0 < & < o Eq. (54) has
a positive weak solution u, € H N C]’“(RN). Furthermore, there exists C3 > 0 such that for all 0 < ;. < o

loc
this weak solution u,, satisfies

Cs
Uy (x) = W for large |x|.
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Now we replace (Hg), (H6) and (H#) as follows:

(Hg)r The function g: RN x R — R is continuous, with g(x,s) =0 for x e RY and s < 0. Let

Bo = {x € RN: g(x,5) =0 for s € R}. We assume either By has measure zero, or Bg = int By

with dBg Lipschitz. Furthermore, g € L]?C(RN x R),

X, S . .
lin?) M =0 uniformly for x in compact subsets of RV,
s— N
and
X, S
im £%9 _ o for each xe B§.
§——+00 S

(HA)Y” The measurable, nonnegative and not identically equal to zero function £ has compact support
and there exists a constant C > 0 such that £ < Ca.

Theorem 8.2. Under (Ha), (Hg)y, (HA) and (HA)"”, there exists (13 > 0 such that for all 0 < p < w3 Eq. (54)
has a positive weak solution u, € H N Cllof‘ (RM).

Appendix A

Proof of Proposition 2.2. (i) We choose an R > 0 such that Bg(0) \ Bg # @. If the restriction of g to
R is positive, then 6g(u) Xz, ) # 0. For all v e D(RN) with v >0

/Vu~Vv§k/auv—/6g(u)XBR(o)v—u/ﬁ% (56)

So (56) holds for all v € H with v > 0. Taking v =u we obtain

flul? <A/au2—/5g(u)uxgk(o) —u/ﬁugkfauz

and the last inequality is strict if i > 0 or if the restriction of g to RT is positive. The conclusion
follows.

(ii) Suppose £ =0 on By. We write u = ug + ul where UolintB, is the projection of u on
D'2(int Bp) and ug =0 on (int Bg)°. This means ug|in g, € D"2(int By) and

/Vu Vv :/Vuo .vv for all v e D"(int By).

The function ut :=u — ug so that u =u~L on (int By)€. Note

/VUL -Vv = / V(u—1ug)-Vv=0 forallve D1’2(int80),

which means that u+ is harmonic in int Bg. Since u is superharmonic in int By and u= is harmonic
in int By, ug is superharmonic in int Bg. Thus ug is nonnegative. The function ug cannot be identically
zero. Otherwise in int By we would have 0 = —Aut = —Au = Aaqu™. This implies ul =0inintBg and
so u =0 in int Bg, contradicting the fact that u is positive. The function u has a positive trace on 9Byg.
Also u =u' on 3Bg. So from u' € H, clearly (u) |incp, € D'2(int By), and hence (u') |incp, = 0.
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By the strong maximum principle ul > 0 on By. Let

—A¢ =Xria¢] in intBo,
¢7 >0 in int By, (57)
¢;=0 on (int Bo)€.

One can easily see we may also take v such that v|p, = ¢ and VlBS =0 in (5). Indeed, this follows
from 6 € L2.(RN) and ¢ ineg, € D'+ (int By). We obtain

loc
/‘Vuo-quT—k/Vul~V¢T=A/uuo¢i‘+A/auL¢;".

,\*/au()(p;‘ =A/auo¢f+/\faul¢;“ >A/au0¢;*,
and s0 A < Ay.

(iii) We give functions a, 6, g,  (with A0 on Bg), and a function u € H which is a positive
solution of (4) for A = A, 4+ . Here © > 0 is the parameter in (4). Since all functions will be radially
symmetric, we introduce the coordinate r = |x| and write them in terms of r. We choose the set
Bo = {x e RN: r < 1}. The functions a and g are

This yields

1 forr<1,
—r(Nlm forr>1,

_Jo for u <0,
g = {u”ﬁ for u > 0,

a(r) = {

with B8 > 2. We define u using (57),

B ¢+ forr<i
u(r)_{rNL_z forr>1,

1
NZr)r

and %h‘:] < 0 (by Hopf’s lemma). The functions 6 and # are

with k = |r 1 so that u € CT(RV). This is possible because ¢7 is spherically symmetric [6]

5 0 forr<i1,
= iﬂ forr>1,

_ [ per(r)+ ik forr<
,uﬁ(r)_{ ! forr>l

Our assumptions are all satisfied except for (HA) of course. In particular, the function a is positive
and belongs to LN/2(RN) N L°°(RN). The measurable function 6 is nonnegative, not identically equal
to zero, and satisfies (8) for C1 = Kiﬂ as ad ? > 1. Note also u € H. The function u satisfies (4) in

B1(0) and in B7(0)€. In fact, for r < 1,

NG+ ) =1+ (¢F +K) — 0 — (U] + Ak) = Auh].
Forr>1,

1 K A k1FB
O=h- o — (),
r(N=2)B tN=2 B r(N=2)(1+8)
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Let v € D@RN). We recall u e C'(RN). Multiplying (4) by v and integrating over B;(0) we obtain
au
- §v+ Vu-Vv=2»x auv — bg(u)v — hv. (58)
9B1(0) B1(0) B1(0) B1(0) B1(0)
Multiplying (4) by v and integrating over B1(0)C we obtain
au
/ yv—}— / Vu-Vv=2»x / auv — / bg(u)v — u / Av. (59)
9B1(0) B1(0)¢ B1(0)¢ B1(0)¢ B1(0)¢
Adding (58) and (59), the function u is a positive weak solution of (4). O

Proof of Remark 7.2. The proof of items (i) and (ii) is similar to the case of the space RN. To check
item (iii) let £2 = B»(0). We may take

forr<1,

1
a(r) = (75 —u)f for1<r<2,

¢F +K(1— 53) forr<i,

u(r) =
” K(r,v%z—z,v%z) for1<r<2,

wh(r) = mey () +re(1— 2"’%2) forr<1,
0 forl<r<2,

and all the parameters and other functions as in the proof of Proposition 2.2. There exists C; > 0 such
that (42) holds because
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