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Abstract

The soil–water characteristic curve (SWCC) is an important property of unsaturated soils. One key parameter of the SWCC is the air-entry
value. For a soil that does not shrink as soil suction increases, the air-entry value is the same regardless of whether the gravimetric water content-
based SWCC (SWCC-w), the volumetric water content-based SWCC (SWCC-θ) or the degree of saturation-based SWCC (SWCC-S) is used.
However, for a soil that shrinks as soil suction increases, the air-entry value depends on the SWCC. The air-entry value determined from the
SWCC-w is shown to underestimate the air-entry value for a soil that shows shrinkage as soil suction increases. For such cases, the SWCC-S
should be used to determine the air-entry value. The SWCC-S can be constructed using the SWCC-w and the shrinkage curve. The shrinkage
curve provides the void ratio and the water content for calculating the degree of saturation which can then be used to transform the SWCC-w to
the SWCC-S. The shrinkage curve can be easily constructed from the final volume measurement of a drying soil specimen, as shown in this
paper. The sensitivity analyses performed on 40 soils showed that the minimum void ratio of the shrinkage curve (ash) has a very significant
effect, while the curvature of the shrinkage curve (csh) has a negligible effect on the SWCC-S, and therefore, on the determination of the AEV.
A procedure is proposed for determining the air-entry value of soils exhibiting shrinkage upon drying.
& 2015 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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1. Introduction

In the application of unsaturated soil mechanics, the engineer-
ing properties of unsaturated soils are required. However, the test
duration for unsaturated soils is several times longer than that for
equivalent saturated soil tests. To alleviate the problem of the
long unsaturated soil test duration in geotechnical engineering
practice, the soil–water characteristic curve (SWCC) has been
heavily utilized to determine the unsaturated soil properties
indirectly. The SWCC is the relationship between the soil–water
content (by mass or volume) and the soil–water matric potential
(Leong and Rahardjo, 1997). One key parameter of the SWCC is
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the air-entry value (AEV) which demarcates the change from
boundary effect zone to transition effect zone, as shown in Fig. 1.
The AEV is defined as the matric suction where air starts to enter
the largest pores in the soil (Fredlund and Xing, 1994). The AEV
appears in many equations used to estimate unsaturated soil
properties, such as the shear strength (e.g., Bao et al., 1998; Goh
et al., 2010; Khalili and Khabbaz, 1998; Lee et al., 2005; Rassam
and Cook, 2002; Rassam and Williams, 1999; Tekinsoy et al.,
2004; Xu, 2004) and the permeability function (e.g., Hunt, 2004;
Mbonimpa et al., 2006; Philip, 1986; Rijtema, 1965; Watabe and
Leroueil, 2006).
In Fig. 1, the ordinate axis labelled “water content” can be

either gravimetric water content w, volumetric water content θ
or degree of saturation S. Fredlund et al. (2001) suggested that
the same information in the SWCC is conveyed regardless of
the term used to describe the water content provided that the
Elsevier B.V. All rights reserved.
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Fig. 1. Soil–water characteristic curve and parameters adopted from Kohgo
(2003).

Fig. 2. Cracks and non-uniform deformation in a kaolin specimen that cause
uncertainty in volume measurement. (a) Crack appears at the side of the soil
specimen and causes inaccuracy in the volume measurement and (b) Non-
uniform deformation at the perimeter of the specimen causes a lot of difficulty
in measuring the volume.
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structure of the soil is incompressible. If the soil shrinks, as a
result of an increase in soil suction, the AEV should be
obtained from the SWCC where the ordinate axis is the degree
of saturation, i.e., the SWCC-S. In agriculture-related disci-
plines, the volumetric water content is commonly used to plot
the SWCC. The volumetric water content is defined as the
volume of water in the soil referenced to the instantaneous
total volume of the soil. However, it is quite common to use
the initial total volume of the soil to determine the volumetric
water content (Fredlund et al., 2011). If this is the case, both
SWCCs, where the ordinate axis is the gravimetric water
content (SWCC-w) and where the ordinate axis is the volu-
metric water content (SWCC-θ), show similar information.
The use of the SWCC-θ is ambiguous as it may be plotted with
the volume of water in the soil referenced to the initial total
volume or the instantaneous total volume of the soil. In
geotechnical engineering, the gravimetric water content is
commonly used to describe the amount of water in the soil,
and it should be used to plot the soil–water characteristic curve
when continuous volume measurements have not been made
(Fredlund et al., 2001).

Some soils undergo volume change as their water content
changes. The relationship between the gravimetric water
content (w) and the void ratio (e) is known as the shrinkage
curve. Fredlund et al. (2011) has shown that the SWCC-S can
be constructed using the shrinkage curve and the SWCC-w.
Ignoring the shrinkage curve and using only the SWCC-w to
determine the AEV will underestimate the AEV of the soil.
There are at least two important parameters in describing the
shrinkage curve (Fredlund et al., 2002). The first is the
minimum void ratio (emin) and the second is the curvature of
the shrinkage curve. In practice, it is usually very difficult to
accurately measure the volume of a soil during the SWCC test
(Peron et al., 2007; Liu et al., 2012). Some reasons are due to
the non-homogenous shrinkage and cracks that may occur
during the drying process, as shown in Fig. 2. Fredlund et al.
(2002) proposed to estimate the minimum void ratio by using
the shrinkage limit. However, the accuracy and the sensitivity
of the minimum void ratio and the curvature of the shrinkage
curve on the AEV are not clearly understood. The objective of
this paper is to investigate the effect of shrinkage on the
determination of the AEV. Forty soils from the literature and
the SoilVision (2003) database were used to analyse the effect
of the shrinkage curve parameters (minimum void ratio and
curvature of the shrinkage curve) on the AEV of soils.
Shrinkage tests on kaolin specimens were then conducted to
illustrate the effect of the shrinkage curve on the AEV.

2. Shrinkage curve

In order to construct the SWCC-S, the shrinkage curve is
needed. When a soil is saturated, the reduction in void ratio
due to the decrease in water content is linearly related (line 1 in
Fig. 3). This type of shrinkage is called normal shrinkage.
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However, in structured and well-aggregated soils or soils with
considerable biological activity, there are large inter-aggregate
pores and biological tubular pores that are caused by worm and
root channels (Cornelis et al., 2006). When these pores are
emptied, there is a negligible change in the bulk volume as the
air enters these relatively large pores (Cornelis et al., 2006) and
causes the slope of the shrinkage curve to be as small as 0.1
(Braudeau et al., 1999) (curve 2 in Fig. 3). This behaviour is called
structural shrinkage (Mitchell, 1992). The most challenging task in
constructing the shrinkage curve is the measuring of the total
volume of the soil specimen. The total volume can be measured
using four methods, namely, the direct measurement method
(ASTM D2435/D2435M, 2011; ASTM D4186 2006, 2006;
ASTM D6836-02 2008, 2008; Berndt and Coughlan, 1976;
Braudeau et al., 1999; BS 1377-2, 1990; Liu et al., 2012;
Umezaki and Kawamura, 2013, Yule and Ritchie, 1980a, b),
the volume displacement method (ASTM D427 2004, 2004;
ASTM D4943-08 2008, 2008; Brasher et al., 1966; BS 1377-2,
1990; Johnston and Hill, 1944; Lauritzen, 1948;Lauritzen and
Fig. 3. Schematic representation of shrinkage curve of a non-structured soil (solid
line 1) and a well-structured soil (dashed line 2) (from Cornelis et al., 2006).

Table 1
Methods to measure the void ratio during the shrinkage test.

Method Destructive Description

Direct measurement
method

Non-
destructive

Measurement devices, such as Vernier callip
specimen had a regular geometry, such as a
the non-homogeneous geometry, several me
and non-destructiveness are the advantages

Volume displacement
method

Destructive The soil specimen is coated with wax or sara
the liquid. The volume of the liquid displace
of irregularly shaped specimens. The disadv
large pores, more viscous saran resins are n

Two non-mixing liquid
method

Destructive Two types of liquids are used to produce di
force is then used to calculate the density o
similar to the volume displacement method

Gamma ray attenuation
dual-energy method

Non-
destructive

Dual energy gamma beams with different m
coefficients and the numbers of gamma ray
requires special apparatus and is the most e
irregularly shaped specimens and it is not d
Stewart, 1942; McIntyre and Stirk, 1954; Monnier et al., 1973;
Sibley and Williams, 1989), the two non-mixing liquid method
(Guillermo et al., 2001) and the gamma ray attenuation double-
energy method (Adejumo and Balogun, 2012). A method is
considered to be destructive when the soil specimen is altered or
disturbed due to the test procedure. Table 1 summarizes the
methods that can be used to calculate the total volume of the soil
specimen. The direct measurement method was used in
this paper.
A number of models have been proposed to describe the

shrinkage curve (Fredlund et al., 2002; Giráldez and Sposito,
1983; Giráldez et al., 1983; Kim et al., 1992; Sposito and
Giraldez, 1976); they are given in Cornelis et al. (2006).
The Fredlund et al. (2002) model, for the shrinkage curve

used in this paper, has three curve-fitting parameters, namely,
ash, bsh and csh.

eðwÞ ¼ ash
wCsh

bCsh
sh

þ1

" #1=Csh

ð1Þ

and

ash
bsh

¼ Gs

S0
ð2Þ

where e is the void ratio, w is the gravimetric water content, Gs

is the specific gravity and S0 is the initial degree of saturation.
However, the curve-fitting parameters, ash and csh, can be
related to the important properties of the shrinkage curve. The
ash parameter is the minimum void ratio and the csh parameter
is the curvature of the shrinkage curve. By rearranging Eq. (2),
parameter bsh can be expressed in terms of SL0

bsh ¼
ashS0
Gs

¼ SL0 ð3Þ

where SL0 is the apparent shrinkage limit that is dependent on the
initial degree of saturation. At a water content of less than SL0,
there is a negligible change in the void ratio due to a further
reduction in the water content. If the initial degree of saturation
ers, are used to obtain the dimensions of the specimen. It was assumed that the
cylinder, so that the volume could be easily calculated. In order to account for
asurements were taken to obtain the average dimension. The simplicity, speed
of this method. This method may not work on irregular shaped specimens
n resin dissolved in ethyl ketone (Brasher et al., 1966) and then submerged into
d equals the total volume of the specimen. It can be used to measure the volume
antages of this method are that it is destructive and that when the clods have
eeded (Guillermo et al., 2001)
fferent buoyancy forces on the soil specimen. The difference in the buoyancy
f the specimen, and hence, the total volume of the specimen. This method is

ass absorption coefficients are applied to obtain different mass attenuation
quanta produced, and hence, the bulk density and total volume. This method
xpensive method compared to the others; however, it can be used to measure
estructive



Fig. 4. Illustration of the effect of initial degree of saturation on
shrinkage limit.

Fig. 5. Estimating shrinkage limit using plasticity chart.

Fig. 6. Comparison of shrinkage-limit from Casagrande (1932) method and
from mercury method (using data from Kayabali, 2012).
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during normal shrinkage is 100%, SL0 equals SL. Fig. 4 describes
how the initial degree of saturation affects the shrinkage limit.

Although there are three parameters, ash, bsh, and csh, in
Fredlund et al. (2002)’s model for the shrinkage curve, it is
only necessary to estimate ash and csh as the ratio of ash and bsh
is fixed following Eq. (2).

The minimum void ratio can be estimated as the void ratio at
shrinkage limit SL. The value of SL for fine-grained soils can
be estimated using the plasticity chart shown in Fig. 5
(Casagrande, 1932). The A-line and the U-line are extended
until they meet at coordinates (�43.5, �46.4). Connecting
this meeting point with the data point plotted on the plasticity
chart gives a line which intersects the liquid limit axis. The
shrinkage limit is given by the intersection point, as shown in
Fig. 5.

The accuracy of the above procedure in obtaining the
shrinkage limit is comparable to the accuracy of the shrinkage
limit test itself considering all of the problems and uncertain-
ties in the test (Holtz et al., 2011). A comparison of the SL
values obtained by the Casagrande method and the measured
shrinkage limit was performed using Kayabali (2012) data.

Kayabali (2012) tested 100 soils from a lacustrine clay
formation and compared the shrinkage limits obtained through
the mercury method, the extrusion pressure method and the
statistical method. The plastic and liquid limits, determined by
ASTM D4318-10 (2010), were used to find the shrinkage limit
using the Casagrande (1932) method. A comparison of the
estimated shrinkage limit, from the Casagrande (1932) method,
and the shrinkage limit, by ASTM D427 (2004), is shown in
Fig. 6. The estimated SL values were mainly within half (50%)
to two times (200%) of the SL from the ASTM D427 (2004),
which shows that the estimation and the measurement of the
shrinkage limit are equally inaccurate. A similar observation
was made by Holtz et al. (2011).
The effects of varying ash and csh on the shrinkage curve

and the SWCC-S are illustrated in Fig. 7. In Fig. 7, bsh is
calculated using Eq. (2) for each value of ash. Fig. 7e and f
shows that ash is more significant in affecting the AEV
compared to csh. As the effect of csh on the shrinkage curve
is not significant, Fredlund et al. (2002) proposed values of
csh¼9.57, 25.31 and 8.47 for undisturbed soil, initially slurried
soil and compacted soil, respectively.
3. SWCC-S constructed from SWCC-w and
shrinkage curve

The Fredlund and Xing (1994) equation was used to fit the
SWCC as it offers high flexibility in matching the SWCC data
(Leong and Rahardjo, 1997). The Fredlund and Xing (1994)
equation was developed for the volumetric water content (θ),
but can be re-written for the gravimetric water content (w), as
shown below:

w¼ ws
1

ln expð1Þþ Ψ=a
� �n� �

( )m
ln 1þðΨ=Ψ rÞ
� �

ln 1þð1000000=Ψ rÞ
� � ð4Þ

where a, n, m and Ψr are curve-fitting parameters, ws is the
saturated gravimetric water content and Ψ is the matric suction.
However, the curve-fitting parameters in the Fredlund and
Xing (1994) equation are non-unique and are dependent on the
initially assumed values. The parameters show relatively large
variations when the SWCC data do not cover the entire matric
suction region for SWCC (Leong and Rahardjo, 1997). Chin
et al. (2010) devised the one-point method to estimate the
Fredlund and Xing parameters by only using one pair of w and
Ψ data (Chin et al., 2010). The estimations of the Fredlund and



Fig. 7. Effect of varying ash and csh on shrinkage curve, SWCC-S, and AEV. (a) Effect of changing ash towards SWCC-S, (b) Effect of changing ash towards
shrinkage curve, (c) Effect of changing csh towards SWCC-S, (d) Effect of changing csh towards shrinkage curve, (e) Effect of changing ash towards AEV, and (f)
Effect of changing csh towards AEV.
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Xing (1994) parameters for fine-grained soils are given as
follows:

ac ¼ �2:4χþ722 ð5Þ

nc ¼ 0:07χ0:4 ð6Þ

mc ¼ 0:015χ0:7 ð7Þ

Ψ rc ¼ j914 expð�0:002χÞj ð8Þ
where χ is a curve-fitting parameter that relates all of the curve-
fitting parameters in the Fredlund and Xing (1994) equation.
Parameter χ in the Chin et al. (2010) method is used to adjust
the SWCC to be on the selected pair of SWCC data. Chin et al.
(2010) defined fine-grained soils as soils with a percentage
finer than 200 μm being greater than or equal to 30%. All the
soils used in this study are fine-grained soils by following Chin
et al. (2010)’s definition. Chin et al. (2010) showed that by
using the water content at a matric suction of either 100 or
500 kPa, gives equally good estimates for the SWCC of fine-
grained soils. In this study, the Chin et al. (2010) method was
used to obtain the initial estimates of the Fredlund and Xing
(1994) parameters of af, nf, mf and Ψr. Afterwards, curve fitting
was performed to minimise the error between the SWCC-w
data and the Fredlund and Xing (1994) equation. This
procedure served two purposes: (1) the parameters obtained
were more consistent as the initial estimates were obtained
from close estimates, and (2) the curve fitting provided a
consistent treatment for cases with incomplete SWCC-w data
where the SWCC-w data were missing at high suction values.

For some of the SWCC-w data, the “soil” was initially in
slurry form and the initial water content could be much higher
than the liquid limit. In a strict sense, slurry is not a soil. At the
liquid limit, the soil particles are hardly in contact as the soil
behaves as a liquid. For such a SWCC, it is proposed that the
liquid limit shall be taken as the initial water content of the
soil, ws, if the initial water content is greater than the liquid
limit. An example is shown in Fig. 8.

The SWCC-w and the shrinkage curve can be combined
using the following phase relationship:

SðΨ Þ ¼ wðΨ Þ � Gs

eðwÞ ð9Þ
Fig. 8. A fitted SWCC-w for Box2-0.1SFR soil from Fredlund et al. (2011)
with ws taken as liquid limit.
where S is the degree of saturation, w is the gravimetric water
content, Gs is the specific gravity and e is the void ratio.
4. Determination of AEV

Zhai and Rahardjo (2012) proposed determining the AEV
by using a mathematical method thus giving more consistent
AEV values. Based on Zhai and Rahardjo (2012), the AEV of
the SWCC can be obtained from the intersection point between
the initial horizontal line and the tangent line at the inflection
point. The intersection point is given by

AEV¼ Ψ i10
ðS0 �SiÞ=mi ð10Þ

and

mi ¼
Si�S0

log Ψ i=AEV
� � ð11Þ

where mi is the slope of the inflection point, Si is the degree of
saturation at the inflection point, S0 is the initial degree of
saturation and ΨI is the matric suction at the inflection point.
However, the equation in Zhai and Rahardjo (2012) requires

the SWCC-S to be curve fitted with the Fredlund and Xing
(1994) equation. A simpler method is hereby suggested to
obtain the slope at inflection point mi by calculating the slope
of the SWCC-S, ms for piecewise segments, namely,

ms ¼ SðΨ Þ�SðΨ�ΔΨ Þ
log Ψ=ðΨ�ΔΨ Þ� � ð12Þ
Fig. 9. SWCC-S and ms of Regina clay (data from Fredlund, 1964). (a)
SWCC-S and (b) ms.
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where S(Ψ) is calculated from Eq. (9) and ΔΨ is the small
change in suction. The results of calculating ms with
Eq. (11) for the entire SWCC-S are given in Fig. 9b. The
value of mi is given by the minimum slope (ms) of the SWCC-S,
as indicated in Fig. 9b for Regina clay.

5. Sensitivity analyses of the shrinkage curve parameters
on AEV of the soils

In this paper, shrinkage curve parameters ash, bsh and csh were
obtained by curve fitting the shrinkage curve, while the AEVs of
the soils were obtained with Eqs. (10) and (12). Data on forty types
Table 2
Basic properties of 40 soils.

S/N Soil Counter Reference G

1 Box2-0.1SFR Fredlund et al. (2011) 2.
2 Box5-0.1SFR Fredlund et al. (2011) 2.
3 Box6-0.8SFR Fredlund et al. (2011) 2.
4 Box11-0.8SFR Fredlund et al. (2011) 2.
5 RS100 (Sandy silt-ML) 100% Residual soil Krisdani et al. (2008)a 2.
6 MRF80–20 (Sandy silt-ML) 80%

Residual soilþ20% fine sand
Krisdani et al. (2008)a 2.

7 MRF60–40 (Silty sand-SM) 60%
Residual soilþ40% fine sand

Krisdani et al. (2008)a 2.

8 Saturated slurry of Jossigny
silt (Jossigny loam)

Fleureau et al. (2002) 2.

9 FoCa Clay Fleureau et al. (2002) 2.
10 LaVerne Clay-Slurry Fleureau et al. (2002) 2.
11 LaVerne Clay-Compacted Fleureau et al. (2002) 2.
12 12398 SoilVision (2003) 2.
13 12400 SoilVision (2003) 2.
14 12425 SoilVision (2003) 2.
15 12428 SoilVision (2003) 2.
16 12430 SoilVision (2003) 2.
17 12431 SoilVision (2003) 2.
18 12432 SoilVision (2003) 2.
19 12433 SoilVision (2003) 2.
20 12434 SoilVision (2003) 2.
21 12435 SoilVision (2003) 2.
22 12436 SoilVision (2003) 2.
23 12445 SoilVision (2003) 2.
24 12446 SoilVision (2003) 2.
25 12499 SoilVision (2003) 2.
26 12442 SoilVision (2003) 2.
27 12447 SoilVision (2003) 2.
28 12448 SoilVision (2003) 2.
29 WTP-2 NTUb 2.
30 WTP 3 NTUb 2.
31 WTP 1 NTUb 2.
32 WTP 4 NTUb 2.
33 Clayey silt from Bioley Peron et al. (2007) 2.
34 Silty clay Kong and Tan (2000) 2.
35 Regina clay-initially slurried Fredlund (1964) 2.
36 Regina clay-pc 25 kPa Fredlund (1964) 2.
37 Regina clay-pc 400 kPa Fredlund (1964) 2.
38 12402 SoilVision (2003) 2.
39 Brownish-yellow expansive clay Zhan et al. (2007) 2.
40 Expansive clay from Karnataka state Thyagaraj and Rao (2010) 2.

aSWCC-w is calculated from SWCC-S and shrinkage curve.
bNanyang Technological University, Singapore.
of soil were collated from the SoilVision (2003) database and the
literature (Fleureau et al., 2002; Fredlund, 1964; Kong and Tan,
2000; Krisdani et al., 2008; Peron et al., 2007; Zhan et al., 2007).
The criteria for selecting these forty soils were that they must have:
1.
s

50
50
50
50
65
65

65

74

68
71
71
67
65
72
7
73
83
69
8
73
83
73
61
61
61
84
61
72
60
50
55
50
75
77
83
83
83
67
67
71
SWCC-w,

2.
 Either shrinkage curve, SWCC-θ or SWCC-S, and

3.
 Basic soil properties (Gs, PL, LL and w0).
The basic properties and shrinkage curve parameters ash, bsh
and csh of the 40 soils are shown in Table 2, while their
SWCC-w curve-fitting parameters are given in Table 3.
PL (%) LL (%) PI (%) SL (%) Ws (%) Fredlund et al. (2002)

ash bsh csh

30 55 25 20 55.0 0.350 0.140 20.24
30 55 25 20 47.0 0.350 0.140 20.24
15 38 23 12 25.0 0.360 0.140 25.34
15 38 23 12 38.0 0.350 0.140 20.24
32 47 15 25 47.0 0.870 0.330 4.66
27 41 14 21 41.0 0.830 0.310 3.142

22 34 12 18 34.0 0.699 0.260 4.315

16 37 21 12 37.0 0.430 0.160 8.235

35 90 55 18 90.0 0.300 0.110 19.13
19 35 16 15 35.0 0.780 0.290 8.69
18 35 17 14 32.0 0.780 0.290 17.59
26 78 52 14 33.2 0.468 0.180 10.55
24 60 36 15 31.6 0.583 0.220 7.076
27 40 13 22 30.3 0.573 0.210 5.314
24 71 47 13 31.6 0.418 0.150 4.355
16 51 35 10 21.0 0.367 0.130 6.009
33 85 52 17 48.3 0.551 0.190 3.602
24 71 47 13 71.0 0.417 0.160 4.102
26 92 66 12 92.0 0.461 0.160 2.739
16 51 35 10 51.0 0.367 0.130 6.009
33 85 52 17 85.0 0.551 0.190 5.461
31 64 33 19 64.0 0.577 0.210 3.436
32 64 32 20 40.6 0.837 0.320 92.16
29 53 24 20 33.7 0.660 0.250 40.7
32 64 32 20 39.7 0.835 0.320 18.22
38 70 32 24 70.0 0.379 0.130 4.445
32 64 32 20 36.1 0.719 0.280 23.42
17 36 19 13 21.5 0.513 0.190 24.74
28 47 19 21 27.0 0.627 0.240 22.98
28 47 19 21 25.5 0.590 0.240 10.54
28 47 19 21 27.7 0.630 0.250 100.0
28 47 19 21 25.1 0.570 0.230 18.89
16.9 31.8 14.9 13 31.8 0.583 0.210 47.58
34.7 81.7 47 19 45.0 0.431 0.140 4.589
24.9 75.5 50.6 13 75.5 0.489 0.160 4.199
24.9 75.5 50.6 13 72.0 0.489 0.160 4.199
24.9 75.5 50.6 13 51.0 0.489 0.160 4.199
26 78 52 14 48.3 0.600 0.220 7.294
19.5 50.5 31 13 30.5 0.507 0.190 20.15
23 82 59 12 64.7 1.286 0.470 11.08
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The ranges in ash, bsh and csh were from 0.3 to 1.287, 0.112 to
0.475 and 2.74 to 92.16, respectively.

Sensitivity analyses were performed to investigate the effect
of the shrinkage curve parameters, ash and csh, on the
determination of the AEV. It is not necessary to investigate
bsh as parameters ash and bsh are related by Eq. (2). The
sensitivity analyses were performed in the following two ways:
1.
Tab
SW

S/N

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
Maintaining a constant csh and varying the ash parameter (and
hence, bsh) in the shrinkage curve equation (Eq. (1)), and
2.
 Maintaining a constant ash (and hence, bsh) and varying the
csh parameter in the shrinkage curve equation (Eq. (1)).
In order to carry out the first sensitivity analysis, it is
necessary to know the probable errors that cause the variation
le 3
CC curve-fitting parameters for 40 soils.

Chin et al. (2010))

ac (kPa) nc mc Ψrc (kPa) χ

9.13 0.68 0.81 504.61 297.03
21.27 0.68 0.80 509.73 291.97
49.41 0.67 0.78 521.83 280.25
1.88 0.69 0.81 501.57 300.05
7.16 0.68 0.81 503.78 297.85
9.87 0.68 0.81 504.91 296.72
16.96 0.68 0.80 507.91 293.77
77.95 0.66 0.75 534.39 268.35
35.83 0.67 0.79 515.96 285.90
16.46 0.68 0.80 507.70 293.97
1.11 0.69 0.81 501.24 300.37

228.55 0.59 0.62 605.84 205.60
184.08 0.61 0.66 583.81 224.13
158.55 0.62 0.68 571.52 234.77
405.70 0.49 0.46 702.22 131.79
335.57 0.53 0.53 662.36 161.01
347.25 0.53 0.51 668.84 156.15
18.99 0.68 0.80 508.76 292.92
5.38 0.68 0.81 503.03 298.59
12.53 0.68 0.80 506.03 295.61
32.75 0.67 0.79 514.63 287.19
47.87 0.67 0.78 521.16 280.89
165.46 0.62 0.68 574.82 231.89
77.82 0.66 0.75 534.33 268.41
149.98 0.63 0.69 567.45 238.34
359.62 0.52 0.50 675.77 150.99
82.08 0.65 0.75 536.23 266.63
372.28 0.51 0.49 682.94 145.72
539.08 0.40 0.31 784.78 76.22
613.38 0.32 0.22 834.90 45.26
393.65 0.50 0.47 695.20 136.81
559.88 0.38 0.29 798.50 67.55
53.88 0.67 0.77 523.78 278.38
7.86 0.68 0.81 504.07 297.56
18.28 0.68 0.80 508.47 293.22
23.43 0.68 0.80 510.65 291.07
128.15 0.63 0.71 557.22 247.44
235.66 0.59 0.62 609.44 202.64
304.00 0.55 0.56 645.16 174.17
300.95 0.55 0.56 643.52 175.44
in ash. Considering that the easiest way to estimate ash is to use
the shrinkage limit, the accuracy of ash will therefore also be
dependent on the accuracy of the shrinkage limit determina-
tion. The effect of the error in estimating the shrinkage limit on
the estimation of ash is examined below.
A small change in the void ratio, δe, due to a small change

in the water content, δw, is obtained as follows:

δe

δw
¼ deðwÞ

dw
¼ ash

wCsh

bCsh
sh

þ1

" #ð1=cshÞ�1
wCsh�1

bCsh
sh

ð13Þ

Therefore, the small error in void ratio δe(w) is given as

δeðwÞ ¼ ash ðwCsh=bCsh
sh Þþ1

� �1=csh
ðwCsh=bCsh

sh Þþ1
� � wCsh

bCsh
sh

δw

w
ð14Þ
Fredlund and Xing (1994)

R2 a (kPa) n m Ψr (kPa) R2

0.987 63.98 0.46 1.84 1657.54 0.987
0.988 45.12 0.77 0.99 845.74 0.994
0.983 83.82 0.84 1.00 310.01 0.989
0.886 9.25 1.20 0.75 248.73 0.992
0.951 4.96 1.58 0.45 692.87 0.993
0.949 6.24 0.62 0.80 571.50 0.952
0.981 12.24 0.63 0.79 650.08 0.990
0.995 49.63 0.57 0.67 291.18 0.998
0.963 13.84 0.88 0.38 103.39 0.990
0.968 15.23 0.61 0.83 514.81 0.970
0.957 2.52 1.88 0.53 965.67 0.988
0.998 281.48 0.59 0.85 3570.17 0.999
0.990 69.65 0.64 0.47 1096.41 0.997
0.984 659.11 0.52 1.87 1773.23 0.997
0.996 1301.82 0.47 0.91 1721.23 0.998
0.970 218.20 0.60 0.12 247.73 0.996
0.993 880.79 0.68 0.85 1279.06 0.998
0.992 16.98 0.60 0.86 646.11 0.991
0.981 8.46 1.43 0.57 1520.34 0.999
0.987 7.91 1.55 0.41 401.85 0.999
0.994 32.18 0.64 0.77 522.73 0.994
0.991 29.27 0.64 0.60 273.58 0.996
0.441 1487.52 5.99 0.92 5382.79 0.938
0.260 1242.72 3.71 0.87 1242.72 0.922
0.281 1015.42 6.23 0.79 1015.42 0.921
0.951 220.45 0.04 0.06 220.45 0.994
0.257 1252.11 7.64 0.59 1252.11 0.925
0.382 1065.47 3.50 1.14 1065.47 0.979
0.670 539.08 0.40 0.31 784.78 0.670
0.511 1315.88 0.30 0.38 3694.75 0.778
0.862 431.01 0.64 0.37 723.94 0.953
0.938 2065.68 0.48 0.80 4667.25 0.950
0.892 26.76 1.67 0.34 1747.39 0.975
0.437 10.32 3.77 0.97 2592.40 0.995
0.914 68.99 0.96 0.85 362.13 0.998
0.939 82.51 1.00 0.89 836.60 0.997
0.969 480.21 0.73 1.29 702.06 0.993
0.986 202.94 0.55 0.59 576.86 0.987
0.830 332.09 0.35 0.72 1189.16 0.989
0.829 277.20 1.74 0.44 404.01 0.973



Fig. 12. Estimation of AEV assuming csh¼9 for the 40 soils.
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Dividing Eq. (14) by Eq. (1) gives

δeðwÞ ¼ eðwÞ
ðwCsh=bCsh

sh Þþ1
� �wCsh

bCsh
sh

δw

w
ð15Þ

Eq. (15) can be simplified for the case where e¼emin and
theoretically wESL0:

δeðwÞ ¼ emin
1

SL0Csh
SL0Csh þ1
h i SL0Csh

SL0Csh

δw

SL0
ð16Þ

or

δeðwÞ ¼ emin
1

1þ1½ � 1
δw

SL0
¼ 0:5emin

δw

SL0
ð17Þ

Based on Fig. 6, the estimation of the shrinkage limit might
have an error of δw up to 100%. Therefore, taking an extreme
case, in which the error is 100%, Eq. (17) will decrease to

δeðwÞ ¼ 0:5emin ð18Þ
Considering that the error in emin, due to the estimation in

the shrinkage limit, can be up to 0.5emin, the sensitivity
analysis was performed using three ash values, namely, SL.
Gs, ash equals eminþ0.5emin (or 1.5emin) and emin�0.5emin (or
0.5emin). The effect of ash on the AEV is shown in Fig. 10. In
Fig. 10. Effect of ash on AEV for the 40 soils.

Fig. 11. Effect of csh on AEV for the 40 soils.
Fig. 10, AEV is the measured value, while AEV(ash) is the
AEV that is obtained by varying ash.
For the second sensitivity analysis, three different csh values

were used. The three values for csh were recommended by
Fredlund et al. (2002); they are 9.57, 25.31 and 8.47 for
undisturbed soil, initially slurried soil and compacted soil,
respectively. Therefore, these three csh values were used in the
sensitivity analysis. The effect of csh on the AEV for the 40
soils is shown in Fig. 11. In Fig. 11, AEV (csh) is the AEV that
is obtained by varying csh.
Based on the sensitivity analyses, ash is a very important

parameter in affecting the AEV. The error in determining the
AEV, due to an error in determining ash, can be up to 100 times
the actual AEV in very extreme cases (Fig. 10). On the other
hand, csh does not seem to have a significant effect on the
determination of the AEV (Fig. 11). Most of the soils encoun-
tered in engineering practice are either compacted or in the in-situ
(undisturbed) condition. Therefore, a typical csh of 9 (average csh
values for compacted and undisturbed conditions) is recom-
mended. Fig. 12 shows a comparison between the actual AEV
and the AEV estimated with a csh equal to 9. It shows that there is
no significant difference between the actual AEV and the AEV
estimated with a csh equal to 9.

6. Error in estimating minimum void ratio

Based on the sensitivity analyses, it is not possible to attain high
accuracy for AEV unless minimum void ratio emin, i.e., ash, is
known. The errors in measuring emin depend on the measurement
devices and can be evaluated mathematically as follows.
Void ratio is the ratio of the volume of voids Vv to the

volume of solid Vs, namely,

e¼ Vv

Vs
¼ Vt

Vs
�1 ð19Þ

Vs ¼
Mt

Gs � ρw

1
1þw

ð20Þ

Since Vs can be obtained using total mass Mt, water content
w and specific gravity Gs (whose measurement is based on
weight), the error in measuring Vs can be very small, and
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therefore, can be ignored. However, the total volume is
calculated by measuring the dimensions of the soil specimen
(in the case of a cylindrical specimen, the radius, r, and the
height, h); and therefore, the error in measuring the total
volume depends on the accuracy of the measuring instruments.
In the case of Vernier callipers, the accuracy is 70.1 mm.
Hence, the error in estimating the void ratio (δe), due to the
error in measuring the radius (δr) and the height (δh) of a
cylindrical soil specimen, can be written as

δe¼ 1
Vs

2πrhδrþπr2δh
� �¼ πr2h

Vs
2
δr

r
þ δh

h

� �

¼ Vt

Vs
2
δr

r
þ δh

h

� �
ð21Þ

or

δe¼ 2
δr

r
þ δh

h

� �
ð1þeminÞ ð22Þ

Since δr and δh depend on the accuracy of Vernier callipers,
δr¼δh and Eq. (22) can be simplified to

δe¼ δr
2
r
þ 1

h

� �
1þeminð Þ ¼ f ðδr; r; hÞ 1þeminð Þ ð23Þ

where

f ðδr; r; hÞ ¼ δr
2
r
þ 1

h

� �
ð24Þ

For a soil specimen with a radius of 25 mm, the values for f
(δr, r and h) are given in Fig. 13.

Based on Fig. 13, f(δr,r,h) equals 0.018 for an h equal to
10 mm. For larger h values, it will converge to 0.01. Therefore,
for h¼10 mm and r¼25 mm, f(δr,r,h) equals 0.02. Substitut-
ing this value into Eq. (23), δe can be obtained as

δe¼ 0:02ð1þeminÞ ¼ 0:02þ0:02emin ð25Þ
Fig. 13. Values of f(δr¼0.1, r¼25,h) values for different heights h of soil
specimens.

Table 4
Basic properties of the kaolin specimens.

S (%) e w (%) θ (m3/m3) ρdry (t/m3) ρt (t/m
3)

98.01 1.63 60 60.75 1.01 1.62
The error in ash from using SL is 0.5emin, whereas the error
in ash from measurements of the final dimensions of the soil
specimen on the drying path is (0.02eminþ0.02). Using the
smallest emin (¼0.3) from the database of 40 soils, it can be
seen that δe using SL is about 0.15, while δe due to
measurement of the soil specimen volume is 0.008. Therefore,
it is recommended that emin, i.e., ash, be determined from the
direct measurement of the volume of the soil specimen.

7. Variation in AEV of a kaolin specimen due to the
measurement inaccuracy

Shrinkage tests were carried out to construct the shrinkage
curve using unrestrained cylindrical kaolin specimens under
different drying conditions. Kaolin slurry was made by mixing
kaolin powder at a water content of about 1.5 times the liquid
limit. The slurry was placed into a consolidation tank, 30 cm in
diameter, and then consolidated one-dimensionally under a
pressure of 150 kPa. At the end of consolidation, the kaolin
sample was extruded and then cut using a ring (height of
1.9 cm and diameter of 6.3 cm) with a sharp edge. The basic
soil properties of the kaolin specimens are given in Table 4.
Five kaolin specimens were prepared using this procedure.

Specimens 1 and 2 were dried in the open air (laboratory
environment: relative humidity ranges from 60 to 70%), while
specimen 3 was placed inside a desiccator containing a salt
solution with a relative humidity of 82%. Specimen 4 was
placed inside a pressure plate apparatus and then slowly dried
by increasing the air pressure while maintaining water pressure
at the atmospheric pressure. Specimen 5 was dried in the oven.
However, drying specimen 5 in the oven caused the specimen
to crack; and therefore, its volume could not be measured and
its volume was not reported in this paper. The dimensions of
the specimens were measured each time the weights of the
specimens were measured. Four readings of height and
diameter were taken following the ASTM standard (ASTM
D2435/D2435M, 2011, ASTM D6836-02 2008, 2008, ASTM
D4186 2006, 2006).
Changes in weight and void ratio of the specimens dried in

the open air (specimens 1 and 2) and in the desiccator with the
salt solution (specimen 3) are shown in Figs. 14 and 15,
respectively. Based on Fig. 14, the kaolin specimens (specimen
1 and 2) dried in the open air required up to two days to reach
the minimum void ratio and three days to completely dry the
soils. The kaolin specimen (specimen 3) that was placed inside
the desiccator (Fig. 15) required up to five days for the
specimen to reach the minimum void ratio and 25 days to
completely dry the specimen. However, the kaolin specimens
that were dried in the open air have the same minimum void
ratio as the kaolin specimen that was placed inside the
γt (kN/m
3) Gs PL (%) LL (%) PI (%) SL (%)

15.86 2.66 46 72 26 30



Fig. 14. Measurement of weight and void ratio of kaolin specimen drying in
the open air. (a) Weight change and (b) Void ratio change.

Fig. 15. Measurement of weight and void ratio of kaolin specimen drying in
the desiccator with salt solution. (a) Weight change and (b) Void ratio change.

Fig. 16. Shrinkage curve of the kaolin specimen.
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desiccator. Therefore, drying the soil specimen in open air was
sufficient for obtaining the minimum void ratio (ash). The
shrinkage curve estimated by using csh¼9 and the measured
minimum void ratio (emin¼1.289) is plotted with the shrinkage
data for the three kaolin specimens in Fig. 16. The bsh value
was calculated to be 47.5% from Eq. (2). It can be seen that
there is good agreement between the shrinkage curve and the
shrinkage data. Specimen 4 was used to construct the SWCC-
w, as shown in Fig. 17a. Combining the shrinkage curve from
Fig. 16 and the SWCC-w from Fig. 17a, the SWCC-S is
constructed as shown in Fig. 17b. Based on Fig. 17b, the AEV
of the kaolin specimen was determined at 340 kPa.

By assuming that the shrinkage is homogeneous, i.e., that
the shape of the specimen remains uniform, the variation in
void ratio can be calculated using Eq. (23) such that

δe¼ δr
2
r
þ 1

h

� �
1þeminð Þ ¼ 0:1

2
31:5

þ 1
19

� �
1þ1:289ð Þ ¼ 0:027 ð26Þ

Therefore, emin for the kaolin specimen can range from
1.262 to 1.316. The AEVs for the two void ratios are 356 kPa
and 325.68 kPa, respectively.

A significant difference (17%) was found between SL0 and
SL (47.5% and 30.5%). Therefore, assuming that the error in
determining the shrinkage limit, δw, can be 717%, the error
in estimating the minimum void ratio is given as follows:

δeðwÞ ¼ 0:5emin
δw

SL0
¼ 0:5ð1:289Þ 717

30:5
¼ 70:36 ð27Þ

Thus, the emin calculated with the shrinkage limit in this case
will range from 0.929 to 1.649. The AEVs that are calculated
using these values are 624.9 kPa and 212.8 kPa, respectively.
Fig. 18a shows the ratio of AEV (ash¼emin7δe) and AEV
(ash¼emin) for the kaolin specimens versus ash, while Fig. 18b
shows the value of AEV with respect to different ash. Fig. 18
shows that the error in determining the AEV using the
measured emin as ash is much smaller than the error using ash
estimated from the shrinkage limit.
The goodness of fit of the estimated shrinkage curve

(Eq. (1)) using ash¼emin and csh¼9 was further verified with
the data of Cornelis et al. (2006). Cornelis et al. (2006)



Fig. 17. SWCC of the kaolin specimens. (a) SWCC-w of the kaolin specimens
and (b) SWCC-S of the kaolin specimens.

Fig. 18. Effect of ash on AEV. (a) Ratio of AEV due to difference in ash and
(b) Variation of AEV due to difference ash values.
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determined the shrinkage curves of vertisol and lixisol soil
samples from Cuba using three different methods. The
shrinkage curves were obtained using the direct measurement
method of Berndt and Coughlan (1976), the balloon method (a
volume displacement method) of Tariq and Durnford (1993)
and the paraffin-coated method (a volume displacement
method) of Lauritzen and Stewart (1942). The shrinkage
curves using the balloon method and the paraffin-coated
method were in good agreement; and therefore, only the data
from the balloon method are used in this paper. As normal
shrinkage is the subject of this paper, only the shrinkage curves
for Vertizol A, B1, B2 and B3 are used in this paper. The
shrinkage data of Cornelis et al. (2006) were in terms of
moisture ratio υ, and no density of soil solids ρs was provided.
Therefore, Eq. (1) is reformulated in terms of υ. Moisture ratio
υ is defined as follows:

w¼ υ
ρw
ρs

ð28Þ

and

bsh ¼ υSL0
ρw
ρs

ð29Þ

where υSL0 is

υSL0 ¼ ashS0 ð30Þ
Substituting Eqs. (28) and (29) into Eq. (1) gives

eðwÞ ¼ ash
υCsh

υSL0Csh
þ1

� 	1=Csh

ð31Þ

The soils were saturated before drying; therefore, S0¼100%.
Using csh¼9 and ash¼measured emin, the estimated shrinkage
curves for Vertisol A, B1, B2 and B3 are shown in Fig. 19.
Fig. 19 shows that ash¼emin and csh¼9 give a good estimate of
the shrinkage curve. This shrinkage curve can then be used to
construct the SWCC-S from the SWCC-w.
8. Proposed procedure to determine air-entry value of soils
exhibiting shrinkage upon drying

Based on the above analyses and discussions, the air-entry
value of soils should be determined from the SWCC-S.
However, measuring the volume change in the soil specimens
during the SWCC test is a tedious and unreliable task.
Therefore, a procedure to estimate the air-entry value of the
soils exhibiting shrinkage is proposed below:
1.
 Determine the SWCC-w from the SWCC test.

2.
 Air-dry the soil specimen at the end of the SWCC test to

determine emin.

3.
 Use csh¼9 and ash¼emin in Eq. (1) to obtain the shrinkage

curve. The value of bsh is given by Eq. (2).

4.
 Use the SWCC-w and the shrinkage curve to obtain the

SWCC-S.

5.
 Determine the AEV from the SWCC-S using either the

graphical (Fig. 1) or the mathematical (Eq. (10)) method.
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Fig. 19. Estimation of shrinkage curve using Eq. (31), csh¼9 and ash¼measured emin. (a) Shrinkage curve of Vertisol A, (b) Shrinkage curve of Vertisol B1, (c)
Shrinkage curve of Vertisol B2 and (d) Shrinkage curve of Vertisol B3.
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9. Conclusion
The soil–water characteristic curves (SWCCs) of soils that
shrink upon drying exhibit different air-entry values depending
on whether the gravimetric water content, the volumetric water
content or the degree of saturation is used as the ordinate. The
correct air-entry value is given by the degree of saturation-
based SWCC (SWCC-S). The SWCC-S can be estimated from
the gravimetric water content-based SWCC (SWCC-w) and the
shrinkage curve. A method to determine the shrinkage curve,
using the final volume of a soil drying, was described. A
procedure was proposed to determine the air-entry value of a
soil exhibiting shrinkage upon drying.
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