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Abstract

Let X be a metric continuum. In this paper we prove that if there exist pariwise disjoint terminal
subcontinuady, ..., A, of X such thatX — (A1 U --- U A,) is disconnected, then each onto map
f:Y — X has a stable value.
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A continuumis a compact connected metric space with more than one poirntag
is a continuous function. Atable value ofa map between continuf: Y — X is a point
p € X for which there existg > 0 such thatp is in the image of all maps withia of
f in the supremum metric. A subcontinuunof X is said to baerminal provided that
any subcontinuum oX that intersects both andX — A containsA. A regular curveis a
continuum such that each point has arbitrarily small neighborhoods whose boundaries are
finite [1, Definition 10.14, p. 171]. A continuum is said to be in Class(®)}(ClasgS))
provided that every map of any continuum oddas a stable value.

The concept of Class(S) was recently introduced by Nadler, Jr. in [2] where, among
other results, he proved that if a Peano continuins separated by some finite set, then
every map of any Peano continuum orohas a stable value [2, Corollary 4.2]. In this
paper we generalize Nadler’s result by proving the following theorem.

Theorem 1. Let X be a continuum. Suppose that there exist pairwise disjoint, terminal
subcontinuaA,, ..., A, of X such thatX — (A1 U---U A,) is disconnected. Then
X e ClasgS).
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Proof. Let f:Y — X be an onto map. Suppose tat (A1U---UA,) =U UV, where
U andV are nonempty open disjoint subsetsxaf

Let Wy,..., W, be open subsets aX such thatA; ¢ W; for eachi =1,...,n,
clx(W1)U-.-Uclx (W,) neither containg’ norV and cl (W1), ..., clx(W,) are pairwise
disjoint. Let H = f~1(U N (bdx(W1) U --- U bdx(W,))), K = f~1(V N (bdx(W1) U
<+ Ubdy(W,))) andL = f~1(clx(W1) U --- U clx(W,)). SinceH = f~1(X — V) N
(bdy (W) U---Ubdy (W,))), we obtain that{ is closed inY. Similarly, K is closed inY.
Next, we prove the following claim:

Claim. There exists a subcontinuunof ¥ suchthatA c L, AN H# @ andAN K # 0.

In order to prove this claim, suppose to the contrary, that no connected sulo$dt
intersects bottH andK . Applying the Cut Wire Theorem [1, Theorem 5.2] to the spAce
and the closed subsets andK of L, we obtain that there exist disjoint compact subsets
M andN of L suchthatH c M, K C NandL=MUN.

LetR=f XX —(VUWLU---UW,)UM andS = f~1(X —(UUWLU---UW,))U
N. Clearly,R andS are nonempty closed subsetstondY = R U S. Suppose that there
exists apoiny € f~H(X —(VUWLU---UW,))NN.Thenf(y)e UN(clx(W)U---U
clx(Wy,)) — (W1 U---UW,). Thusy € HN N, a contradiction. Thereforg, (X — (V U
WiU---UW,))NN =@. Similarly, f‘l(X —(UUWpU---UW,))NM = @. This implies
that R and S are disjoint. We have obtained a separatioy of his is absurd, so the claim
holds.

Since f(A) is a connected subset ofx@W1) U ---U clx(W,), we may assume that
f(A) C clx(W1). We claim that the points id; are stable points of . Fix pointsp € AN
H andg € AN K. Choose > 0 with the following properties. The-neighborhood around
f(p) (respectively,f(q)) is contained inU (respectively,V), and thee-neighborhood
around ck (W1) does not intersect gk W») U - - - U clx (W,). Choose’ > 0 satisfying the
definition of uniform continuity off for the numbeke.

Letg:Y — X be a map such thatis é§-close of f. By the choice ot ands, g(p) € U,
g(g) e V.andg(A) N (clx(W2) U ---Uclx(W,)) =@. Theng(A) is a subcontinuum of
X which intersectd/ andV and does not intersedt, U - - - U A,,. This implies thatg(A)
intersectsd1 andg(A) is not contained im1. ThusA1 C g(A).

Therefore, the points im1 are stable values of. This completes the proof of the
theorem. O

Corollary 2. If a continuumX is separated by some finite set, thére ClasgS).

Corollary 3 (Compare with [2, Corollary 4.3]Every regular curveX is in Class(S)
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