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Interconnection Structure of Injective Counters
Composed Entirely of JK Flip-Flops
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Counters whose transition map is a permutation and whose constituting
elements are JK flip-flops only are investigated in order to trace relationships
between the interconnection structure and the state graph.

Some equivalence relations over structure transformations are derived that
reduce the number of relevant configurations. Numerical computations based
on these structure properties show that no circular counter exists for #n < 9.

1. INTRODUCTION

The synthesis of counters plays a central role in applied switching theory.
This is clearly due to the various practical applications of counters, ranging
from frequency division to synchronization of information processing devices.!

The class of counters under scope has been investigated by Manning (1972,
1976) and Pless (1976); it consists of synchronous counters constructed only of
JK flip-flops. Henceforth “counter’” means these counters. This class of counters
is rather attractive; when a counter of the class realizes a particular state graph,
it may be driven with the highest clock rate and, under some conditions, has the
minimum cost and the minimum number of internal connections. Manning’s
thesis essentially uses an experimental approach but also contains theoretical
proofs of some interesting properties. More recently, Pless (1976) revisited the
problem from a more mathematical point of view. Her paper presents a matrix
characterization of imjective counters, i.e., of counters the transition map of
which is a permutation (each state has one and only one successor and
predecessor).

Pless (1976) suggests as an open question the periods of injective nonlinear
counters. Manning (1972) conjectures that there is no (necessarily injective)
counter with » JK flip-flops and period 2%, n > 3. This conjecture is based on
experiments showing that there is no such counter for n = 4, 5.

The present paper tries to trace the relationships that exist between the
interconnection structure of the counter and the properties of its state graph.

1 For usual terminology, the reader is referred to any textbook on switching theory.
See, e.g., Dietmeyer (1971).
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The injective character of the state graph is precisely one of the properties that
may be traced back up to the interconnection structure.

After presenting the required definitions in Section 2, we first turn to the
study of counter equivalence. The classical equivalence under the group of
complementations and of permutations of the state variables is interpreted in
terms of structure transformations. It is furthermore shown that other important
structure transformations yield isomorphic state graphs. This kind of property
is clearly of importance to cut down the overwhelming number of interconnection
structures to be considered.

Section 4 presents a first approach to the interconnection structure of injective
counters. That approach is based on the concepts of an independent part (a
subcounter that does not receive any information on the state of the remaining
part of the counter) and of a totally independent part (an independent part that
does not provide the remaining part of the counter with any information upon
its own state). It is shown that, in an injective counter, any totally independent
part is injective and furthermore that it can only be made up of an injective
independent part together with a very simple environment. It is shown further-
more that, if the transition map of the counter is a circular permutation, no
proper independent part is allowed.

Section 5 is devoted to a restricted family of counters, namely that of linear
counters. We establish necessary and sufficient conditions for these counters
to be injective, and also exhibit an isomorphism between these injective counters
and the well-known linear autonomous shift-registers. The existence of such an
isomorphism allows one to give a complete description of the state graph.

In Section 6, we study in more detail the independent parts in nonlinear
injective counters and first obtain the rather unexpected result that the maximum
fan-out in such counters is two. From this result on, it is shown that, apart
from three pathological cases, the independent parts in nonlinear injective
counters all share a common interconnection structure called generalized loop
structure.

Finally, Section 7 applies the obtained knowledge to the research of counters
the transition map of which is a circular permutation and shows by
numerical computations that no such counter exists for 4 <\ n <{ 9. Moreover
we conjecture that generalized loop-counters have an even number of cycles
for n > 4.

2. DerFiNITIONS AND CLASSIFICATION

A JK flip-flop is usually described as a device having two (J; and K,) binary
inputs, a clock-input C; for synchronization and two binary outputs denoted
y;and ¥; . At a clock transition the new state, i.e., the new output Y, , is computed

according to Dietmeyer (1971), Phister (1958), and Rudeanu (1974) as
Y= Jiy: v Kiy;. (N
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More formally a JK flip-flop may be viewed as an abstract automaton that
we describe, with. Ginzburg (1968) notations, as the algebraic system

A :<S, 2) 0: M) N>:
where
2={, K)| ], Ke{0, 1}}

is the input alphabet and where
S=0={0,1}

are the state set and the output alphabet, respectively. An arbitrary state g € Sis
encoded by means of the single internal state variable y (appearing in (1)) and
is identified with the flip-flop output. The transition map M of the JK flip-flop
is described by (1) or by Table I.

TABLE I
M5
(J, K)
M6
0,0 oD 1,0 (1, 1)
0 0 0 1 1
q
1 1 0 1 0

Similarly, a synchronous counter may also be defined as an abstract automaton
whose input alphabet contains a single literal. The transition map of a counter
thus reduces to a single transformation of the state set and its graph is made up
of a certain number of nonconnected components classically called generalized
cycles (Dénes, 1968).

In particular, a counter is an injective counter or a permutation counter iff its
transition mapping is a permutation, i.e., iff its state graph contains only cycles.
It is a circular counter f its transition mapping is a circular permutation, i.e.,
iff its state graph consists of a single cycle of length 27,

In the present paper, the term counter is used to represent a synchronous
interconnection of # JK flip-flops (FF) conventionally denoted FF,, FF,,...,
FF,_, . 'This definition precludes the presence of additional gates in the counter.
The J and K inputs to FF; are denoted [, and K, respectively. The state
(output) of FF; is denoted y; . The input-output behavior of the counter is thus
completely described by a mapping

{]sz} - {0: 1’ yg{e,-)} (z',je{O, 1:"" n— 1})’ (2)
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where the Boolean exponentiation a‘ is used with its usual meaning:

a9 =a@Pe (e={0, 1}). 3

The mapping (2) is usually called the connection list of the counter (Manning,
1972; Pless, 1976).

One remarks immediately that the constants 0 and 1 are redundant in the
connection list (2). Indeed, the JK flip-flop input equation (1) shows that the
values J; = 0,1 (resp. K; = 0, 1) can be replaced, without modifying the
flip-flop behavior, by J; = y;, ¥; (resp. K; = 7;, v,). From now on, we shall
thus replace the mapping (2) by its restriction:

(Jo, Ky {3 (,j€f0, 1,on — 1)) @

Pless (1976) furthermore forbids all the situations in which a flip-flop reacts
upon itself, e.g., J; = ¥%’, but it will turn out in Section 6 that this further
restriction is not essential for injective counters. We thus consider, according
to (4), that there are exactly (2#)*" counters involving # flip-flops and immediately
note that the family of counters under study represents a very small part of the
(27)2" possible transition mappings on a set of 2% states.

Under the constraints (4), the input equation (1) becomes

Y, =395, v 3Py, . (5)

Equation (5) suggests a classification of the flip-flops in a counter according to
the values of their control inputs [; and K;

(a) if & = [ I'F; has a unique predecessor. In this case, the flip-flop is
called a linear flip-flop, since the next value Y, may be expressed as a linear
combination of the present values y; and y, . Furthermore,

(i) if e =k, the flip-flop acts as a synchronized delay element. It is
called a

D flip-flop if e=1,
D flip-flop  if e =0.

(it) e = k, the flip-flop acts as a synchronized toggle switch. Tt is called a

T flip-flop  if e =1,
T flip-flop  if e = 0.

(b) if k5= [, the flip-flop will be called an F flip-flop. In what follows,
we shall frequently use an important property of the JK flip-flop: if the present
state y; of a JK flip-flop is equal to zero (resp. to one), then, its next state Y, only
depends on J; (resp. on K;). That property is an immediate consequence of Eq. (1).
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For this reason the inputs J; and K, will sometimes be denoted F,, and Fy; ,
respectively. With that notation, F;, represents the actually efficient control
input when y; = e. If furthermore a complete knowledge over the polarities
of J; and K is required, we shall also denote the F flip-flop as Fig F\» flip-flop.

The counters may be classified according to the nature of the ﬂ1p flops they
contain. In particular, a counter entirely made up of linear flip-flops is called
a linear counter (see Section 5). It will be called nonlinear counier when it contains
at least one F flip-flop.

3. EQUIVALENCE

It has been recalled in Section 2 that the number of counters made up of »
flip-flops is (27)?". The investigation of the properties of counters by exhaustive
enumeration techniques is thus practically impossible for # > 5. It is thus
convenient to define an equivalence relation on the set of counters: two counters
are equivalent iff they have isomorphic state graphs.

Manning (1972) and Pless (1976) have already noted that counters are equiv-
alent under the group of permutations and complementations of the state
variables. The purpose of this section is to study the circuit transformations
which correspond to this kind of equivalence and to exhibit other circuit trans-
formations which also yield isomorphic state graphs,

The algebraic concept underlying the above defined equivalence is clearly
that of isomorphism of automata. We first briefly recall the formal definitions
of homomorphism and of isomorphism. The notations used are those of Ginzburg
(1968).

Given the automata
A={542%0, M4 N4 -and B =S5 2, 0, M’ N5),
the mapping £ of §4 into S® is a homomorphism of A into B iff, for every o € 2"

(i)  MAL =M. ©
(i1)? N4 = [NB.
If the homomorphism { is a bijection, it is an isomorphism.

Clearly, if a set of flip-flops in a counter is replaced by an isomorphic auto-
maton, the resulting counter is isomorphic to the given one. A first elementary
application of the concept of isomorphism is given by Theorem 1: this theorem
in fact accounts for the isomorphism produced by complementmg one of the
state variables.

2'This is the simplified definition of homomorphism in the' case of complete deter-
ministic Moore automata, which corresponds to the problem under study.
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TuroreM 1. The input-output behavior of a JK flip~flop is left invariant by
a simultaneous crossing of the input and output wives.

Proof. The input equations (1) for both situations displayed in Fig. 1 are

C=Y=ayv by, D=7 =103V ax (N

o 1]y WM e o J 1z d
S N P 1 I bXKX.a

Fig. 1. Crossing the input and output wires of a JK flip-flop.

Clearly, the mapping
Liy>2 =73 (8)
is such that
Z=Y and C = D. Q.E.D.

The practical application of Theorem 1 is straightforward: crossing the
input wires of a JK flip-flop amounts to complementing all the literals D@, T®)
F{?, F{V corresponding to flip-flop inputs controlled by the modified JK flip-flop.
The only modification of the code produced is the complementation of the state
variable of this flip-flop.

There is no restriction on Theorem 1 and it applies in particular when the
JK flip-flop is connected as a linear flip-flop:

(a) if the flip-flop is a T flip-flop, crossing the input wires does not
change the system: hence, it is allowed to complement simultaneously all the
literals D@, TW_ F®  corresponding to flip-flop inputs controlled by a T
flip~flop. :

(b) if the flip-flop is a D' flip-flop, crossing the input wires amounts to
replacing the D flip-flop by a D@ flip-flop.

We now consider the cascade connections 4, = D) Aand Ay = AO D
of a D flip-flop with an arbitrary automaton:

A = (84, Z,0, M4 N4, 5 =0 =10, 1).

The states of A4; and 4 are denoted by (¢, ¢) and (¢’, €'), respectively. In these
pairs e and ¢’ denote states of the D flip-flop, while g and ¢’ denote states of the
automaton A (Fig. 2). The transition and output functions of 4, and 4, are
denoted by M%, NZ, M®, and NE, respectively.
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B — & B

e q q’ e’

Fic. 2. Cascade connections Ay = D Ea) Aand Ap = A @ D.

Levma 1. The mapping
L: (e 9> (g, €) = (¢M.A, gN*) ©)
18 a homomorphism of A, into Ag .
Proof. Clearly,
(e QM = (o0, M) and (e 9) ML — (@MAM,?, gMANA),
Similarly,
(6 0 = (¢M.4 gN*)  and (¢, ¢) LR = (¢M "M, gM“N).
Furthermore, the output signals are in both cases ¢M,AN4, QE.D.

In general, the mapping { described in Lemma 1 is not an isomorphism.
However, it has that property in some practically important cases to be described
in the remaining part of this section.

THEOREM 2. The cascade connections D ) T™ and T® ) D of @ D and
of a T™ flip-flop are isomorphic. '

Proof. Remember indeed that the input equation of a 7™ flip-flop is

Q=qDTDh
In that case, the mapping { clearly becomes
> (gDe®hq) (10)
and is thus one to one. Q.ED.

A succession of linear flip-flops is called hereafter a linear cascade. A linear
cascade which only interacts with the external world by the input to the first
flip-flop and the output of the last flip-flop is called a lLinear string. In a linear
string (Fig. 3), the fan-out of each flip-flop, but the last one, is equal to 1.
A linear string is completely characterized by a sequence of literals such as

D(el)D(eg) . D(en) T(hl) T(hz) . T(h,,)D(fl) Ny

that sequence is called the characteristic sequence of the string.
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Fic. 3. A linear string.

The application of Theorems | and 2 immediately shows that there are only
four types of nonequivalent characteristic sequences, namely:

(1) the D sequence: DD D -+~ D,
(i1) the 719 sequence: DD ---DT@OT T--- T (e{0, 1}). (11)

Note that in the 7 sequence, the substring of D flip-flops may casually be
empty. In this case we speak of a pure T'® sequence.

We now turn to a second application of Lemma 1 illustrated by Fig. 4. In
this case, automaton 4 consists of an F flip-flop the inputs of which are controlled
by pure T sequences.

Fic. 4. 'Two isomorphic automata,

'THEOREM 3. The automata A; and Ay displayed in Fig. 4 are isomorphic.

Proof. 'The homomorphism Z, introduced by Lemma 1, is described by the
equations

oW =uDeDh, (12)
¢ =¢Dg G =23..,m), (13)
o @e@E (14)
o @1y (=2 3 ) (15)
9 = Ggn @D Fn (16)
e =gq. (17)
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The mapping { will be an isomorphism iff the above system of equations may
be solved uniquely for gy ,..., ¢, 71 5--s 7n 5 ¢, €. The discussion considers two
cases:

(2) € = 0. In this case, the solution of the system (12)~(17) is unique
and is given by

g=20, (18)
Im =94 (19)
91 = (2‘ 93") D4, (20)
e = (E ‘b") Dq DA, (21>
j=1
r,-=(‘£ru')®(z o) o7 Dh @k )
%=1 =L

(b) ¢ = 1. This case is handled in exactly the same way as the former
one.

If p is some state appearing in the left-hand members of (18)-(22) and if p,
and p, represent the solutions corresponding to the situations &’ = Qand ¢’ = 1,
one finally obtains

P = pg D pie. (23)
Q.E.D.

4. INTERCONNECTION STRUCTURE OF INJECTIVE COUNTERS

The arguments developed up to now are of a quite general nature since they
apply to any counter. From the present section on, we turn to more specialized
arguments which progressively reduce our scope to circular counters.

An independent k-part of a counter is a set of & flip-flops in the counter each
of which is controlled only by some other(s) flip-flop(s) of the set. Thus, an
independent part of a counter receives no information about the state of the
complementary part of the counter, while it may control some flip-flops in
that complementary part. When the complementary part is also an independent
part, both parts are fotally independent or disconnected.

We start by studying the nature of independent parts in injective counters.

Levma 2. A totally independent part of an injective counter is an injective
counter.
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Proof. Denote by g, and ¢, the states of the two totally independent parts,
say Py and P, . Assume that P, is not injective. In that case, P; has two states,
say ¢y, and ¢y, , which have the same successor. In that case, both states (¢, , ¢2)
and (45 , ¢o) of the given counter would also have the same successor and the
counter would not be injective. Q.E.D.

From now on, we may thus confine ourselves in the study of injective counters
having no proper totally independent part. The second question that arises is
naturally that of the presence of (not totally) independent parts. The answer
to that question will be provided by Theorem 4. The complementary part of a
(not totally) independent part is called the dependent pari.

Lemmva 3. An injective counter made up of n flip-flops contains an independent
(n — D)~part iff the two following conditions simultaneously hold true:

(i) The dependent part is a T™ flip-flop.

(ii) The independent part is an injective counter.

Proof. (a) Assume first that the counter is injective and contains an
independent (# — 1)-part. Denote the state of the counter by (g, ¢, f) where f
is the state of the dependent part, e is the state (or the pair of states) that control
the dependent part and ¢ is the state of the remaining part of the counter. If
the dependent part is not a T flip-flop, there is always some state of e for which
the J and K inputs of the dependent flip-flop receive complementary values.
In that case, both states (g, e, x) (x €{0, 1}) have the same successor and the
counter is not injective. Thus condition (i) holds true. Assume now that the
independent part is not injective. In that case, it contains two states (g, , &)
and (g, , ¢;) which have the same successor (g, ). Then, the two states of the
counter are (¢, , ¢ , f1) and (g, , ¢, f5), where

LHDea=fDe

would also have the some successor (g, ¢, e; @ f;), since, thanks to (i), the
dependent part is a 7™ flip-flop. The counter would not be injective. Thus
condition (ii) holds true.

(b) Assume now that both conditions (i) and (ii) hold true. Consider
a specific cycle of the state graph of the independent part: assume that this
cycle has length [ and that, during the cycle, the control bit e of the 7® flip-flop
assumes the value & @ times. In the state graph of the counter, we may thus
associate two cycles of length / if w is even and one cycle of length 2/ if @ is odd.
The counter is thus injective. Q.E.D.

LemMa 4. If an independent part of a counter controls a single of the two
inputs of an F flip-flop, the counter is not injective (n = 3).
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Proof. In an injective counter, an F flip-flop never controls a single of its
inputs (see Section 6). The only situation to consider is thus described by
Fig. 5. The state of the counter is denoted (q, , ¢;, 95, ¢4, Q5), Where

¢s is the state of the flip-flop of the independent part that controls
a single input of the F flip-flop (say the [ input).

q; is the state of the rest of the independent part ((k — 1)-tuple).

g5 1s the state of the flip-flop that controls the K input of the F flip-flop.

g, is the state of the F flip-flop.

q; is the state of the remaining part of the counter ((n — & — 2)-tuple).

Independent

Dependent

Fic. 5. Illustration of Lemma 4.

Now, for fixed q, , the 3 - 2%~ states

(91,9, 0,0, q), (41,0, 1,0, q5), (q:,0,1,1,q5) (24)
all have their successors among the 2 - 2"~%—2 states
(qlly €, 0;—),

since ;" and e are uniquely determined by the independent k-part. Clearly,
some of the states mentioned in (24) have common successors. The counter can
thus not be injective. Q.E.D.

THEOREM 4. Any independent k-part of an injective counter is an injective
counter. Furthermore, the dependent part is entively made up of T™ flip-flops.

Proof. 'The proof is by induction on the number p of flip-flops in the depen-
dent part. Lemma 3 provides us with the initial step of the induction p =1
and we thus assume as induction hypothesis that the property holds true for
p =n—k— 1. Consider now a not totally independent k-part. It controls
at least one input to some flip-flop in the dependent part but Lemma 4 then
shows that the independent part has to control both inputs to that flip-flop.
We may thus form an independent (k + 1)-part by adjoining the latter flip-flop
to the given independent k-part. The induction hypothesis applies here. to
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show that the obtained independent (& - 1)-part is injective and Lemma 3
finally shows that the given independent k-part is injective while the adjoined
flip-flop is a T™ flip-flop. Q.E.D.

Lemma 2 and Theorem 4 indicate the method by which all injective counters
are built from smaller injective counters having no proper independent part.
These ‘““core” injective counters will be called simple counters. The importance
of simple counters will be emphasized in Theorem 5, where we show that any
circular counter is simple. First we present the counterparts of Lemmas 2 and 3
for circular counters. This is done in Lemmas 5 and 6, respectively.

LeMMA 5. An independent part of a circular counter is a circular counter.

Proof. Denote by g, the state of the independent part and by g, the state of
its complement. Assume that the independent part is not circular. Thus it has
a state ¢y, from which it is impossible to reach some other state, say ¢y, . In that
case, it is impossible to pass from the state (¢, , ¢») of the counter to any other
state of the form (¢y; , ¢5')- Q.ED.

Remark. An immediate consequence of Lemma 5 is that a circular counter
cannot be made up of totally independent parts. If & and (# — k) denote the
number of flip-flops in two totally independent parts, the counter would have a
cycle of length LCM (2%, 27*) = max(2%, 27*).

Lemma 6. A circular counter made up of n flip-flops (n > 2) does not contain
any independent (n — 1)~part.

Proof. Assume that there exists an independent (n — 1)-part. We know
by Lemma 3 that the dependent flip-flop is a 7™ flip-flop and by Lemma 35
that the independent part is circular, i.e., that its state graph has a single cycle
of length 271 During the cycle, the T flip-flop receives exactly 22 ones;
ie., except for # = 2, it changes its state an even number of times and thus
returns to its initial state when the cycle is completed. This completes the proof
of the lemma. Q.E.D.

Remark. 'There is only one circular counter with one flip-flop. It consists
of a D flip-flop looped on itself. When such a flip-flop feeds a 7' flip-flop, one
obtains a binary code counter (Fig. 6). This remark covers the case n = 2.

Tk @ ©
LIy vy
s

Fic. 6. Pathological case n = 2 (binary code).
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TrEOREM 5. A circular counter (n > 2) is simple.

Proof. The proof rests upon the following observation. If a circular counter
contains an independent part, it also contains an independent part that controls
a single of the two inputs of an F flip-flop. Indeed, it is possible to enlarge
progressively the given independent part while preserving its independent
character by augmenting it with all the flip-flops it controls entirely. To avoid
the situation forbidden by Lemma 6, this progressive building up has to be
stopped somehow; the only way to achieve this result'is precisely to control
a single of the two inputs to an F flip-flop. However, the latter situation is
prevented by Lemma 4. Q.E.D.

Thanks to Theorem 4 and 5, we are now allowed to restrict our scope to
simple counters.

5. SimpLE LINEAR COUNTERS

By definition, linear counters are made up of linear flip-flops only; each of
their component flip-flops has a unique predecessor. Simple linear counters
are thus loop-counters, i.e., linear strings the output of which is recirculated
to the input. An elementary application of the isomorphism theorems shows
that, in the case of loop-counters, we only have to consider three types of
characteristic sequences: the 7" and T sequences are indeed equivalent.

THEOREM 6. Any loop-counter is injective except when its characteristic
sequence is a pure T sequence. In the latter case, two complementary states always
have the same successor.

Proof. We consider (Fig. 7) the case of an arbitrary 7" sequence containing
k T flip-flops and (n — k) D flip-flops. To achieve the proof, we only have to
show that no two distinct states have the same successor. We thus consider
the states '
Y = (Yo Y1500 Y1) and z = (&g 5 21 seee Fna)-

s T s T s ..,ﬂJ

FF, FFy R FF

Frc. 7. Loop-counter with a characteristic T sequence,

The equality of their successor states Y and Z impli;?;es

Yo (‘Byn—l =2 @ Zp—1> : (25)
Vi1 Dy = 21 D 2 (f=12..,k—1) (26)
Viea = B3 (J=kEk+1,..,n - 1. 2n
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This system of equations has the unique solution y, = 2, = 0, 1,..., (n — 1))
if B < m; ie., if there is at least one equation of type (27). If & = (pure T
sequence), the above system also has the solution y; = %; =0, 1,..., (v — 1)).
Finally, if the characteristic sequence is a D'® sequence, all the equations are
of form (27) and the property is trivial. Q.E.D.

TurorREM 7. FExcept for n = 2, no loop counter is circular.

Proof. Indeed, in all the counters the characteristic sequence of which is a
D or a T sequence, the all-zero state is its own successor state. When the
characteristic sequence is a D sequence (switch-tailed register (Manning, 1972)),
all the cycle lengths divide 2n. For n = 2, one obtains a well-known Gray-code
circular counter (Fig. 8). Q.E.D.

@Qa

¥i1c. 8. Gray-code loop-counter (n = 2).

In what follows, we investigate the cycle structure of the transition graph of
injective linear counters. More precisely, we establish an isomorphism between
the loop-counter displayed in Fig. 7 and the classical linear autonomous shift-
register (Elspas, 1959) (Fig. 9). We shall then be in position to apply to our
loop-counters the results available about linear autonomous shift registers.

Bl Kl oe Kl at

Fic. 9. Autonomous linear shift-register.

The next state equations related to the counter of Figs. 7 and 9 may be
written, respectively, under the matrix form

[Y] = [Bl[y], (28)
[2] = [C]l=] (29)
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where the matrix product is computed over GF (2). Matrices [B] and [C] are
easily derived from Figs. 7 and 9, respectively, while [Y], [y] (resp. [Z], [2])
are the corresponding state vectors. In the present context, an isomorphism
between the two linear systems is defined by a regular matrix [M] such that one
has simultaneously

(2] = [M][5], (30)
(2] = [M][Y]. €

It is known (Elspas, 1959) that the above relations are equivalent to similarity
of matrices [B] and [C] under the transformation by [M],

[C] = [M][BIIM], (32)

which implies in turn the equality of characteristic polynomials ¢(B) and ¢(C).
Since one has

$(B) = (1 @A *Pl (33)
and
n—-1
$C) =D Y a¥ D1, (34)
il
the coefficients @; are uniquely determined as
k .
a; = (n_].)2 G=1,2,n—1), (35)

where binomial coefficients are computed modulo 2 and where

(Z) =0 whenever b << Q0 or b > a. (36)

Thus, a¢; =0ifj <n — k.
We now define the [M] matrix as

M0
[M]=[——I'——], (37)

011

where 1 is a unit matrix of order (n — k) and where 7 is a square matrix of
order k, the rows and columns of which are numbered from 0 to (¢ — 1) and
the (4, j) entry of which is defined by

ig = (" 7070, (38)
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Since m;; = 0ifj < ¢, the matrix [M] defined by (37) and (38) is upper triangular
and clearly regular.

TueoreM 8. The loop-counter of Fig. 7 and the autonomous linear shift-
register are isomorphic under the transformation [M].

The proof of Theorem 8 is purely computational and has not been presented
here, since it is rather tedious. The importance of Theorem 8 is due to the
fact that it aliows one to derive the complete cycle structure of the state graph
of a loop-counter from its characteristic polynomial ¢(B). In particular,

(i) if the characteristic polynomial ¢(B) is primitive, there exist a cycle
of length 1 and a cycle of length 2" — 1;

(ii) if the polynomial ¢(B) is irreducible and if % is the smallest integer
such that ¢(B) divides (\* @ 1), there exist a cycle of length 1 and (27 — 1)/%
cycles of length #;

(i) if the polynomial #(B) is not irreducible, the cycles of the state
graph are in general of unequal length (for more detailed results, see Elspas,
1959).

Characteristic polynomials ¢(B) may be checked for primitive andfor
irreducible character in classical tables such as the one of Peterson (1961).

The limitations of the loop-counters clearly appear when one notices that
no ¢(B) is primitive for n = 8 and n = 12.

6. StMPLE INJECTIVE NONLINEAR COUNTERS

The present section completes the study of injective counters by showing that,
apart from three pathological cases corresponding to # == 3, all the simple
injective nonlinear counters share a common interconnection structure. Lemmas
7 and 8 first exhibit some structures that are forbidden in injective counters.

Lemma 7. If, in a counter, a D' flip-flop only controls single inputs to F
Sflip-flops, the counter is not injective.

Proof. The situation under discussion is sketched in Fig. 10. We assume
that the D@ flip-flop controls the input F, to the F¥ flip-flop FF;. The state
of the counter is denoted by

(yO S ) y:a ’ Y)!
where

Yo is the state of the D' flip-flop,
Wt ¥, are the states of the F flip-flops,
y 1s the state of the remaining part of the counter.

643/33/4-4
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ofe) o Fae, Y2
y
F Y
pep P.v

Frc. 10. First situation forbidden in an injective counter.

Note that the successor state of y only depends on y, ,..., ¥, and y but not on y, .
Furthermore, if y; = &; its successor only depends on F;; and thus not on y,.
Thus the two states

(%, &, €5 500y €, ¥); (xe{0, 1})

have the same successor and the counter is not injective. Q.E.D.

Lemma 8. If, in a counter, a JK flip-flop FF only controls single inputs to F
flip~flops along linear strings and if, furthermore, it is simultaneously possible to
choose the states v, of the F flip-flops so as to make their next states independent of y,
and to apply complementary values to the control inputs of FF, , the counter is not
injective.

Fic. 11. Second situation forbidden in an injective counter.

Proof. 'The situation under discussion is displayed in Fig. 11. One first
notes that the strings B, ,..., B, are only made up of 7@ flip-flops. Otherwise,
the counter would not be injective, as shown by Lemma 7. We may furthermore
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assume that the string. 4 only contains 79 flip-flops. Indeed, if 4 were to
contain a D@ flip-flop, one could: choose this flip-flop as FF and the lemma
would apply without any restriction since a D@ flip-flop receives, by definition,
complementary inputs. The state of the counter is then denoted by

(yo > Zy 711 Imeey Zp y VisVoses Vo Y)a

where the symbols have the same meaning as in Lemma 7 and where furthermore
z and z,; represent the states of the strings 4 and B, , respectively. Finally if x
is a vector all the components of which are equal to x, it becomes elementary
to observe that both states

(%, X, X,.., X, 8, €5,..5, €5, ¥); (xe{0, 1})
have the same successor. Q.ED.

Remark 1. Lemma 8 applies without restriction in many situations. Indeed
it is always possible to satisfy the hypotheses when

(1) FFy1sa D@ flip-flop,
() p=1,
(iii) FFyis an F flip-flop which is not directly controlled by two of the
FAlip-flops v, =" ¥, -

Remark 2. Another consequence of Lemma 8§ is that a simple injective
counter cannot contain only D and F flip-flops. Indeed, the only way to avoid
the situation forbidden by the lemma is to provide each D@ flip-flop with at
least one successor of the D type: in this case however, the set of D® flip-flops
forms an independent part and the counter is not simple.

Before turning to the main theorerms of this section, we introduce the concept

of basic three-pole: a basic three-pole is a set of flip-flops that consists of an F'
flip-flop together with three (possibly empty) linear strings (Fig. 12).

-0 -l

Fic. 12. Basic three-pole.

'THEOREM 9. Each injective simple nonlinear counter (i.s.n.c.) is an inter-
connection of basic three-poles each of which has a fan-out exactly equal to two.

Alternatively, each i.s.n.c. consists of a tree of basic three~poles and a permutation
network

Proof. Assume that the. counter contains exactly p F flip-flops. Since the
counter is nonlinear; there is at least one flip-flop of that type. Select arbitrarily
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the [ input of one of these flip-flops, say FF1, find its predecessor, the predecessor
of the J input of the latter, and so on, until the obtained predecessor is an
already encountered flip-flop. The same process is then repeated from the
remaining K inputs on and finally produces a tree made up of F' flip-flops and
of possibly empty linear cascades. A typical situation is described by the heavy
frame in Fig. 13. Note that the z flip-flops in the counter, and, in particular,
the p F flip-flops have been reached by the above process since, by hypothesis
the counter is simple. At this stage, there are exactly (p - 1) inputs not yet
connected. One notes, however, that the output of FF1 has to be connected
to one of these inputs, since otherwise there would exist an (# — 1)-independent
part. This is exemplified by the dotted line in Fig. 13. In the present situation,
there are exactly p unconnected inputs while p F flip-flops control a single
input to another F flip-flop along a linear cascade. To prevent the situation
forbidden by Lemma 8 (Remark 1(ii)) each of these p cascades should be broken
down in two strings by some fan-out connection. The circuit may thus only be
completed by a permutation box = that connects these p additional outputs to
the p unconnected inputs It is then an elementary matter to redraw the circuit
of Fig. 13 as an interconnection of basic three-poles each of which has a fan-out
equal to 2. Q.E.D.

i

=

ki

-

Fic. 13. Illustration of the proof of Theorem 9.

The number of trees and of permutation networks to be considered in con-
structing injective counters is much lower than suggested by Theorem 9.
Lemma 8 has only been used in a very particular case but, when it is used with
its full strength, it eliminates a number of structures still covered by Theorem 9.
Lemma 9 brings a further reduction in the number of allowable connections.
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Levva 9. In an injective simple counter, an F flip-flop never reacts upon
a single of its inputs along a linear cascade.

Proof Thanks to Theorem 9, we may represent the situation under study
as displayed in Fig. 14. We note furthermore, thanks to Lemma 8, that none
of the strings A4, B and C, contains a D'® flip-flop We discuss two cases.

B o

a -qo —— P qf
s e FO- OO —-0-F
— a, a, | 9, q’

i Gpn 9y

F16. 14. 'Third situation forbidden in an injective counter.

(1) The cascade formed by the strings B and A is empty. In this case, if
we denote by g, the state variable corresponding to the F flip-flop, one has

F,, = g{* and the flip-flop input equation, which may be written in general as
Qo = 00Fy; v 45'Fe? , (39)
becomes
Qo = /45 ®” v 7. (40)

Consider now the 27 states of the counter. It is clear from (40) that in the
successors of these states O, takes the value 1 exactly 272 times if £ = 1 and
3-272 times if & = 0. In an injective counter, O, should take the value 1
exactly 2%~ times.

(i) The cascade formed by the strings B and 4 is not empty. In that
case, we denote by g, the state of that cascade without its last flip-flop, the
state of which is ¢, , and by q," and g, the state of the string C and of the right-
hand F flip-flop, respectively. Note that if the string 4 is empty, the flip-flop ¢,
belongs to the string B: this does not affect the validity of the following proof.
It now becomes clear that the states

(OL, QO > ql ’ q’r b qll) q(i) - (a: X, X: X @ 3 @ o, X, ;i) (xe{O, 1})
have identical successors. Indeed the state
0, = 2@t @ 2N (xe) @ OL(é)) — @
is independent of x. Q.E.D.

Thanks to Theorem 9 and Lemma 9 it is clear that, in an injective simple
counter, a basic three-pole should fulfill one of the two following conditions.
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Condition 1. The three-pole controls the two inputs of a second three-pole.

Condition 2. 'The three-pole controls one of the inpufs of two three-poles.
These conditions, illustrated by Fig. 15, will now be briefly discussed.

ﬂéﬂmﬂiﬁ

By {a) Condition 1.

(b) Condition 2.

Frc. 15. The two possible conditions for a basic three-pole in an injective simple
counter.

If Condition 1 is realized for all three-poles in the simple counter, the latter
presents itself as a kind of “loop” and it will be called a generalized loop-counter.
It is clear that in a generalized loop-counter the input strings 4;, B; do not
contain any D flip-flop (Lemma 8) and that all the D flip-flops eventually
present in the output strings C; may be regrouped in a single output string
(Theorem 3). We may thus restrict our 1nvest1gat10ns to generalized loop-
counters made up of:

(2) a string of D@ flip-flops,

(b) basic three-poles containing only 7 flip-flops in the input and
output strings.

The structure of generalized loop-counters is illustrated by Fig. 16. These
counters are the fundamental injective simple nonlinear counters (see¢ Theorem
11). They are more precisely characterized by the following theorem.

S T

p'® T F, T T Fp T

Fic. 16. Structure of the generalized loop-counter.
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Tueorem 10. A4 generalized loop-counter is injective iff its D'® string is not
empty.

Proof. If the D' string is empty, two complementary states such that V2
F;y = F;; have the same successor. If the D string is not empty, it is easily
shown that two distinct states always yield distinct successors; the reasoning is
similar to that of Theorem 6, but applies to equations of the types (12)—~(17).

Q.E.D.

CoroLLARY. A generalized loop-counter containing p F flip-flops contains at
least (2p + 1) flip-flops.

We now turn to the discussion of Condition 2, illustrated by Fig. 15b. It is
first clear that, to escape the situation forbidden by Lemma 8, the two controlled
flip-flops FF2 and FF3 have to react directly (i.e., without interposed linear
flip-flops) and with suitable polarities on the inputs F,, and Fy; of FF1. It turns
out that FF2 and FF3 also fall under Condition 2,-and this implies the emptiness
of the strings 4, B, and C. Thus, if in a simple injective counter a single flip-flop
realizes Condition 2, there are no linear flip-flops and all the F flip-flops in the
counter satisfy the same condition. The general structure of these counters,
called hereafter pathological counters, is illustrated in Fig. 17. The name patho-
logical counter is explained by the following theorem.

RN -

Fic. 17. Structure of the pathological counters.

TureoreM 11.  Except for n = 3, no pathological counter is injective.

Proof. We consider (Fig. 18) two neighbor flip-flops in a pathological
counter. Clearly, we may assume that the input of FF, controlled by FF1 is the
K, input (reduction to that situation is always possible by complementation

! o Co
l

do Ko Jy Ky s
NI i/

Fic. 18. Illustration of Theorem 11.
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of y,) and furthermore that K, = y, (if K, = ¥, , the complementation of y,
leads back to the former case). The input equation for FF, is thus

Yo =32 v Yoi -

In that situation, there are four possibilities with regard to FF, , namely, y, €
{J15 J1, Ky, Ki}. In these four situations, the excitation equations for FF; are

L Yy =5YVYnis,

2. Yy =55V ids,

3. Yy =553V N0

4. Yy =31Y3V 310 ;
note that the polarity of y, and y, is irrelevant in the present proof. We now
compute in these four situations the products Y,Y,. It is clear that, if the

counter is injective, these products should have a weight of 2%-2 (i.e., assume
the value 1 on exactly 2"~2 vertices of the n-cube). One obtains

YYo= ¥59201 50 vV ¥1V0s (5 -2,

YiYo = 329150 V ¥sYe )1 50 5 (3 -2,
YiYo=93925150V Y2150 V Y 130 5 (52",
YYo= 9392515 vV Y3510 ; (3 - 2m4),

oo

respectively. The associated weights are indicated under the hypothesis y, #
¥ 7 ¥, which, by definition of a pathological counter, corresponds to n > 3.
Since none of these weights is equal to 272, no pathological counter is injective.

Q.E.D.

When y, = y;, the solutions y, = J; and y, = K, are acceptable (with
respect to the above weight argument), while, if y, = ¥, , one retains y, = J;
and y, = K; . The same reasoning may be extended to the pairs of flip-flops
{FF,, FF,} and {FF,, FF,}. This process finally yields three nonequivalent
injective pathological counters. These three counters are displayed in Fig. 19
together with their state graphs.

7. APPLICATIONS

Circular Counters

The foregoing section ‘shows that any circular counter containing at least
three flip-flops should belong to the class of generalized loop-counters. Indeed,
it cannot be linear nor pathological. The purpose of the present section is to
present arguments that allow one to distinguish circular counters from non-
circular injective ones. This will bring down the number of candidate circular
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counters. The resulting computation will strengthen the conjecture that no
circular counter exists for n > 4.

We thus refer to Fig. 16, which displays the structure of generalized loop-
counters, and first state two additional properties of circular counters.

1 Yo = Yo¥av YoV
|R2J1 Yot VYo ¥ YiYe
Y = Ya¥o V VoY

@!

(¥, ¥, ¥o)

Yo = Vo¥a¥ Yo¥

_ Y, =¥ v y

Jo Ko Jy Ky KaJp P {0 % {2

‘[ } Yo ¥a¥p¥ Yoty
X

(¥, %)

Yo = Yo¥2¥ Yo¥s

~ Yy =V Y Y, Y.
IKszl Y‘I "1 Ov 172
2 " Y2Yo" Yo fu

I I
Liord | J Lkl
T —

CHcRoNCcNONCNCEGC

(v2 Y, vo

Fic. 19. 'The three injective pathological counters.

Lemva 10.  In a circular counter:

(1) The output strings of the F flip-flops are empty.
(i1) The input strings controlling the | and K inputs to a given F flip-flop
are a T'® and a T® sequence.

Proof. (i) Consider the subcounter displayed in Fig. 20 and note that for

any ¢, , there is a state g and an input letter x such that the following are all
stable:
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(a) the flip-flops in the output string 4,
(b) the flip-flops in the F, input string,
(c) the F flip-flop.
Furthermore, if the string A4 is not empty, the stabilizing value of x only
depends on the polarity of the first 7@ flip-flop in the A4 string and is thus

independent of g, . It is thus always possible to stabilize a loop in the counter
of Fig. 16.

P o e

q

Fic. 20. A subcounter.

(i)} The same argument applies since, if both input sequences have the
same polarity, the input stabilizing value is again independent of g, . Q.E.D.

The candidate circular counters are thus made up of a D sequence and of
cells belonging to one of the following two types:

() TheJ cell where the [ input string is a T sequence and where the K
input string is a T sequence.

(b) The T cell where the ] input string is a T sequence and where the
K input string is a T sequence.

Note that if one input string is empty, the corresponding input should be
given the appropriate polarity. This is illustrated by Fig. 21, which displays the
three types of 7 -cells. Finally, consider the cascade of a7 and of 2 7™ cell.

o B

R R

|

T~

Fic. 21. The three types of 7 ~cells.
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Apply to the first F flip-fiop the isomorphism of Theorem 1: the cascade is
replaced by a 7 OF ® cascade. There are thus only two types of candidate
circular counters: we may characterize these counters by the sequences

DT TT F (41)
and
DT T T T,

where D and D stand for D and D sequences. The counters of the second type,
however, are again eliminated by a loop stabilization argument so that we may
normalize the investigated structures to type (41).

The counters to be investigated are thus completely described by a vector
having (2p + 1) integer components,

where 4 is the number of flip-flops in the D string and where j; (resp. &) is the
number of 7" flip-flops in the J; (resp. K;) input string to the flip-flop F; . This
vector is called the struciure vector of the counter.

The number of structure vectors to be enumerated is furthermore reduced by
the observation that the vectors

(s J1s Bisgas ko o 50p 0 Ry
and
(5dp s Boi gy Bes o 5 Jpm1 s Rpal

describe isomorphic counters.

Analysis results have been obtained by means of a computer program for
3 < n <9 For n =3, one obtains the circular counter displayed in Fig. 22
together with its state graph. This counter has been described by Manning (1972).
No other circular counter has been found up to # = 9. This strongly supports the
conjecture that no circular counter exists for n > 3. However, no proof of this
fact has been obtained. Table II presents the cycle structure for 3 < n < 7.

D_Y Y Yl
DZ lTl’l J (¢}

X

(-6

Fic. 22. The [1; 1, 0] circular counter.
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TABLE 11 — Cycle Structure of Some Generalized Loop-Counters

n p d ji ky jo Ry J3 ks Cycle lengths
31 101 8
41 10 2 6 10
1 11 1 8 8
1 201 7 9
51 10 3 14 18
1 11 2 6 6 8 12
1 20 2 5 27
1 211 8 24
1 301 3 29
2 101 01 6 26
6 1 1 0 4 30 34
i 113 10 54
112 2 4 4 8§ 16 16 16
1 20 3 5 59
1 21 2 24 40
1 30 2 3 16 17 28
1 31 1 4 60
1 4 01 11 53
2 101 0 2 12 52
2 10111 6 6 22 30
2 101 20 31 33
2 20101 3 6 22 33
71 10 5 8§ 8 10 102
1 11 4 6 6 12 104
1 1 2 3 20 24 24 60
1 20 4 36 92
1 21 3 16 24 26 62
1 22 2 16 16 48 48
1 30 3 8 9 15 16 40 40
1 31 2 36 92
1 40 2 38 90
1 411 4 12 28 84
1 501 13 115
2 1010 3 8 120
2 1011 2 6 & 14 18 26 56
2 101 21 48 - 80,
2 10130 61 67
2 1020 2 14 .19 34 61
2 10 21 1 P12 '22 28 66
2 11111 4 4 60 60
2 2010 2 3 27 48 50
2 20111 32 96
2. 20120 3 125
2° 301 0 1 31 97
3 1010101 3 5 15 16 41 438
3 101100 1 11 23 29 65
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8. CONCLUSIONS

As the Introduction stated, the main goal of this study was the establishment
of a tight relationship between a structural property (essentially the generalized
loop structure) and a behavioral property (the injective character).

So far, it seems that the interest of the counters that have been studied is
more theoretical than practical. For example, it is possible to count in binary
by means of JK flip-flops and only one additional two-input AND gate per
flip-flop. For small values of %, these AND gates are not even required if an
adequate use is made of available multiple-input JK flip-flops. However, our
knowledge about counters composed only of JK flip-flops is not complete
enough to draw final conclusions.

Among the problems left open by this study, are:

(i) the realization of cycles of arbitrarily prescribed length with a
minimum number of flip-flops,

(ii) synthesis methods for counters whose transition graph is connected,

(i) synthesis methods for reliable counters.

With respect to point (i), it is very easy to exhibit an existence proof since the
shift register trivially produces cycles of length n. The counters obtained in this
way are obviously far from being minimal. Finally, from experimental results,
we conjecture that generalized loop-counters have an even number of cycles
fornm = 4.

ACKNOWLEDGMENTS

The authors are indebted to their colleagues J. P. Deschamps, J. M. Goethals, and
J. J. Quisquater for fruitful discussions. Thanks are also due to an anonymous referee
for helpful comments and suggestions.

REecerven: January 16, 1976; revisep: May 20, 1976

REFERENCES

Dengs, J. (1968), On transformations, transformation-semigroups and graph, in “Theory
of Graphs,” Proceedings of the Colloquium held at Tihany, Hungary (September
1966), Academic Press, New York.

DiermEyEr, D. L. (1971), “Logic Design of Digital Systems,”’ Allyn and Bacon, Boston,
Mass.

Evspas, B. (1959), The theory of autonomous linear sequential networks, IRE Trans.
Circuit Theory CT6, 45-60.

GINzBURG, A. (1968), “Algebraic Theory of Automata,” Academic Press, New York.

Manning, F. (1972), “Autonomous, Synchronous Counters Constructed only of J-K
Flip-Flops,” MAC TR-96, MLI.T., Cambridge, Mass.



332 DAVIO AND BIOUL

MaNNING, F. anp FenicHiL, R. (1976), Synchronous counters constructed entirely of
J-K flip-flops, IEEE Trans. Computers C-25, 300-306.

PeTerson, W. W. (1961), “Error Correcting Codes,” M.I.T. Press, Cambridge, Mass.

Paister, M. (1958), ‘“‘Logical Design of Digital Computer,” Wiley, New York.

Press, V. (1976), Mathematical foundation of interconnected JK flip-flops, Inform:
Contr. 30, 128-142.

Rubpeanu, S. (1974), “‘Boolean Functions and Equations” North-Holland, Amsterdam.



