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Abstract

Let Cox(S,) be the homogeneous coordinate ring of the blow-up S, of P2 in r general points, i.e.,
a smooth Del Pezzo surface of degree 9 — r. We prove that for r € {6, 7}, Proj(Cox(Sy)) can be embedded
into G,/ Pr, where G is an algebraic group with root system given by the primitive Picard lattice of S, and
P, C Gy is a certain maximal parabolic subgroup.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In this note we continue our investigations of universal torsors over Del Pezzo surfaces over
an algebraically closed field K of characteristic 0. The blow-up S, of P? in r < 8 points in
general position (i.e., no three on a line, no six on a conic, no eight and one of them singular on
a cubic curve) is a smooth Del Pezzo surface of degree 9 — r; we will assume that r € {3, ..., 7}.
A smooth Del Pezzo surface of degree 3 (respectively degree 2) is a smooth cubic surface in P3
(respectively a double cover of P? ramified in a smooth curve of degree 4). The Picard group
Pic(S;,) is a lattice with a non-degenerate symmetric linear form (-,-), the intersection form. It
is well known that Pic(S,) contains a canonical root system R,, which carries the action of the
associated Weyl group W,, see Table 1 and [15].
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Table 1

The root systems associated to Del Pezzo surfaces
r 3 4 5 6 7
Ry Ay +Ag Ay Ds E¢ Eg
Ny 6 10 16 27 56

It was a general expectation that the Weyl group symmetry on Pic(S,) should be a reflection of
a geometric link between Del Pezzo surfaces and algebraic groups. Here we show that universal
torsors of smooth Del Pezzo surfaces of degree 2 and 3 admit an embedding into a certain flag va-
riety for the corresponding algebraic group. The degree 5 case goes back to Salberger (talk at the
Borel seminar Bern, June 1993) following Mumford [16], and independently Skorobogatov [20].
The degree 4 case was treated in the thesis of Popov [17, Chapter 6]. The existence of such an
embedding in general was conjectured by Batyrev in his lecture at the conference Diophantine
geometry (Universitit Gottingen, June 2004). Skorobogatov announced related work in progress
(joint with Serganova) at the conference Cohomological approaches to rational points (MSRI,
March 2006).

Asin [2, Section 2], the simple roots of R,_; (with Ry = A) can be identified with a subset /.
of the simple roots of R, such that the edges in the Dynkin diagrams are respected. The comple-
ment of I, in R, consists of exactly one simple root «,, with associated fundamental weight @..
Let G, be a simply connected linear algebraic group associated to R,, and fix a Borel group
containing a maximal torus. The Weyl group W, acts on the weight lattice of G,. The funda-
mental representation o, of G, with highest weight z, has dimension N, as listed in Table 1;
the weights of o, can be identified with classes of curves E C S, with self-intersection number
(E, E) = —1, so-called (—1)-curves.

Let P, be the maximal parabolic subgroup corresponding to /. By [19], we can regard the G-
orbit H, of the weight space to @, as the affine cone over G,/ P,, and H, is given by quadratic
equations in affine space AV, For r = 6, the equations are all partial derivatives of a certain
cubic form on the 27-dimensional representation p¢ of Gg. For r =7, equations can be found
in [11]. In both cases, the equations were already known to E. Cartan in the 19th century. See
Section 3 for more details on G,, o,, and H, for r € {6, 7}.

The universal torsor T, over S, is defined as follows: Let Ly, ..., L, be a basis of
Pic(S,) = Z"t!, and let L7 :=L; \ {zero-section}. Then

T =Ly Xs, -+ Xs, L7.

It is a Tns(S,)-bundle over S,, where Tns(S,) is the Néron—Severi torus of S,.
The total coordinate ring, or Cox ring of S, is defined as

Cox(S,) := @ HO(S,,E?V0 ® - ®LE)

(VOseees Vr)EZH—I

as a vectorspace, and the multiplication is induced by the multiplication of sections (see [2,13]).
It is naturally graded by Pic(S;), and it is generated by N, sections corresponding to the (—1)-
curves on S,. The ideal of relations in Cox(S;) is generated by certain quadratic relations which
are homogeneous with respect to the Pic(S,)-grading (see [2] for more details). Let

A(S,) := Spec(Cox(S,)) C AM
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be the corresponding affine variety. The universal torsor 7, is an open subset of A(S,) (cf. [13]).
See [8,12] for the calculation of universal torsors and Cox rings for singular Del Pezzo surfaces
and [7, Chapter 3] for the smooth cases.

Universal torsors can be applied to Manin’s conjecture (see [1,10]) on the number of rational
points of bounded height on Del Pezzo surfaces. For the moment, let the Del Pezzo surface S, be
defined over a number field k, and let H : S, (k) — R be the anticanonical height function. Let U
be the complement of the (—1)-curves on S,. Then Manin’s conjecture predicts that

Ny u(B) =#{xeU(k) | H(x) < B}
behaves asymptotically as
Nu,n(B)~c-B-(logB)"™!

for some positive constant ¢, where n is the rank of the Picard group (over k) of S;.

In results concerning Manin’s conjecture for various Del Pezzo surfaces (see [3] and [9, Sec-
tion 1] for an overview), often the first step is a translation of the counting problem for rational
points on S, to the counting of integral points in certain ranges on a universal torsor 7,. The
number of these points on 7, can then be estimated using techniques from analytic number the-
ory.

Salberger [18] gave a proof of Manin’s conjecture for toric varieties, which include smooth
Del Pezzo surfaces of degree > 6, using universal torsors. De la Breteche [4] used Salberger’s
and Skorobogatov’s description of the universal torsor as a homogeneous space in his proof of
the asymptotic formula for a Del Pezzo surface of degree 5. In lower degrees, Manin’s conjecture
has been proved only for examples of singular Del Pezzo surfaces (see [5] for a singular cubic
surface, using the universal torsor), but it is a general expectation that universal torsors should
lead to a proof of Manin’s conjecture also in the remaining smooth cases.

We have seen that both A(S,) and H, can be viewed as embedded into AN, with a natural
identification of the coordinates. For the embedding of A(S,), we have some freedom: As the
generators of Cox(S,) are canonical only up to a non-zero constant, we can choose a rescaling
factor for each of the N, coordinates, giving a N,-parameter family of embeddings of A(S,) into
affine space. The task is to find a rescaling such that A(S,) is embedded into H,.

More precisely, we start with an arbitrary embedding

A(S,) C A, :=Spec(K[£(E) | E is a (= 1)-curve on S, ]) = AN,
and view
H, C A := Spec(K[¢'(E) | E is a (—1)-curve on S, |) = AN
as embedded into a different affine space. An isomorphism ¢, : A, — A/, such that
¢ (§'(E)) =¢"(E) - £(E)
for each of the N, coordinates, with §”(E) € K* := K\ {0}, is called a rescaling, and the factors

& (E) are (a system of) rescaling factors. A rescaling ¢, which embeds A(S,) into H, is called
a good rescaling.
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Our main result is:

Theorem 1. Let S, be a smooth Del Pezzo surface of degree 9 — r and A(S,) the affine variety
described above. Let H, be the affine cone over the flag variety G,/ P, associated to the root
system R, as in Table 1.

Forr € {6, 7}, there exists a (Ny—p + 2)-parameter family of good rescalings ¢, which embed
A(S,) into H,.

Remark 2. The number N,_» + 2 of parameters is 12 for r = 6, respectively 18 for r = 7.

The rescaling factors are naturally graded by Pic(S,) = Z’*!, and we will see in Section 4
that the conditions for good rescaling are homogeneous with respect to this grading. Therefore,
for each good rescaling ¢,, there is a (r + 1)-parameter family of good rescalings which differ
from ¢, only by the action of Tns(S,) = (GI’HH. Similarly, Tns(S;) acts on A(S,), and it is easy
to see that the image of A(S,) in H, is the same for all good rescalings in the same (r + 1)-
parameter family. Therefore, the (N,_» + 2)-parameter family of good rescalings gives rise to
a (Ny—p — r + 1)-parameter family (where N,_» —r + 1 equals 5 for r = 6, respectively 10
for r =7) of images of A(S,) in H,.

Forr =5, wehave N,_» —r+1=2,and by [17, Section 6.3], there is a two-parameter family
of images of A(Ss) under good rescalings in Hs.

In Section 2, we summarize results of [2,7] on Cox rings of Del Pezzo surfaces of degree 3
and 2. In Section 3, we recall the classical equations for the homogeneous spaces G,/ P, and give
a simplified description on a certain Zariski open subset; this will help to find good rescalings.
In Section 4, we derive conditions on the rescaling factors in terms of the description of Cox(S;)
and G, /P,. In Sections 5 and 6, we determine good rescalings in degree 3 and 2, finishing the
proof of Theorem 1.

2. Cox rings of Del Pezzo surfaces

In this section, we describe the Cox ring of Del Pezzo surfaces of degree 3 and 2 in order to
fix some notation. The results can be found in [2,7].

Let r € {6, 7}. Without loss of generality, we may assume that four of the » blown-up points
in P? giving S, are in the positions

p1=(1:0:0), p2=(0:1:0), p3=(0:0:1), pa=(1:1:1).

By [2, Theorem 3.2], the generators of Cox(S,) are sections £ (E) vanishing in a (—1)-curve E
on S,. Their number is N, as in Table 1. We use the same symbols £(E) for the coordinates
in A,. Let — K, be the anticanonical divisor class of S, .

A (k)-ruling D € Pic(S,) is the sum of two (—1)-curves whose intersection number is k,
cf. [2, Definition 4.6] and [7, Definition 3.1]. The relations come in groups of » — 3 for each
(1)-ruling D. We will denote them by

Fpi,...,Fp,3.

For r =7, we have further relations corresponding to the (2)-ruling — K7. The ideal J, generated
by these relations defines A(S,) (see [2, Theorem 4.9] for r < 6 and [7, Theorem 3.2] for r = 7).



U. Derenthal / Advances in Mathematics 213 (2007) 849-864 853

For r = 6, we assume
ps=(:a:b), pe=(l:c:d).

The Ng =27 (—1)-curves E are denoted by E;, m; j, and Q; corresponding to the six blown-up
points, the 15 transforms of the lines through two of the six points, and the six transforms of
the conics through five points as described in [7, Section 3.3]. Let n; := &(E;), u; j :=§&@m; ),
and A; := £(Q;). We order them in the following way:

NiseeosM6s 1,25 ey 1,65 2,35+ s 12,65 U345 -y 15,65, ALy ..., A6

The (1)-rulings are —K¢ — E, where E runs through the (—1)-curves. The 81 equations
F_kq—E,i are listed in [7, Section 3.3].
Forr =7, let

ps=1:a1:by), pe=1:a2:b), p71=(1:a3:Db3).

The N7 =56 (—1)-curves E;,m; j, Q; j, C; and the corresponding generators §(E) are de-
scribed in [7, Section 3.4]. They are ordered as

Moo os M5 ML 25eees 1,75 U235 0oy U675 V125+vs VLT, V2350025 V67,  Alyen.y AT,

By [7, Theorem 3.2], there are 529 relations Fp ; (four for each of the 126 (1)-rulings, and 25 for
the (2)-ruling — K7) between them. We do not want to list them here, as they can be determined
by the method of [7, Lemma 3.3] in a straightforward manner.

3. Homogeneous spaces

In this section, we examine the equations defining the affine cone H, C A over G,/P,
for r € {6,7}. For the N, coordinates £'(E) of A;, we also use the names 7;, ,u;,j, A%, and
furthermore vlf’ j in the case r = 7, with the obvious correspondence to the coordinates of A, as
in the previous section.

In particular, we show that H, is a complete intersection on the open subset U, of A/ where
the coordinates 7], ..., 7, are non-zero.

We will see that H, is defined by quadratic relations which are homogeneous with respect
to the Pic(S,)-grading. For each (1)-ruling D, we have exactly one relation pp of degree D,
and furthermore in the case r = 7, we have eight relations p(_lgﬁ, e p@ﬁ where we use the

convention p_g, = p&l;(7. For any possibility to write D as the sum of two (—1)-curves E, E’,
the relation pp has a term &§'(E)&’(E’) with a non-zero coefficient.

Definition 3. For a (—1)-curve E, let Ug be the open subset of A/ where &'(E) is non-zero.
Let N (E); be the set of (—1)-curves E’ with (E, E") =k, and let Z'(E); be the set of the
corresponding £'(E’). Let N(E)-j and E'(E)~j be defined similarly, but with the condition
(E,E) > k.

Let U, C A, be the intersection of Ug,, ..., Ug,.

>
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Note that A'(E)( has exactly N,_1 elements because we can identify its elements with the
(—1)-curves on S,_;. Since the only (—1)-curve intersecting E negatively is E itself, the number
of elements of N (E)~¢ is N, — N,_j; — 1.

Proposition 4. Let
@, H, MU, — Up_y x (A1 {0})

be the projection to the coordinates §'(E) € E'(E1)g and n}. The map @, is an isomorphism.
The dimension of H, is N._1 + 1.

Proof. If D = E| + E is a (1)-ruling, then (E;, D) = 0, and all variables occurring in pp
besides 1} and &'(E) are elements of E'(E1)o. For 1} # 0, the relation pp expresses £'(E) in
terms of 7} and &'(E1)o.

For a (2)-ruling D = E| + E, we have (E1, D) = 1, so the relation pp expresses £§'(E) in
terms of 7| and monomials £'(E[)&'(E]') where £(E}) € Z'(E1)o and §'(E]') € E'(E1)1. Using
the expressions for the elements of Z'(E|); of the first step, this shows that we can express the
coordinates £'(E1)~¢ in terms of ] and 5'(E1)g by using the N, — N,_; — 1 relations gg, 4 £
for E € N'(E)~o. This allows us to construct a map

W, Up—y x (AN {0}) — AL

It remains to show that the image of ¥, is in H,, i.e., that the resulting point also satisfies the
remaining equations which define H,. This is done in Lemmas 6 and 7 below.

Remark 5. Proposition 4 is also true if we enlarge U, to Ug, and U,_ to A/r—l' However, the
proofs of Lemmas 6 and 7 are slightly simplified by restricting to U,.

First, let r = 6. Consider the cubic form in Ng = 27 variables

F(M, My, M3) :=det My + det My + det M3 — tr(M1 M, M3),

where
noAM o K3 Mo A5k
Mi=|ny, 2 wiz|. M= ny n5 g |,
U E P Hse Mae Mys
and

Mia Has Miy
My:=| s nps Mys
Hie Hae Mie
By [21, Proposition 1.6], the group of invertible Ng x Ng-matrices which leave invariant F' is a
simply connected linear algebraic group G¢ of type Eg.
Note that the terms of tr(M; My M3) are M\ M M& for i, j, k € (1,2, 3} (where M
is the entry (b, ¢) of the matrix M), so the number of terms of F is 3 -6 + 33 =45. EBachis a
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product of three variables £§'(E), &'(E’), &'(E") such that the corresponding (—1)-curves E, E’,
E" on Sg form a triangle, and their divisor classes add up to —Kg. The coefficient is +1 in the
nine cases

/ / / / / / / U /
My oA My 343, M3 34
/ Vi / / / / / / /
Nakty 6hes Nshty shy Nhs 6hs»
/ / / !/ / !/ / ! /
Ky 4Mo 5H3 6 My sH2 613 4 Hy.6M2. 4M3 5

and —1 in the remaining 36 cases. (Of course, there is some choice here, for example by per-
muting the indices 1, ..., 6, but it is not as simple as choosing any 9 of the 45 terms to have the
coefficient +1. See [14, Section 5] for more details.)

Let o6 be the simple root at the end of one of the “long legs” in the Dynkin diagram Eg.
Let wg be the associated fundamental weight. The action of G¢ on K6 is a Ng-dimensional
irreducible representation of G¢ whose highest weight is @y (cf. [6, Section 20.2]). The orbit Hg
of the weight space of @y is described by the vanishing of the Ng partial derivatives of the cubic
form F' (see [22, Section I11.2.5]).

The derivative with respect to §'(E) contains five terms £&’(E")§'(E”) corresponding to the
five ways to write the (1)-ruling D := —Kg — E as the sum of two intersecting (—1)-curves
E',E". We will denote it by pp = p_g,—E.

Lemma 6. For 0} # 0 and any values of
E'(EDo={ny - ng th 3o 156,11 )
with non-zero 1, ..., 1, the equations pg, 4 g for

EeN(ED1={mi2,....m16, Q2. ..., Qs}

define a point of Hg.
Proof. As Tns(Se) actson Hg and {E7, ..., Eg} is a subset of a basis of Pic(Sg), we may assume
that ] =--- =ng = 1. Then fori € {2, ..., 6}, the equation pg i, ; allows us to express :““/1,5

in terms of the remaining 1/ j

/ / / / / / / / I /
Mip=HM3t Hyat Hyst Uog M3 =MHp3—H34— M35~ K36

/ I / / / / / / / !
Mi4=—Mp4 = M3 4+ g5~ Hye M1s=—Hps5— M35~ Hgs5+ U5

/ / / / /
M6 ="My~ M3 6T Hse— M5

Furthermore, fori € {2, ..., 6}, we can use pg, 4o, in order to express A’ in terms of A} and ,u/j’ i

My = U5 45 6+ 15 s 6+ s 6l 5 + A

Ay = —H/2,4N«/5,6 - N«’z,sﬂﬁm - Mlz,sl‘«:t,s + 2,
Ay ==y 3M56+ My 5i36 — My g3 s — M
A5 = —M,2,3M2;,6 - M/2,4/1~/3,6 + “/2,6'“/3,4 =M
M= =My 3l 5+ Wy 435 — Wy 5H3 4 — Al
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Table 2

Rulings and relations defining G7/ Py

Symbol (1)-Ruling D = D" Relation pp
p" H—E v}

D, 2H —(Ey +---+E7)+ E; + Ej + Ex uiiks

ij) 3H—(E1+---+E7})+E —Ej vl

D 4H —2Ey+---+E+ Ei +Ej + Ex + Ef uiikl

p® SH—2(E|+--+E7) +E; vl

By substituting and expanding, we check that the remaining 17 relations are fulfilled. Therefore,
the resulting point lies in Hg. O

Next, we obtain similar results in the case r = 7 with N7 = 56. By [21, Corollary 2.6], a
simply connected linear algebraic group G7 of type E7 is obtained as the identity component of
the group of invertible N7 x N7-matrices which leave invariant a certain quartic form defined on
a vectorspace of dimension N7 as in [21, Section 2.1]. The action of G7 on this vectorspace is an
irreducible representation whose highest weight @7 is the fundamental weight corresponding to
the simple root o7 at the end of the “longest leg” of the Dynkin diagram E7 (cf. [6, Section 20.2]).

We describe the orbit H7 of the weight space of @7 under G7 explicitly. The Ny coordinates
&'(E) in AS are nﬁ,u},k,v},k,ké for i, j,k € {1,...,7} and j < k. The equations for H; are
described in [11] in terms of 56 coordinates x'/, vij (i <jefl,...,8}). They correspond to our
variables as follows:

/ / / ki /
m=xC W =Y, Vg =X, A =Vig.

For the (1)-rulings D [7, Lemma 3.7], the relations pp are /¥ and vj. as below. In the first

column of Table 2, we list a symbol D;") assigned to the (1)-ruling in the second column, and
the third column gives the corresponding relation.
Let

ikl ikl ik il i ik
u ™ =xx" = x" x4 XX/ +0'(yabycd_yacybd+yadybc)v

where i < j <k <landa <b <c<d, with (i, j,k,l,a,b,c,d) a permutation of (1,...,8),
and o its sign. For i # j

Uj = Z xikykj,
ke({1,...8\{i,j}

where x?¢ = —x% and yp, = —yap if b > a.
For the (2)-ruling — K7, we have the following eight equations with 28 terms:

. _ 3 N 1 .
pg)& = =7 Z x”y,-j—i—z Z M yik.
Je(d,...80\{ih J<ke(L,....8\{i})
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Lemma 7. For n}, ..., 05 #0, the 28 coordinates

n (ie{l,....7}), Wi (J<kef2,....7), v, (ef2,....7))

=/

in E'(E1)o and the 28 equations pp for

pe{pd,....p" p% . ... .D% . DY)

(3)
1,2,3° 1,6,7° ~1,20 0+ D1,77_K7}

define

o (ef2.....7). Vi (j<kef2,....7}), Ao (Tefl,... ),

resulting in a point on Hr.
Furthermore, we may replace p_x by pp for D = Df;.

Proof. As above, we may assume that 77’] =...= n/7 = 1 because of the action of Tns(S7). For

the 27 (—1)-curves E € N'(E}), the equation pg,1g defines §&'(E) directly in terms of the 28

variables in Z’(E1)o; we do not list the expressions here. By substituting these results, we use v%

in order to express A} in terms of these variables:

M = =53l she 7 + Mo 31 615 7 — Mo 34 IS 6 T W 43 5 M6 7 — Mo 413 615 7
+ W 4l 715 6 — Mo 53 4l 7 T Iy s 617 — W s 7046 D 613 415 7
— M 6143 sHa 7 T o 63 71 5 — I 713 alks 6 F ) 71 51 6 — K713 614 5
— a3y + Uy 3A5 — [y 4 M) I 4h — M) Ao + 1) sAS
— a6y + My 6he — Mo 7k Iy AT — I3 405 + 13 40
— W3,5A5 + U3 shs — 15 6h3 I3 ghe — 3705 + 13 7A7
— Wi shy + W shs — Wy ok + [y 6he — My 1Ay + Wy 7AT
= W5 625+ s 6he — s 7A5 + s 7Ag — g 7he t 6 74
We check directly by substituting and expanding that the remaining equations defining H; are

fulfilled.
As v% contains the term 751}, and n), # 0, we may replace v} by vf. O

4. Rescalings
Let r € {6, 7}. We follow the strategy of the case r = 5 [17, Section 6.3] in order to describe
conditions for good rescalings explicitly in terms of the rescaling factors. However, we use the

results of the previous section to simplify this as follows:
Let

Mg :={E| +E|EeN(E)}
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and let

M7= {E1+E|E€N(E1)1}U{D§i}'

Let H, C A/ be the variety defined by the equations gp for D € M,..
By Proposition 4, Lemmas 6 and 7, H- N U, = H, N U,.

Remark 8. Because of AV (E{), = {Cy}, it could be considered more natural to use —K7 =
E| + Cy instead of Df; = E» + Cy in the definition of M7. However, we choose to avoid the
(2)-ruling — K7 for technical reasons.

Lemma 9. A rescaling ¢, : A, — Al is good if and only if it embeds A(S,) into ﬁr.

Proof. As H, C ﬁ,, a good rescaling ¢, satisfies ¢, (A(S,)) C ﬁr. Conversely, we have

¢ (AS))NU, C H,NU, = H,NU,

by Lemmas 6 and 7. Taking the closure and using that H, is closed and that A(S;) is irreducible
by [2], we conclude that ¢, (A(S,)) C H,, so the rescaling is good. O

As in Section 2, let J, be the ideal defining A(S;) in A,.

In terms of the coordinate rings K[A,] and K[A] and in view of the previous lemma, a
rescaling ¢, is good if, for all D € M, the ideal J, C rad(J,) contains ¢ (pp), where pp is the
equation defining H, corresponding to the (1)-ruling D.

As K[A,] and K[A/] are both graded by Pic(S,) and ¢ respects this grading, we need
rescaling factors such that ¢(pp) of degree D € M, is a linear combination of the equations
Fp1...., Fp,—3 € J.. For concrete calculations in the next sections, we describe this more ex-
plicitly:

Let D € M, be a (1)-ruling, which can be written in r — 1 ways as the sum of two (—1)-curves
E/,E! . Forie{l,....,r —1},let

Gi=E(E)E(E). =8 (E)E(E), & =g (EDE(E)).

Then pp has the form
r—1
po=Y €k e
i=1

with €; € {£1}.

As & vanishes exactly on E; U E”, the 2-dimensional space HO(S,, O(D)) is generated
by any two §;, &. Hence, all other r — 3 elements &; are linear combinations of §;, &, with
non-vanishing coefficients. This gives r — 3 relations of degree D in Cox(S,). Rearranging
&1, ..., & _1 such that the two elements &;, & of our choice have the indices r —2 and r — 1, we
can write them as

Fpj=§;+aj§-2+Bi&-1, (2)

for j e{l,...,r — 3}, where a;, 8; € K*.
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Suppose that ¢;(pp) is a linear combination of the Fp_; with factors A ;:

r—3

#5(pp) — ZMFD,,‘ =0.

j=1

Since ¢ (§'(E)) =&"(E) - £(E), we have ¢/ (§/) = £/ - & for the monomials of degree 2. Then
the above equation is equivalent to the vanishing of

r

-3 r=3 r=3
(ei& — ni)&i + <e,_2§,”_2 -3 ,-a,-)sr_z - <er_1s,“_1 -3 ,ﬂ,)a_l.
‘ j=I

i=1 j=l1

Fori € {1,...,r —3}, we see by considering the coefficients of ; that we must choose A; = e,-éi”.
With this, consideration of the coefficients of &._; and &,_; results in the following conditions
gD.1, &p.2 on the rescaling factors SJ/.’, which are homogeneous of degree D € Pic(S;):

r—3 r—3

gp1 =628 s — Y €ja;E] =0,  gpai=e & — Y €& =0.
j=1 j=1

Note that our choice of &, and &,_; in the definition of Fp ; as discussed before (2) is re-
ﬁecteq he.re in the sense that g D, and gp o express the corresponding & , and & | as linear
combinations of &', ..., & ; with non-zero coefficients.

This information can be summarized as follows:

Lemma 10. For r € {6, 7}, a rescaling is good if and only if the rescaling factors & (E) fulfill
the equations gp,1 and gp > for each (1)-ruling D € M,.

As described above precisely, the non-zero coefficients €; are taken from the equations pp (1)
defining H,, and the non-zero aj, B; are taken from the equations Fp_; (2) defining A(S,).

Let E”(E)y (respectively Z”(E)~) be the set of all §”(E’) for E' € N(E);. (respectively
E' e N(E)s>p). Let

= = =
g =8 (E1)i NE"(E2); .

We claim that we may express the rescaling factors &”(E1)~oU E”(E2)~¢ in terms of the other
Ny—2 + 2 rescaling factors {n{, ny} U & .

We will prove this for r € {6, 7} as follows: The 2 - (N, — N,_1 — 1) equations gp,; are
homogeneous of degree D with respect to the Pic(S, )-grading of the variables £”(E), and we are

interested only in the solutions where all £”(E) are non-zero. Because of the action of Tns(S;)

on the rescaling factors and as Efq, ..., E, are part of a basis of Pic(S,), we may assume 17’1’ =
i
ce=pl=1.

Consider a (1)-ruling D = E + E such that (E, E) =0. Then

D=E|+E{=--=E,_3+E  ;=E|+E=E)+FE
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are the r — 1 possibilities to write D as the sum of two intersecting (—1)-curves. Here,
E[,E! € N(E1)o N N(E2)o. As in the discussion before Lemma 10, we may set up the equa-
tions Fp_; such that gp | and gp > express §”(E) and §”(E’) directly as a linear combination
of £"(E))E"(E!). This expresses all £(E) € E]”’O and all £”(E') € E(S/,l in terms of variables

inZ[,.

For a (1)-ruling D = E1 + E such that (E,, E) =1, we have
D=E{+E{==E ,+E/ ,=Ei+E,

where we may assume (E2, E/) =0 and (E2, E]') = 1. Since (E1, E}) = (E1, E') =0, we have
¢"(E)) € Eé/,o and £§"(E]) € E(S’J. Using the previous findings to express §”(E!) in terms of
variables E(/)/ o the equation gp 1 results in a condition on the variables E(’)/ o» While gp o ex-
presses §”(E) € E{ | in terms of these variables.

In the case r = 7, the equation g p > for D = E1 4 C3 expresses A € E{/z in terms of variables
in E(/)’ 1» and gp 1 gives a further condition on these variables. Furthermore, gp > for the (1)-

ruling D = E> + C expresses A| € &), interms of 5/, while gp 1 gives a further condition on

—~/ =/ =/

them. Substituting the expressions for & | respectively &' in terms of &, we get expressions
for A7 and A7, while the gp 1 result in further condition on E(/)/ 0

We summarize this in the following lemma. For its proof, it remains to show in the follow-
ing sections that the expressions for £”(E1)-o U &”(E2)~¢ are non-zero, and that the further

conditions vanish.

Lemma 11. We can write the N, — N,_» — 2 rescaling factors in the set E"(E1)soU E"(E3)>0
as non-zero expressions in terms of N,_o + 2 rescaling factors E(’)/)O U{E"(E)), " (E»)}. With
this, the N, — 2N,_1 4+ N,_» further conditions on the rescaling factors are trivial.

For an open subset of the N, + 2 parameters {1, 1} U &, all rescaling factors are non-
zero, so we obtain good rescalings, which proves Theorem 1 once the proof of Lemma 11 is
completed.

5. Degree 3

In this section, we prove Lemma 11 for » = 6 by solving the system of equations on the
rescaling factors of Lemma 10: For each (1)-ruling D € Mg, we determine the coefficients of
the equation pp defining Hg as in (1), and find the coefficients o ;, 8; of Fp_ ; defining A(Se)
as in (2) in the list in [7, Section 3.3]. This allows us to write down the 20 equations gp ; on the
rescaling factors £§”(E) explicitly. Let

y1 :=ad — bc, yi=@-1)d-1)—-0b-1(C-1

for simplicity.

_ /i _ /i —b /i —d "1
8E1+my2,1 = 13123 —NgH3 4 M52 5 NeM2.65
"

/aii 1 " n 4
8E\+m12,2 = MM+ N4ty 4+ N5 5+ Ngl) 6
/i /i 1 /i
8E+my3,1 = —N1H] 3 T N4l3 4+ N5U3 5+ g3 6
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8E +my 32 =My 3+ N4H3 4 +ansuy s+ cngus e
8E +myal = =N W] 4+ 03154+ (b — DSy s+ (1 = d)ngpy 6

I

8E 442 = —Ta s 4 + 1305 4 + (b — a)nsuy s + (c — d)ng iy 6.
QEi+mys.1 = —Naly 5 +a/bnsps s 4 (@ —b)/bnjuy s+ y1/bng s 6.

8E +mys2 = —N 1] 5+ 1/bnsus 5+ (1 —b) /bnjpy 5 + (d — b) /bng 5 4.
8E +migl = =N ] 6+ 1/dn3ps ¢+ (d — 1) /dnyuy ¢ + (b — d) /dns s 6,
QEitm1 62 = —Naly g +C/dn3 s ¢ + (d — ) /dnjpy ¢ — vi/dnsus g,

8E+0y1 = alc —d)nAy + (d — DmyA] — 5 4105 6 + 13 6145 55

14 / "

8E 40,2 = V1N Ay + (b — d)ny A — w5 sy 6 — 15 614 50

4 "

gE1+03.1 =b(c —d)n{AS + (c — DnsA] — ph 4us ¢ + 15 6144 5
8E+05.2 = VIN{AS + (a — OONsA] — il spuy ¢ — 15 gty 50
8E+041 =ben My + (be — b — ¢+ Dngh] — ph 315 6 + 1 6145 55

8E 1 +04.2 = (ad — boyn{ Ay + yanghi 4 i su 6 — Wy 613 55

4

8E1+0s,1 = (d — ONYAS + yansh] — iy 415 6 + U5 6145 45

" ! 4

8E+05.2 = CN{A5 4 (@ — ) (1 = b)nsA — 1 31y 6 — 15 6H5 4
8E1+06.1 = (b —a)n{hg + vamg A + 15 4113 5 — 1y 543 4
8E1+06.2 = anyrg + (c —a)(d — Dnghi — i 3ty s + 15 5145 4-

As explained in the previous section, we may assume 7} =---=n; = 1.

Recall the discussion before the definition (2) of Fp_; and before Lemma 10. If we had chosen
&4 =n; 1 and &5 = 11 A; when writing down the equations Fg, 1, ;j in [7, Section 3.3], then the
resulting g, 1 ;2 would give A} directly as a quadratic expression in terms of /L/j(y &~ Furthermore,
each of the five g, 1 o;,1 would express A{ as a quadratic equation in ,u/]f’ i~ Of course, we get the
same result by solving the equivalent system of equations gg, 1 ¢;,; as listed above.

The equations gg,4m,;,; fori € {3,...,6} and gg,+¢,,; allow us to express the variables
w;» Ay in Yy and wj ;, Af in 5| in terms of the six variables u} 4, ..., us ¢ € 7. (As we
have set the remaining elements 75, ..., n¢ of Z(, to the value 1, they do not occur in these

expressions.)

With y3 :=d(a — ¢)(1 —b) — c(b — d)(1 — a), we obtain:

WY 3 =154+ 155+ 15
V4 " " "

M3 = "H3 4~ a3 5~ Cl3 6,
Wig=ms4+ G- Duys+0—duye
Mo4=H54+ (b —a)ys+(c—dpye.
w5 =1/bus s+ (1 —b)/buy s+ (d —b)/bus g,
Mlz/,s = a/bu’g/,s +(a — b)/blix,s + Vl/b/i/s/,ﬁv
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wie=1/duse+(d—1)/duy s+ (b —d)/dus g,

1y e =c/dus e+ (d —c)/duy ¢ —y1/dus g,
M = —=11/v3u5 415 6 — ald — )/ y3is siy o — (b —a)/y3is 61y 5,
My =(b—d)/ 35 4us e+ (1 —d) )yl sil o + (1= b)/y3ps g1t 5.

For E € {m1 2, 03, ..., Q¢}, we consider the remaining equations gg, g ;. We can use gg,+£ 2

and substitution of our previous results in order to express £”(E) € &, in terms of & :

Wy =54 —a/buss—c/dus s+ (@—b)b—1)/buj s

+(d ) — D)/ g+ (b — dyy1 /(b .

My =(a—0)/y3su5 4us 6 +a(l = o)/ (bys)us siy g + (1 —a)/(dy3)is gif 5
+1/(bd) g sy 6 — 1/duy sius 6 + 1/bpy 145 6,

A =72/v3usams s — 1/(bd) s sps ¢ + (1 —d)(c —d)(a — 1) /(dys) s sty 6
—1/dps sps 6+ (1= c)(b = 1)(a = b)/(bys) s iy 5 — 1/bs 6145 6,

As=1/dus s 6 — 1/dps guf 6 + (b — d)(1 = a)y1/(dy3) i 4145 6
+aya/v3is sy + (b —1)(a —b)(a —c)/v3us gy s — I3 My 65

Mg =—1/bus 4ty 5 — 1/bps 4y 5+ (1 =) (b —d)y1/(bys) s 4105 6

"

— w3 suy s+ (d—=1D(c—d)a—c)/y3sussiy e+ cva/viis gty s-

Finally, we check by substituting and expanding that the five further conditions gg,+f£,1 are
trivial.

Using the restrictions on a, b, ¢, d imposed by the fact that pp, ..., pe are in general posi-
tion (e.g., @ must be different from b and ¢, and all are neither 0 nor 1), we see that ,u’]’ Jreees
Wy 62 A5 ..., A{ are non-zero polynomials in 11} 4, ..., uZ ¢. Therefore, for an open subset of the
N4 +2=12 Parameters nys--ng,s Mg, 4o /’L/S/,6’ all rescaling factors are non-zero, resulting
in good rescalings.

6. Degree 2

For the proof of Lemma 11 for r =7, we proceed as in the case r = 6 and assume 7| =--- =
ny=1.

Let D = Dl.(l) € My for i € {3,...,7}. We can arrange Fp1,..., Fp4 in such a way
that gp 1 and gp o express /*/1/,1' and '“/2/,1' in terms of u;fj for j € {3,...,7}\ {i} (see the discus-
sion before Lemma 10). Similarly, fori € {3,...,7} and D := D%l € M7, we can arrange gp. 1
and gp > such that they express v{'; and vy ; linearly in vy, and of degree 2 in 3 4, ..., 115 7.

This expresses all variables in 5, U &/, in terms of 5.
1/

Substituting this into an appropriately arranged gp » for D := D;l) € My gives uf , € 8/,
in terms of 1% 4, ..., g 5, and we check that gp | becomes trivial.
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Now, let D := DEZI) j

express v;" ; Tespectively vi’ j in terms of ”1, i and expressions of degree 2 in u,’(’ Using our

e My fori < je{3,...,7}. We arrange gp 1 and gp > such that they

previous findings, the first expression turns out trivial, and the second one gives v ;€ g {/ , in

" " H//
terms of Vi M3 40 ees /L6 7€ &0

Finally, let D € {Dg, .. Dﬂ, Df;} C M. We arrange gp.1 and gp 2 such that the first
one is an expression in u  and v ik which becomes trivial. The second one expresses A; in
terms of u  and v ik and we substltute again our previous results.

This completes the proof of Lemma 11 and thus Theorem 1. In total, we obtain good rescalings
for an open subset of a system N5 + 2 = 18 parameters

" " 4 4 4
)717'--77777 M3’47~~~7HJ6’79 U1’2~

Since it is straightforward to determine the exact expressions for the remaining 38 rescaling
factors in terms of these parameters, and since the expressions are rather long, we choose not to
list them here.

Remark 12. In principle, it would be possible to consider the conditions gp ; for all (1)-rulings
without reducing to the subset M, as we did in Section 3. While this is doable in degree 3 with
some software help (Magma), especially the expressions corresponding to the (1)-ruling Dl.(s) in
degree 2 seem to be out of reach for direct computations. Furthermore, we would have to embed
the relations vf corresponding to the (2)-ruling — K7, which causes further complications.

Remark 13. For r € {5, 6,7}, there is a (N,_y — r 4+ 1)-parameter family of images of A(S,)
under good embeddings in H, by Remark 2. The dimension of A(S;) is r 4+ 3, and there is a
(2 - (r —4))-parameter family of smooth Del Pezzo surfaces S, of degree 9 — r. The dimension
of H,is N,_; + 1.

In fact, [17, Section 6.3] shows that the closure of the union of all these images for all
Del Pezzo surfaces of degree 4 equals Hs.

For r = 6, by comparing the dimensions and numbers of parameters, a similar result seems
possible. However, for r = 7, we have

(Nya =7+ 1)+ +3)+2- (- —4) =26

while H; has dimension N,_; + 1 = 28. Consequently, the closure of the union of the corre-
sponding images, over all Del Pezzo surfaces of degree 2, under all good embeddings cannot
be H7 for dimension reasons.
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