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Abstract

We obtain necessary and sufficient conditions for a finitely supported monomial ideal / in a poly-
nomial ring of dimension at least three for M to be integrally closed. This is obtained via the
higher-dimensional analogue of the formula of Hoskin and Deligne for the length of a finitely sup-
ported ideal in a regular local ring.
© 2005 Elsevier Inc. All rights reserved.

Keywords: Complete ideals; Regular local ring; Quadratic transform

1. Introduction

It is well known that the theory of complete ideals in a two-dimensional regular lo-
cal ring was founded by Zariski [33]. His work was inspired by the birational theory of
linear systems on smooth surfaces. Due to the complexity in higher dimension, an higher-
dimensional analogue was not easy to obtain, as observed by Zariski and evident from the
work of Lipman, Cutkosky, Piltant, Lejeune, etc. For example see [1,3,20,21]. Their work
also reveals that a trivial generalization of Zariski’s work is not possible to obtain.

Zariski proved that in a two-dimensional regular local ring product of complete ideals
is complete. Moreover, every complete ideal can be uniquely factorized as a product of
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simple complete ideals. Both these results do not hold true in higher dimension. A sub-
stantial amount of work on the unique factorization has been done by Cutkosky, Lipman
and Piltant.

Of recent interest is the following question. If 7 is an ideal in a Noetherian local ring
(R, M), when is M integrally closed (see [2,12])? This is closely related to the Cohen—
Macaulayness of the fiber cone of I, F(I) := R[It]®gr R/M = @n>0 I"/MI". Hence
two topics of interest arise: the integral closedness of M1 and the Cohen—Macaulayness
of F(I). By an example we show that if the dimension of the ring is at least three and 7 is
a finitely supported complete ideal in a regular local ring, then the fiber cone of I need not
be Cohen—Macaulay, in contrast to the case of dimension two where the fiber cone of an
M -primary complete ideal is always Cohen—Macaulay [6, Corollary 2.5].

Let (R, M) be a regular local ring. In this paper we give necessary and sufficient condi-
tions in terms of the number of generators of a finitely supported monomial complete ideal
I for M1 to be integrally closed. In a two-dimensional regular local ring, if / is an M-
primary ideal, then w(/) < 1+ o(I), where o(I) is the M-adic order of I and w(7) is the
minimal number of generators of 1. If I is complete, then equality holds [28, Lemma 3.1].
More generally, if I is an M-primary complete ideal in a regular local ring R of dimension
d =2, then p(1) > (““)T4=1) [S]. If 1 is finitely supported, then, j¢(1) < o(1)4~ ! +d — 1
(see Theorem 5.3). There exists examples of finitely supported complete ideals where the
upper bound is attained (see Example 7.1).

In this paper we prove:

Theorem 1.1. Let I be a finitely supported monomial complete ideal in a regular local
ring (R, M) of dimension at least three. Assume that k = R/M is algebraically closed
field. Then M is integrally closed if and only if

I+d—-1
n=(41)

An essential ingredient in the proof is the formula of Hoskin and Deligne which ex-
presses the length of a finitely supported complete ideal in terms of the order of the strict
transform of I (see Theorem 1.4). Note that the condition “finitely supported” is neces-
sary (see [21, Lemma 1.21.1]). This formula was known only for complete ideals of height
two in a two-dimensional regular local ring and was proved independently by Hoskin [11]
and Deligne [8]. Due to several hurdles the higher-dimensional analogue was not easy to
obtain. A formula in dimension three was obtained by Lejeune-Jalabert [20]. One of the
main obstacles is that the theory of complete ideals in a two-dimensional regular local ring
which was founded by Zariski [33] does not directly generalize to higher dimension even
though the definitions do. In this paper we obtain the higher-dimensional analogue of this
length formula.

Let I denote the integral closure of I. A formula for £(R/I") for all n > 1 was ob-
tained by Morales in [23]. In fact, his formula holds true for a finitely generated normal
k-algebra over an algebraically closed field. He also gave a geometrical interpretation for
the coefficients of the Hilbert—Samuel polynomial of /.

For the sake of completeness we state the formula of Hoskin and Deligne:
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Theorem 1.2. ([11, Theorem 5.2], [8, Theorem 2.13]) Let (R, M) be a two-dimensional
regular local ring with infinite residue field. Let I be an M -primary complete ideal in R.
Let C; = {Qo, Q1, ..., O} be the base points of Iand R; the local ring at Q; (Ry = R).
Then

R\ <~ (oUR)+1 .
5(7)_2( ; )[Ri/Ml.R/M]

where M; is the maximal ideal of R; (Mo = M) and [R;/M; : R/ M] denotes the degree of
the field extension R; /M; O R/ M.

In higher dimension one can verify that:

Theorem 1.3. Let (R, M) be a regular local ring of dimension d with infinite residue field.
Let I be a finitely supported complete ideal. Let C; = {Qoq, Q1, ..., Q;} be the base points
of Iand R; the local ring at Q; (Ry = R). Then

R L fo(IRY +d -1 .
(7)< (T s rin

i=0

where M; is the maximal ideal of R; (My = M) and [R;/M; : R/ M] denotes the degree of
the field extension R; /M; O R/M.

If the dimension of the ring is at least three then the inequality in Theorem 1.3 may be
strict (see Examples 7.2, 7.3). The gap between the terms on the left and the right can be
estimated in terms of the length of the right derived functors of the direct image sheaf.

In this paper we prove:

Theorem 1.4. Let (R, M) be a regular local ring. Assume that k = R/M is an
algebraically closed field. Let I be a finitely supported complete ideal. Let C; =
{Qo0, O1,..., O} be the base points of I and let o : X(C;) — Spec R be the birational
map obtained by a sequence of blowing up of points of C;. Then

d-2 t R:
R . . IRy +d—1
5(7) +Y D e(Ro IOk ) = D :(0( ); )
i=l1

i=0

where R; the local ring at the point Q; (Ro = R) and M; is the maximal ideal of R;
(Mo=M).

As a consequence of Theorem 1.4 we are able to recover the formula for the multiplicity
and the mixed-multiplicities of finitely supported complete ideals [17,19,26].

It is evident, from Theorems 1.3 and 1.4 that Y"?"2(— 1)+ ¢(Rio,,(IOx(c,))) = 0.
This inequality can be strict if / is not a monomial ideal (see Example 7.2). If I is a
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monomial ideal, then Z?z_lz(—1)i+1£(Ria*(IOX(C,))) = 0. This is a consequence of the
length formula obtained by Morales [24, Lemma 3]. We independently obtain a closed
formula for finitely supported monomial ideals (see Theorem 4.3) which implies the same
result.

We also list a few applications. Let (R, M) be a regular local ring of dimension d > 2.
Then the graded ring associated to the filtration F = {I"},>0, G(F) := @n>0 Im/1m+ s
of interest. The normalization of the Rees ring R[/¢] denoted by R[I?] is the graded ring
@50 I". Since the depth of G(F) > 1, depth(G(F)) = depth(R[I1] @& R/1).

In a two-dimensional regular local ring, it is well known that if I is a complete ideal
then G(F)=G() := @n>0 1" /1"t and G(I) is Cohen—-Macaulay [18,22]. Even in the
three-dimensional case G (/) need not be Cohen—Macaulay. The first example was given by
Cutkosky in [4]. In this paper, under certain conditions we are able to deduce the Cohen—
Macaulayness of G(F) for a finitely supported complete ideal in a regular local ring of
dimension three.

‘We end this paper with some examples which probably will put more light on the results
of this paper.

2. Preliminaries

Let (R, M) be a regular local ring. For all the definitions in this section we refer to
[1,21,33]. _
Let I be an ideal in R. The integral closure of I denoted by I is the set

[xeR|x"+ax" "+ 4+a,=0; ajel’, 1<j<n).

The completion of I is the ideal I’ = ("), .5 I R, where S denotes the set of all non-trivial
valuations which are non-negative on R. Zariski proved that I’ = I. Hence the integral
closure of I is an ideal of R. An ideal I is integrally closed or complete if I = 1.

Let X be a non-singular variety and let O be a point on X. Put R = Oy ¢ and let M
be the maximal ideal of R. Let f:X; — Spec R denote the blowing up of M. The (first)
quadratic transforms of R are the local rings Oy, p, where P € f~!{M} is a point on X;.

A point Q on a variety Y is infinitely near to a point O on X, Q > O in symbol, if

(1) there exists a sequence of blowing ups

a:Y:XnﬂXn_lfn—_;-n—>X1‘—fl>X0=SpecR

where each fijy1, 0 <i <n — 1, is obtained by blowing up M;, the maximal ideal of
Ox, pi» P € f7HM;_1} € X; (Mo =M, Py= O);

2) Qe f, (M1}

Put R; := Ox, p, and S := R,. The sequence R=RyC R C---C R, C---CR, =S
is called the quadratic sequence from R to S. We say that § is infinitely near to R and
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denote it by S = R. Given any ideal I C R, the transformof I in S = R, = Oy, p, denoted
by 7% is defined inductively as follows:

(1) [Ro=7;
(2) IR =M """ 1Ri-1, where m;—y = o(I®i-1) =max{n | _; € M ,}.

The point basis of a non-zero ideal [ is a family of non-negative integers B(/) =
{o(I%) | S = R}. We say that a point Q € Y is a base point of I if Q = O and o(I%) < oo,
where S = Oy, o. We say that an ideal / is finitely supported if I # 0 and if I has at most
finitely many base points [21]. For a finitely supported ideal I we will denote the set base
points of I by C; ={Qo= 0, Q1, ..., O}

3. Hoskin-Deligne formula for finitely supported complete ideals

Let k be an algebraically closed field and let X be a non-singular variety of dimension
at least two. Let O € X be a point. Put R = Oy . Let M be the maximal ideal at O.

The notion of x-product was introduced in [21]. Let / and J be ideals in R. The
x-product of I and J denoted by I  J is the ideal 1.J. An ideal I is %-simple of it cannot
be decomposed as a *-product of proper complete ideals [21]. Notice that I x J =1 % J.

To prove Theorem 1.4 we first need to consider the first blow up. The following lemma
is basically a consequence of [21, Lemma 2.3]. We prove it since it is the crucial result in
proving Theorem 1.4.

Lemma 3.1. Let f:X| — Spec R denote the blowing up of M. Let T be the coherent
Ox, -ideal whose stalk at any point P € f~YMY} is a complete ideal and Tp = Ox,.p

if P¢ f~Y{M}. Then there exists a complete ideal I C R such that Tp = 19%1.7 where
P € f~YMY}. Moreover, there exists a positive integer N such that for alln > N

(1) RI (M DTy =0 forall j > 0;

R _ ol)+n+d—1 OXl,P
) gR(M"*I)_< J >+ Z ZR<—IP )

Pef~l{m)

Proof. The existence of a complete ideal / C R satisfying the assumptions in the lemma
was proved in [21, Lemma 2.3].
From [10, Proposition 8.5, p. 251]

and for j > 0 and all n large, H/ (X{, M*D*+"T) = 0.
We now prove (2). The exact sequence

0— M DMTOy — MODTOx — M"Ox, /TOx, — 0
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gives the long exact sequence

0— H(Xy, M*DtIOyx ) — H (X1, M° ¥ Oy, ) — HO(X1, M" Ox, /IOy, )
— H' (X1, M*DTI0x ) - H (X1, M*DTOx)) — - ¢))

Now HO(Xy, M°D"IOx) = M"I and HO(X;, M°D™Oyx) = MoD+n (see
[21, proof of Lemma 2.3]). Since HO(X,, M"Ox,/I0x,) = Zpef—l{M} LOx,,p/Ip)
and for all n >0, H' (X, M°D+"TOx,) = 0 (see [10, Theorem 5.2, p. 228]), plugging
these in the exact sequence (1) gives the result. O

Proposition 3.2. [21, Proposition 2.1, Corollary 2.2] Let S = R. Then there exists a unique
x-simple complete ideal prs C R satisfying the following properties:

(1) R/prgs is artinian;
(2) prr is the maximal ideal of R;
(3) For all regular local rings T with S =T = R, prs = (prs)T.

We now apply Lemma 3.1 recursively to a sequence of point blowing ups.

Lemma 3.3. Let I be a finitely supported ideal and C; = {Qo = O, Q1, ..., Q;} the base
points of I. Let R; denote the local ring at Q; € Cy. Put m; = o(I®i). There exists integers
No, ..., Nt such that for all n; > Nj,

*I

(1) Rff*<]_[(p;§iRl_ *I)(’)Xl(c,)) =0 forall j >0;

i=0

t
(2) E(%) =Z<mi +ZR,¢R,. nj+d-— 1).
Hi:opRtRi*I d

i=0
Here [|* denotes *-product.

Proof. The first part follows from [10, Proposition 8.5, p. 251].

We prove (2) by induction on t = |C;| — 1. If t =0, then I = M" for some n > 0 and (2)
follows trivially.

Let t > 0. Let f:X; — Spec R denote the blowing up of Spec R at M. Let Z be the
Ox, -ideal sheaf whose stalk at every point Q; € C; N X is

IQi :IRl =M_0(I)IOX1,Q1'

and Zg = Ox, o for Q € X1\ (X1 NC7).
Let CIQ,- ={Qiw0) = Qi,..., Qiip}. For all Q; € X; NCy, CIQi C Cz and hence
ICzy, | <ICzl.
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By induction hypothesis, for each Q; € Cr N X1, there exist integers N;(), ..., Nis;)
such that for all n;(j) > Nj(j), 0 < j < s,

Xi . . —
JZ( — O,,).((l.’)Q" ) =y (m’(f) + ZRW;M ni+d 1) ) )
[TjZ0 Prikis, * T

j=0 pRl‘Ri(j) i ./':0

Fixn; > N;,0<i <t.Let J(ny,...,ns; I) be the Oy, -ideal sheaf whose stalk at every
point Q; € C; N X is

kS
Ji,....n;; Do, = (H p’;{,‘ﬁi(}.) *IQ.->
j=0
and J(n1,...,n;51)g = Ox, o for Q € X1\ (X1 NCz). Let ng > 0 and for each ng let
*t
ni
J(no,ni,....n; 1) = ppp* HPRJRJ- 1.
j=1

Here prgr = M, the maximal ideal of R. Then

M—oUmo.nni:D) I (ng ny, ... o0 DOx, 0, = T (1, ...,n3 Do,

at all points Q; € X1 NCj.
Now by Lemma 3.1 there exists an integer Ny such that for each ng > Ny,

‘ R
K J(”O’nlv""nl;l)

R OXl,Qi
JR(p?é}{("‘*”' """ ”“’”>+ 2 onl’Qi<j(n1,--.,nz:1)Qi

Q;eCiNX;
Ox,.0.
- ) 3)

ol)+no+---+n+d—1
:( () 0 d t )+ Z EOXI,Qi(j(n nI)
QiECIOXI 1seees Hy, [oh

Substituting (2) in (3) proves the lemma. O

LetC; ={Qo= 0, Oy, ..., Q;} denote the base points of a finitely supported ideal 7.
Let X(C;) denote the variety obtained by blowing up X; at Q;. Let E; be the excep-
tional divisor obtained by blowing up Q; and let E denote the exceptional divisor
in Xp,i <h<n+1.Let A; ={C;, B()} where B(I) = {my, ..., m;} is the point ba-
sis of 1. Then D(A;) = Y i_qm; E} is the divisor associated to the ideal sheaf /Oy c,).
Let R; be the regular local ring at Q;. Then the exceptional divisor corresponding to

([Tico PRr, * DOx (e i LicghiEf where hi =mi+3 g, g, 1



620 C. D’Cruz / Journal of Algebra 304 (2006) 613—-632

Proof of Theorem 1.4. Denote £; = Oxc,(—E}) and let h; = m; + ZRJ.%RI, nj. We
have

x(ﬁ?ho R ® El@hr)
R -1 ) ' t
= E(#) + Z(_1)1+1£<R10* (H(prgRi * I)Ox(cl)))
Hi:() pRR’, *x [ i L
(by [22, Theorem 1.4])

t ; . d_] d—1 ) . t .
= Z (m + ZR"i%dRi nj+ ) + Z(—l)urlz Rio, H(p?R,- * I) Ox))
i=1

i=0 i=0
(by Lemma 3.3) 4)

for all ng, ...,n; > 0.
On the other hand, for all non-negative integers ro, ..., r; there exist rational numbers
i, such that [29, Theorem 9.1]

(e o) = Y a it(ro{rio)___(rt{rit) 5

. ! It
io+-+ir <d

aij,

.....

If we put r; = h; in (5), then for ng, ..., n; > 0 large the polynomials in (4) and (5)
agree. This gives

1,  ifGoy.. i) =(0,....d,...,0),

a,..i, =1 —1, ifGo,....i;1)=(0,...,d—1,...,0),
0, otherwise.
Hence
t
®ho ®hr\ _ hi +d hi+d—1
XLy ®- L )_;K J )—( o1
for all values of hyg, ..., h; > 0. Hence (5) is true for all values of ng, ny, ..., n;. If we put
no=n;=---=n; =01in (4) and (5) we get
R ! m; +d—1 ! i1 pi
13(7):25( p )-Z}(—w’ R'o.(10xc)))-
1= 1=

It remains to show that Rd_lo*(l Ox(c;)) = 0. Consider the exact sequence

00— F— OX(C]) o IOX(C[) —0
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where F is a coherent Oy ¢,)-module. This gives the exact sequence

R, (Ox ) — R0 (10x ;) = RY0wF — R0,.(Ox(c))-
Since o is the composition of sequence of blowing ups and X is non-singular,
Ri0.(Ox(c;)) =0 for all i > 1. And RY0,F =0 since o~ !{M} has dimension d — 1.
Hence, Rdilo’*(]OX(Cl)) =0. O
4. The length formula for finitely supported monomial ideals

The following result was proved by Morales:

Theorem 4.1. [24, Lemma 6] Let Iy,...,I; be monomial ideals of height d in R =

klx1,...,xq). Then for all non-negative integers ry, ..., rs, E(R/I]r] ... Il is a polyno-
mial of degreed inry, ..., r;.
Remark 4.2. Let d > 2 and let R = k[x1, ..., x4] be a polynomial ring in d variables over

a field k£ and let I € R be a complete ideal of height d.

(1) Since M = (x1,...,x4) is the only maximal ideal which contains I, £(R/I) =
L(Rm/1Im).

(2) The first quadratic transform of Ry, are the local rings S; = R[M /x;1p/x;- Each T; =
R[M/x;] is a polynomial ring in d variables over the field k.

(3) Let I be a monomial ideal in R and o(I) = max{n | I € M"}. Then I := xfo(l)l is
a monomial ideal and IS5 = | AY’}i , where M; is the maximal ideal of S;.

(4) If I is a finitely supported ideal, then £(7;/17) is finite and £(T; /IT) = £(S; /I5).

Hence it is possible to use the theory of length of ideals in local rings to obtain our main
result.

Theorem 4.3. Let I be a finitely supported monomial ideal in a polynomial ring R =
klxi,...,xq4]. Let M = (x1, ...,xq). Then

_ IS +d—1
(R/H=Y ("( ):; )[S/MS:R/M]
SR

where [S/Mg: R/M] denotes the degree of the field extension S/Ms 2 R/M. Here My is
the maximal ideal of S and Mp = M.

Proof. We prove the theorem by induction on £z(R/I). If £(R/I) =1, then I = M and
the result is trivially true.
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Let £(R/I) > 1. Let S; denote the first quadratic transform of R and M; the maximal
ideal of S;. By Theorem 4.1, £(S;/(I5)%) is a polynomial in s for all s > 0. Fix s > 0.
Then by Lemma 3.1, there exists an integer r; so that for all r > ry,

K(R/W):(r+so(1)+d_1)

d

+ ) Lr(Si/(1%)")

r+so(l)+d—1 —s
= ( ] ) + ) s (Si/(15))ISi/Mi: R/M]. (6)
Si
But ¢(R/M"1%), is a polynomial in r, s for all , s > 0. Putr =0 and s = 1 in (6). Then

we have

o) +d—1

E(R/f):( J

) + > s, (Si/TS)[Si/M; : R/ M.
Si
Since £, (S;/ IS ) <Lr(R/ 1), the result follows by induction hypothesis. O

5. Mixed-multiplicities and the integral closedness of M I

Let (R, M) be a normal local ring of dimension d with infinite residue field. It is well

known thatif Iy, ..., I, are M-primary ideals in R, then for all ny,...,ng >0,
n Tg ny+i ny+ig
R/ L) = Y e (T Ty A B
Ry : ‘s
where eil,,_,ig(ll,...,lg) are integers. For iy + --- + i, = d, €iy,....ig Are the mixed-

multiplicities of the ideals Iy,..., I, (see [28,30]). We let i denote the multi-index
{i1,...,ig},suchthat ) i; =d.

For the rest of this section we will assume that & is an algebraically closed field. There is
a more precise formula for the mixed multiplicities of finitely supported monomial ideals.

Theorem 5.1. ([17, Corollary 3.14], [26, Proposition 2.2]) Let Iy, ..., I, be finitely sup-
ported ideals in a regular local ring (R, M) of dimension d. Then

ei(h..... I =Y (o(If))" ... (o(I5))".

S¥R

Proof. Imitating the proof of Lemma 3.1 for several ideals, we get that for fixed ny, ..., n,
there exists an Ng > 0 depending on n1, ..., ng such that for all ng > Ny
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C(R/ MM . 1*)
_ (no+n10(11)+-..+ng0(1g)+d— 1) +Z€S (S/W)

d
where §; are the first quadratic transform of R. Choose ng, n1,...,ng > 0 so that both
CR/MMIT ... I;lg) and £, (S/(Ils")”1 .. (I;i)”g) are polynomials. Now use the fact that
eo,il,...,ig(M’ Il 3ty Ig) = el’],‘..,l’g(ll LRI} Ig) O
It is well known that ep, 4., o1, ..., Iy) =e(l;) where (0,...,d,...,0) denotes the

tuple where d is at the ith spot [27]. When we deal with two ideals, we will use the notation
ei(I|J):=eq_ii(1J).Note thate;(I | J) =e;(I | J).

In a regular local ring of dimension at least two, for any M-primary complete ideal we
have e; (M | I) = o(I) ([31, Theorem 4.1], [32, Lemma 1.1]). We have an analogue of this
result for finitely supported complete ideals in regular local rings of dimension at least two.

As an immediate consequence we have:

Corollary 5.2. Let I be finitely supported ideal in a regular local ring (R, M) of dimension
d >2. Then

() e(l) =Yg, go*),
Q) esM|I)=0() for1 <i<d-—1.

Proof. Both (1) and (2) follow directly from Theorem 5.1. O

It is well known that for every M -primary complete ideal in a two-dimensional regular
local ring, w(I) = 1 + o(I). We have a generalization of this result.

Theorem 5.3. Let I be a finitely supported ideal in a regular local ring (R, M) of dimen-
sion d > 2. Assume that R/M is an algebraically closed field. Then

(1) €I/MI) > (o(lzlt‘ffl) and equality holds if and only if

-2
D DT (Ron(I0x ;) =

(2) Assume that I integrally closed.
(a) MI is integrally closed of and only if

u(1>=<0(”+_" )+Z( D [e(Rio.(10x(c,)))

— (Riox(MIOxc)))]-
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b)) ul) = (0(1‘);?_1) and equality holds if and only if M1 is integrally closed and

I (1) (R 0. (10x ) =O.
(3) Fori=1,...,d—1,

<0(I)d+_dl_ 1) Su) <o) +d =i+ = 1) €R/D).

In particular when i =1, (1) <o(H? ' 4+d — 1.

Proof. We can choose an element x € M \ M? such that MI:xR = I [5, Lemma 3.1].
The exact sequence

7 pmo oD Mo
0> —=->»> — > — > — —
MI MI MI MI + xMoD

gives

P i _¢ Mo S ¢ Mo _(o)+d—1
M1)  \MI +xmeh) )~ "\ Mo+t | d—1 '
This proves (1).
From Theorem 1.4 it follows that

. o (oD +d—1 o(I)+d
C(R/MT) = €(R/T) ( d >+( d—1 )
+ 2 DR 0T Oxep)) = D_(~ DT (R0 (MIOx c))))

:E(R/7)+<0(1)+_d >+Z( DTe(Ro(I10xc)))

= (=DU(RIo(MIOx ).

Hence

d-2
I I d—l
e(:> = (0( ) )+Z( D™*(R'0.(10x(c)))

_ Z(_1)i+‘£(Ria*(M10X(Cl)))'
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Applying (1) we get

d—-2 d-2
Y DTU(RI0(T0x ) 2 Y (DT U(Riou(MTOx c))).
i=1 i=1

Recursively we can prove:

d-2 d-2
Y (DR 0u(I0x ) = Y (=D (R0 (MIOx c)))
i=1 i=1

>

WV

d—2
> (=D"(Rio (M 1Ox c)))-
i=1

But
d-2 _ _
Y (=D e(Rion(M"10xc)))) =0
i=1

for n >> 0. Now, equality holds if and only if
d-2 _ _
Y (=D e(Rion(M"10xc)))) =0
i=1

foralln > 0.

625

If M1 is integrally closed if and only if MI = MI. Now apply (1). This proves (2)(a).

(2)(b) follows from that fact that (1) > €(I/MI).
From [7, Theorem 2.2] it follows that, foralli =1, ...,d — 1,

R
uH<d—i+ G- 1)€<7) +eq—i(M|1)
R .
=d—i+(— 1)£<7) +o(I)" (by Corollary 5.2).

This proves (3). O

As an immediate consequence we have:
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Theorem 5.4. If in addition to the conditions in Theorem 5.3, I is a monomial ideal and
M is the maximal homogeneous ideal in k[x1, ..., xq], then

(1) ed/MI) = ("I,
(2) Letd > 3. If I is integrally closed, then M I is integrally closed of and only if

D+d—1
“(I)=<O( )d+_1 )

Proof. If [ isa monomial ideal then M [ is also a monomial ideal. Now, for any monomial
ideal 1, Y =2 (= 1) e(Ri 6. (1O0x ;) =0. O

Remark 5.5. If I is a complete M -primary ideal in a ring of dimension at least three and
if I is not finitely supported, then Corollary 5.2 and Theorem 5.3(3) may not hold true.

6. The associated graded ring and the Rees ring

Let (R, M) be a Noetherian local ring of positive dimension d. Let I be an M -primary
ideal in R. Here R(I) and G (/) will denote the ordinary Rees ring and the associated
graded ring, respectively. The filtration F = {I_" }n>0 is a Hilbert filtration. The Rees ring
of F, R(F) := @ I" (respectively the associated graded ring of G(F) := @ I"/I"+1), is
a graded ring which is Noetherian and R(F) (respectively G(F)) is a finite R(/) (respec-
tively G (1)) module.

Anideal J C I is a reduction of F if JI* = "+ for all n >> 0 [25]. A minimal reduc-
tion of F is a reduction of F which is minimal with respect to containment.

Since R(JF) is a finite R(/)-module, any minimal reduction of [ is also a minimal
reduction of F. By [25], minimal reductions always exist and if the residue field R/M
is infinite, then any minimal reduction of [ is generated by d elements. For any minimal
reduction J of F we set rj(F) =sup{n € Z | JI"—1 # I"}.

The reduction number of F, denoted by r(F) is defined to be the least rj(F) over all
possible minimal reductions of J of F. For any M-primary ideal I in a local ring (R, M),

let J = (x1,...,xg) be a minimal reduction of 7 and let C.(n) := C.(J, F, n) denote the
complex
R
0— —> o> =—0
Infd n
where the maps are those of the Koszul complex of R with respectto xy, ..., x4. For details

see [14]. Let H;(C.(n)) denote the ith-homology. Let

hi(], F)=Y L(Hi(C.m))= Y €(Hi(C.(m))

n>1 nZ2i+1

since H; (C.(n)) =0 forn <.
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If I is an M-primary ideal in a regular local ring of dimension two, then r(/) < 1 [15]
and hence G(I) is Cohen—Macaulay [18] and hence the Rees ring is Cohen—Macaulay
by [9].

In higher dimension, if 7 is not a finitely supported complete ideal then it is easy to see
that both the Rees ring R(F) and the associated graded ring G (F) need not be Cohen—
Macaulay.

Lemma 6.1. Let I be a finitely supported M -primary ideal in a regular local ring (R, M)
of dimension at least three. Assume that for all n > 1

R no(I%) +2 _
e(I:n) = Z < ; )[S/MS.R/M]
S%=R

where My is the maximal ideal of S, Mr = M. Then

(1) depthG(F) =2 ifand only if r (F) < 2.
(2) G(F) is Cohen—Macaulay if and only if

72
E(HJI ) =2 (O(f)) [S/Ms: R/M]

S>=R

where J is a minimal reduction of 1.
3) Ifo(I) <2, then G(F) is Cohen—Macaulay.
@) Ifo(I) = 3, then rj(F) = 2 for any minimal reduction J of I.

Proof. First note that for all n > 3,

R R R R
e<:>—3z( >+3£< )—E( ):e(l).
In -1 2 n=3

Since Zi>2 h;(J,F) >0 [14, Theorem 3.7],

> hi(J, F)

i>2
=hy(J,F)—h3(J,F)
=Y ((Hy(C.(n))) — €(H5(C.(n)))

n>=3

_Z[ H(C.(m)) —E(HO(C.(n)))—i—Z(Iin) —315(1’?_1) +3z<1f_2)

(7))
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JniIr R
£ —/ = | +e(J)
3 JI1n-1 J+ 1"
Iz
()
3 JIn—1

Equality holds if and only if r;(F) < 2. And when equality holds then depth G(F) >

3—2+1=2][14, Theorem 3.7].
Similarly,

n

WV

n

WV

WV
o

> hi1.F)=hi(J,F) = ha(J, F) + h3(J, F)
i>1

= > [L(H(C.(m)) — e(Ha(C.())) + £(H3(C.(m))]

n>=2

R R R R
_;[ Hy(C.(n))) (I_”> +3£<1n_1> _3g<1n_2> +£(1n—3>:|
R R
_2 <J+[n> ;6(1)—5(1)—%36(1)
I s
=_Z£<JJ;I >+ > <0(; ))[S/MS:R/M]

n>2 S=R
>0.

If the above inequality is an equality, then depth G (F) > 3. Conversely, if depth G(F) > 3
then there exists a minimal reduction J such that above inequality is an equality. But if

depth G(F) > 3, then JI" = ["+! foralln >2,i.e., J + I" = J for all n > 3. Hence

o(I®) . I+
Z( ; )[S/MS.R/M]_K< - )

S=R

Suppose o(I) < 2, then o(IS) <2 forall § = R. Hence

7
Zhi(J,f)=—e<JJ;I ) > 0.

izl

Since the length of the module appearing above is positive, it is equal to zero. Hence
2191 hi(J, F) = 0 which implies that depth G(F) > 3, i.e., G(F) is Cohen—Macaulay.
This proves (3).
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If rj(F) =1 for some minimal reduction of J of I, then G(F) is Cohen—Macaulay.
Hence we have

J+1 o(Is) .
oze< - ):Z( ; )[S/MS.R/M].
S=R

This implies that o() <2. O

7. Examples

We end this paper with a few examples which will clarify our results and the assump-
tions we use.

If u(I)=d — 1+ o(I)¢1, then F(I) is Cohen—Macaulay if and only if there exists
an ideal J C I generated by d elements such that J1 =1 2 [6]. Here we demonstrate an
example of a monomial ideal / whose fiber cone is not Cohen—Macaulay. This example
also shows that M is not integrally closed. It is easy to see that (/) =11 > 10.

Example 7.1. Let 1 = (x*, x3y, x?z, x2y?, xy?z, xyz%, x22, ¥3, y?2%, yz°, 2°) be an ideal
in the polynomial ring k[x, y, z]. Assume that k is an algebraically closed field. Then

(1) I is afinitely supported ideal.

2) J=x*+ yz3, x2z, y3 + z°) is a minimal reduction of 7 and r;(I) = 2.

(3) Since u(I) =11 =o(I)® + 2. Since r(F) =r(I) =2, F(I) is not Cohen—Macaulay
[6, Corollary 2.5]. The Hilbert series of F (/) is

14 8¢

H(F(I),1) = a—n

Notice that M1 # M1 since xy?z € MI \ M1.

@) I"=TI"foralln >1and JNI" =1""! foralln > 2.

(5) B(I)={o(I%)|S = R}=1{3,2,1,1,1, 1, 1}. The Hilbert function H;(n) = £(R/I")
is equal to the Hilbert polynomial P;(n) for all n > 0. In particular,

()3
7)) 0
ol +(1)-()

(6) By [16, Theorem 17], G(F) = G(I) is Cohen—Macaulay.

(7) Since £(J + I*/]) =Y 5. g (”<§S>) = 1, by Theorem 6.1, G(F) = G(I) is Cohen—
Macaulay.
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‘We now show that Theorem 1.4 does not hold true if I is not a monomial ideal.

Example 7.2. (The author is very grateful to Oliver Piltant for bringing this example into
light.) Consider the following example. Let k be an algebraically closed field. Let R =
k[x,y,z] and let I = (2°, y® — x?z, y?2%, xyz?, x%22, xy?z, x%yz, 32, x2y?, %3y, x*) be
an ideal of R. Then it is easy to verify that

(1) I is complete and £(R/I) = 18.

(2) The strict transform of 7 in § = R[y/x, z/x]is IS = (x, (y/x)? — (z/x), (z/x)?) and
(/1) =9. But (*")*?) = 10. Hence ¢(R'0,.(10x(c;)) = 1.

(3) Note that if J = (z°, y* — x?z,x*), then J is generated by a system of parameters
in 7 and JI = I*. Hence F(I) is Cohen—Macaulay [6, Corollary 2.5]. Also G(I) is
Cohen—Macaulay.

We now present an infinite class of ideals where £(R! o, (1 Ox(p))) > 0. This is a gen-
eralization of the example in [13].

Example 7.3. Let R = Clx, y, z] where x, y, z are variables and let
I=("" (e, y, 200" +2), (x,y, 2 ).

Then [ is a finitely supported complete ideal. Put S = R[x/y, z/y]. Then
R r+3 r+3
=)= —4,
(7)=(3)+()
S o(l)+2 r+1 r+3
| — =2 ,
() ("57) =23 )+ ()
; R S
t(R'o(I0x ;) = e<7) - e<ﬁ>

_(r—1
=, )
Using the argument on the lines in [13] one can show that G(I) is not Cohen—Macaulay

for all r > 3. In particular, x3(y" +2)3 € J N I3\ JI? where J = (x" !, z(y" + 2"),
y(y" +2") + yz’t1) is a minimal reduction of /.

We end this paper with the following example.

Example 7.4. Let k be an algebraically closed field. Let R = k[x, y, z]. Let M = (x, v, 2),
I = (x,y%, yz,z%) and I, = (x%, y, z) and put I = I1I,. Then [ is not a finitely supported
ideal. We demonstrate the fact that Corollary 5.2(2) and Theorem 5.3(2), (3) does not hold
true if the ideal is not finitely supported.

By [30] and [28]
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(M| 1) =e(x,y,2%) =2,
ex(M | h)=e(x,y,2)=1,
eM || b)y=e 1M, I1,h)=e(x,y,2)=1.

Hence

ex(M | Ihh)=ex(M | ) +ex(M | I2) +2e(M|I1|I2) =5>4=0(),
uw(hH=7>6=0()>+3—1).

It is also easy to verify that M I is integrally closed, but
1 2
) =4>3= (0( 1;+ )

Acknowledgments

I would like to thank J. Verma for suggesting the problem. I am also grateful to the
Ministere de la recherche for financial support and the Université de Versailles St-Quentin-
en-Yvelines, LAMA, Versailles, France for local hospitality. I am greatly indebted to
M. Lejeune-Jalabert for her guidance and help. Special thanks are also due to D. Cutkosky,
V. Kodiyalam and O. Piltant without whom this paper would not be complete.

The author also thanks the referee for his suggestions.

References

[1] A. Campillo, G. Gonzalez-Sprinberg, M. Lejeune-Jalabert, Clusters of infinitely near points, Math.
Ann. 306 (1) (1996) 169-194.

[2] A. Corso, L. Ghezzi, C. Polini, B. Ulrich, Cohen—-Macaulayness of special fiber rings, preprint.

[3] S.D. Cutkosky, On unique and almost unique factorization of complete ideals, Amer. J. Math. 111 (3) (1989)
417-433.

[4] D. Cutkosky, A new characterization of rational surface singularities, Invent. Math. 102 (1990) 157-177.

[5] C. D’Cruz, Quadratic transform of complete ideals in regular local rings, Comm. Algebra 28 (2) (2000)
693-698.

[6] C. D’Cruz, K. Raghavan, J.K. Verma, Cohen—Macaulay fiber cones, in: Commutative Algebra, Algebraic
Geometry, and Computational Methods, Hanoi, 1996, Springer, Singapore, 1999, pp. 233-246.

[7] C. D’Cruz, J.K. Verma, On the number of generators of Cohen—Macaulay ideals, Proc. Amer. Math.
Soc. 128 (11) (2000) 3185-3190.

[8] P. Deligne, Intersections sur les surfaces régulieres, in: Groupes de Monodromie en Géométrie Algébrique II
(SGA 7, 1I), in: Lecture Notes in Math., vol. 340, Springer, Berlin, 1973, pp. 1-38.

[9] S. Goto, Y. Shimoda, On the Rees algebras of Cohen—Macaulay local rings, in: Commutative Algebra,
Fairfax, VA, 1979, in: Lecture Notes in Pure and Appl. Math., vol. 68, Dekker, New York, 1982, pp. 201—
231.

[10] R. Hartshorne, Algebraic Geometry, Grad. Texts in Math., vol. 52, Springer, New York, 1977.
[11] M. Hoskin, Resolution of singularities of an algebraic variety over a field of characteristic zero, Proc. London
Math. Soc. (3) 6 (1956) 70-99.



632 C. D’Cruz / Journal of Algebra 304 (2006) 613—-632

[12] R. Hiibl, C. Huneke, Fiber cones and the integral closure of ideals, Collect. Math. 52 (1) (2001) 85-100.

[13] S. Huckaba, C. Huneke, Normal ideals in regular rings, J. Reine Angew. Math. 510 (1999) 63-82.

[14] S. Huckaba, T. Marley, Hilbert coefficients and the depths of associated graded rings, J. London Math.
Soc. (2) 56 (1) (1997) 64-76.

[15] C. Huneke, Complete ideals in two-dimensional regular local rings, in: Commutative Algebra, Berkeley,
CA, 1987, in: Math. Sci. Res. Inst. Publ., vol. 15, Springer, New York, 1989, pp. 325-338.

[16] S. Itoh, Hilbert coefficients of integrally closed ideals, J. Algebra 176 (2) (1995) 638—652.

[17] B. Johnston, The higher-dimensional multiplicity formula associated to the length formula of Hoskin and
Deligne, Comm. Algebra 22 (6) (1994) 2057-2071.

[18] B. Johnston, J.K. Verma, On the length formula of Hoskin and Deligne and associated graded rings of two-
dimensional regular local rings, Math. Proc. Cambridge Philos. Soc. 111 (3) (1992) 423-432.

[19] V. Kodiyalam, Syzygies, multiplicities and birational algebra, PhD Thesis, Purdue University, 1993.

[20] M. Lejeune-Jalabert, A note on Hoskin—Deligne formula, preprint.

[21] J. Lipman, On complete ideals in regular local rings, in: Algebraic Geometry and Commutative Algebra (in
honor of M. Nagata), 1987, pp. 203-231.

[22] M. Morales, Cloture intégrale d’idéaux et anneaux gradués Cohen—Macaulay, in: Géométrie Algébrique et
Applications, I, La Rébida, 1984, in: Travaux en Cours, vol. 22, Hermann, Paris, 1987, pp. 151-171.

[23] M. Morales, Polyndme d’Hilbert—Samuel des clotures intégrales des puissances d’un idéal m-primaire, Bull.
Soc. Math. France 112 (3) (1984) 343-358.

[24] M. Morales, Polyedre de Newton et genre géométrique d’une singularité intersection compléte, Bull. Soc.
Math. France 112 (1984) 325-341.

[25] D.G. Northcott, D. Rees, Reductions of ideals in local rings, Proc. Cambridge Philos. Soc. 50 (1954) 145-
158.

[26] O. Piltant, Chains of points infinitely near a regular point on an algebraic variety, preprint.

[27] D. Rees, A-transforms of local rings and a theorem on multiplicities of ideals, Proc. Cambridge Philos.
Soc. 57 (1961) 8-17.

[28] D. Rees, Hilbert functions and pseudorationaly local rings of dimension two, J. London Math. Soc. 24 (1981)
467-479.

[29] E. Snapper, Multiples of divisors, J. Math. Mech. 8 (1959) 967-992.

[30] B. Teissier, Cycles évanescents, section planes, et conditions de Whitney, in: Singularitiés a Cargése, 1972,
Astérisque 7-8 (1973) 285-362.

[31] J. Verma, Rees algebras and mixed multiplicities, Proc. Amer. Math. Soc. 104 (4) (1988) 1036—1044.

[32] J. Verma, On the multiplicity of blow-ups associated to almost complete intersection space curves, Comm.
Algebra 22 (2) (1994) 721-734.

[33] O. Zariski, P. Samuel, Commutative Algebra, vol. II, Van Nostrand, Princeton, NJ, 1960.



